
Elementary Algebra

By:

Wade Ellis

Denny Burzynski





Elementary Algebra

By:

Wade Ellis

Denny Burzynski

Online:
< http://cnx.org/content/col10614/1.3/ >

C O N N E X I O N S

Rice University, Houston, Texas



❚❤✐s s❡❧❡❝t✐♦♥ ❛♥❞ ❛rr❛♥❣❡♠❡♥t ♦❢ ❝♦♥t❡♥t ❛s ❛ ❝♦❧❧❡❝t✐♦♥ ✐s ❝♦♣②r✐❣❤t❡❞ ❜② ❲❛❞❡ ❊❧❧✐s✱ ❉❡♥♥② ❇✉r③②♥s❦✐✳ ■t ✐s ❧✐❝❡♥s❡❞

✉♥❞❡r t❤❡ ❈r❡❛t✐✈❡ ❈♦♠♠♦♥s ❆ttr✐❜✉t✐♦♥ ✷✳✵ ❧✐❝❡♥s❡ ✭❤tt♣✿✴✴❝r❡❛t✐✈❡❝♦♠♠♦♥s✳♦r❣✴❧✐❝❡♥s❡s✴❜②✴✷✳✵✴✮✳

❈♦❧❧❡❝t✐♦♥ str✉❝t✉r❡ r❡✈✐s❡❞✿ ▼❛② ✽✱ ✷✵✵✾

P❉❋ ❣❡♥❡r❛t❡❞✿ ❖❝t♦❜❡r ✷✻✱ ✷✵✶✷

❋♦r ❝♦♣②r✐❣❤t ❛♥❞ ❛ttr✐❜✉t✐♦♥ ✐♥❢♦r♠❛t✐♦♥ ❢♦r t❤❡ ♠♦❞✉❧❡s ❝♦♥t❛✐♥❡❞ ✐♥ t❤✐s ❝♦❧❧❡❝t✐♦♥✱ s❡❡ ♣✳ ✾✵✼✳



❚❛❜❧❡ ♦❢ ❈♦♥t❡♥ts

Pr❡❢❛❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶

❆❝❦♥♦✇❧❡❞❣♠❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

✶ ❆r✐t❤♠❡t✐❝ ❘❡✈✐❡✇
✶✳✶ ❖❜❥❡❝t✐✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼
✶✳✷ ❋❛❝t♦rs✱ Pr♦❞✉❝ts✱ ❛♥❞ ❊①♣♦♥❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼
✶✳✸ Pr✐♠❡ ❋❛❝t♦r✐③❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶
✶✳✹ ❚❤❡ ▲❡❛st ❈♦♠♠♦♥ ▼✉❧t✐♣❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺
✶✳✺ ❊q✉✐✈❛❧❡♥t ❋r❛❝t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾
✶✳✻ ❖♣❡r❛t✐♦♥s ✇✐t❤ ❋r❛❝t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸
✶✳✼ ❉❡❝✐♠❛❧ ❋r❛❝t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵
✶✳✽ P❡r❝❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽
❙♦❧✉t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✷ ❇❛s✐❝ Pr♦♣❡rt✐❡s ♦❢ ❘❡❛❧ ◆✉♠❜❡rs

✷✳✶ ❖❜❥❡❝t✐✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾
✷✳✷ ❙②♠❜♦❧s ❛♥❞ ◆♦t❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵
✷✳✸ ❚❤❡ ❘❡❛❧ ◆✉♠❜❡r ▲✐♥❡ ❛♥❞ t❤❡ ❘❡❛❧ ◆✉♠❜❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽
✷✳✹ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ❘❡❛❧ ◆✉♠❜❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺
✷✳✺ ❊①♣♦♥❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹
✷✳✻ ❘✉❧❡s ♦❢ ❊①♣♦♥❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸
✷✳✼ ❚❤❡ P♦✇❡r ❘✉❧❡s ❢♦r ❊①♣♦♥❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷
✷✳✽ ❙✉♠♠❛r② ♦❢ ❑❡② ❈♦♥❝❡♣ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✶
✷✳✾ ❊①❡r❝✐s❡ ❙✉♣♣❧❡♠❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷
✷✳✶✵ Pr♦✜❝✐❡♥❝② ❊①❛♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✾
❙♦❧✉t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✶

✸ ❇❛s✐❝ ❖♣❡r❛t✐♦♥s ✇✐t❤ ❘❡❛❧ ◆✉♠❜❡rs

✸✳✶ ❖❜❥❡❝t✐✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✼
✸✳✷ ❙✐❣♥❡❞ ◆✉♠❜❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✽
✸✳✸ ❆❜s♦❧✉t❡ ❱❛❧✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✸
✸✳✹ ❆❞❞✐t✐♦♥ ♦❢ ❙✐❣♥❡❞ ◆✉♠❜❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✾
✸✳✺ ❙✉❜tr❛❝t✐♦♥ ♦❢ ❙✐❣♥❡❞ ◆✉♠❜❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✻
✸✳✻ ▼✉❧t✐♣❧✐❝❛t✐♦♥ ❛♥❞ ❉✐✈✐s✐♦♥ ♦❢ ❙✐❣♥❡❞ ◆✉♠❜❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✷
✸✳✼ ◆❡❣❛t✐✈❡ ❊①♣♦♥❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✵
✸✳✽ ❙❝✐❡♥t✐✜❝ ◆♦t❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✶
✸✳✾ ❙✉♠♠❛r② ♦❢ ❑❡② ❈♦♥❝❡♣ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✵
✸✳✶✵ ❊①❡r❝✐s❡ ❙✉♣♣❧❡♠❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✶
✸✳✶✶ Pr♦✜❝✐❡♥❝② ❊①❛♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✻
❙♦❧✉t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✽

✹ ❆❧❣❡❜r❛✐❝ ❊①♣r❡ss✐♦♥s ❛♥❞ ❊q✉❛t✐♦♥s

✹✳✶ ❖❜❥❡❝t✐✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✼
✹✳✷ ❆❧❣❡❜r❛✐❝ ❊①♣r❡ss✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✽
✹✳✸ ❊q✉❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶✼
✹✳✹ ❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❊①♣r❡ss✐♦♥s ❛♥❞ ❊q✉❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷✺
✹✳✺ ❈♦♠❜✐♥✐♥❣ P♦❧②♥♦♠✐❛❧s ❯s✐♥❣ ❆❞❞✐t✐♦♥ ❛♥❞ ❙✉❜tr❛❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸✷
✹✳✻ ❈♦♠❜✐♥✐♥❣ P♦❧②♥♦♠✐❛❧s ❯s✐♥❣ ▼✉❧t✐♣❧✐❝❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸✾
✹✳✼ ❙♣❡❝✐❛❧ ❇✐♥♦♠✐❛❧ Pr♦❞✉❝ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺✷
✹✳✽ ❚❡r♠✐♥♦❧♦❣② ❆ss♦❝✐❛t❡❞ ✇✐t❤ ❊q✉❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻✵
✹✳✾ ❙✉♠♠❛r② ♦❢ ❑❡② ❈♦♥❝❡♣ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻✸



✐✈

✹✳✶✵ ❊①❡r❝✐s❡ ❙✉♣♣❧❡♠❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻✹
✹✳✶✶ Pr♦✜❝✐❡♥❝② ❊①❛♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼✶
❙♦❧✉t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼✸

✺ ❙♦❧✈✐♥❣ ▲✐♥❡❛r ❊q✉❛t✐♦♥s ❛♥❞ ■♥❡q✉❛❧✐t✐❡s

✺✳✶ ❖❜❥❡❝t✐✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾✶
✺✳✷ ❙♦❧✈✐♥❣ ❊q✉❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾✷
✺✳✸ ❙♦❧✈✐♥❣ ❊q✉❛t✐♦♥s ♦❢ t❤❡ ❋♦r♠ ❛①❂❜ ❛♥❞ ①✴❛❂❜ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾✾
✺✳✹ ❋✉rt❤❡r ❚❡❝❤♥✐q✉❡s ✐♥ ❊q✉❛t✐♦♥ ❙♦❧✈✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵✺
✺✳✺ ❆♣♣❧✐❝❛t✐♦♥ ■ ✲ ❚r❛♥s❧❛t✐♥❣ ❢r♦♠ ❱❡r❜❛❧ t♦ ▼❛t❤❡t✐❝❛❧ ❊①♣r❡ss✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶✸
✺✳✻ ❆♣♣❧✐❝❛t✐♦♥ ■■ ✲ ❙♦❧✈✐♥❣ Pr♦❜❧❡♠s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶✾
✺✳✼ ▲✐♥❡❛r ✐♥❡q✉❛❧✐t✐❡s ✐♥ ❖♥❡ ❱❛r✐❛❜❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷✾
✺✳✽ ▲✐♥❡❛r ❊q✉❛t✐♦♥s ✐♥ ❚✇♦ ❱❛r✐❛❜❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸✽
✺✳✾ ❙✉♠♠❛r② ♦❢ ❑❡② ❈♦♥❝❡♣ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹✺
✺✳✶✵ ❊①❡r❝✐s❡ ❙✉♣♣❧❡♠❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹✻
✺✳✶✶ Pr♦✜❝✐❡♥❝② ❊①❛♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺✷
❙♦❧✉t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺✹

✻ ❋❛❝t♦r✐♥❣ P♦❧②♥♦♠✐❛❧s

✻✳✶ ❖❜❥❡❝t✐✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻✾
✻✳✷ ❋✐♥❞✐♥❣ t❤❡ ❢❛❝t♦rs ♦❢ ❛ ▼♦♥♦♠✐❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼✵
✻✳✸ ❋❛❝t♦r✐♥❣ ❛ ▼♦♥♦♠✐❛❧ ❢r♦♠ ❛ P♦❧②♥♦♠✐❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼✸
✻✳✹ ❚❤❡ ●r❡❛t❡st ❈♦♠♠♦♥ ❋❛❝t♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼✽
✻✳✺ ❋❛❝t♦r✐♥❣ ❜② ●r♦✉♣✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽✹
✻✳✻ ❋❛❝t♦r✐♥❣ ❚✇♦ ❙♣❡❝✐❛❧ Pr♦❞✉❝ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽✼
✻✳✼ ❋❛❝t♦r✐♥❣ ❚r✐♥♦♠✐❛❧s ✇✐t❤ ▲❡❛❞✐♥❣ ❈♦❡✣❝✐❡♥t ✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾✺
✻✳✽ ❋❛❝t♦r✐♥❣ ❚r✐♥♦♠✐❛❧s ✇✐t❤ ▲❡❛❞✐♥❣ ❈♦❡✣❝✐❡♥t ❖t❤❡r ❚❤❛♥ ✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵✷
✻✳✾ ❙✉♠♠❛r② ♦❢ ❑❡② ❈♦♥❝❡♣ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶✸
✻✳✶✵ ❊①❡r❝✐s❡ ❙✉♣♣❧❡♠❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶✸
✻✳✶✶ Pr♦✜❝✐❡♥❝② ❊①❛♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶✼
❙♦❧✉t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶✾

✼ ●r❛♣❤✐♥❣ ▲✐♥❡❛r ❊q✉❛t✐♦♥s ❛♥❞ ■♥❡q✉❛❧✐t✐❡s ✐♥ ❖♥❡ ❛♥❞ ❚✇♦ ❱❛r✐❛❜❧❡s

✼✳✶ ❖❜❥❡❝t✐✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸✶
✼✳✷ ●r❛♣❤✐♥❣ ▲✐♥❡❛r ❊q✉❛t✐♦♥s ❛♥❞ ■♥❡q✉❛❧✐t✐❡s ✐♥ ❖♥❡ ❱❛r✐❛❜❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸✷
✼✳✸ P❧♦tt✐♥❣ P♦✐♥ts ✐♥ t❤❡ P❧❛♥❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹✵
✼✳✹ ●r❛♣❤✐♥❣ ▲✐♥❡❛r ❊q✉❛t✐♦♥s ✐♥ ❚✇♦ ❱❛r✐❛❜❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹✽
✼✳✺ ❚❤❡ ❙❧♦♣❡✲■♥t❡r❝❡♣t ❋♦r♠ ♦❢ ❛ ▲✐♥❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻✾
✼✳✻ ●r❛♣❤✐♥❣ ❊q✉❛t✐♦♥s ✐♥ ❙❧♦♣❡✲■♥t❡r❝❡♣t ❋♦r♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽✺
✼✳✼ ❋✐♥❞✐♥❣ t❤❡ ❊q✉❛t✐♦♥ ♦❢ ❛ ▲✐♥❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾✼
✼✳✽ ●r❛♣❤✐♥❣ ▲✐♥❡❛r ■♥❡q✉❛❧✐t✐❡s ✐♥ ❚✇♦ ❱❛r✐❛❜❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵✼
✼✳✾ ❙✉♠♠❛r② ♦❢ ❑❡② ❈♦♥❝❡♣ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶✾
✼✳✶✵ ❊①❡r❝✐s❡ ❙✉♣♣❧❡♠❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷✵
✼✳✶✶ Pr♦✜❝✐❡♥❝② ❊①❛♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸✵
❙♦❧✉t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸✺

✽ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s

✽✳✶ ❖❜❥❡❝t✐✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻✼
✽✳✷ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻✽
✽✳✸ ❘❡❞✉❝✐♥❣ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼✻
✽✳✹ ▼✉❧t✐♣❧②✐♥❣ ❛♥❞ ❉✐✈✐❞✐♥❣ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽✸
✽✳✺ ❇✉✐❧❞✐♥❣ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s ❛♥❞ t❤❡ ▲❈❉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾✵
✽✳✻ ❆❞❞✐♥❣ ❛♥❞ ❙✉❜tr❛❝t✐♥❣ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵✸

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✈

✽✳✼ ❘❛t✐♦♥❛❧ ❊q✉❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶✹
✽✳✽ ❆♣♣❧✐❝❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷✸
✽✳✾ ❈♦♠♣❧❡① ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸✸
✽✳✶✵ ❉✐✈✐❞✐♥❣ P♦❧②♥♦♠✐❛❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹✶
✽✳✶✶ ❙✉♠♠❛r② ♦❢ ❑❡② ❈♦♥❝❡♣ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺✷
✽✳✶✷ ❊①❡r❝✐s❡ ❙✉♣♣❧❡♠❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺✸
✽✳✶✸ Pr♦✜❝✐❡♥❝② ❊①❛♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻✵
❙♦❧✉t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻✷

✾ ❘♦♦ts✱ ❘❛❞✐❝❛❧s✱ ❛♥❞ ❙q✉❛r❡ ❘♦♦t ❊q✉❛t✐♦♥s

✾✳✶ ❖❜❥❡❝t✐✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽✸
✾✳✷ ❙q✉❛r❡ ❘♦♦t ❊①♣r❡ss✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽✹
✾✳✸ ❙✐♠♣❧✐❢②✐♥❣ ❙q✉❛r❡ ❘♦♦t ❊①♣r❡ss✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾✸
✾✳✹ ▼✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ ❙q✉❛r❡ ❘♦♦t ❊①♣r❡ss✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵✶
✾✳✺ ❉✐✈✐s✐♦♥ ♦❢ ❙q✉❛r❡ ❘♦♦t ❊①♣r❡ss✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵✽
✾✳✻ ❆❞❞✐t✐♦♥ ❛♥❞ ❙✉❜tr❛❝t✐♦♥ ♦❢ ❙q✉❛r❡ ❘♦♦t ❊①♣r❡ss✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶✻
✾✳✼ ❙q✉❛r❡ ❘♦♦t ❊q✉❛t✐♦♥s ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷✹
✾✳✽ ❙✉♠♠❛r② ♦❢ ❑❡② ❈♦♥❝❡♣ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸✵
✾✳✾ ❊①❡r❝✐s❡ ❙✉♣♣❧❡♠❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸✶
✾✳✶✵ Pr♦✜❝✐❡♥❝② ❊①❛♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸✻
❙♦❧✉t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸✽

✶✵ ◗✉❛❞r❛t✐❝ ❊q✉❛t✐♦♥s

✶✵✳✶ ❖❜❥❡❝t✐✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺✸
✶✵✳✷ ❙♦❧✈✐♥❣ ◗✉❛❞r❛t✐❝ ❊q✉❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺✹
✶✵✳✸ ❙♦❧✈✐♥❣ ◗✉❛❞r❛t✐❝ ❊q✉❛t✐♦♥s ❜② ❋❛❝t♦r✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻✵
✶✵✳✹ ❙♦❧✈✐♥❣ ◗✉❛❞r❛t✐❝ ❊q✉❛t✐♦♥s ❯s✐♥❣ t❤❡ ▼❡t❤♦❞ ♦❢ ❊①tr❛❝t✐♦♥ ♦❢ ❘♦♦ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻✼
✶✵✳✺ ❙♦❧✈✐♥❣ ◗✉❛❞r❛t✐❝ ❊q✉❛t✐♦♥s ❯s✐♥❣ t❤❡ ▼❡t❤♦❞ ♦❢ ❈♦♠♣❧❡t✐♥❣ t❤❡ ❙q✉❛r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼✺
✶✵✳✻ ❙♦❧✈✐♥❣ ◗✉❛❞r❛t✐❝ ❊q✉❛t✐♦♥s ❯s✐♥❣ t❤❡ ◗✉❛❞r❛t✐❝ ❋♦r♠✉❧❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽✷
✶✵✳✼ ❆♣♣❧✐❝❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾✵
✶✵✳✽ ●r❛♣❤✐♥❣ ◗✉❛❞r❛t✐❝ ❙♦❧✉t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵✶
✶✵✳✾ ❙✉♠♠❛r② ♦❢ ❑❡② ❈♦♥❝❡♣ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶✻
✶✵✳✶✵ ❊①❡r❝✐s❡ ❙✉♣♣❧❡♠❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶✼
✶✵✳✶✶ Pr♦✜❝✐❡♥❝② ❊①❛♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷✷
❙♦❧✉t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷✻

✶✶ ❙②st❡♠s ♦❢ ▲✐♥❡❛r ❊q✉❛t✐♦♥s

✶✶✳✶ ❖❜❥❡❝t✐✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹✺
✶✶✳✷ ❙♦❧✉t✐♦♥s ❜② ●r❛♣❤✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹✺
✶✶✳✸ ❊❧✐♠✐♥❛t✐♦♥ ❜② ❙✉❜st✐t✉t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺✻
✶✶✳✹ ❊❧✐♠✐♥❛t✐♦♥ ❜② ❆❞❞✐t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻✹
✶✶✳✺ ❆♣♣❧✐❝❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼✹
✶✶✳✻ ❙✉♠♠❛r② ♦❢ ❑❡② ❈♦♥❝❡♣ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽✶
✶✶✳✼ ❊①❡r❝✐s❡ ❙✉♣♣❧❡♠❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽✷
✶✶✳✽ Pr♦✜❝✐❡♥❝② ❊①❛♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽✹
❙♦❧✉t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽✼

✶✷ ❆♣♣❡♥❞✐①

✶✷✳✶ ❚❛❜❧❡ ♦❢ ❙②♠❜♦❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾✼
✶✷✳✷ Pr♦♣❡rt✐❡s ♦❢ ❘❡❛❧ ◆✉♠❜❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾✽
✶✷✳✸ ■♠♣♦rt❛♥t ❛♥❞ ❯s❡❢✉❧ ❘✉❧❡s✴❋♦r♠✉❧❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵✵
✶✷✳✹ ❚❤❡ ✺✲❙t❡♣ ▼❡t❤♦❞ ♦❢ ❙♦❧✈✐♥❣ ❆♣♣❧✐❡❞ Pr♦❜❧❡♠s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵✶

●❧♦ss❛r② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵✷

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✈✐

■♥❞❡① ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵✸
❆ttr✐❜✉t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳✾✵✼

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



Pr❡❢❛❝❡✶

❊❧❡♠❡♥t❛r② ❆❧❣❡❜r❛ ✐s ❛ ✇♦r❦ t❡①t t❤❛t ❝♦✈❡rs t❤❡ tr❛❞✐t✐♦♥❛❧ t♦♣✐❝s st✉❞✐❡❞ ✐♥ ❛ ♠♦❞❡r♥ ❡❧❡♠❡♥t❛r② ❛❧❣❡❜r❛
❝♦✉rs❡✳ ■t ✐s ✐♥t❡♥❞❡❞ ❢♦r st✉❞❡♥ts ✇❤♦✿

✶✳ ❍❛✈❡ ♥♦ ❡①♣♦s✉r❡ t♦ ❡❧❡♠❡♥t❛r② ❛❧❣❡❜r❛✱
✷✳ ❍❛✈❡ ❤❛❞ ❛ ♣r❡✈✐♦✉s❧② ✉♥♣❧❡❛s❛♥t ❡①♣❡r✐❡♥❝❡ ✇✐t❤ ❡❧❡♠❡♥t❛r② ❛❧❣❡❜r❛✱ ♦r
✸✳ ◆❡❡❞ t♦ r❡✈✐❡✇ ❛❧❣❡❜r❛✐❝ ❝♦♥❝❡♣ts ❛♥❞ t❡❝❤♥✐q✉❡s✳

❯s❡ ♦❢ t❤✐s ❜♦♦❦ ✇✐❧❧ ❤❡❧♣ t❤❡ st✉❞❡♥t ❞❡✈❡❧♦♣ t❤❡ ✐♥s✐❣❤t ❛♥❞ ✐♥t✉✐t✐♦♥ ♥❡❝❡ss❛r② t♦ ♠❛st❡r ❛❧❣❡❜r❛✐❝ t❡❝❤✲
♥✐q✉❡s ❛♥❞ ♠❛♥✐♣✉❧❛t✐✈❡ s❦✐❧❧s✳ ❚❤❡ t❡①t ✐s ✇r✐tt❡♥ t♦ ♣r♦♠♦t❡ ♣r♦❜❧❡♠✲s♦❧✈✐♥❣ ❛❜✐❧✐t② s♦ t❤❛t t❤❡ st✉❞❡♥t
❤❛s t❤❡ ♠❛①✐♠✉♠ ♦♣♣♦rt✉♥✐t② t♦ s❡❡ t❤❛t t❤❡ ❝♦♥❝❡♣ts ❛♥❞ t❡❝❤♥✐q✉❡s ❛r❡ ❧♦❣✐❝❛❧❧② ❜❛s❡❞ ❛♥❞ t♦ ❜❡ ❝♦♠✲
❢♦rt❛❜❧❡ ❡♥♦✉❣❤ ✇✐t❤ t❤❡s❡ ❝♦♥❝❡♣ts t♦ ❦♥♦✇ ✇❤❡♥ ❛♥❞ ❤♦✇ t♦ ✉s❡ t❤❡♠ ✐♥ s✉❜s❡q✉❡♥t s❡❝t✐♦♥s✱ ❝♦✉rs❡s✱ ❛♥❞
♥♦♥✲❝❧❛ssr♦♦♠ s✐t✉❛t✐♦♥s✳ ■♥t✉✐t✐♦♥ ❛♥❞ ✉♥❞❡rst❛♥❞✐♥❣ ❛r❡ s♦♠❡ ♦❢ t❤❡ ❦❡②s t♦ ❝r❡❛t✐✈✐t②❀ ✇❡ ❜❡❧✐❡✈❡ t❤❛t
t❤❡ ♠❛t❡r✐❛❧ ♣r❡s❡♥t❡❞ ✇✐❧❧ ❤❡❧♣ ♠❛❦❡ t❤❡s❡ ❦❡②s ❛✈❛✐❧❛❜❧❡ t♦ t❤❡ st✉❞❡♥t✳

❚❤✐s t❡①t ❝❛♥ ❜❡ ✉s❡❞ ✐♥ st❛♥❞❛r❞ ❧❡❝t✉r❡ ♦r s❡❧❢✲♣❛❝❡❞ ❝❧❛ss❡s✳ ❚♦ ❤❡❧♣ st✉❞❡♥ts ♠❡❡t t❤❡s❡ ♦❜❥❡❝t✐✈❡s
❛♥❞ t♦ ♠❛❦❡ t❤❡ st✉❞② ♦❢ ❛❧❣❡❜r❛ ❛ ♣❧❡❛s❛♥t ❛♥❞ r❡✇❛r❞✐♥❣ ❡①♣❡r✐❡♥❝❡✱ ❊❧❡♠❡♥t❛r② ❆❧❣❡❜r❛ ✐s ♦r❣❛♥✐③❡❞ ❛s
❢♦❧❧♦✇s✳

P❡❞❛❣♦❣✐❝❛❧ ❋❡❛t✉r❡s

❚❤❡ ✇♦r❦ t❡①t ❢♦r♠❛t ❣✐✈❡s t❤❡ st✉❞❡♥t s♣❛❝❡ t♦ ♣r❛❝t✐❝❡ ❛❧❣❡❜r❛✐❝ s❦✐❧❧s ✇✐t❤ r❡❛❞② r❡❢❡r❡♥❝❡ t♦ s❛♠♣❧❡
♣r♦❜❧❡♠s✳ ❚❤❡ ❝❤❛♣t❡rs ❛r❡ ❞✐✈✐❞❡❞ ✐♥t♦ s❡❝t✐♦♥s✱ ❛♥❞ ❡❛❝❤ s❡❝t✐♦♥ ✐s ❛ ❝♦♠♣❧❡t❡ tr❡❛t♠❡♥t ♦❢ ❛ ♣❛rt✐❝✉❧❛r
t♦♣✐❝✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❡❛t✉r❡s✿

• ❙❡❝t✐♦♥ ❖✈❡r✈✐❡✇
• ❙❛♠♣❧❡ ❙❡ts
• Pr❛❝t✐❝❡ ❙❡ts
• ❙❡❝t✐♦♥ ❊①❡r❝✐s❡s
• ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❚❤❡ ❝❤❛♣t❡rs ❜❡❣✐♥ ✇✐t❤ ❖❜❥❡❝t✐✈❡s ❛♥❞ ❡♥❞ ✇✐t❤ ❛ ❙✉♠♠❛r② ♦❢ ❑❡② ❈♦♥❝❡♣ts✱ ❛♥ ❊①❡r❝✐s❡ ❙✉♣♣❧❡✲
♠❡♥t✱ ❛♥❞ ❛ Pr♦✜❝✐❡♥❝② ❊①❛♠✳
❖❜❥❡❝t✐✈❡s
❊❛❝❤ ❝❤❛♣t❡r ❜❡❣✐♥s ✇✐t❤ ❛ s❡t ♦❢ ♦❜❥❡❝t✐✈❡s ✐❞❡♥t✐❢②✐♥❣ t❤❡ ♠❛t❡r✐❛❧ t♦ ❜❡ ❝♦✈❡r❡❞✳ ❊❛❝❤ s❡❝t✐♦♥ ❜❡❣✐♥s ✇✐t❤
❛♥ ♦✈❡r✈✐❡✇ t❤❛t r❡♣❡❛ts t❤❡ ♦❜❥❡❝t✐✈❡s ❢♦r t❤❛t ♣❛rt✐❝✉❧❛r s❡❝t✐♦♥✳ ❙❡❝t✐♦♥s ❛r❡ ❞✐✈✐❞❡❞ ✐♥t♦ s✉❜s❡❝t✐♦♥s t❤❛t
❝♦rr❡s♣♦♥❞ t♦ t❤❡ s❡❝t✐♦♥ ♦❜❥❡❝t✐✈❡s✱ ✇❤✐❝❤ ♠❛❦❡s ❢♦r ❡❛s✐❡r r❡❛❞✐♥❣✳
❙❛♠♣❧❡ ❙❡ts
❊❧❡♠❡♥t❛r② ❆❧❣❡❜r❛ ❝♦♥t❛✐♥s ❡①❛♠♣❧❡s t❤❛t ❛r❡ s❡t ♦✛ ✐♥ ❜♦①❡s ❢♦r ❡❛s② r❡❢❡r❡♥❝❡✳ ❚❤❡ ❡①❛♠♣❧❡s ❛r❡ r❡❢❡rr❡❞
t♦ ❛s ❙❛♠♣❧❡ ❙❡ts ❢♦r t✇♦ r❡❛s♦♥s✿

✶❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✶✽✽✼✸✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃

✶



✷

✶✳ ❚❤❡② s❡r✈❡ ❛s ❛ r❡♣r❡s❡♥t❛t✐♦♥ t♦ ❜❡ ✐♠✐t❛t❡❞✱ ✇❤✐❝❤ ✇❡ ❜❡❧✐❡✈❡ ✇✐❧❧ ❢♦st❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ❛❧❣❡❜r❛
❝♦♥❝❡♣ts ❛♥❞ ♣r♦✈✐❞❡ ❡①♣❡r✐❡♥❝❡ ✇✐t❤ ❛❧❣❡❜r❛✐❝ t❡❝❤♥✐q✉❡s✳

✷✳ ❙❛♠♣❧❡ ❙❡ts ❛❧s♦ s❡r✈❡ ❛s ❛ ♣r❡❧✐♠✐♥❛r② r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ♣r♦❜❧❡♠✲s♦❧✈✐♥❣ t❡❝❤♥✐q✉❡s t❤❛t ♠❛② ❜❡
✉s❡❞ t♦ s♦❧✈❡ ♠♦r❡ ❣❡♥❡r❛❧ ❛♥❞ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ♣r♦❜❧❡♠s✳ ❚❤❡ ❡①❛♠♣❧❡s ❤❛✈❡ ❜❡❡♥ ❝❛r❡❢✉❧❧② ❝❤♦s❡♥
t♦ ✐❧❧✉str❛t❡ ❛♥❞ ❞❡✈❡❧♦♣ ❝♦♥❝❡♣ts ❛♥❞ t❡❝❤♥✐q✉❡s ✐♥ t❤❡ ♠♦st ✐♥str✉❝t✐✈❡✱ ❡❛s✐❧② r❡♠❡♠❜❡r❡❞ ✇❛②✳
❈♦♥❝❡♣ts ❛♥❞ t❡❝❤♥✐q✉❡s ♣r❡❝❡❞✐♥❣ t❤❡ ❡①❛♠♣❧❡s ❛r❡ ✐♥tr♦❞✉❝❡❞ ❛t ❛ ❧❡✈❡❧ ❜❡❧♦✇ t❤❛t ♥♦r♠❛❧❧② ✉s❡❞
✐♥ s✐♠✐❧❛r t❡①ts ❛♥❞ ❛r❡ t❤♦r♦✉❣❤❧② ❡①♣❧❛✐♥❡❞✱ ❛ss✉♠✐♥❣ ❧✐tt❧❡ ♣r❡✈✐♦✉s ❦♥♦✇❧❡❞❣❡✳

Pr❛❝t✐❝❡ ❙❡t
❆ ♣❛r❛❧❧❡❧ Pr❛❝t✐❝❡ ❙❡t ❢♦❧❧♦✇s ❡❛❝❤ ❙❛♠♣❧❡ ❙❡t✱ ✇❤✐❝❤ r❡✐♥❢♦r❝❡s t❤❡ ❝♦♥❝❡♣ts ❥✉st ❧❡❛r♥❡❞✳ ❚❤❡ ❛♥s✇❡rs
t♦ ❛❧❧ Pr❛❝t✐❝❡ ❙❡ts ❛r❡ ❞✐s♣❧❛②❡❞ ✇✐t❤ t❤❡ q✉❡st✐♦♥ ✇❤❡♥ ✈✐❡✇✐♥❣ t❤✐s ❝♦♥t❡♥t ♦♥❧✐♥❡✱ ♦r ❛t t❤❡ ❡♥❞ ♦❢ t❤❡
❝❤❛♣t❡r ✐♥ t❤❡ ♣r✐♥t ✈❡rs✐♦♥✳
❙❡❝t✐♦♥ ❊①❡r❝✐s❡s
❚❤❡ ❡①❡r❝✐s❡s ❛t t❤❡ ❡♥❞ ♦❢ ❡❛❝❤ s❡❝t✐♦♥ ❛r❡ ❣r❛❞❡❞ ✐♥ t❡r♠s ♦❢ ❞✐✣❝✉❧t②✱ ❛❧t❤♦✉❣❤ t❤❡② ❛r❡ ♥♦t ❣r♦✉♣❡❞ ✐♥t♦
❝❛t❡❣♦r✐❡s✳ ❚❤❡r❡ ❛r❡ ❛♥ ❛♠♣❧❡ ♥✉♠❜❡r ♦❢ ♣r♦❜❧❡♠s❀ ❛❢t❡r ✇♦r❦✐♥❣ t❤r♦✉❣❤ t❤❡ ❡①❡r❝✐s❡s✱ t❤❡ st✉❞❡♥t ✇✐❧❧
❜❡ ❝❛♣❛❜❧❡ ♦❢ s♦❧✈✐♥❣ ❛ ✈❛r✐❡t② ♦❢ ❝❤❛❧❧❡♥❣✐♥❣ ♣r♦❜❧❡♠s✳

❚❤❡ ♣r♦❜❧❡♠s ❛r❡ ♣❛✐r❡❞ s♦ t❤❛t t❤❡ ♦❞❞✲♥✉♠❜❡r❡❞ ♣r♦❜❧❡♠s ❛r❡ ❡q✉✐✈❛❧❡♥t ✐♥ ❦✐♥❞ ❛♥❞ ❞✐✣❝✉❧t② t♦
t❤❡ ❡✈❡♥✲♥✉♠❜❡r❡❞ ♣r♦❜❧❡♠s✳ ❆♥s✇❡rs t♦ t❤❡ ♦❞❞✲♥✉♠❜❡r❡❞ ♣r♦❜❧❡♠s ❛r❡ ♣r♦✈✐❞❡❞ ✇✐t❤ t❤❡ ❡①❡r❝✐s❡ ✇❤❡♥
✈✐❡✇❡❞ ♦♥❧✐♥❡✱ ♦r ❛t t❤❡ ❜❛❝❦ ♦❢ t❤❡ ❝❤❛♣t❡r ✐♥ t❤❡ ♣r✐♥t ✈❡rs✐♦♥✳
❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇
❚❤✐s s❡❝t✐♦♥ ❝♦♥s✐sts ♦❢ ♣r♦❜❧❡♠s t❤❛t ❢♦r♠ ❛ ❝✉♠✉❧❛t✐✈❡ r❡✈✐❡✇ ♦❢ t❤❡ ♠❛t❡r✐❛❧ ❝♦✈❡r❡❞ ✐♥ t❤❡ ♣r❡❝❡❞✐♥❣
s❡❝t✐♦♥s ♦❢ t❤❡ t❡①t ❛♥❞ ✐s ♥♦t ❧✐♠✐t❡❞ t♦ ♠❛t❡r✐❛❧ ✐♥ t❤❛t ❝❤❛♣t❡r✳ ❚❤❡ ❡①❡r❝✐s❡s ❛r❡ ❦❡②❡❞ ❜② s❡❝t✐♦♥ ❢♦r
❡❛s② r❡❢❡r❡♥❝❡✳
❙✉♠♠❛r② ♦❢ ❑❡② ❈♦♥❝❡♣ts
❆ s✉♠♠❛r② ♦❢ t❤❡ ✐♠♣♦rt❛♥t ✐❞❡❛s ❛♥❞ ❢♦r♠✉❧❛s ✉s❡❞ t❤r♦✉❣❤♦✉t t❤❡ ❝❤❛♣t❡r ✐s ✐♥❝❧✉❞❡❞ ❛t t❤❡ ❡♥❞ ♦❢
❡❛❝❤ ❝❤❛♣t❡r✳ ▼♦r❡ t❤❛♥ ❥✉st ❛ ❧✐st ♦❢ t❡r♠s✱ t❤❡ s✉♠♠❛r② ✐s ❛ ✈❛❧✉❛❜❧❡ t♦♦❧ t❤❛t r❡✐♥❢♦r❝❡s ❝♦♥❝❡♣ts ✐♥
♣r❡♣❛r❛t✐♦♥ ❢♦r t❤❡ Pr♦✜❝✐❡♥❝② ❊①❛♠ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❝❤❛♣t❡r✱ ❛s ✇❡❧❧ ❛s ❢✉t✉r❡ ❡①❛♠s✳ ❚❤❡ s✉♠♠❛r② ❦❡②s
❡❛❝❤ ✐t❡♠ t♦ t❤❡ s❡❝t✐♦♥ ♦❢ t❤❡ t❡①t ✇❤❡r❡ ✐t ✐s ❞✐s❝✉ss❡❞✳
❊①❡r❝✐s❡ ❙✉♣♣❧❡♠❡♥t
■♥ ❛❞❞✐t✐♦♥ t♦ ♥✉♠❡r♦✉s s❡❝t✐♦♥ ❡①❡r❝✐s❡s✱ ❡❛❝❤ ❝❤❛♣t❡r ✐♥❝❧✉❞❡s ❛♣♣r♦①✐♠❛t❡❧② ✶✵✵ s✉♣♣❧❡♠❡♥t❛❧ ♣r♦❜❧❡♠s✱
✇❤✐❝❤ ❛r❡ r❡❢❡r❡♥❝❡❞ ❜② s❡❝t✐♦♥✳ ❆♥s✇❡rs t♦ t❤❡ ♦❞❞✲♥✉♠❜❡r❡❞ ♣r♦❜❧❡♠s ❛r❡ ✐♥❝❧✉❞❡❞ ✇✐t❤ t❤❡ ♣r♦❜❧❡♠s
✇❤❡♥ ✈✐❡✇❡❞ ♦♥❧✐♥❡ ❛♥❞ ✐♥ t❤❡ ❜❛❝❦ ♦❢ t❤❡ ❝❤❛♣t❡r ✐♥ t❤❡ ♣r✐♥t ✈❡rs✐♦♥✳
Pr♦✜❝✐❡♥❝② ❊①❛♠
❊❛❝❤ ❝❤❛♣t❡r ❡♥❞s ✇✐t❤ ❛ Pr♦✜❝✐❡♥❝② ❊①❛♠ t❤❛t ❝❛♥ s❡r✈❡ ❛s ❛ ❝❤❛♣t❡r r❡✈✐❡✇ ♦r ❛ ❝❤❛♣t❡r ❡✈❛❧✉❛t✐♦♥✳ ❚❤❡
♣r♦✜❝✐❡♥❝② ❊①❛♠ ✐s ❦❡②❡❞ t♦ s❡❝t✐♦♥s✱ ✇❤✐❝❤ ❡♥❛❜❧❡s t❤❡ st✉❞❡♥t t♦ r❡❢❡r ❜❛❝❦ t♦ t❤❡ t❡①t ❢♦r ❛ss✐st❛♥❝❡✳
❆♥s✇❡rs t♦ ❛❧❧ Pr♦✜❝✐❡♥❝② ❊①❛♠ ♣r♦❜❧❡♠s ❛r❡ ✐♥❝❧✉❞❡❞ ✇✐t❤ t❤❡ ❡①❡r❝✐s❡s ✇❤❡♥ ✈✐❡✇❡❞ ♦♥❧✐♥❡✱ ♦r ✐♥ t❤❡ ❜❛❝❦
♦❢ t❤❡ ❝❤❛♣t❡r ✐♥ t❤❡ ♣r✐♥t ✈❡rs✐♦♥✳

❈♦♥t❡♥t

❚❤❡ ✇r✐t✐♥❣ st②❧❡ ✐s ✐♥❢♦r♠❛❧ ❛♥❞ ❢r✐❡♥❞❧②✱ ♦✛❡r✐♥❣ ❛ ♥♦✲♥♦♥s❡♥s❡✱ str❛✐❣❤t❢♦r✇❛r❞ ❛♣♣r♦❛❝❤ t♦ ❛❧❣❡❜r❛✳ ❲❡
❤❛✈❡ ♠❛❞❡ ❛ ❞❡❧✐❜❡r❛t❡ ❡✛♦rt ♥♦t t♦ ✇r✐t❡ ❛♥♦t❤❡r t❡①t t❤❛t ♠✐♥✐♠✐③❡s t❤❡ ✉s❡ ♦❢ ✇♦r❞s ❜❡❝❛✉s❡ ✇❡ ❜❡❧✐❡✈❡
t❤❛t st✉❞❡♥ts ❝❛♥ ❜❡ st✉❞② ❛❧❣❡❜r❛✐❝ ❝♦♥❝❡♣ts ❛♥❞ ✉♥❞❡rst❛♥❞ ❛❧❣❡❜r❛✐❝ t❡❝❤♥✐q✉❡s ❜② ✉s✐♥❣ ✇♦r❞s ❛♥❞
s②♠❜♦❧s r❛t❤❡r t❤❛♥ s②♠❜♦❧s ❛❧♦♥❡✳ ■t ❤❛s ❜❡❡♥ ♦✉r ❡①♣❡r✐❡♥❝❡ t❤❛t st✉❞❡♥ts ❛t t❤❡ ❡❧❡♠❡♥t❛r② ❧❡✈❡❧ ❛r❡ ♥♦t
❡①♣❡r✐❡♥❝❡❞ ❡♥♦✉❣❤ ✇✐t❤ ♠❛t❤❡♠❛t✐❝s t♦ ✉♥❞❡rst❛♥❞ s②♠❜♦❧✐❝ ❡①♣❧❛♥❛t✐♦♥s ❛❧♦♥❡❀ t❤❡② ❛❧s♦ ♥❡❡❞ t♦ r❡❛❞
t❤❡ ❡①♣❧❛♥❛t✐♦♥✳

❲❡ ❤❛✈❡ t❛❦❡♥ ❣r❡❛t ❝❛r❡ t♦ ♣r❡s❡♥t ❝♦♥❝❡♣ts ❛♥❞ t❡❝❤♥✐q✉❡s s♦ t❤❡② ❛r❡ ✉♥❞❡rst❛♥❞❛❜❧❡ ❛♥❞ ❡❛s✐❧②
r❡♠❡♠❜❡r❡❞✳ ❆❢t❡r ❝♦♥❝❡♣ts ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞✱ st✉❞❡♥ts ❛r❡ ✇❛r♥❡❞ ❛❜♦✉t ❝♦♠♠♦♥ ♣✐t❢❛❧❧s✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸

❆r✐t❤♠❡t✐❝ ❘❡✈✐❡✇

❚❤✐s ❝❤❛♣t❡r ❝♦♥t❛✐♥s ♠❛♥② ❡①❛♠♣❧❡s ♦❢ ❛r✐t❤♠❡t✐❝ t❡❝❤♥✐q✉❡s t❤❛t ❛r❡ ✉s❡❞ ❞✐r❡❝t❧② ♦r ✐♥❞✐r❡❝t❧② ✐♥ ❛❧❣❡✲
❜r❛✳ ❙✐♥❝❡ t❤❡ ❝❤❛♣t❡r ✐s ✐♥t❡♥❞❡❞ ❛s ❛ r❡✈✐❡✇✱ t❤❡ ♣r♦❜❧❡♠✲s♦❧✈✐♥❣ t❡❝❤♥✐q✉❡s ❛r❡ ♣r❡s❡♥t❡❞ ✇✐t❤♦✉t ❜❡✐♥❣
❞❡✈❡❧♦♣❡❞✳ ❚❤❡r❡❢♦r❡✱ ♥♦ ✇♦r❦ s♣❛❝❡ ✐s ♣r♦✈✐❞❡❞✱ ♥♦r ❞♦❡s t❤❡ ❝❤❛♣t❡r ❝♦♥t❛✐♥ ❛❧❧ ♦❢ t❤❡ ♣❡❞❛❣♦❣✐❝❛❧ ❢❡❛t✉r❡s
♦❢ t❤❡ t❡①t✳ ❆s ❛ r❡✈✐❡✇✱ t❤✐s ❝❤❛♣t❡r ❝❛♥ ❜❡ ❛ss✐❣♥❡❞ ❛t t❤❡ ❞✐s❝r❡t✐♦♥ ♦❢ t❤❡ ✐♥str✉❝t♦r ❛♥❞ ❝❛♥ ❛❧s♦ ❜❡ ❛
✈❛❧✉❛❜❧❡ r❡❢❡r❡♥❝❡ t♦♦❧ ❢♦r t❤❡ st✉❞❡♥t✳

❇❛s✐❝ Pr♦♣❡rt✐❡s ♦❢ ❘❡❛❧ ◆✉♠❜❡rs

❚❤❡ s②♠❜♦❧s✱ ♥♦t❛t✐♦♥s✱ ❛♥❞ ♣r♦♣❡rt✐❡s ♦❢ ♥✉♠❜❡rs t❤❛t ❢♦r♠ t❤❡ ❜❛s✐s ♦❢ ❛❧❣❡❜r❛✱ ❛s ✇❡❧❧ ❛s ❡①♣♦♥❡♥ts ❛♥❞
t❤❡ r✉❧❡s ♦❢ ❡①♣♦♥❡♥ts✱ ❛r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❇❛s✐❝ Pr♦♣❡rt✐❡s ♦❢ ❘❡❛❧ ◆✉♠❜❡rs✳ ❊❛❝❤ ♣r♦♣❡rt② ♦❢ r❡❛❧ ♥✉♠❜❡rs
❛♥❞ t❤❡ r✉❧❡s ♦❢ ❡①♣♦♥❡♥ts ❛r❡ ❡①♣r❡ss❡❞ ❜♦t❤ s②♠❜♦❧✐❝❛❧❧② ❛♥❞ ❧✐t❡r❛❧❧②✳ ▲✐t❡r❛❧ ❡①♣❧❛♥❛t✐♦♥s ❛r❡ ✐♥❝❧✉❞❡❞
❜❡❝❛✉s❡ s②♠❜♦❧✐❝ ❡①♣❧❛♥❛t✐♦♥s ❛❧♦♥❡ ♠❛② ❜❡ ❞✐✣❝✉❧t ❢♦r ❛ st✉❞❡♥t t♦ ✐♥t❡r♣r❡t✳

❇❛s✐❝ ❖♣❡r❛t✐♦♥s ✇✐t❤ ❘❡❛❧ ◆✉♠❜❡rs

❚❤❡ ❜❛s✐❝ ♦♣❡r❛t✐♦♥s ✇✐t❤ r❡❛❧ ♥✉♠❜❡rs ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r✳ ❚❤❡ ❝♦♥❝❡♣t ♦❢ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ✐s
❞✐s❝✉ss❡❞ ❜♦t❤ ❣❡♦♠❡tr✐❝❛❧❧② ❛♥❞ s②♠❜♦❧✐❝❛❧❧②✳ ❚❤❡ ❣❡♦♠❡tr✐❝ ♣r❡s❡♥t❛t✐♦♥ ♦✛❡rs ❛ ✈✐s✉❛❧ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢
t❤❡ ♠❡❛♥✐♥❣ ♦❢ | x |✳ ❚❤❡ s②♠❜♦❧✐❝ ♣r❡s❡♥t❛t✐♦♥ ✐♥❝❧✉❞❡s ❛ ❧✐t❡r❛❧ ❡①♣❧❛♥❛t✐♦♥ ♦❢ ❤♦✇ t♦ ✉s❡ t❤❡ ❞❡✜♥✐t✐♦♥✳
◆❡❣❛t✐✈❡ ❡①♣♦♥❡♥ts ❛r❡ ❞❡✈❡❧♦♣❡❞✱ ✉s✐♥❣ r❡❝✐♣r♦❝❛❧s ❛♥❞ t❤❡ r✉❧❡s ♦❢ ❡①♣♦♥❡♥ts t❤❡ st✉❞❡♥t ❤❛s ❛❧r❡❛❞②
❧❡❛r♥❡❞✳ ❙❝✐❡♥t✐✜❝ ♥♦t❛t✐♦♥ ✐s ❛❧s♦ ✐♥❝❧✉❞❡❞✱ ✉s✐♥❣ ✉♥✐q✉❡ ❛♥❞ r❡❛❧✲❧✐❢❡ ❡①❛♠♣❧❡s✳

❆❧❣❡❜r❛✐❝ ❊①♣r❡ss✐♦♥s ❛♥❞ ❊q✉❛t✐♦♥s

❖♣❡r❛t✐♦♥s ✇✐t❤ ❛❧❣❡❜r❛✐❝ ❡①♣r❡ss✐♦♥s ❛♥❞ ♥✉♠❡r✐❝❛❧ ❡✈❛❧✉❛t✐♦♥s ❛r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❆❧❣❡❜r❛✐❝ ❊①♣r❡ss✐♦♥s
❛♥❞ ❊q✉❛t✐♦♥s✳ ❈♦❡✣❝✐❡♥ts ❛r❡ ❞❡s❝r✐❜❡❞ r❛t❤❡r t❤❛♥ ♠❡r❡❧② ❞❡✜♥❡❞✳ ❙♣❡❝✐❛❧ ❜✐♥♦♠✐❛❧ ♣r♦❞✉❝ts ❤❛✈❡ ❜♦t❤
❧✐t❡r❛❧ s②♠❜♦❧✐❝ ❡①♣❧❛♥❛t✐♦♥ ❛♥❞ s✐♥❝❡ t❤❡② ♦❝❝✉r s♦ ❢r❡q✉❡♥t❧② ✐♥ ♠❛t❤❡♠❛t✐❝s✱ ✇❡ ❤❛✈❡ ❜❡❡♥ ❝❛r❡❢✉❧ t♦ ❤❡❧♣
t❤❡ st✉❞❡♥t r❡♠❡♠❜❡r t❤❡♠✳ ■♥ ❡❛❝❤ ❡①❛♠♣❧❡ ♣r♦❜❧❡♠✱ t❤❡ st✉❞❡♥t ✐s ✏t❛❧❦❡❞✑ t❤r♦✉❣❤ t❤❡ s②♠❜♦❧✐❝ ❢♦r♠✳

❙♦❧✈✐♥❣ ▲✐♥❡❛r ❊q✉❛t✐♦♥s ❛♥❞ ■♥❡q✉❛❧✐t✐❡s

■♥ t❤✐s ❝❤❛♣t❡r✱ t❤❡ ❡♠♣❤❛s✐s ✐s ♦♥ t❤❡ ♠❡❝❤❛♥✐❝s ♦❢ ❡q✉❛t✐♦♥ s♦❧✈✐♥❣✱ ✇❤✐❝❤ ❝❧❡❛r❧② ❡①♣❧❛✐♥s ❤♦✇ t♦ ✐s♦❧❛t❡
❛ ✈❛r✐❛❜❧❡✳ ❚❤❡ ❣♦❛❧ ✐s t♦ ❤❡❧♣ t❤❡ st✉❞❡♥t ❢❡❡❧ ♠♦r❡ ❝♦♠❢♦rt❛❜❧❡ ✇✐t❤ s♦❧✈✐♥❣ ❛♣♣❧✐❡❞ ♣r♦❜❧❡♠s✳ ❆♠♣❧❡
♦♣♣♦rt✉♥✐t② ✐s ♣r♦✈✐❞❡❞ ❢♦r t❤❡ st✉❞❡♥t t♦ ♣r❛❝t✐❝❡ tr❛♥s❧❛t✐♥❣ ✇♦r❞s t♦ s②♠❜♦❧s✱ ✇❤✐❝❤ ✐s ❛♥ ✐♠♣♦rt❛♥t ♣❛rt
♦❢ t❤❡ ✏❋✐✈❡✲❙t❡♣ ▼❡t❤♦❞✑ ♦❢ s♦❧✈✐♥❣ ❛♣♣❧✐❡❞ ♣r♦❜❧❡♠s ✭❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✻ ❛♥❞ ❙❡❝t✐♦♥ ✺✳✼✮✳

❋❛❝t♦r✐♥❣ P♦❧②♥♦♠✐❛❧s

❋❛❝t♦r✐♥❣ ✐s ❛♥ ❡ss❡♥t✐❛❧ s❦✐❧❧ ❢♦r s✉❝❝❡ss ✐♥ ❛❧❣❡❜r❛ ❛♥❞ ❤✐❣❤❡r ❧❡✈❡❧ ♠❛t❤❡♠❛t✐❝s ❝♦✉rs❡s✳ ❚❤❡r❡❢♦r❡✱ ✇❡
❤❛✈❡ t❛❦❡♥ ❣r❡❛t ❝❛r❡ ✐♥ ❞❡✈❡❧♦♣✐♥❣ t❤❡ st✉❞❡♥t✬s ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ♣r♦❝❡ss✳ ❚❤❡ t❡❝❤♥✐q✉❡
✐s ❝♦♥s✐st❡♥t❧② ✐❧❧✉str❛t❡❞ ❜② ❞✐s♣❧❛②✐♥❣ ❛♥ ❡♠♣t② s❡t ♦❢ ♣❛r❡♥t❤❡s❡s ❛♥❞ ❞❡s❝r✐❜✐♥❣ t❤❡ t❤♦✉❣❤t ♣r♦❝❡ss ✉s❡❞
t♦ ❞✐s❝♦✈❡r t❤❡ t❡r♠s t❤❛t ❛r❡ t♦ ❜❡ ♣❧❛❝❡❞ ✐♥s✐❞❡ t❤❡ ♣❛r❡♥t❤❡s❡s✳

❚❤❡ ❢❛❝t♦r✐♥❣ s❝❤❡♠❡ ❢♦r s♣❡❝✐❛❧ ♣r♦❞✉❝ts ✐s ♣r❡s❡♥t❡❞ ✇✐t❤ ❜♦t❤ ✈❡r❜❛❧ ❛♥❞ s②♠❜♦❧✐❝ ❞❡s❝r✐♣t✐♦♥s✱ s✐♥❝❡
♥♦t ❛❧❧ st✉❞❡♥ts ❝❛♥ ✐♥t❡r♣r❡t s②♠❜♦❧✐❝ ❞❡s❝r✐♣t✐♦♥s ❛❧♦♥❡✳ ❚✇♦ t❡❝❤♥✐q✉❡s✱ t❤❡ st❛♥❞❛r❞ ✏tr✐❛❧ ❛♥❞ ❡rr♦r✑
♠❡t❤♦❞✱ ❛♥❞ t❤❡ ✏❝♦❧❧❡❝t ❛♥❞ ❞✐s❝❛r❞✑ ♠❡t❤♦❞ ✭❛ ♠❡t❤♦❞ s✐♠✐❧❛r t♦ t❤❡ ✏❛❝✑ ♠❡t❤♦❞✮✱ ❛r❡ ♣r❡s❡♥t❡❞ ❢♦r
❢❛❝t♦r✐♥❣ tr✐♥♦♠✐❛❧s ✇✐t❤ ❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥ts ❞✐✛❡r❡♥t ❢r♦♠ ✶✳

●r❛♣❤✐♥❣ ▲✐♥❡❛r ❊q✉❛t✐♦♥s ❛♥❞ ■♥❡q✉❛❧✐t✐❡s ✐♥ ❖♥❡ ❛♥❞ ❚✇♦ ❱❛r✐❛❜❧❡s

■♥ t❤✐s ❝❤❛♣t❡r t❤❡ st✉❞❡♥t ✐s s❤♦✇♥ ❤♦✇ ❣r❛♣❤s ♣r♦✈✐❞❡ ✐♥❢♦r♠❛t✐♦♥ t❤❛t ✐s ♥♦t ❛❧✇❛②s ❡✈✐❞❡♥t ❢r♦♠ t❤❡
❡q✉❛t✐♦♥ ❛❧♦♥❡✳ ❚❤❡ ❝❤❛♣t❡r ❜❡❣✐♥s ❜② ❡st❛❜❧✐s❤✐♥❣ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ✈❛r✐❛❜❧❡s ✐♥ ❛♥ ❡q✉❛t✐♦♥✱
t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♦r❞✐♥❛t❡ ❛①❡s ♥❡❝❡ss❛r② t♦ ❝♦♥str✉❝t t❤❡ ❣r❛♣❤✱ ❛♥❞ t❤❡ s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥ ♦❢ ❜♦t❤ t❤❡

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹

❝♦♦r❞✐♥❛t❡ s②st❡♠ ❛♥❞ t❤❡ ❣r❛♣❤✳ ■♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❣r❛♣❤s ✐s ❛❧s♦ ❡♠♣❤❛s✐③❡❞ t❤r♦✉❣❤♦✉t t❤❡ ❝❤❛♣t❡r✱
❜❡❣✐♥♥✐♥❣ ✇✐t❤ t❤❡ ♣❧♦tt✐♥❣ ♦❢ ♣♦✐♥ts✳ ❚❤❡ s❧♦♣❡ ❢♦r♠✉❧❛ ✐s ❢✉❧❧② ❞❡✈❡❧♦♣❡❞✱ ♣r♦❣r❡ss✐♥❣ ❢r♦♠ ✈❡r❜❛❧ ♣❤r❛s❡s
t♦ ♠❛t❤❡♠❛t✐❝❛❧ ❡①♣r❡ss✐♦♥s✳ ❚❤❡ ❡①♣r❡ss✐♦♥s ❛r❡ t❤❡♥ ❢♦r♠❡❞ ✐♥t♦ ❛♥ ❡q✉❛t✐♦♥ ❜② ❡①♣❧✐❝✐t❧② st❛t✐♥❣ t❤❛t ❛
r❛t✐♦ ✐s ❛ ❝♦♠♣❛r✐s♦♥ ♦❢ t✇♦ q✉❛♥t✐t✐❡s ♦❢ t❤❡ s❛♠❡ t②♣❡ ✭❡✳❣✳✱ ❞✐st❛♥❝❡✱ ✇❡✐❣❤t✱ ♦r ♠♦♥❡②✮✳ ❚❤✐s ❛♣♣r♦❛❝❤
❜❡♥❡✜ts st✉❞❡♥ts ✇❤♦ t❛❦❡ ❢✉t✉r❡ ❝♦✉rs❡s t❤❛t ✉s❡ ❣r❛♣❤s t♦ ❞✐s♣❧❛② ✐♥❢♦r♠❛t✐♦♥✳

❚❤❡ st✉❞❡♥t ✐s s❤♦✇♥ ❤♦✇ t♦ ❣r❛♣❤ ❧✐♥❡s ✉s✐♥❣ t❤❡ ✐♥t❡r❝❡♣t ♠❡t❤♦❞✱ t❤❡ t❛❜❧❡ ♠❡t❤♦❞✱ ❛♥❞ t❤❡ s❧♦♣❡✲
✐♥t❡r❝❡♣t ♠❡t❤♦❞✱ ❛s ✇❡❧❧ ❛s ❤♦✇ t♦ ❞✐st✐♥❣✉✐s❤✱ ❜② ✐♥s♣❡❝t✐♦♥✱ ♦❜❧✐q✉❡ ❛♥❞ ❤♦r✐③♦♥t❛❧✴✈❡rt✐❝❛❧ ❧✐♥❡s✳

❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s

❆ ❞❡t❛✐❧❡❞ st✉❞② ♦❢ ❛r✐t❤♠❡t✐❝ ♦♣❡r❛t✐♦♥s ✇✐t❤ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s ✐s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r✱ ❜❡❣✐♥♥✐♥❣
✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥ ❛♥❞ t❤❡♥ ♣r♦❝❡❡❞✐♥❣ ✐♠♠❡❞✐❛t❡❧② t♦ ❛ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ ❞♦♠❛✐♥✳
❚❤❡ ♣r♦❝❡ss ♦❢ r❡❞✉❝✐♥❣ ❛ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥ ❛♥❞ ✐❧❧✉str❛t✐♦♥s ♦❢ ♠✉❧t✐♣❧②✐♥❣✱ ❞✐✈✐❞✐♥❣✱ ❛❞❞✐♥❣✱ ❛♥❞ s✉❜✲
tr❛❝t✐♥❣ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s ❛r❡ ❛❧s♦ ✐♥❝❧✉❞❡❞✳ ❙✐♥❝❡ t❤❡ ♦♣❡r❛t✐♦♥s ♦❢ ❛❞❞✐t✐♦♥ ❛♥❞ s✉❜tr❛❝t✐♦♥ ❝❛♥ ❝❛✉s❡
t❤❡ ♠♦st ❞✐✣❝✉❧t②✱ t❤❡② ❛r❡ ❣✐✈❡♥ ♣❛rt✐❝✉❧❛r ❛tt❡♥t✐♦♥✳ ❲❡ ❤❛✈❡ tr✐❡❞ t♦ ♠❛❦❡ t❤❡ ✇r✐tt❡♥ ❡①♣❧❛♥❛t✐♦♥ ♦❢
t❤❡ ❡①❛♠♣❧❡s ❝❧❡❛r❡r ❜② ✉s✐♥❣ ❛ ✏❢r❡❡③❡ ❢r❛♠❡ ❛♣♣r♦❛❝❤✳

❚❤❡ ✜✈❡✲st❡♣ ♠❡t❤♦❞ ♦❢ s♦❧✈✐♥❣ ❛♣♣❧✐❡❞ ♣r♦❜❧❡♠s ✐s ✐♥❝❧✉❞❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r t♦ s❤♦✇ t❤❡ ♣r♦❜❧❡♠✲s♦❧✈✐♥❣
❛♣♣r♦❛❝❤ t♦ ♥✉♠❜❡r ♣r♦❜❧❡♠s✱ ✇♦r❦ ♣r♦❜❧❡♠s✱ ❛♥❞ ❣❡♦♠❡tr② ♣r♦❜❧❡♠s✳ ❚❤❡ ❝❤❛♣t❡r ❛❧s♦ ✐❧❧✉str❛t❡s s✐♠✲
♣❧✐✜❝❛t✐♦♥ ♦❢ ❝♦♠♣❧❡① r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s✱ ✉s✐♥❣ t❤❡ ❝♦♠❜✐♥❡✲❞✐✈✐❞❡ ♠❡t❤♦❞ ❛♥❞ t❤❡ ▲❈❉✲♠✉❧t✐♣❧②✲❞✐✈✐❞❡
♠❡t❤♦❞✳

❘♦♦ts✱ ❘❛❞✐❝❛❧s✱ ❛♥❞ ❙q✉❛r❡ ❘♦♦t ❊q✉❛t✐♦♥s

❚❤❡ ❞✐st✐♥❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♣r✐♥❝✐♣❛❧ sq✉❛r❡ r♦♦t ♦❢ t❤❡ ♥✉♠❜❡r x✱
√

x✱ ❛♥❞ t❤❡ s❡❝♦♥❞❛r② sq✉❛r❡ r♦♦t ♦❢ t❤❡
♥✉♠❜❡r x✱

√
x✱ ✐s ♠❛❞❡ ❜② ❡①♣❧❛♥❛t✐♦♥ ❛♥❞ ❜② ❡①❛♠♣❧❡✳ ❚❤❡ s✐♠♣❧✐✜❝❛t✐♦♥ ♦❢ r❛❞✐❝❛❧ ❡①♣r❡ss✐♦♥s t❤❛t ❜♦t❤

✐♥✈♦❧✈❡ ❛♥❞ ❞♦ ♥♦t ✐♥✈♦❧✈❡ ❢r❛❝t✐♦♥s ✐s s❤♦✇♥ ✐♥ ♠❛♥② ❞❡t❛✐❧❡❞ ❡①❛♠♣❧❡s❀ t❤✐s ✐s ❢♦❧❧♦✇❡❞ ❜② ❛♥ ❡①♣❧❛♥❛t✐♦♥
♦❢ ❤♦✇ ❛♥❞ ✇❤② r❛❞✐❝❛❧s ❛r❡ ❡❧✐♠✐♥❛t❡❞ ❢r♦♠ t❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ ❛ r❛❞✐❝❛❧ ❡①♣r❡ss✐♦♥✳ ❘❡❛❧✲❧✐❢❡ ❛♣♣❧✐❝❛t✐♦♥s
♦❢ r❛❞✐❝❛❧ ❡q✉❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ✐♥❝❧✉❞❡❞✱ s✉❝❤ ❛s ♣r♦❜❧❡♠s ✐♥✈♦❧✈✐♥❣ ❞❛✐❧② ♦✉t♣✉t✱ ❞❛✐❧② s❛❧❡s✱ ❡❧❡❝tr♦♥✐❝
r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝②✱ ❛♥❞ ❦✐♥❡t✐❝ ❡♥❡r❣②✳

◗✉❛❞r❛t✐❝ ❊q✉❛t✐♦♥s

▼❡t❤♦❞s ♦❢ s♦❧✈✐♥❣ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s ❛s ✇❡❧❧ ❛s t❤❡ ❧♦❣✐❝ ✉♥❞❡r❧②✐♥❣ ❡❛❝❤ ♠❡t❤♦❞ ❛r❡ ❞✐s❝✉ss❡❞✳ ❋❛❝t♦r✐♥❣✱
❡①tr❛❝t✐♦♥ ♦❢ r♦♦ts✱ ❝♦♠♣❧❡t✐♥❣ t❤❡ sq✉❛r❡✱ ❛♥❞ t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠✉❧❛ ❛r❡ ❝❛r❡❢✉❧❧② ❞❡✈❡❧♦♣❡❞✳ ❚❤❡ ③❡r♦✲
❢❛❝t♦r ♣r♦♣❡rt② ♦❢ r❡❛❧ ♥✉♠❜❡rs ✐s r❡✐♥tr♦❞✉❝❡❞✳ ❚❤❡ ❝❤❛♣t❡r ❛❧s♦ ✐♥❝❧✉❞❡s ❣r❛♣❤s ♦❢ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s
❜❛s❡❞ ♦♥ t❤❡ st❛♥❞❛r❞ ♣❛r❛❜♦❧❛✱ y = x2✱ ❛♥❞ ❛♣♣❧✐❡❞ ♣r♦❜❧❡♠s ❢r♦♠ t❤❡ ❛r❡❛s ♦❢ ♠❛♥✉❢❛❝t✉r✐♥❣✱ ♣♦♣✉❧❛t✐♦♥✱
♣❤②s✐❝s✱ ❣❡♦♠❡tr②✱ ♠❛t❤❡♠❛t✐❝s ✭♥✉♠❜❡r ❛♥❞ ✈♦❧✉♠❡s✮✱ ❛♥❞ ❛str♦♥♦♠②✱ ✇❤✐❝❤ ❛r❡ s♦❧✈❡❞ ✉s✐♥❣ t❤❡ ✜✈❡✲st❡♣
♠❡t❤♦❞✳

❙②st❡♠s ♦❢ ▲✐♥❡❛r ❊q✉❛t✐♦♥s

❇❡❣✐♥♥✐♥❣ ✇✐t❤ t❤❡ ❣r❛♣❤✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ s②st❡♠s✱ t❤✐s ❝❤❛♣t❡r ✐♥❝❧✉❞❡s ❛♥ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ✐♥❞❡♣❡♥❞❡♥t✱
✐♥❝♦♥s✐st❡♥t✱ ❛♥❞ ❞❡♣❡♥❞❡♥t s②st❡♠s ❛♥❞ ❡①❛♠♣❧❡s t♦ ✐❧❧✉str❛t❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ❢♦r t❤❡s❡ s②st❡♠s✳ ❚❤❡
s✉❜st✐t✉t✐♦♥ ♠❡t❤♦❞ ❛♥❞ t❤❡ ❛❞❞✐t✐♦♥ ♠❡t❤♦❞ ♦❢ s♦❧✈✐♥❣ ❛ s②st❡♠ ❜② ❡❧✐♠✐♥❛t✐♦♥ ❛r❡ ❡①♣❧❛✐♥❡❞✱ ♥♦t✐♥❣ ✇❤❡♥
t♦ ✉s❡ ❡❛❝❤ ♠❡t❤♦❞✳ ❚❤❡ ✜✈❡✲st❡♣ ♠❡t❤♦❞ ✐s ❛❣❛✐♥ ✉s❡❞ t♦ ✐❧❧✉str❛t❡ t❤❡ s♦❧✉t✐♦♥s ♦❢ ✈❛❧✉❡ ❛♥❞ r❛t❡ ♣r♦❜❧❡♠s
✭❝♦✐♥ ❛♥❞ ♠✐①t✉r❡ ♣r♦❜❧❡♠s✮✱ ✉s✐♥❣ ❞r❛✇✐♥❣s t❤❛t ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❛❝t✉❛❧ s♦❧✉t✐♦♥✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



❆❝❦♥♦✇❧❡❞❣♠❡♥ts✷

▼❛♥② ❡①tr❛♦r❞✐♥❛r✐❧② t❛❧❡♥t❡❞ ♣❡♦♣❧❡ ❛r❡ r❡s♣♦♥s✐❜❧❡ ❢♦r ❤❡❧♣✐♥❣ t♦ ❝r❡❛t❡ t❤✐s t❡①t✳ ❲❡ ✇✐s❤ t♦ ❛❝❦♥♦✇❧❡❞❣❡
t❤❡ ❡✛♦rts ❛♥❞ s❦✐❧❧s ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛t❤❡♠❛t✐❝✐❛♥s✳ ❚❤❡✐r ❝♦♥tr✐❜✉t✐♦♥s ❤❛✈❡ ❜❡❡♥ ✐♥✈❛❧✉❛❜❧❡✳

❏❡r❛❧❞ ❚✳ ❇❛❧❧✱ ❈❤❛❜♦t ❈♦❧❧❡❣❡
❘♦♥ ▲✳ ❇♦❤✉s❧♦✈✱ ❈♦❧❧❡❣❡ ♦❢ ❆❧❛♠❡❞❛
❆♥✐t❛ ❇✉❦❡r✱ ▼✐❛♠✐✲❉❛❞❡ ❈♦♠♠✉♥✐t② ❈♦❧❧❡❣❡
❆♥♥ ❇r❡ts❝❤❡r✱ ❯♥✐✈❡rs✐t② ♦❢ ●❡♦r❣✐❛
▲♦r❡♥ ●❛✐t❤❡r✱ P❛✉❧ ❉✳ ❈❛♠♣ ❈♦♠♠✉♥✐t② ❈♦❧❧❡❣❡
❏♦❤♥ ●♦r❞♦♥✱ ●❡♦r❣✐❛ ❙t❛t❡ ❯♥✐✈❡rs✐t②
P❛tr✐❝✐❛ ❍❛✉ss✱ ❆r❛♣❛❤♦❡ ❈♦♠♠✉♥✐t② ❈♦❧❧❡❣❡
❏❡❛♥ ❍♦❧t♦♥✱ ❚✐❞❡✇❛t❡r ❈♦♠♠✉♥✐t② ❈♦❧❧❡❣❡
❑❛t❤❡r✐♥❡ ❍✉♣♣❧❡r✱ ❙t✳ ❈❧♦✉❞ ❙t❛t❡ ❯♥✐✈❡rs✐t②
❇r✉❝❡ ❏❛❝♦❜s✱ ▲❛♥❡② ❈♦❧❧❡❣❡
❉♦♥❛❧❞ ❘✳ ❏♦❤♥s♦♥✱ ❙❝♦tts❞❛t❡ ❈♦♠♠✉♥✐t② ❈♦❧❧❡❣❡
❏♦❤♥ ▲❡♥❤❡rt✱ ▲♦♥❣ ❇❡❛❝❤ ❈♦♠♠✉♥✐t② ❈♦❧❧❡❣❡
❘♦❧❛♥❞ ❊✳ ▲❡♥t③✱ ▼❛♥❦❛t♦ ❙t❛t❡ ❯♥✐✈❡rs✐t②
❏❡❛♥ ▼♦r❛♥✱ ❉♦♥♥❡❧❧❡② ❈♦❧❧❡❣❡
P❛tr✐❝✐❛ ▼♦r❣❛♥✱ ❙❛♥ ❉✐❡❣♦ ❙t❛t❡ ❯♥✐✈❡rs✐t②
❈❤❛r❧❡s P❡s❡❧♥✐❝❦✱ ❉❡✈r② ■♥st✐t✉t❡ ♦❢ ❚❡❝❤♥♦❧♦❣②
▼❛③✐♥❛ ❙✳ P♦rt❡r✱ P❛✉❧ ❉✳ ❈❛♠♣ ❈♦♠♠✉♥✐t② ❈♦❧❧❡❣❡
❉❛✈✐❞ Pr✐❝❡✱ ❚❛rr❛♥t ❈♦✉♥t② ❏✉♥✐♦r ❈♦❧❧❡❣❡
❍❛r✈❡② ❘❡②♥♦❧❞s✱ ●♦❧❞❡♥ ❲❡st ❈♦❧❧❡❣❡
❏✳ ❉♦✉❣ ❘✐❝❤❡②✱ ◆♦rt❤❡❛st ❚❡①❛s ❈♦♠♠✉♥✐t② ❈♦❧❧❡❣❡
❏♦②❝❡ ▲✳ ❘✐s❡❜❡r❣✱ ▼♦♥t❣♦♠❡r② ❈♦❧❧❡❣❡
▼❛r❦ ❙❛❦s✱ ❈♦♠♠✉♥✐t② ❈♦❧❧❡❣❡ ♦❢ P❤✐❧❛❞❡❧♣❤✐❛
◆❛♥❝② ❲❛❞❧✐♥❣t♦♥ ❙♣❡❛rs✱ ❊✈❡r❡tt ❈♦♠♠✉♥✐t② ❈♦❧❧❡❣❡
▼♦❧❧② ❙✉♠♥❡r✱ P✐❦❡s P❡❛❦ ❈♦♠♠✉♥✐t② ❈♦❧❧❡❣❡
■❛♥ ❲❛❧t♦♥✱ ▼✐ss✐♦♥ ❈♦❧❧❡❣❡
❊❧✐③❛❜❡t❤ ▼✳ ❲❛②t✱ ❚❡♥♥❡ss❡❡ ❙t❛t❡ ❯♥✐✈❡rs✐t②
❏♦❤♥ ❲❤✐t❝♦♠❜✱ ❯♥✐✈❡rs✐t② ♦❢ ◆♦rt❤ ❉❛❦♦t❛

❙♣❡❝✐❛❧ t❤❛♥❦s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❞✐✈✐❞✉❛❧s ❢♦r t❤❡✐r ❝❛r❡❢✉❧ ❛❝❝✉r❛❝② r❡✈✐❡✇s ♦❢ ♠❛♥✉s❝r✐♣t✱ ❣❛❧❧❡②s✱ ❛♥❞
♣❛❣❡ ♣r♦♦❢s✿ ❙t❡✈❡ ❇❧❛s❜❡r❣✱ ❲❡st ❱❛❧❧❡② ❈♦❧❧❡❣❡❀ ❲❛❞❡ ❊❧❧✐s ❙r✳✱ ❯♥✐✈❡rs✐t② ♦❢ ▼✐❝❤✐❣❛♥❀ ❏♦❤♥ ❘✳ ▼❛rt✐♥✱
❚❛rr❛♥t ❈♦✉♥t② ❏✉♥✐♦r ❈♦❧❧❡❣❡❀ ❏❛♥❡ ❊❧❧✐s✱ ❆♠② ▼✐❧❧❡r✱ ❛♥❞ ●✉② ❙❛♥❞❡rs✱ ❇r❛♥❤❛♠ ❍✐❣❤ ❙❝❤♦♦❧ ❢♦r t❤❡✐r
❤❡❧♣✳

❖✉r s✐♥❝❡r❡ t❤❛♥❦s t♦ ❉❡❜❜✐❡ ❲✐❡❞❡♠❛♥♥ ❢♦r ❤❡r ❡♥❝♦✉r❛❣❡♠❡♥t✱ s✉❣❣❡st✐♦♥s ❝♦♥❝❡r♥✐♥❣ ♣s②❝❤♦❜✐♦❧♦❣✐❝❛❧
❡①❛♠♣❧❡s✱ ♣r♦♦❢r❡❛❞✐♥❣ ♠✉❝❤ ♦❢ t❤❡ ♠❛♥✉s❝r✐♣t✱ ❛♥❞ t②♣✐♥❣ ♠❛♥② ♦❢ t❤❡ s❡❝t✐♦♥ ❡①❡r❝✐s❡s❀ ❙❛♥❞✐ ❲✐❡❞❡r♠❛♥♥
❢♦r ❝♦❧❧❛t✐♥❣ t❤❡ ❛♥♥♦t❛t❡❞ r❡✈✐❡✇s✱ ❝♦✉♥t✐♥❣ t❤❡ ❡①❛♠♣❧❡s ❛♥❞ ❡①❡r❝✐s❡s✱ ❛♥❞ ❤❡r ✉♥t✐r✐♥❣ ✉s❡ ♦❢ ✧✇❤✐t❡✲♦✉t✧❀
❛♥❞ ❏❛♥❡ ❊❧❧✐s ❢♦r s♦❧✈✐♥❣ ❛♥❞ t②♣✐♥❣ ❛❧❧ t❤❡ ❡①❡r❝✐s❡ s♦❧✉t✐♦♥s✳

✷❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✶✽✽✼✶✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✻

❲❡ t❤❛♥❦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❡♦♣❧❡ ❢♦r t❤❡✐r ❡①❝❡❧❧❡♥t ✇♦r❦ ♦♥ t❤❡ ✈❛r✐♦✉s ❛♥❝✐❧❧❛r② ✐t❡♠s t❤❛t ❛❝❝♦♠♣❛♥✐❡❞
t❤❡ ♦r✐❣✐♥❛❧ r❡❧❡❛s❡ ♦❢ ❊❧❡♠❡♥t❛r② ❆❧❣❡❜r❛ ✭♥♦t ❝✉rr❡♥t❧② ✐♥❝❧✉❞❡❞ ✇✐t❤ t❤❡ ❈♦♥♥❡①✐♦♥s ✈❡rs✐♦♥✮✿ ❏❛♥❡ ❊❧❧✐s
✭■♥str✉❝t♦r✬s ▼❛♥✉❛❧✮❀ ❏♦❤♥ ❘✳ ▼❛rt✐♥✱ ❚❛rr❛♥t ❈♦✉♥t② ❏✉♥✐♦r ❈♦❧❧❡❣❡ ✭❙t✉❞❡♥t ❙♦❧✉t✐♦♥s ▼❛♥✉❛❧ ❛♥❞
❙t✉❞② ●✉✐❞❡✮❀ ❱✐r❣✐♥✐❛ ❍❛♠✐❧t♦♥✱ ❙❤❛✇♥❡❡ ❙t❛t❡ ❯♥✐✈❡rs✐t② ✭❈♦♠♣✉t❡r✐③❡❞ ❚❡st ❇❛♥❦✮❀ P❛tr✐❝✐❛ ▼♦r❣❛♥✱
❙❛♥ ❉✐❡❣♦ ❙t❛t❡ ❯♥✐✈❡rs✐t② ✭Pr❡♣❛r❡❞ ❚❡sts✮❀ ❛♥❞ ●❡♦r❣❡ ❲✳ ❇❡r❣❡♠❛♥✱ ◆♦rt❤❡r♥ ❱✐r❣✐♥✐❛ ❈♦♠♠✉♥✐t②
❈♦❧❧❡❣❡ ✭▼❆❳■❙ ■♥t❡r❛❝t✐✈❡ ❙♦❢t✇❛r❡✮✳

❲❡ ❛❧s♦ ✇✐s❤ t♦ t❤❛♥❦ t❤❡ t❛❧❡♥t❡❞ ♣❡♦♣❧❡ ❛t ❙❛✉♥❞❡rs ❈♦❧❧❡❣❡ P✉❜❧✐s❤✐♥❣ ✇❤♦s❡ ❡✛♦rts ♠❛❞❡ t❤✐s t❡①t r✉♥
s♠♦♦t❤❧② ❛♥❞ ❧❡ss ♣❛✐♥❢✉❧❧② t❤❛♥ ✇❡ ❤❛❞ ✐♠❛❣✐♥❡❞✳ ❖✉r ♣❛rt✐❝✉❧❛r t❤❛♥❦s t♦ ❇♦❜ ❙t❡r♥✱ ▼❛t❤❡♠❛t✐❝s ❊❞✐t♦r❀
❊❧❧❡♥ ◆❡✇♠❛♥✱ ❉❡✈❡❧♦♣♠❡♥t❛❧ ❊❞✐t♦r❀ ❛♥❞ ❏❛♥❡t ❇✳ ◆✉❝✐❢♦r♦✱ Pr♦❥❡❝t ❊❞✐t♦r✳ ❚❤❡✐r ❣✉✐❞❛♥❝❡✱ s✉❣❣❡st✐♦♥s✱
♦♣❡♥ ♠✐♥❞s t♦ ♦✉r s✉❣❣❡st✐♦♥s ❛♥❞ ❝♦♥❝❡r♥s✱ ❛♥❞ ❡♥❝♦✉r❛❣❡♠❡♥t ❤❛✈❡ ❜❡❡♥ ❡①tr❛♦r❞✐♥❛r✐❧② ❤❡❧♣❢✉❧✳ ❆❧t❤♦✉❣❤
t❤❡r❡ ✇❡r❡ t✐♠❡s ✇❡ t❤♦✉❣❤t ✇❡ ♠✐❣❤t ❜❡ ♣❡r♠❛♥❡♥t❧② ❞❛♠❛❣❡❞ ❢r♦♠ r❡r❡❛❞✐♥❣ ❛♥❞ r❡✇r✐t✐♥❣✱ t❤❡✐r ❡✛♦rts
❤❛✈❡ ✐♠♣r♦✈❡❞ t❤✐s t❡①t ✐♠♠❡♥s❡❧②✳ ■t ✐s ❛ ♣❧❡❛s✉r❡ t♦ ✇♦r❦ ✇✐t❤ s✉❝❤ ❤✐❣❤✲q✉❛❧✐t② ♣r♦❢❡ss✐♦♥❛❧s✳

❉❡♥♥② ❇✉r③②♥s❦✐
❲❛❞❡ ❊❧❧✐s✱ ❏r✳

❙❛♥ ❏♦s❡✱ ❈❛❧✐❢♦r♥✐❛

■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❉♦✉❣ ❈❛♠♣❜❡❧❧✱ ❊❞ ▲♦❞✐✱ ❛♥❞ ●✉② ❙❛♥❞❡rs ❢♦r ❧✐st❡♥✐♥❣ t♦ ♠② ❢r✉str❛t✐♦♥s ❛♥❞
❡♥❝♦✉r❛❣✐♥❣ ♠❡ ♦♥✳ ❚❤❛♥❦s ❛❧s♦ ❣♦ t♦ ♠② ❝♦✉s✐♥✱ ❉❛✈✐❞ ❘❛✛❡t②✱ ✇❤♦ ❧♦♥❣ ❛❣♦ ✐♥ ❙❡q✉♦✐❛ ◆❛t✐♦♥❛❧ ❋♦r❡st
t♦❧❞ ♠❡ ✇❤❛t ❛ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✐s✳

P❛rt✐❝✉❧❛r t❤❛♥❦s ❣♦ t♦ ❡❛❝❤ ♦❢ ♠② ❝♦❧❧❡❛❣✉❡s ❛t ❲❡st ❱❛❧❧❡② ❈♦❧❧❡❣❡✳ ❖✉r ❡✈❡r②❞❛② ❝♦♥✈❡rs❛t✐♦♥s
r❡❣❛r❞✐♥❣ ♠❛t❤❡♠❛t✐❝s ✐♥str✉❝t✐♦♥ ❤❛✈❡ ❜❡❡♥ ♦❢ t❤❡ ✉t♠♦st ✐♠♣♦rt❛♥❝❡ t♦ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤✐s t❡①t ❛♥❞
t♦ ♠② t❡❛❝❤✐♥❣ ❝❛r❡❡r✳

❉✳❇✳

➚ ❙❛♥❞✐
❈✬❡st ♣♦✉r t♦✐✱ ❧✬ét♦✐❧❡ ❛✉ ❝❡♥tr❡ ❞❡ ♠♦♥ ✉♥✐✈❡rs✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



❈❤❛♣t❡r ✶

❆r✐t❤♠❡t✐❝ ❘❡✈✐❡✇

✶✳✶ ❖❜❥❡❝t✐✈❡s✶

❚❤✐s ❝❤❛♣t❡r ❝♦♥t❛✐♥s ♠❛♥② ❡①❛♠♣❧❡s ♦❢ ❛r✐t❤♠❡t✐❝ t❡❝❤♥✐q✉❡s t❤❛t ❛r❡ ✉s❡❞ ❞✐r❡❝t❧② ♦r ✐♥❞✐r❡❝t❧② ✐♥ ❛❧❣❡❜r❛✳
❙✐♥❝❡ t❤❡ ❝❤❛♣t❡r ✐s ✐♥t❡♥❞❡❞ ❛s ❛ r❡✈✐❡✇✱ t❤❡ ♣r♦❜❧❡♠✲s♦❧✈✐♥❣ t❡❝❤♥✐q✉❡s ❛r❡ ♣r❡s❡♥t❡❞ ✇✐t❤♦✉t ❜❡✐♥❣ ❞❡✈❡❧✲
♦♣❡❞✳ ■❢ ②♦✉ ✇♦✉❧❞ ❧✐❦❡ ❛ q✉✐❝❦ r❡✈✐❡✇ ♦❢ ❛r✐t❤♠❡t✐❝ ❜❡❢♦r❡ ❛tt❡♠♣t✐♥❣ t❤❡ st✉❞② ♦❢ ❛❧❣❡❜r❛✱ t❤✐s ❝❤❛♣t❡r ✐s
r❡❝♦♠♠❡♥❞❡❞ r❡❛❞✐♥❣✳ ■❢ ②♦✉ ❢❡❡❧ ②♦✉r ❛r✐t❤♠❡t✐❝ s❦✐❧❧s ❛r❡ ♣r❡tt② ❣♦♦❞✱ t❤❡♥ ♠♦✈❡ ♦♥ t♦ ❇❛s✐❝ Pr♦♣❡rt✐❡s
♦❢ ❘❡❛❧ ◆✉♠❜❡rs ✭❙❡❝t✐♦♥ ✷✳✶✮✳ ❍♦✇❡✈❡r ②♦✉ ❢❡❡❧✱ ❞♦ ♥♦t ❤❡s✐t❛t❡ t♦ ✉s❡ t❤✐s ❝❤❛♣t❡r ❛s ❛ q✉✐❝❦ r❡❢❡r❡♥❝❡
♦❢ ❛r✐t❤♠❡t✐❝ t❡❝❤♥✐q✉❡s✳

❚❤❡ ♦t❤❡r ❝❤❛♣t❡rs ✐♥❝❧✉❞❡ Pr❛❝t✐❝❡ ❙❡ts ♣❛✐r❡❞ ✇✐t❤ ❙❛♠♣❧❡ ❙❡ts ✇✐t❤ s✉✣❝✐❡♥t s♣❛❝❡ ❢♦r t❤❡ st✉❞❡♥t
t♦ ✇♦r❦ ♦✉t t❤❡ ♣r♦❜❧❡♠s✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡s❡ ❝❤❛♣t❡rs ✐♥❝❧✉❞❡ ❛ ❙✉♠♠❛r② ♦❢ ❑❡② ❈♦♥❝❡♣ts✱ ❊①❡r❝✐s❡
❙✉♣♣❧❡♠❡♥ts✱ ❛♥❞ Pr♦✜❝✐❡♥❝② ❊①❛♠s✳

✶✳✷ ❋❛❝t♦rs✱ Pr♦❞✉❝ts✱ ❛♥❞ ❊①♣♦♥❡♥ts ✷

✶✳✷✳✶ ❖✈❡r✈✐❡✇

• ❋❛❝t♦rs
• ❊①♣♦♥❡♥t✐❛❧ ◆♦t❛t✐♦♥

✶✳✷✳✷ ❋❛❝t♦rs

▲❡t✬s ❜❡❣✐♥ ♦✉r r❡✈✐❡✇ ♦❢ ❛r✐t❤♠❡t✐❝ ❜② r❡❝❛❧❧✐♥❣ t❤❡ ♠❡❛♥✐♥❣ ♦❢ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❢♦r ✇❤♦❧❡ ♥✉♠❜❡rs ✭t❤❡
❝♦✉♥t✐♥❣ ♥✉♠❜❡rs ❛♥❞ ③❡r♦✮✳
▼✉❧t✐♣❧✐❝❛t✐♦♥
▼✉❧t✐♣❧✐❝❛t✐♦♥ ✐s ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ r❡♣❡❛t❡❞ ❛❞❞✐t✐♦♥✳

■♥ t❤❡ ❛❞❞✐t✐♦♥

7 + 7 + 7 + 7

t❤❡ ♥✉♠❜❡r ✼ ✐s r❡♣❡❛t❡❞ ❛s ❛♥ ❛❞❞❡♥❞✯ ✹ t✐♠❡s✳ ❚❤❡r❡❢♦r❡✱ ✇❡ s❛② ✇❡ ❤❛✈❡ ❢♦✉r t✐♠❡s s❡✈❡♥
❛♥❞ ❞❡s❝r✐❜❡ ✐t ❜② ✇r✐t✐♥❣

4 · 7

✶❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✷✼✽✹✴✶✳✹✴❃✳
✷❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✶✽✽✽✷✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃

✼
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❚❤❡ r❛✐s❡❞ ❞♦t ❜❡t✇❡❡♥ t❤❡ ♥✉♠❜❡rs ✹ ❛♥❞ ✼ ✐♥❞✐❝❛t❡s ♠✉❧t✐♣❧✐❝❛t✐♦♥✳ ❚❤❡ ❞♦t ❞✐r❡❝ts ✉s t♦ ♠✉❧t✐✲
♣❧② t❤❡ t✇♦ ♥✉♠❜❡rs t❤❛t ✐t s❡♣❛r❛t❡s✳ ■♥ ❛❧❣❡❜r❛✱ t❤❡ ❞♦t ✐s ♣r❡❢❡rr❡❞ ♦✈❡r t❤❡ s②♠❜♦❧ × t♦ ❞❡♥♦t❡
♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜❡❝❛✉s❡ t❤❡ ❧❡tt❡r x ✐s ♦❢t❡♥ ✉s❡❞ t♦ r❡♣r❡s❡♥t ❛ ♥✉♠❜❡r✳ ❚❤✉s✱

4 · 7 = 7 + 7 + 7 + 7
❋❛❝t♦rs ❛♥❞ Pr♦❞✉❝ts
■♥ ❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ t❤❡ ♥✉♠❜❡rs ❜❡✐♥❣ ♠✉❧t✐♣❧✐❡❞ ❛r❡ ❝❛❧❧❡❞ ❢❛❝t♦rs✳ ❚❤❡ r❡s✉❧t ♦❢ ❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✐s ❝❛❧❧❡❞
t❤❡ ♣r♦❞✉❝t✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥

4 · 7 = 28

t❤❡ ♥✉♠❜❡rs ✹ ❛♥❞ ✼ ❛r❡ ❢❛❝t♦rs✱ ❛♥❞ t❤❡ ♥✉♠❜❡r ✷✽ ✐s t❤❡ ♣r♦❞✉❝t✳ ❲❡ s❛② t❤❛t ✹ ❛♥❞ ✼ ❛r❡ ❢❛❝✲
t♦rs ♦❢ ✷✽✳ ✭❚❤❡② ❛r❡ ♥♦t t❤❡ ♦♥❧② ❢❛❝t♦rs ♦❢ ✷✽✳ ❈❛♥ ②♦✉ t❤✐♥❦ ♦❢ ♦t❤❡rs❄✮

◆♦✇ ✇❡ ❦♥♦✇ t❤❛t

(❢❛❝t♦r) · (❢❛❝t♦r) = ♣r♦❞✉❝t

❚❤✐s ✐♥❞✐❝❛t❡s t❤❛t ❛ ✜rst ♥✉♠❜❡r ✐s ❛ ❢❛❝t♦r ♦❢ ❛ s❡❝♦♥❞ ♥✉♠❜❡r ✐❢ t❤❡ ✜rst ♥✉♠❜❡r ❞✐✈✐❞❡s ✐♥t♦ t❤❡
s❡❝♦♥❞ ♥✉♠❜❡r ✇✐t❤ ♥♦ r❡♠❛✐♥❞❡r✳ ❋♦r ❡①❛♠♣❧❡✱ s✐♥❝❡

4 · 7 = 28

❜♦t❤ ✹ ❛♥❞ ✼ ❛r❡ ❢❛❝t♦rs ♦❢ ✷✽ s✐♥❝❡ ❜♦t❤ ✹ ❛♥❞ ✼ ❞✐✈✐❞❡ ✐♥t♦ ✷✽ ✇✐t❤ ♥♦ r❡♠❛✐♥❞❡r✳

✶✳✷✳✸ ❊①♣♦♥❡♥t✐❛❧ ◆♦t❛t✐♦♥

◗✉✐t❡ ♦❢t❡♥✱ ❛ ♣❛rt✐❝✉❧❛r ♥✉♠❜❡r ✇✐❧❧ ❜❡ r❡♣❡❛t❡❞ ❛s ❛ ❢❛❝t♦r ✐♥ ❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡
♠✉❧t✐♣❧✐❝❛t✐♦♥

7 · 7 · 7 · 7

t❤❡ ♥✉♠❜❡r ✼ ✐s r❡♣❡❛t❡❞ ❛s ❛ ❢❛❝t♦r ✹ t✐♠❡s✳ ❲❡ ❞❡s❝r✐❜❡ t❤✐s ❜② ✇r✐t✐♥❣ 74. ❚❤✉s✱

7 · 7 · 7 · 7 = 74

❚❤❡ r❡♣❡❛t❡❞ ❢❛❝t♦r ✐s t❤❡ ❧♦✇❡r ♥✉♠❜❡r ✭t❤❡ ❜❛s❡✮✱ ❛♥❞ t❤❡ ♥✉♠❜❡r r❡❝♦r❞✐♥❣ ❤♦✇ ♠❛♥② t✐♠❡s t❤❡
❢❛❝t♦r ✐s r❡♣❡❛t❡❞ ✐s t❤❡ ❤✐❣❤❡r ♥✉♠❜❡r ✭t❤❡ s✉♣❡rs❝r✐♣t✮✳ ❚❤❡ s✉♣❡rs❝r✐♣t ♥✉♠❜❡r ✐s ❝❛❧❧❡❞ ❛♥ ❡①♣♦♥❡♥t✳
❊①♣♦♥❡♥t
❆♥ ❡①♣♦♥❡♥t ✐s ❛ ♥✉♠❜❡r t❤❛t r❡❝♦r❞s ❤♦✇ ♠❛♥② t✐♠❡s t❤❡ ♥✉♠❜❡r t♦ ✇❤✐❝❤ ✐t ✐s ❛tt❛❝❤❡❞ ♦❝❝✉rs ❛s ❛
❢❛❝t♦r ✐♥ ❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥✳

✶✳✷✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❋♦r ❊①❛♠♣❧❡s ✶✱ ✷✱ ❛♥❞ ✸✱ ❡①♣r❡ss ❡❛❝❤ ♣r♦❞✉❝t ✉s✐♥❣ ❡①♣♦♥❡♥ts✳

❊①❛♠♣❧❡ ✶✳✶
3 · 3 · 3 · 3 · 3 · 3. ❙✐♥❝❡ ✸ ♦❝❝✉rs ❛s ❛ ❢❛❝t♦r ✻ t✐♠❡s✱

3 · 3 · 3 · 3 · 3 · 3 = 36

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✾

❊①❛♠♣❧❡ ✶✳✷
8 · 8. ❙✐♥❝❡ ✽ ♦❝❝✉rs ❛s ❛ ❢❛❝t♦r ✷ t✐♠❡s✱

8 · 8 = 82

❊①❛♠♣❧❡ ✶✳✸
5 · 5 · 5 · 9 · 9. ❙✐♥❝❡ ✺ ♦❝❝✉rs ❛s ❛ ❢❛❝t♦r ✸ t✐♠❡s✱ ✇❡ ❤❛✈❡ 53. ❙✐♥❝❡ ✾ ♦❝❝✉rs ❛s ❛ ❢❛❝t♦r ✷ t✐♠❡s✱
✇❡ ❤❛✈❡ 92. ❲❡ s❤♦✉❧❞ s❡❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡♣❧❛❝❡♠❡♥ts✳

5 · 5 · 5
︸ ︷︷ ︸

53

· 9 · 9
︸︷︷︸

92

❚❤❡♥ ✇❡ ❤❛✈❡

5 · 5 · 5 · 9 · 9 = 53 · 92

❊①❛♠♣❧❡ ✶✳✹
❊①♣❛♥❞ 35. ❚❤❡ ❜❛s❡ ✐s ✸ s♦ ✐t ✐s t❤❡ r❡♣❡❛t❡❞ ❢❛❝t♦r✳ ❚❤❡ ❡①♣♦♥❡♥t ✐s ✺ ❛♥❞ ✐t r❡❝♦r❞s t❤❡ ♥✉♠❜❡r
♦❢ t✐♠❡s t❤❡ ❜❛s❡ ✸ ✐s r❡♣❡❛t❡❞✳ ❚❤✉s✱ ✸ ✐s t♦ ❜❡ r❡♣❡❛t❡❞ ❛s ❛ ❢❛❝t♦r ✺ t✐♠❡s✳

35 = 3 · 3 · 3 · 3 · 3

❊①❛♠♣❧❡ ✶✳✺
❊①♣❛♥❞ 62 · 104. ❚❤❡ ♥♦t❛t✐♦♥ 62 · 104 r❡❝♦r❞s t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❢❛❝ts✿ ✻ ✐s t♦ ❜❡ r❡♣❡❛t❡❞ ❛s ❛
❢❛❝t♦r ✷ t✐♠❡s ❛♥❞ ✶✵ ✐s t♦ ❜❡ r❡♣❡❛t❡❞ ❛s ❛ ❢❛❝t♦r ✹ t✐♠❡s✳ ❚❤✉s✱

62 · 104 = 6 · 6 · 10 · 10 · 10 · 10

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✶✳✷✳✺ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❡①♣r❡ss ❡❛❝❤ ♣r♦❞✉❝t ✉s✐♥❣ ❡①♣♦♥❡♥ts✳

❊①❡r❝✐s❡ ✶✳✷✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✹✳✮

8 · 8 · 8

❊①❡r❝✐s❡ ✶✳✷✳✷
12 · 12 · 12 · 12 · 12

❊①❡r❝✐s❡ ✶✳✷✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✹✳✮

5 · 5 · 5 · 5 · 5 · 5 · 5

❊①❡r❝✐s❡ ✶✳✷✳✹
1 · 1

❊①❡r❝✐s❡ ✶✳✷✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✹✳✮

3 · 3 · 3 · 3 · 3 · 4 · 4

❊①❡r❝✐s❡ ✶✳✷✳✻
8 · 8 · 8 · 15 · 15 · 15 · 15

❊①❡r❝✐s❡ ✶✳✷✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✹✳✮

2 · 2 · 2 · 9 · 9 · 9 · 9 · 9 · 9 · 9 · 9

❊①❡r❝✐s❡ ✶✳✷✳✽
3 · 3 · 10 · 10 · 10

❊①❡r❝✐s❡ ✶✳✷✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✹✳✮

❙✉♣♣♦s❡ t❤❛t t❤❡ ❧❡tt❡rs x ❛♥❞ y ❛r❡ ❡❛❝❤ ✉s❡❞ t♦ r❡♣r❡s❡♥t ♥✉♠❜❡rs✳ ❯s❡ ❡①♣♦♥❡♥ts t♦ ❡①♣r❡ss
t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❞✉❝t✳

x · x · x · y · y

❊①❡r❝✐s❡ ✶✳✷✳✶✵
❙✉♣♣♦s❡ t❤❛t t❤❡ ❧❡tt❡rs x ❛♥❞ y ❛r❡ ❡❛❝❤ ✉s❡❞ t♦ r❡♣r❡s❡♥t ♥✉♠❜❡rs✳ ❯s❡ ❡①♣♦♥❡♥ts t♦ ❡①♣r❡ss
t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❞✉❝t✳

x · x · x · x · x · y · y · y

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❡①♣❛♥❞ ❡❛❝❤ ♣r♦❞✉❝t ✭❞♦ ♥♦t ❝♦♠♣✉t❡ t❤❡ ❛❝t✉❛❧ ✈❛❧✉❡✮✳

❊①❡r❝✐s❡ ✶✳✷✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✹✳✮

34

❊①❡r❝✐s❡ ✶✳✷✳✶✷
43

❊①❡r❝✐s❡ ✶✳✷✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✹✳✮

25

❊①❡r❝✐s❡ ✶✳✷✳✶✹
96

❊①❡r❝✐s❡ ✶✳✷✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✹✳✮

53 · 62

❊①❡r❝✐s❡ ✶✳✷✳✶✻
27 · 34

❊①❡r❝✐s❡ ✶✳✷✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✹✳✮

x4 · y4

❊①❡r❝✐s❡ ✶✳✷✳✶✽
x6 · y2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✶

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s♣❡❝✐❢② ❛❧❧ t❤❡ ✇❤♦❧❡ ♥✉♠❜❡r ❢❛❝t♦rs ♦❢ ❡❛❝❤ ♥✉♠❜❡r✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❝♦♠♣❧❡t❡
s❡t ♦❢ ✇❤♦❧❡ ♥✉♠❜❡r ❢❛❝t♦rs ♦❢ ✻ ✐s ✶✱ ✷✱ ✸✱ ✻✳

❊①❡r❝✐s❡ ✶✳✷✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✹✳✮

✷✵

❊①❡r❝✐s❡ ✶✳✷✳✷✵
✶✹

❊①❡r❝✐s❡ ✶✳✷✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✹✳✮

✶✷

❊①❡r❝✐s❡ ✶✳✷✳✷✷
✸✵

❊①❡r❝✐s❡ ✶✳✷✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✹✳✮

✷✶

❊①❡r❝✐s❡ ✶✳✷✳✷✹
✹✺

❊①❡r❝✐s❡ ✶✳✷✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✹✳✮

✶✶

❊①❡r❝✐s❡ ✶✳✷✳✷✻
✶✼

❊①❡r❝✐s❡ ✶✳✷✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✹✳✮

✶✾

❊①❡r❝✐s❡ ✶✳✷✳✷✽
✷

✶✳✸ Pr✐♠❡ ❋❛❝t♦r✐③❛t✐♦♥ ✸

✶✳✸✳✶ ❖✈❡r✈✐❡✇

• Pr✐♠❡ ❆♥❞ ❈♦♠♣♦s✐t❡ ◆✉♠❜❡rs
• ❚❤❡ ❋✉♥❞❛♠❡♥t❛❧ Pr✐♥❝✐♣❧❡ ❖❢ ❆r✐t❤♠❡t✐❝
• ❚❤❡ Pr✐♠❡ ❋❛❝t♦r✐③❛t✐♦♥ ❖❢ ❆ ❲❤♦❧❡ ◆✉♠❜❡r

✶✳✸✳✷ Pr✐♠❡ ❆♥❞ ❈♦♠♣♦s✐t❡ ◆✉♠❜❡rs

◆♦t✐❝❡ t❤❛t t❤❡ ♦♥❧② ❢❛❝t♦rs ♦❢ ✼ ❛r❡ ✶ ❛♥❞ ✼ ✐ts❡❧❢✱ ❛♥❞ t❤❛t t❤❡ ♦♥❧② ❢❛❝t♦rs ♦❢ ✷✸ ❛r❡ ✶ ❛♥❞ ✷✸ ✐ts❡❧❢✳
Pr✐♠❡ ◆✉♠❜❡r
❆ ✇❤♦❧❡ ♥✉♠❜❡r ❣r❡❛t❡r t❤❛♥ ✶ ✇❤♦s❡ ♦♥❧② ✇❤♦❧❡ ♥✉♠❜❡r ❢❛❝t♦rs ❛r❡ ✐ts❡❧❢ ❛♥❞ ✶ ✐s ❝❛❧❧❡❞ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳

❚❤❡ ✜rst s❡✈❡♥ ♣r✐♠❡ ♥✉♠❜❡rs ❛r❡

✷✱ ✸✱ ✺✱ ✼✱ ✶✶✱ ✶✸✱ ❛♥❞ ✶✼

❚❤❡ ♥✉♠❜❡r ✶ ✐s ♥♦t ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ ❛♥❞ t❤❡ ♥✉♠❜❡r ✷ ✐s t❤❡ ✜rst ❛♥❞ ♦♥❧② ❡✈❡♥
♣r✐♠❡ ♥✉♠❜❡r✳
▼❛♥② ♥✉♠❜❡rs ❤❛✈❡ ❢❛❝t♦rs ♦t❤❡r t❤❛♥ t❤❡♠s❡❧✈❡s ❛♥❞ ✶✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❢❛❝t♦rs ♦❢ ✷✽ ❛r❡ ✶✱ ✷✱ ✹✱ ✼✱
✶✹✱ ❛♥❞ ✷✽ ✭s✐♥❝❡ ❡❛❝❤ ♦❢ t❤❡s❡ ✇❤♦❧❡ ♥✉♠❜❡rs ❛♥❞ ♦♥❧② t❤❡s❡ ✇❤♦❧❡ ♥✉♠❜❡rs ❞✐✈✐❞❡ ✐♥t♦ ✷✽ ✇✐t❤♦✉t ❛
r❡♠❛✐♥❞❡r✮✳

✸❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✽✻✽✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❈♦♠♣♦s✐t❡ ◆✉♠❜❡rs
❆ ✇❤♦❧❡ ♥✉♠❜❡r t❤❛t ✐s ❝♦♠♣♦s❡❞ ♦❢ ❢❛❝t♦rs ♦t❤❡r t❤❛♥ ✐ts❡❧❢ ❛♥❞ ✶ ✐s ❝❛❧❧❡❞ ❛ ❝♦♠♣♦s✐t❡ ♥✉♠❜❡r✳
❈♦♠♣♦s✐t❡ ♥✉♠❜❡rs ❛r❡ ♥♦t ♣r✐♠❡ ♥✉♠❜❡rs✳

❙♦♠❡ ❝♦♠♣♦s✐t❡ ♥✉♠❜❡rs ❛r❡ ✹✱ ✻✱ ✽✱ ✶✵✱ ✶✷✱ ❛♥❞ ✶✺✳

✶✳✸✳✸ ❚❤❡ ❋✉♥❞❛♠❡♥t❛❧ Pr✐♥❝✐♣❧❡ ❖❢ ❆r✐t❤♠❡t✐❝

Pr✐♠❡ ♥✉♠❜❡rs ❛r❡ ✈❡r② ✐♠♣♦rt❛♥t ✐♥ t❤❡ st✉❞② ♦❢ ♠❛t❤❡♠❛t✐❝s✳ ❲❡ ✇✐❧❧ ✉s❡ t❤❡♠ s♦♦♥ ✐♥ ♦✉r st✉❞② ♦❢
❢r❛❝t✐♦♥s✳ ❲❡ ✇✐❧❧ ♥♦✇✱ ❤♦✇❡✈❡r✱ ❜❡ ✐♥tr♦❞✉❝❡❞ t♦ ❛♥ ✐♠♣♦rt❛♥t ♠❛t❤❡♠❛t✐❝❛❧ ♣r✐♥❝✐♣❧❡✳
❚❤❡ ❋✉♥❞❛♠❡♥t❛❧ Pr✐♥❝✐♣❧❡ ♦❢ ❆r✐t❤♠❡t✐❝
❊①❝❡♣t ❢♦r t❤❡ ♦r❞❡r ♦❢ t❤❡ ❢❛❝t♦rs✱ ❡✈❡r② ✇❤♦❧❡ ♥✉♠❜❡r✱ ♦t❤❡r t❤❛♥ ✶✱ ❝❛♥ ❜❡ ❢❛❝t♦r❡❞ ✐♥ ♦♥❡ ❛♥❞ ♦♥❧② ♦♥❡
✇❛② ❛s ❛ ♣r♦❞✉❝t ♦❢ ♣r✐♠❡ ♥✉♠❜❡rs✳
Pr✐♠❡ ❋❛❝t♦r✐③❛t✐♦♥
❲❤❡♥ ❛ ♥✉♠❜❡r ✐s ❢❛❝t♦r❡❞ s♦ t❤❛t ❛❧❧ ✐ts ❢❛❝t♦rs ❛r❡ ♣r✐♠❡ ♥✉♠❜❡rs✱ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ✐s ❝❛❧❧❡❞ t❤❡ ♣r✐♠❡
❢❛❝t♦r✐③❛t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r✳

✶✳✸✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❊①❛♠♣❧❡ ✶✳✻
❋✐♥❞ t❤❡ ♣r✐♠❡ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ ✶✵✳

10 = 2 · 5

❇♦t❤ ✷ ❛♥❞ ✺ ❛r❡ ♣r✐♠❡ ♥✉♠❜❡rs✳ ❚❤✉s✱ 2 · 5 ✐s t❤❡ ♣r✐♠❡ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ ✶✵✳

❊①❛♠♣❧❡ ✶✳✼
❋✐♥❞ t❤❡ ♣r✐♠❡ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ ✻✵✳

60 = 2 · 30 ✸✵ ✐s ♥♦t ♣r✐♠❡. 30 = 2 · 15

= 2 · 2 · 15 15 ✐s ♥♦t ♣r✐♠❡. 15 = 3 · 5

= 2 · 2 · 3 · 5 ❲❡✬❧❧ ✉s❡ ❡①♣♦♥❡♥ts✳ 2 · 2 = 22

= 22 · 3 · 5

❚❤❡ ♥✉♠❜❡rs ✷✱ ✸✱ ❛♥❞ ✺ ❛r❡ ❛❧❧ ♣r✐♠❡s✳ ❚❤✉s✱ 22 · 3 · 5 ✐s t❤❡ ♣r✐♠❡ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ ✻✵✳

❊①❛♠♣❧❡ ✶✳✽
❋✐♥❞ t❤❡ ♣r✐♠❡ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ ✶✶✳

✶✶ ✐s ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ Pr✐♠❡ ❢❛❝t♦r✐③❛t✐♦♥ ❛♣♣❧✐❡s ♦♥❧② t♦ ❝♦♠♣♦s✐t❡ ♥✉♠❜❡rs✳

✶✳✸✳✺ ❚❤❡ Pr✐♠❡ ❋❛❝t♦r✐③❛t✐♦♥ ❖❢ ❆ ❲❤♦❧❡ ◆✉♠❜❡r

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡t❤♦❞ ♣r♦✈✐❞❡s ❛ ✇❛② ♦❢ ✜♥❞✐♥❣ t❤❡ ♣r✐♠❡ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ ❛ ✇❤♦❧❡ ♥✉♠❜❡r✳ ❚❤❡ ❡①❛♠♣❧❡s
t❤❛t ❢♦❧❧♦✇ ✇✐❧❧ ✉s❡ t❤❡ ♠❡t❤♦❞ ❛♥❞ ♠❛❦❡ ✐t ♠♦r❡ ❝❧❡❛r✳

✶✳ ❉✐✈✐❞❡ t❤❡ ♥✉♠❜❡r r❡♣❡❛t❡❞❧② ❜② t❤❡ s♠❛❧❧❡st ♣r✐♠❡ ♥✉♠❜❡r t❤❛t ✇✐❧❧ ❞✐✈✐❞❡ ✐♥t♦ t❤❡ ♥✉♠❜❡r ✇✐t❤♦✉t
❛ r❡♠❛✐♥❞❡r✳

✷✳ ❲❤❡♥ t❤❡ ♣r✐♠❡ ♥✉♠❜❡r ✉s❡❞ ✐♥ st❡♣ ✶ ♥♦ ❧♦♥❣❡r ❞✐✈✐❞❡s ✐♥t♦ t❤❡ ❣✐✈❡♥ ♥✉♠❜❡r ✇✐t❤♦✉t ❛ r❡♠❛✐♥❞❡r✱
r❡♣❡❛t t❤❡ ♣r♦❝❡ss ✇✐t❤ t❤❡ ♥❡①t ❧❛r❣❡st ♣r✐♠❡ ♥✉♠❜❡r✳

✸✳ ❈♦♥t✐♥✉❡ t❤✐s ♣r♦❝❡ss ✉♥t✐❧ t❤❡ q✉♦t✐❡♥t ✐s ✶✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✸

✹✳ ❚❤❡ ♣r✐♠❡ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ t❤❡ ❣✐✈❡♥ ♥✉♠❜❡r ✐s t❤❡ ♣r♦❞✉❝t ♦❢ ❛❧❧ t❤❡s❡ ♣r✐♠❡ ❞✐✈✐s♦rs✳

✶✳✸✳✻ ❙❛♠♣❧❡ ❙❡t ❇

❊①❛♠♣❧❡ ✶✳✾
❋✐♥❞ t❤❡ ♣r✐♠❡ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ ✻✵✳

❙✐♥❝❡ ✻✵ ✐s ❛♥ ❡✈❡♥ ♥✉♠❜❡r✱ ✐t ✐s ❞✐✈✐s✐❜❧❡ ❜② ✷✳ ❲❡ ✇✐❧❧ r❡♣❡❛t❡❞❧② ❞✐✈✐❞❡ ❜② ✷ ✉♥t✐❧ ✇❡ ♥♦
❧♦♥❣❡r ❝❛♥ ✭✇❤❡♥ ✇❡ st❛rt ❣❡tt✐♥❣ ❛ r❡♠❛✐♥❞❡r✮✳ ❲❡ s❤❛❧❧ ❞✐✈✐❞❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳

✸✵ ✐s ❞✐✈✐s✐❜❧❡ ❜② ✷ ❛❣❛✐♥✳

✶✺ ✐s ♥♦t ❞✐✈✐s✐❜❧❡ ❜② ✷✱ ❜✉t ✐s ❞✐✈✐s✐❜❧❡ ❜② ✸✱ t❤❡ ♥❡①t ❧❛r❣❡st ♣r✐♠❡✳

✺ ✐s ♥♦t ❞✐✈✐s✐❜❧❡ ❜② ✸✱ ❜✉t ✐s ❞✐✈✐s✐❜❧❡ ❜② ✺✱ t❤❡ ♥❡①t ❧❛r❣❡st ♣r✐♠❡✳

❚❤❡ q✉♦t✐❡♥t ✐s ✶ s♦✇❡ st♦♣ t❤❡ ❞✐✈✐s✐♦♥ ♣r♦❝❡ss✳

❚❤❡ ♣r✐♠❡ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ ✻✵ ✐s t❤❡ ♣r♦❞✉❝t ♦❢ ❛❧❧ t❤❡s❡ ❞✐✈✐s♦rs✳

60 = 2 · 2 · 3 · 5 ❲❡✇✐❧❧ ✉s❡ ❡①♣♦♥❡♥ts✇❤❡♥ ♣♦ss✐❜❧❡.

60 = 22 · 3 · 5

❊①❛♠♣❧❡ ✶✳✶✵
❋✐♥❞ t❤❡ ♣r✐♠❡ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ ✹✹✶✳

❙✐♥❝❡ ✹✹✶ ✐s ❛♥ ♦❞❞ ♥✉♠❜❡r✱ ✐t ✐s ♥♦t ❞✐✈✐s✐❜❧❡ ❜② ✷✳ ❲❡✬❧❧ tr② ✸✱ t❤❡ ♥❡①t ❧❛r❣❡st ♣r✐♠❡✳

✶✹✼ ✐s ❞✐✈✐s✐❜❧❡ ❜② ✸.

✹✾ ✐s ♥♦t ❞✐✈✐s✐❜❧❡ ❜② ✸ ♥♦r ❜② ✺, ❜✉t ❜② ✼.

✼ ✐s ❞✐✈✐s✐❜❧❡ ❜② ✼✳

❚❤❡ q✉♦t✐❡♥t ✐s ✶ s♦✇❡ st♦♣ t❤❡ ❞✐✈✐s✐♦♥ ♣r♦❝❡ss.

❚❤❡ ♣r✐♠❡ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ ✹✹✶ ✐s t❤❡ ♣r♦❞✉❝t ♦❢ ❛❧❧ t❤❡ ❞✐✈✐s♦rs✳

441 = 3 · 3 · 7 · 7 ❲❡✇✐❧❧ ✉s❡ ❡①♣♦♥❡♥ts✇❤❡♥ ♣♦ss✐❜❧❡.

441 = 32 · 72

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✹ ❈❍❆P❚❊❘ ✶✳ ❆❘■❚❍▼❊❚■❈ ❘❊❱■❊❲

✶✳✸✳✼ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❞❡t❡r♠✐♥❡ ✇❤✐❝❤ ✇❤♦❧❡ ♥✉♠❜❡rs ❛r❡ ♣r✐♠❡ ❛♥❞ ✇❤✐❝❤ ❛r❡ ❝♦♠♣♦s✐t❡✳

❊①❡r❝✐s❡ ✶✳✸✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✹✳✮

✷✸

❊①❡r❝✐s❡ ✶✳✸✳✷
✷✺

❊①❡r❝✐s❡ ✶✳✸✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✹✳✮

✷✼

❊①❡r❝✐s❡ ✶✳✸✳✹
✷

❊①❡r❝✐s❡ ✶✳✸✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✹✳✮

✸

❊①❡r❝✐s❡ ✶✳✸✳✻
✺

❊①❡r❝✐s❡ ✶✳✸✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✹✳✮

✼

❊①❡r❝✐s❡ ✶✳✸✳✽
✾

❊①❡r❝✐s❡ ✶✳✸✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✹✳✮

✶✶

❊①❡r❝✐s❡ ✶✳✸✳✶✵
✸✹

❊①❡r❝✐s❡ ✶✳✸✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✹✳✮

✺✺

❊①❡r❝✐s❡ ✶✳✸✳✶✷
✻✸

❊①❡r❝✐s❡ ✶✳✸✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✹✳✮

✶✵✹✹

❊①❡r❝✐s❡ ✶✳✸✳✶✹
✸✸✾

❊①❡r❝✐s❡ ✶✳✸✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✹✳✮

✷✵✾

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✜♥❞ t❤❡ ♣r✐♠❡ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ ❡❛❝❤ ✇❤♦❧❡ ♥✉♠❜❡r✳ ❯s❡ ❡①♣♦♥❡♥ts ♦♥ r❡♣❡❛t❡❞
❢❛❝t♦rs✳

❊①❡r❝✐s❡ ✶✳✸✳✶✻
✷✻

❊①❡r❝✐s❡ ✶✳✸✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✹✳✮

✸✽

❊①❡r❝✐s❡ ✶✳✸✳✶✽
✺✹

❊①❡r❝✐s❡ ✶✳✸✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✹✳✮

✻✷

❊①❡r❝✐s❡ ✶✳✸✳✷✵
✺✻

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✺

❊①❡r❝✐s❡ ✶✳✸✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✹✳✮

✶✼✻

❊①❡r❝✐s❡ ✶✳✸✳✷✷
✹✽✵

❊①❡r❝✐s❡ ✶✳✸✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✹✳✮

✽✶✾

❊①❡r❝✐s❡ ✶✳✸✳✷✹
✷✵✷✺

❊①❡r❝✐s❡ ✶✳✸✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✺✳✮

✶✹✽✱✷✷✺

✶✳✹ ❚❤❡ ▲❡❛st ❈♦♠♠♦♥ ▼✉❧t✐♣❧❡✹

✶✳✹✳✶ ❖✈❡r✈✐❡✇

• ▼✉❧t✐♣❧❡s
• ❈♦♠♠♦♥ ▼✉❧t✐♣❧❡s
• ❚❤❡ ▲❡❛st ❈♦♠♠♦♥ ▼✉❧t✐♣❧❡ ✭▲❈▼✮
• ❋✐♥❞✐♥❣ ❚❤❡ ▲❡❛st ❈♦♠♠♦♥ ▼✉❧t✐♣❧❡

✶✳✹✳✷ ▼✉❧t✐♣❧❡s

▼✉❧t✐♣❧❡s
❲❤❡♥ ❛ ✇❤♦❧❡ ♥✉♠❜❡r ✐s ♠✉❧t✐♣❧✐❡❞ ❜② ♦t❤❡r ✇❤♦❧❡ ♥✉♠❜❡rs✱ ✇✐t❤ t❤❡ ❡①❝❡♣t✐♦♥ ♦❢ ▼✉❧t✐♣❧❡s ③❡r♦✱ t❤❡
r❡s✉❧t✐♥❣ ♣r♦❞✉❝ts ❛r❡ ❝❛❧❧❡❞ ♠✉❧t✐♣❧❡s ♦❢ t❤❡ ❣✐✈❡♥ ✇❤♦❧❡ ♥✉♠❜❡r✳

▼✉❧t✐♣❧❡s ♦❢ ✷ ▼✉❧t✐♣❧❡s ♦❢ ✸ ▼✉❧t✐♣❧❡s ♦❢ ✽ ▼✉❧t✐♣❧❡s ♦❢ ✶✵

✷·✶❂✷ ✸·✶❂✸ ✽·✶❂✽ ✶✵·✶❂✶✵
✷·✷❂✹ ✸·✷❂✻ ✽·✷❂✶✻ ✶✵·✷❂✷✵
✷·✸❂✻ ✸·✸❂✾ ✽·✸❂✷✹ ✶✵·✸❂✸✵
✷·✹❂✽ ✸·✹❂✶✷ ✽·✹❂✸✷ ✶✵·✹❂✹✵
✷·✺❂✶✵ ✸·✺❂✶✺ ✽·✺❂✹✵ ✶✵·✺❂✺✵

. . . . . . . . . . . .

❚❛❜❧❡ ✶✳✶

✶✳✹✳✸ ❈♦♠♠♦♥ ▼✉❧t✐♣❧❡s

❚❤❡r❡ ✇✐❧❧ ❜❡ t✐♠❡s ✇❤❡♥ ✇❡ ❛r❡ ❣✐✈❡♥ t✇♦ ♦r ♠♦r❡ ✇❤♦❧❡ ♥✉♠❜❡rs ❛♥❞ ✇❡ ✇✐❧❧ ♥❡❡❞ t♦ ❦♥♦✇ ✐❢ t❤❡r❡ ❛r❡ ❛♥②
♠✉❧t✐♣❧❡s t❤❛t ❛r❡ ❝♦♠♠♦♥ t♦ ❡❛❝❤ ♦❢ t❤❡♠✳ ■❢ t❤❡r❡ ❛r❡✱ ✇❡ ✇✐❧❧ ♥❡❡❞ t♦ ❦♥♦✇ ✇❤❛t t❤❡② ❛r❡✳ ❋♦r ❡①❛♠♣❧❡✱
s♦♠❡ ♦❢ t❤❡ ♠✉❧t✐♣❧❡s t❤❛t ❛r❡ ❝♦♠♠♦♥ t♦ ✷ ❛♥❞ ✸ ❛r❡ ✻✱ ✶✷✱ ❛♥❞ ✶✽✳

✹❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✽✼✵✴✶✳✻✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✻ ❈❍❆P❚❊❘ ✶✳ ❆❘■❚❍▼❊❚■❈ ❘❊❱■❊❲

✶✳✹✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❊①❛♠♣❧❡ ✶✳✶✶
❲❡ ❝❛♥ ✈✐s✉❛❧✐③❡ ❝♦♠♠♦♥ ♠✉❧t✐♣❧❡s ✉s✐♥❣ t❤❡ ♥✉♠❜❡r ❧✐♥❡✳

◆♦t✐❝❡ t❤❛t t❤❡ ❝♦♠♠♦♥ ♠✉❧t✐♣❧❡s ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ❜② ❜♦t❤ ✇❤♦❧❡ ♥✉♠❜❡rs✳

✶✳✹✳✺ ❚❤❡ ▲❡❛st ❈♦♠♠♦♥ ▼✉❧t✐♣❧❡ ✭▲❈▼✮

◆♦t✐❝❡ t❤❛t ✐♥ ♦✉r ♥✉♠❜❡r ❧✐♥❡ ✈✐s✉❛❧✐③❛t✐♦♥ ♦❢ ❝♦♠♠♦♥ ♠✉❧t✐♣❧❡s ✭❛❜♦✈❡✮ t❤❡ ✜rst ❝♦♠♠♦♥ ♠✉❧t✐♣❧❡ ✐s ❛❧s♦
t❤❡ s♠❛❧❧❡st✱ ♦r ❧❡❛st ❝♦♠♠♦♥ ♠✉❧t✐♣❧❡✱ ❛❜❜r❡✈✐❛t❡❞ ❜② ▲❈▼✳
▲❡❛st ❈♦♠♠♦♥ ▼✉❧t✐♣❧❡
❚❤❡ ❧❡❛st ❝♦♠♠♦♥ ♠✉❧t✐♣❧❡✱ ▲❈▼✱ ♦❢ t✇♦ ♦r ♠♦r❡ ✇❤♦❧❡ ♥✉♠❜❡rs ✐s t❤❡ s♠❛❧❧❡st ✇❤♦❧❡ ♥✉♠❜❡r t❤❛t
❡❛❝❤ ♦❢ t❤❡ ❣✐✈❡♥ ♥✉♠❜❡rs ✇✐❧❧ ❞✐✈✐❞❡ ✐♥t♦ ✇✐t❤♦✉t ❛ r❡♠❛✐♥❞❡r✳

✶✳✹✳✻ ❋✐♥❞✐♥❣ ❚❤❡ ▲❡❛st ❈♦♠♠♦♥ ▼✉❧t✐♣❧❡

❋✐♥❞✐♥❣ t❤❡ ▲❈▼
❚♦ ✜♥❞ t❤❡ ▲❈▼ ♦❢ t✇♦ ♦r ♠♦r❡ ♥✉♠❜❡rs✱

✶✳ ❲r✐t❡ t❤❡ ♣r✐♠❡ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ ❡❛❝❤ ♥✉♠❜❡r✱ ✉s✐♥❣ ❡①♣♦♥❡♥ts ♦♥ r❡♣❡❛t❡❞ ❢❛❝t♦rs✳
✷✳ ❲r✐t❡ ❡❛❝❤ ❜❛s❡ t❤❛t ❛♣♣❡❛rs ✐♥ ❡❛❝❤ ♦❢ t❤❡ ♣r✐♠❡ ❢❛❝t♦r✐③❛t✐♦♥s✳
✸✳ ❚♦ ❡❛❝❤ ❜❛s❡✱ ❛tt❛❝❤ t❤❡ ❧❛r❣❡st ❡①♣♦♥❡♥t t❤❛t ❛♣♣❡❛rs ♦♥ ✐t ✐♥ t❤❡ ♣r✐♠❡ ❢❛❝t♦r✐③❛t✐♦♥s✳
✹✳ ❚❤❡ ▲❈▼ ✐s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ♥✉♠❜❡rs ❢♦✉♥❞ ✐♥ st❡♣ ✸✳

✶✳✹✳✼ ❙❛♠♣❧❡ ❙❡t ❇

❋✐♥❞ t❤❡ ▲❈▼ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥✉♠❜❡r✳

❊①❛♠♣❧❡ ✶✳✶✷
✾ ❛♥❞ ✶✷

✶✳
9 = 3 · 3 = 32

12 = 2 · 6 = 2 · 2 · 3 = 22 · 3

✷✳ ❚❤❡ ❜❛s❡s t❤❛t ❛♣♣❡❛r ✐♥ t❤❡ ♣r✐♠❡ ❢❛❝t♦r✐③❛t✐♦♥s ❛r❡ ✷ ❛♥❞ ✸✳
✸✳ ❚❤❡ ❧❛r❣❡st ❡①♣♦♥❡♥ts ❛♣♣❡❛r✐♥❣ ♦♥ ✷ ❛♥❞ ✸ ✐♥ t❤❡ ♣r✐♠❡ ❢❛❝t♦r✐③❛t✐♦♥s ❛r❡✱ r❡s♣❡❝t✐✈❡❧②✱ ✷

❛♥❞ ✷ ✭♦r 22 ❢r♦♠ ✶✷✱ ❛♥❞ 32 ❢r♦♠ ✾✮✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✼

✹✳ ❚❤❡ ▲❈▼ ✐s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡s❡ ♥✉♠❜❡rs✳

▲❈▼ = 22 · 32 = 4 · 9 = 36

❚❤✉s✱ ✸✻ ✐s t❤❡ s♠❛❧❧❡st ♥✉♠❜❡r t❤❛t ❜♦t❤ ✾ ❛♥❞ ✶✷ ❞✐✈✐❞❡ ✐♥t♦ ✇✐t❤♦✉t r❡♠❛✐♥❞❡rs✳

❊①❛♠♣❧❡ ✶✳✶✸
✾✵ ❛♥❞ ✻✸✵

✶✳

90 = 2 · 45 = 2 · 3 · 15 = 2 · 3 · 3 · 5 = 2 · 32 · 5

630 = 2 · 315 = 2 · 3 · 105 = 2 · 3 · 3 · 35 = 2 · 3 · 3 · 5 · 7

= 2 · 32 · 5 · 7

✷✳ ❚❤❡ ❜❛s❡s t❤❛t ❛♣♣❡❛r ✐♥ t❤❡ ♣r✐♠❡ ❢❛❝t♦r✐③❛t✐♦♥s ❛r❡ ✷✱ ✸✱ ✺✱ ❛♥❞ ✼✳
✸✳ ❚❤❡ ❧❛r❣❡st ❡①♣♦♥❡♥ts t❤❛t ❛♣♣❡❛r ♦♥ ✷✱ ✸✱ ✺✱ ❛♥❞ ✼ ❛r❡✱ r❡s♣❡❝t✐✈❡❧②✱ ✶✱ ✷✱ ✶✱ ❛♥❞ ✶✳

21 ❢r♦♠ ❡✐t❤❡r ✾0 ♦r ✻✸0

32 ❢r♦♠ ❡✐t❤❡r ✾0 ♦r ✻✸0

51 ❢r♦♠ ❡✐t❤❡r ✾0 ♦r ✻✸0

71 ❢r♦♠ ✻✸0

✹✳ ❚❤❡ ▲❈▼ ✐s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡s❡ ♥✉♠❜❡rs✳

▲❈▼ = 2 · 32 · 5 · 7 = 2 · 9 · 5 · 7 = 630

❚❤✉s✱ ✻✸✵ ✐s t❤❡ s♠❛❧❧❡st ♥✉♠❜❡r t❤❛t ❜♦t❤ ✾✵ ❛♥❞ ✻✸✵ ❞✐✈✐❞❡ ✐♥t♦ ✇✐t❤ ♥♦ r❡♠❛✐♥❞❡rs✳

❊①❛♠♣❧❡ ✶✳✶✹
✸✸✱ ✶✶✵✱ ❛♥❞ ✹✽✹

✶✳

33 = 3 · 11

110 = 2 · 55 = 2 · 5 · 11

484 = 2 · 242 = 2 · 2 · 121 = 2 · 2 · 11 · 11 = 22 · 112

✷✳ ❚❤❡ ❜❛s❡s t❤❛t ❛♣♣❡❛r ✐♥ t❤❡ ♣r✐♠❡ ❢❛❝t♦r✐③❛t✐♦♥s ❛r❡ ✷✱ ✸✱ ✺✱ ❛♥❞ ✶✶✳
✸✳ ❚❤❡ ❧❛r❣❡st ❡①♣♦♥❡♥ts t❤❛t ❛♣♣❡❛r ♦♥ ✷✱ ✸✱ ✺✱ ❛♥❞ ✶✶ ❛r❡✱ r❡s♣❡❝t✐✈❡❧②✱ ✷✱ ✶✱ ✶✱ ❛♥❞ ✷✳

22 ❢r♦♠ 484

31 ❢r♦♠ 33

51 ❢r♦♠ 110

112 ❢r♦♠ 484

✹✳ ❚❤❡ ▲❈▼ ✐s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡s❡ ♥✉♠❜❡rs✳

▲❈▼ = 22 · 3 · 5 · 112

= 4 · 3 · 5 · 121

= 7260

❚❤✉s✱ ✼✷✻✵ ✐s t❤❡ s♠❛❧❧❡st ♥✉♠❜❡r t❤❛t ✸✸✱ ✶✶✵✱ ❛♥❞ ✹✽✹ ❞✐✈✐❞❡ ✐♥t♦ ✇✐t❤♦✉t r❡♠❛✐♥❞❡rs✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✽ ❈❍❆P❚❊❘ ✶✳ ❆❘■❚❍▼❊❚■❈ ❘❊❱■❊❲

✶✳✹✳✽ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✜♥❞ t❤❡ ❧❡❛st ❝♦♠♠♦♥ ♠✉❧t✐♣❧❡ ♦❢ ❣✐✈❡♥ ♥✉♠❜❡rs✳

❊①❡r❝✐s❡ ✶✳✹✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✺✳✮

✽✱ ✶✷

❊①❡r❝✐s❡ ✶✳✹✳✷
✽✱ ✶✵

❊①❡r❝✐s❡ ✶✳✹✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✺✳✮

✻✱ ✶✷

❊①❡r❝✐s❡ ✶✳✹✳✹
✾✱ ✶✽

❊①❡r❝✐s❡ ✶✳✹✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✺✳✮

✺✱ ✻

❊①❡r❝✐s❡ ✶✳✹✳✻
✼✱ ✾

❊①❡r❝✐s❡ ✶✳✹✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✺✳✮

✷✽✱ ✸✻

❊①❡r❝✐s❡ ✶✳✹✳✽
✷✹✱ ✸✻

❊①❡r❝✐s❡ ✶✳✹✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✺✳✮

✷✽✱ ✹✷

❊①❡r❝✐s❡ ✶✳✹✳✶✵
✷✵✱ ✷✹

❊①❡r❝✐s❡ ✶✳✹✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✺✳✮

✷✺✱ ✸✵

❊①❡r❝✐s❡ ✶✳✹✳✶✷
✷✹✱ ✺✹

❊①❡r❝✐s❡ ✶✳✹✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✺✳✮

✶✻✱ ✷✹

❊①❡r❝✐s❡ ✶✳✹✳✶✹
✸✻✱ ✹✽

❊①❡r❝✐s❡ ✶✳✹✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✺✳✮

✶✺✱ ✷✶

❊①❡r❝✐s❡ ✶✳✹✳✶✻
✼✱ ✶✶✱ ✸✸

❊①❡r❝✐s❡ ✶✳✹✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✺✳✮

✽✱ ✶✵✱ ✶✺

❊①❡r❝✐s❡ ✶✳✹✳✶✽
✹✱ ✺✱ ✷✶

❊①❡r❝✐s❡ ✶✳✹✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✺✳✮

✹✺✱ ✻✸✱ ✾✽

❊①❡r❝✐s❡ ✶✳✹✳✷✵
✶✺✱ ✷✺✱ ✹✵

❊①❡r❝✐s❡ ✶✳✹✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✺✳✮

✶✷✱ ✶✻✱ ✷✵

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✾

❊①❡r❝✐s❡ ✶✳✹✳✷✷
✶✷✱ ✶✻✱ ✷✹

❊①❡r❝✐s❡ ✶✳✹✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✺✳✮

✶✷✱ ✶✻✱ ✷✹✱ ✸✻

❊①❡r❝✐s❡ ✶✳✹✳✷✹
✻✱ ✾✱ ✶✷✱ ✶✽

❊①❡r❝✐s❡ ✶✳✹✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✺✳✮

✽✱ ✶✹✱ ✷✽✱ ✸✷

✶✳✺ ❊q✉✐✈❛❧❡♥t ❋r❛❝t✐♦♥s ✺

✶✳✺✳✶ ❖✈❡r✈✐❡✇

• ❊q✉✐✈❛❧❡♥t ❋r❛❝t✐♦♥s
• ❘❡❞✉❝✐♥❣ ❋r❛❝t✐♦♥s ❚♦ ▲♦✇❡st ❚❡r♠s
• ❘❛✐s✐♥❣ ❋r❛❝t✐♦♥s ❚♦ ❍✐❣❤❡r ❚❡r♠s

✶✳✺✳✷ ❊q✉✐✈❛❧❡♥t ❋r❛❝t✐♦♥s

❊q✉✐✈❛❧❡♥t ❋r❛❝t✐♦♥s
❋r❛❝t✐♦♥s t❤❛t ❤❛✈❡ t❤❡ s❛♠❡ ✈❛❧✉❡ ❛r❡ ❝❛❧❧❡❞ ❡q✉✐✈❛❧❡♥t ❢r❛❝t✐♦♥s✳

❋♦r ❡①❛♠♣❧❡✱ 2
3 ❛♥❞ 4

6 r❡♣r❡s❡♥t t❤❡ s❛♠❡ ♣❛rt ♦❢ ❛ ✇❤♦❧❡ q✉❛♥t✐t② ❛♥❞ ❛r❡ t❤❡r❡❢♦r❡ ❡q✉✐✈❛❧❡♥t✳ ❙❡✈❡r❛❧
♠♦r❡ ❝♦❧❧❡❝t✐♦♥s ♦❢ ❡q✉✐✈❛❧❡♥t ❢r❛❝t✐♦♥s ❛r❡ ❧✐st❡❞ ❜❡❧♦✇✳

❊①❛♠♣❧❡ ✶✳✶✺
15
25 , 12

20 , 3
5

❊①❛♠♣❧❡ ✶✳✶✻
1
3 , 2

6 , 3
9 , 4

12

❊①❛♠♣❧❡ ✶✳✶✼
7
6 , 14

12 , 21
18 , 28

24 , 35
30

✶✳✺✳✸ ❘❡❞✉❝✐♥❣ ❋r❛❝t✐♦♥s ❚♦ ▲♦✇❡st ❚❡r♠s

❘❡❞✉❝❡❞ t♦ ▲♦✇❡st ❚❡r♠s
■t ✐s ♦❢t❡♥ ✉s❡❢✉❧ t♦ ❝♦♥✈❡rt ♦♥❡ ❢r❛❝t✐♦♥ t♦ ❛♥ ❡q✉✐✈❛❧❡♥t ❢r❛❝t✐♦♥ t❤❛t ❤❛s r❡❞✉❝❡❞ ✈❛❧✉❡s ✐♥ t❤❡ ♥✉♠❡r❛t♦r
❛♥❞ ❞❡♥♦♠✐♥❛t♦r✳ ❲❤❡♥ ❛ ❢r❛❝t✐♦♥ ✐s ❝♦♥✈❡rt❡❞ t♦ ❛♥ ❡q✉✐✈❛❧❡♥t ❢r❛❝t✐♦♥ t❤❛t ❤❛s t❤❡ s♠❛❧❧❡st ♥✉♠❡r❛t♦r
❛♥❞ ❞❡♥♦♠✐♥❛t♦r ✐♥ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❡q✉✐✈❛❧❡♥t ❢r❛❝t✐♦♥s✱ ✐t ✐s s❛✐❞ t♦ ❜❡ r❡❞✉❝❡❞ t♦ ❧♦✇❡st t❡r♠s✳ ❚❤❡
❝♦♥✈❡rs✐♦♥ ♣r♦❝❡ss ✐s ❝❛❧❧❡❞ r❡❞✉❝✐♥❣ ❛ ❢r❛❝t✐♦♥✳

❲❡ ❝❛♥ r❡❞✉❝❡ ❛ ❢r❛❝t✐♦♥ t♦ ❧♦✇❡st t❡r♠s ❜②

✶✳ ❊①♣r❡ss✐♥❣ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ❛s ❛ ♣r♦❞✉❝t ♦❢ ♣r✐♠❡ ♥✉♠❜❡rs✳ ✭❋✐♥❞ t❤❡ ♣r✐♠❡ ❢❛❝t♦r✲
✐③❛t✐♦♥ ♦❢ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r✳ ❙❡❡ ❙❡❝t✐♦♥ ✭❙❡❝t✐♦♥ ✶✳✸✮ ❢♦r t❤✐s t❡❝❤♥✐q✉❡✳✮

✷✳ ❉✐✈✐❞❡ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ❜② ❛❧❧ ❝♦♠♠♦♥ ❢❛❝t♦rs✳ ✭❚❤✐s t❡❝❤♥✐q✉❡ ✐s ❝♦♠♠♦♥❧② ❝❛❧❧❡❞
✏❝❛♥❝❡❧❧✐♥❣✳✑✮

✺❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✽✻✶✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✶✳✺✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❘❡❞✉❝❡ ❡❛❝❤ ❢r❛❝t✐♦♥ t♦ ❧♦✇❡st t❡r♠s✳

❊①❛♠♣❧❡ ✶✳✶✽

6
18 = 2 · 3

2 · 3 · 3

= )2 · )3
)2 · )3 · 3 ✷ ❛♥❞ ✸ ❛r❡ ❝♦♠♠♦♥ ❢❛❝t♦rs.

= 1
3

❊①❛♠♣❧❡ ✶✳✶✾

16
20 = 2 · 2 · 2 · 2

2 · 2 · 5

= )2 · )2 · 2 · 2
)2 · )2 · 5 ✷ ✐s t❤❡ ♦♥❧② ❝♦♠♠♦♥ ❢❛❝t♦r✳

= 4
5

❊①❛♠♣❧❡ ✶✳✷✵

56
70 = 2 · 4 · 7

2 · 5 · 7

= )2 · 4 · )7
)2 · 5 · )7 ✷ ❛♥❞ ✼ ❛r❡ ❝♦♠♠♦♥ ❢❛❝t♦rs.

= 4
5

❊①❛♠♣❧❡ ✶✳✷✶

8
15 = 2 · 2 · 2

3 · 5 ❚❤❡r❡ ❛r❡ ♥♦ ❝♦♠♠♦♥ ❢❛❝t♦rs.

❚❤✉s, 8
15 ✐s r❡❞✉❝❡❞ t♦ ❧♦✇❡st t❡r♠s.

✶✳✺✳✺ ❘❛✐s✐♥❣ ❛ ❋r❛❝t✐♦♥ t♦ ❍✐❣❤❡r ❚❡r♠s

❊q✉❛❧❧② ✐♠♣♦rt❛♥t ❛s r❡❞✉❝✐♥❣ ❢r❛❝t✐♦♥s ✐s r❛✐s✐♥❣ ❢r❛❝t✐♦♥s t♦ ❤✐❣❤❡r t❡r♠s✳ ❘❛✐s✐♥❣ ❛ ❢r❛❝t✐♦♥ t♦
❤✐❣❤❡r t❡r♠s ✐s t❤❡ ♣r♦❝❡ss ♦❢ ❝♦♥str✉❝t✐♥❣ ❛♥ ❡q✉✐✈❛❧❡♥t ❢r❛❝t✐♦♥ t❤❛t ❤❛s ❤✐❣❤❡r ✈❛❧✉❡s ✐♥ t❤❡ ♥✉♠❡r❛✲
t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r✳ ❚❤❡ ❤✐❣❤❡r✱ ❡q✉✐✈❛❧❡♥t ❢r❛❝t✐♦♥ ✐s ❝♦♥str✉❝t❡❞ ❜② ♠✉❧t✐♣❧②✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ❢r❛❝t✐♦♥ ❜② ✶✳

◆♦t✐❝❡ t❤❛t 3
5 ❛♥❞ 9

15 ❛r❡ ❡q✉✐✈❛❧❡♥t✱ t❤❛t ✐s 3
5 = 9

15 . ❆❧s♦✱

❚❤✐s ♦❜s❡r✈❛t✐♦♥ ❤❡❧♣s ✉s s✉❣❣❡st t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡t❤♦❞ ❢♦r r❛✐s✐♥❣ ❛ ❢r❛❝t✐♦♥ t♦ ❤✐❣❤❡r t❡r♠s✳
❘❛✐s✐♥❣ ❛ ❋r❛❝t✐♦♥ t♦ ❍✐❣❤❡r ❚❡r♠s
❆ ❢r❛❝t✐♦♥ ❝❛♥ ❜❡ r❛✐s❡❞ t♦ ❤✐❣❤❡r t❡r♠s ❜② ♠✉❧t✐♣❧②✐♥❣ ❜♦t❤ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ❜② t❤❡ s❛♠❡
♥♦♥③❡r♦ ♥✉♠❜❡r✳

❋♦r ❡①❛♠♣❧❡✱ 3
4 ❝❛♥ ❜❡ r❛✐s❡❞ t♦ 24

32 ❜② ♠✉❧t✐♣❧②✐♥❣ ❜♦t❤ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ❜② ✽✱ t❤❛t ✐s✱
♠✉❧t✐♣❧②✐♥❣ ❜② ✶ ✐♥ t❤❡ ❢♦r♠ 8

8 .

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✶

3

4
=

3 · 8

4 · 8
=

24

32

❍♦✇ ❞✐❞ ✇❡ ❦♥♦✇ t♦ ❝❤♦♦s❡ ✽ ❛s t❤❡ ♣r♦♣❡r ❢❛❝t♦r❄ ❙✐♥❝❡ ✇❡ ✇✐s❤ t♦ ❝♦♥✈❡rt ✹ t♦ ✸✷ ❜② ♠✉❧t✐♣❧②✲
✐♥❣ ✐t ❜② s♦♠❡ ♥✉♠❜❡r✱ ✇❡ ❦♥♦✇ t❤❛t ✹ ♠✉st ❜❡ ❛ ❢❛❝t♦r ♦❢ ✸✷✳ ❚❤✐s ♠❡❛♥s t❤❛t ✹ ❞✐✈✐❞❡s ✐♥t♦ ✸✷✳ ■♥ ❢❛❝t✱
32 ÷ 4 = 8. ❲❡ ❞✐✈✐❞❡❞ t❤❡ ♦r✐❣✐♥❛❧ ❞❡♥♦♠✐♥❛t♦r ✐♥t♦ t❤❡ ♥❡✇✱ s♣❡❝✐✜❡❞ ❞❡♥♦♠✐♥❛t♦r t♦ ♦❜t❛✐♥ t❤❡ ♣r♦♣❡r
❢❛❝t♦r ❢♦r t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥✳

✶✳✺✳✻ ❙❛♠♣❧❡ ❙❡t ❇

❉❡t❡r♠✐♥❡ t❤❡ ♠✐ss✐♥❣ ♥✉♠❡r❛t♦r ♦r ❞❡♥♦♠✐♥❛t♦r✳

❊①❛♠♣❧❡ ✶✳✷✷
3
7 = ?

35 . ❉✐✈✐❞❡ t❤❡ ♦r✐❣✐♥❛❧ ❞❡♥♦♠✐♥❛t♦r, ✼, ✐♥t♦ t❤❡ ♥❡✇❞❡♥♦♠✐♥❛t♦r, 35. 35 ÷ 7 = 5.

▼✉❧t✐♣❧② t❤❡ ♦r✐❣✐♥❛❧ ♥✉♠❡r❛t♦r ❜② ✺.

3
7 = 3 · 5

7 · 5 = 15
35

❊①❛♠♣❧❡ ✶✳✷✸
5
6 = 45

? . ❉✐✈✐❞❡ t❤❡ ♦r✐❣✐♥❛❧ ♥✉♠❡r❛t♦r, ✺, ✐♥t♦ t❤❡ ♥❡✇♥✉♠❡r❛t♦r, 45. 45 ÷ 5 = 9.

▼✉❧t✐♣❧② t❤❡ ♦r✐❣✐♥❛❧ ❞❡♥♦♠✐♥❛t♦r ❜② ✾.

5
6 = 5 · 9

6 · 9 = 45
54

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✶✳✺✳✼ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ r❡❞✉❝❡✱ ✐❢ ♣♦ss✐❜❧❡✱ ❡❛❝❤ ❢r❛❝t✐♦♥ ❧♦✇❡st t❡r♠s✳

❊①❡r❝✐s❡ ✶✳✺✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✺✳✮
6
8

❊①❡r❝✐s❡ ✶✳✺✳✷
5
10

❊①❡r❝✐s❡ ✶✳✺✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✺✳✮
6
14

❊①❡r❝✐s❡ ✶✳✺✳✹
4
14

❊①❡r❝✐s❡ ✶✳✺✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✺✳✮
18
12

❊①❡r❝✐s❡ ✶✳✺✳✻
20
8

❊①❡r❝✐s❡ ✶✳✺✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✺✳✮
10
6

❊①❡r❝✐s❡ ✶✳✺✳✽
14
4

❊①❡r❝✐s❡ ✶✳✺✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✺✳✮
10
12

❊①❡r❝✐s❡ ✶✳✺✳✶✵
32
28

❊①❡r❝✐s❡ ✶✳✺✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✺✳✮
36
10

❊①❡r❝✐s❡ ✶✳✺✳✶✷
26
60

❊①❡r❝✐s❡ ✶✳✺✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✺✳✮
12
18

❊①❡r❝✐s❡ ✶✳✺✳✶✹
18
27

❊①❡r❝✐s❡ ✶✳✺✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✺✳✮
18
24

❊①❡r❝✐s❡ ✶✳✺✳✶✻
32
40

❊①❡r❝✐s❡ ✶✳✺✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✺✳✮
11
22

❊①❡r❝✐s❡ ✶✳✺✳✶✽
17
51

❊①❡r❝✐s❡ ✶✳✺✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✺✳✮
27
81

❊①❡r❝✐s❡ ✶✳✺✳✷✵
16
42

❊①❡r❝✐s❡ ✶✳✺✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✺✳✮
39
13

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✸

❊①❡r❝✐s❡ ✶✳✺✳✷✷
44
11

❊①❡r❝✐s❡ ✶✳✺✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✻✳✮
121
132

❊①❡r❝✐s❡ ✶✳✺✳✷✹
30
105

❊①❡r❝✐s❡ ✶✳✺✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✻✳✮
108
76

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❞❡t❡r♠✐♥❡ t❤❡ ♠✐ss✐♥❣ ♥✉♠❡r❛t♦r ♦r ❞❡♥♦♠✐♥❛t♦r✳

❊①❡r❝✐s❡ ✶✳✺✳✷✻
1
3 = ?

12

❊①❡r❝✐s❡ ✶✳✺✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✻✳✮
1
5 = ?

30

❊①❡r❝✐s❡ ✶✳✺✳✷✽
3
3 = ?

9

❊①❡r❝✐s❡ ✶✳✺✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✻✳✮
3
4 = ?

16

❊①❡r❝✐s❡ ✶✳✺✳✸✵
5
6 = ?

18

❊①❡r❝✐s❡ ✶✳✺✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✻✳✮
4
5 = ?

25

❊①❡r❝✐s❡ ✶✳✺✳✸✷
1
2 = 4

?

❊①❡r❝✐s❡ ✶✳✺✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✻✳✮
9
25 = 27

?

❊①❡r❝✐s❡ ✶✳✺✳✸✹
3
2 = 18

?

❊①❡r❝✐s❡ ✶✳✺✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✻✳✮
5
3 = 80

?

✶✳✻ ❖♣❡r❛t✐♦♥s ✇✐t❤ ❋r❛❝t✐♦♥s ✻

✶✳✻✳✶ ❖✈❡r✈✐❡✇

• ▼✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ ❋r❛❝t✐♦♥s
• ❉✐✈✐s✐♦♥ ♦❢ ❋r❛❝t✐♦♥s
• ❆❞❞✐t✐♦♥ ❛♥❞ ❙✉❜tr❛❝t✐♦♥ ♦❢ ❋r❛❝t✐♦♥s

✻❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✽✻✼✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✹ ❈❍❆P❚❊❘ ✶✳ ❆❘■❚❍▼❊❚■❈ ❘❊❱■❊❲

✶✳✻✳✷ ▼✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ ❋r❛❝t✐♦♥s

▼✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ ❋r❛❝t✐♦♥s
❚♦ ♠✉❧t✐♣❧② t✇♦ ❢r❛❝t✐♦♥s✱ ♠✉❧t✐♣❧② t❤❡ ♥✉♠❡r❛t♦rs t♦❣❡t❤❡r ❛♥❞ ♠✉❧t✐♣❧② t❤❡ ❞❡♥♦♠✐♥❛t♦rs t♦❣❡t❤❡r✳ ❘❡❞✉❝❡
t♦ ❧♦✇❡st t❡r♠s ✐❢ ♣♦ss✐❜❧❡✳

❊①❛♠♣❧❡ ✶✳✷✹
❋♦r ❡①❛♠♣❧❡✱ ♠✉❧t✐♣❧② 3

4 · 1
6 .

3
4 · 1

6 = 3 · 1
4 · 6

= 3
24 ◆♦✇ r❡❞✉❝❡.

= 3 · 1
2 · 2 · 2 · 3

= )3 · 1
2 · 2 · 2 · )3 ✸ ✐s t❤❡ ♦♥❧② ❝♦♠♠♦♥ ❢❛❝t♦r.

= 1
8

◆♦t✐❝❡ t❤❛t ✇❡ s✐♥❝❡ ❤❛❞ t♦ r❡❞✉❝❡✱ ✇❡ ♥❡❛r❧② st❛rt❡❞ ♦✈❡r ❛❣❛✐♥ ✇✐t❤ t❤❡ ♦r✐❣✐♥❛❧ t✇♦ ❢r❛❝t✐♦♥s✳ ■❢
✇❡ ❢❛❝t♦r ✜rst✱ t❤❡♥ ❝❛♥❝❡❧✱ t❤❡♥ ♠✉❧t✐♣❧②✱ ✇❡ ✇✐❧❧ s❛✈❡ t✐♠❡ ❛♥❞ ❡♥❡r❣② ❛♥❞ st✐❧❧ ♦❜t❛✐♥ t❤❡ ❝♦rr❡❝t
♣r♦❞✉❝t✳

✶✳✻✳✸ ❙❛♠♣❧❡ ❙❡t ❆

P❡r❢♦r♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠✉❧t✐♣❧✐❝❛t✐♦♥s✳

❊①❛♠♣❧❡ ✶✳✷✺

1
4 · 8

9 = 1
2 · 2 · 2 · 2 · 2

3 · 3

= 1

)2 · )2 · )2 · )2 · 2
3 · 3 ✷ ✐s ❛ ❝♦♠♠♦♥ ❢❛❝t♦r✳

= 1
1 · 2

3 · 3

= 1 · 2
1 · 3 · 3

= 2
9

❊①❛♠♣❧❡ ✶✳✷✻

3
4 · 8

9 · 5
12 = 3

2 · 2 · 2 · 2 · 2
3 · 3 · 5

2 · 2 · 3

= )3

)2 · )2 · )2 · )2 · )2
)3 · 3 · 5

)2 · 2 · 3 ✷ ❛♥❞ ✸ ❛r❡ ❝♦♠♠♦♥ ❢❛❝t♦rs✳

= 1 · 1 · 5
3 · 2 · 3

= 5
18

✶✳✻✳✹ ❉✐✈✐s✐♦♥ ♦❢ ❋r❛❝t✐♦♥s

❘❡❝✐♣r♦❝❛❧s
❚✇♦ ♥✉♠❜❡rs ✇❤♦s❡ ♣r♦❞✉❝t ✐s ✶ ❛r❡ r❡❝✐♣r♦❝❛❧s ♦❢ ❡❛❝❤ ♦t❤❡r✳ ❋♦r ❡①❛♠♣❧❡✱ s✐♥❝❡ 4

5 · 5
4 = 1, 4

5 ❛♥❞ 5
4 ❛r❡

r❡❝✐♣r♦❝❛❧s ♦❢ ❡❛❝❤ ♦t❤❡r✳ ❙♦♠❡ ♦t❤❡r ♣❛✐rs ♦❢ r❡❝✐♣r♦❝❛❧s ❛r❡ ❧✐st❡❞ ❜❡❧♦✇✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✺

2
7 , 7

2
3
4 , 4

3
6
1 , 1

6

❘❡❝✐♣r♦❝❛❧s ❛r❡ ✉s❡❞ ✐♥ ❞✐✈✐s✐♦♥ ♦❢ ❢r❛❝t✐♦♥s✳
❉✐✈✐s✐♦♥ ♦❢ ❋r❛❝t✐♦♥s
❚♦ ❞✐✈✐❞❡ ❛ ✜rst ❢r❛❝t✐♦♥ ❜② ❛ s❡❝♦♥❞ ❢r❛❝t✐♦♥✱ ♠✉❧t✐♣❧② t❤❡ ✜rst ❢r❛❝t✐♦♥ ❜② t❤❡ r❡❝✐♣r♦❝❛❧ ♦❢ t❤❡ s❡❝♦♥❞
❢r❛❝t✐♦♥✳ ❘❡❞✉❝❡ ✐❢ ♣♦ss✐❜❧❡✳

❚❤✐s ♠❡t❤♦❞ ✐s s♦♠❡t✐♠❡s ❝❛❧❧❡❞ t❤❡ ✏✐♥✈❡rt ❛♥❞ ♠✉❧t✐♣❧②✑ ♠❡t❤♦❞✳

✶✳✻✳✺ ❙❛♠♣❧❡ ❙❡t ❇

P❡r❢♦r♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐✈✐s✐♦♥s✳

❊①❛♠♣❧❡ ✶✳✷✼

1
3 ÷ 3

4 . ❚❤❡ ❞✐✈✐s♦r ✐s 3
4 ✳ ■ts r❡❝✐♣r♦❝❛❧ ✐s

4
3 .

1
3 ÷ 3

4 = 1
3 · 4

3

= 1 · 4
3 · 3

= 4
9

❊①❛♠♣❧❡ ✶✳✷✽

3
8 ÷ 5

4 . ❚❤❡ ❞✐✈✐s♦r ✐s 5
4 ✳ ■ts r❡❝✐♣r♦❝❛❧ ✐s

4
5 .

3
8 ÷ 5

4 = 3
8 · 4

5

= 3
2 · 2 · 2 · 2 · 2

5

= 3

)2 · )2 · 2 · )2 · )2
5 ✷ ✐s ❛ ❝♦♠♠♦♥ ❢❛❝t♦r✳

= 3 · 1
2 · 5

= 3
10

❊①❛♠♣❧❡ ✶✳✷✾

5
6 ÷ 5

12 . ❚❤❡ ❞✐✈✐s♦r ✐s 5
12 ✳ ■ts r❡❝✐♣r♦❝❛❧ ✐s

12
5 .

5
6 ÷ 5

12 = 5
6 · 12

5

= 5
2 · 3 · 2 · 2 · 3

5

= )5

)2 · )3 · )2 · 2 · )3
)5

= 1 · 2
1

= 2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✶✳✻✳✻ ❆❞❞✐t✐♦♥ ❛♥❞ ❙✉❜tr❛❝t✐♦♥ ♦❢ ❋r❛❝t✐♦♥s

❋r❛❝t✐♦♥s ✇✐t❤ ▲✐❦❡ ❉❡♥♦♠✐♥❛t♦rs
❚♦ ❛❞❞ ✭♦r s✉❜tr❛❝t✮ t✇♦ ♦r ♠♦r❡ ❢r❛❝t✐♦♥s t❤❛t ❤❛✈❡ t❤❡ s❛♠❡ ❞❡♥♦♠✐♥❛t♦rs✱ ❛❞❞ ✭♦r s✉❜tr❛❝t✮ t❤❡ ♥✉♠❡r❛t♦rs
❛♥❞ ♣❧❛❝❡ t❤❡ r❡s✉❧t✐♥❣ s✉♠ ♦✈❡r t❤❡ ❝♦♠♠♦♥ ❞❡♥♦♠✐♥❛t♦r✳ ❘❡❞✉❝❡ ✐❢ ♣♦ss✐❜❧❡✳

❈❆❯❚■❖◆

❆❞❞ ♦r s✉❜tr❛❝t ♦♥❧② t❤❡ ♥✉♠❡r❛t♦rs✳ ❉♦ ♥♦t ❛❞❞ ♦r s✉❜tr❛❝t t❤❡ ❞❡♥♦♠✐♥❛t♦rs✦

✶✳✻✳✼ ❙❛♠♣❧❡ ❙❡t ❈

❋✐♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉♠s✳

❊①❛♠♣❧❡ ✶✳✸✵

3
7 + 2

7 . ❚❤❡ ❞❡♥♦♠✐♥❛t♦rs ❛r❡ t❤❡ s❛♠❡.❆❞❞ t❤❡ ♥✉♠❡r❛t♦rs ❛♥❞ ♣❧❛❝❡ t❤❡ s✉♠♦✈❡r ✼.

3
7 + 2

7 = 3+2
7 = 5

7

❊①❛♠♣❧❡ ✶✳✸✶

7
9 − 4

9 . ❚❤❡ ❞❡♥♦♠✐♥❛t♦rs ❛r❡ t❤❡ s❛♠❡. ❙✉❜tr❛❝t ✹ ❢r♦♠✼ ❛♥❞ ♣❧❛❝❡ t❤❡ ❞✐✛❡r❡♥❝❡ ♦✈❡r ✾.

7
9 − 4

9 = 7−4
9 = 3

9 = 1
3

✶✳✻✳✽

❋r❛❝t✐♦♥s ❝❛♥ ♦♥❧② ❜❡ ❛❞❞❡❞ ♦r s✉❜tr❛❝t❡❞ ❝♦♥✈❡♥✐❡♥t❧② ✐❢ t❤❡② ❤❛✈❡ ❧✐❦❡ ❞❡♥♦♠✐♥❛t♦rs✳
❋r❛❝t✐♦♥s ✇✐t❤ ❯♥❧✐❦❡ ❉❡♥♦♠✐♥❛t♦rs
❚♦ ❛❞❞ ♦r s✉❜tr❛❝t ❢r❛❝t✐♦♥s ❤❛✈✐♥❣ ✉♥❧✐❦❡ ❞❡♥♦♠✐♥❛t♦rs✱ ❝♦♥✈❡rt ❡❛❝❤ ❢r❛❝t✐♦♥ t♦ ❛♥ ❡q✉✐✈❛❧❡♥t ❢r❛❝t✐♦♥
❤❛✈✐♥❣ ❛s t❤❡ ❞❡♥♦♠✐♥❛t♦r t❤❡ ❧❡❛st ❝♦♠♠♦♥ ♠✉❧t✐♣❧❡ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❞❡♥♦♠✐♥❛t♦rs✳

❚❤❡ ❧❡❛st ❝♦♠♠♦♥ ♠✉❧t✐♣❧❡ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❞❡♥♦♠✐♥❛t♦rs ✐s ❝♦♠♠♦♥❧② r❡❢❡rr❡❞ t♦ ❛s t❤❡ ❧❡❛st ❝♦♠♠♦♥
❞❡♥♦♠✐♥❛t♦r ✭▲❈❉✮✳ ❙❡❡ ❙❡❝t✐♦♥ ✭❙❡❝t✐♦♥ ✶✳✹✮ ❢♦r t❤❡ t❡❝❤♥✐q✉❡ ♦❢ ✜♥❞✐♥❣ t❤❡ ❧❡❛st ❝♦♠♠♦♥ ♠✉❧t✐♣❧❡ ♦❢
s❡✈❡r❛❧ ♥✉♠❜❡rs✳

✶✳✻✳✾ ❙❛♠♣❧❡ ❙❡t ❉

❋✐♥❞ ❡❛❝❤ s✉♠ ♦r ❞✐✛❡r❡♥❝❡✳

❊①❛♠♣❧❡ ✶✳✸✷

1
6 + 3

4 . ❚❤❡ ❞❡♥♦♠✐♥❛t♦rs ❛r❡ ♥♦t ❛❧✐❦❡.❋✐♥❞ t❤❡ ▲❈❉♦❢ ✻ ❛♥❞ ✹.

{ 6 = 2 · 3

4 = 22
❚❤❡▲❈❉ ✐s 22 · 3 = 4 · 3 = 12.

❈♦♥✈❡rt ❡❛❝❤ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❢r❛❝t✐♦♥s t♦ ❡q✉✐✈❛❧❡♥t ❢r❛❝t✐♦♥s ❤❛✈✐♥❣ t❤❡ ❝♦♠♠♦♥❞❡♥♦♠✐♥❛t♦r ✶✷✳

1
6 = 1 · 2

6 · 2 = 2
12

3
4 = 3 · 3

4 · 3 = 9
12

◆♦✇✇❡ ❝❛♥ ♣r♦❝❡❡❞✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥.

1
6 + 3

4 = 2
12 + 9

12

= 2+9
12

= 11
12

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✼

❊①❛♠♣❧❡ ✶✳✸✸

5
9 − 5

12 . ❚❤❡ ❞❡♥♦♠✐♥❛t♦rs ❛r❡ ♥♦t ❛❧✐❦❡.❋✐♥❞ t❤❡ ▲❈❉♦❢ ✾ ❛♥❞ ✶✷.

{ 9 = 32

12 = 22 · 3
❚❤❡▲❈❉ ✐s 22 · 32 = 4 · 9 = 36.

❈♦♥✈❡rt ❡❛❝❤ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❢r❛❝t✐♦♥s t♦ ❡q✉✐✈❛❧❡♥t ❢r❛❝t✐♦♥s ❤❛✈✐♥❣ t❤❡ ❝♦♠♠♦♥❞❡♥♦♠✐♥❛t♦r ✸✻✳

5
9 = 5 · 4

9 · 4 = 20
36

5
12 = 5 · 3

12 · 3 = 15
36

◆♦✇✇❡ ❝❛♥ ♣r♦❝❡❡❞✇✐t❤ t❤❡ s✉❜tr❛❝t✐♦♥.

5
9 − 5

12 = 20
36 − 15

36

= 20−15
36

= 5
36

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✶✳✻✳✶✵ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ♣❡r❢♦r♠ ❡❛❝❤ ✐♥❞✐❝❛t❡❞ ♦♣❡r❛t✐♦♥✳

❊①❡r❝✐s❡ ✶✳✻✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✻✳✮
1
3 · 4

3

❊①❡r❝✐s❡ ✶✳✻✳✷
1
3 · 2

3

❊①❡r❝✐s❡ ✶✳✻✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✻✳✮
2
5 · 5

6

❊①❡r❝✐s❡ ✶✳✻✳✹
5
6 · 14

15

❊①❡r❝✐s❡ ✶✳✻✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✻✳✮
9
16 · 20

27

❊①❡r❝✐s❡ ✶✳✻✳✻
35
36 · 48

55

❊①❡r❝✐s❡ ✶✳✻✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✻✳✮
21
25 · 15

14

❊①❡r❝✐s❡ ✶✳✻✳✽
76
99 · 66

38

❊①❡r❝✐s❡ ✶✳✻✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✻✳✮
3
7 · 14

18 · 6
2

❊①❡r❝✐s❡ ✶✳✻✳✶✵
14
15 · 21

28 · 45
7

❊①❡r❝✐s❡ ✶✳✻✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✻✳✮
5
9 ÷ 5

6

❊①❡r❝✐s❡ ✶✳✻✳✶✷
9
16 ÷ 15

8

❊①❡r❝✐s❡ ✶✳✻✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✻✳✮
4
9 ÷ 6

15

❊①❡r❝✐s❡ ✶✳✻✳✶✹
25
49 ÷ 4

9

❊①❡r❝✐s❡ ✶✳✻✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✻✳✮
15
4 ÷ 27

8

❊①❡r❝✐s❡ ✶✳✻✳✶✻
24
75 ÷ 8

15

❊①❡r❝✐s❡ ✶✳✻✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✻✳✮
57
8 ÷ 7

8

❊①❡r❝✐s❡ ✶✳✻✳✶✽
7
10 ÷ 10

7

❊①❡r❝✐s❡ ✶✳✻✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✻✳✮
3
8 + 2

8

❊①❡r❝✐s❡ ✶✳✻✳✷✵
3
11 + 4

11

❊①❡r❝✐s❡ ✶✳✻✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✻✳✮
5
12 + 7

12

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✾

❊①❡r❝✐s❡ ✶✳✻✳✷✷
11
16 − 2

16

❊①❡r❝✐s❡ ✶✳✻✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✻✳✮
15
23 − 2

23

❊①❡r❝✐s❡ ✶✳✻✳✷✹
3
11 + 1

11 + 5
11

❊①❡r❝✐s❡ ✶✳✻✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✻✳✮
16
20 + 1

20 + 2
20

❊①❡r❝✐s❡ ✶✳✻✳✷✻
3
8 + 2

8 − 1
8

❊①❡r❝✐s❡ ✶✳✻✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✻✳✮
11
16 + 9

16 − 5
16

❊①❡r❝✐s❡ ✶✳✻✳✷✽
1
2 + 1

6

❊①❡r❝✐s❡ ✶✳✻✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✻✳✮
1
8 + 1

2

❊①❡r❝✐s❡ ✶✳✻✳✸✵
3
4 + 1

3

❊①❡r❝✐s❡ ✶✳✻✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✻✳✮
5
8 + 2

3

❊①❡r❝✐s❡ ✶✳✻✳✸✷
6
7 − 1

4

❊①❡r❝✐s❡ ✶✳✻✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✻✳✮
8
15 − 3

10

❊①❡r❝✐s❡ ✶✳✻✳✸✹
1
15 + 5

12

❊①❡r❝✐s❡ ✶✳✻✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✻✳✮
25
36 − 7

10

❊①❡r❝✐s❡ ✶✳✻✳✸✻
9
28 − 4

45

❊①❡r❝✐s❡ ✶✳✻✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✼✳✮
8
15 − 3

10

❊①❡r❝✐s❡ ✶✳✻✳✸✽
1
16 + 3

4 − 3
8

❊①❡r❝✐s❡ ✶✳✻✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✼✳✮
8
3 − 1

4 + 7
36

❊①❡r❝✐s❡ ✶✳✻✳✹✵
3
4 − 3

22 + 5
24

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✵ ❈❍❆P❚❊❘ ✶✳ ❆❘■❚❍▼❊❚■❈ ❘❊❱■❊❲

✶✳✼ ❉❡❝✐♠❛❧ ❋r❛❝t✐♦♥s✼

✶✳✼✳✶ ❖✈❡r✈✐❡✇

• ❉❡❝✐♠❛❧ ❋r❛❝t✐♦♥s
• ❆❞❞✐♥❣ ❛♥❞ ❙✉❜tr❛❝t✐♥❣ ❉❡❝✐♠❛❧ ❋r❛❝t✐♦♥s
• ▼✉❧t✐♣❧②✐♥❣ ❉❡❝✐♠❛❧ ❋r❛❝t✐♦♥s
• ❉✐✈✐❞✐♥❣ ❉❡❝✐♠❛❧ ❋r❛❝t✐♦♥s
• ❈♦♥✈❡rt✐♥❣ ❉❡❝✐♠❛❧ ❋r❛❝t✐♦♥s t♦ ❋r❛❝t✐♦♥s
• ❈♦♥✈❡rt✐♥❣ ❋r❛❝t✐♦♥s t♦ ❉❡❝✐♠❛❧ ❋r❛❝t✐♦♥s

✶✳✼✳✷ ❉❡❝✐♠❛❧ ❋r❛❝t✐♦♥s

❋r❛❝t✐♦♥s ❛r❡ ♦♥❡ ✇❛② ✇❡ ❝❛♥ r❡♣r❡s❡♥t ♣❛rts ♦❢ ✇❤♦❧❡ ♥✉♠❜❡rs✳ ❉❡❝✐♠❛❧ ❢r❛❝t✐♦♥s ❛r❡ ❛♥♦t❤❡r ✇❛② ♦❢
r❡♣r❡s❡♥t✐♥❣ ♣❛rts ♦❢ ✇❤♦❧❡ ♥✉♠❜❡rs✳
❉❡❝✐♠❛❧ ❋r❛❝t✐♦♥s
❆ ❞❡❝✐♠❛❧ ❢r❛❝t✐♦♥ ✐s ❛ ❢r❛❝t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ ❞❡♥♦♠✐♥❛t♦r ✐s ❛ ♣♦✇❡r ♦❢ ✶✵✳

❆ ❞❡❝✐♠❛❧ ❢r❛❝t✐♦♥ ✉s❡s ❛ ❞❡❝✐♠❛❧ ♣♦✐♥t t♦ s❡♣❛r❛t❡ ✇❤♦❧❡ ♣❛rts ❛♥❞ ❢r❛❝t✐♦♥❛❧ ♣❛rts✳ ❲❤♦❧❡ ♣❛rts ❛r❡
✇r✐tt❡♥ t♦ t❤❡ ❧❡❢t ♦❢ t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t ❛♥❞ ❢r❛❝t✐♦♥❛❧ ♣❛rts ❛r❡ ✇r✐tt❡♥ t♦ t❤❡ r✐❣❤t ♦❢ t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t✳
❏✉st ❛s ❡❛❝❤ ❞✐❣✐t ✐♥ ❛ ✇❤♦❧❡ ♥✉♠❜❡r ❤❛s ❛ ♣❛rt✐❝✉❧❛r ✈❛❧✉❡✱ s♦ ❞♦ t❤❡ ❞✐❣✐ts ✐♥ ❞❡❝✐♠❛❧ ♣♦s✐t✐♦♥s✳

✶✳✼✳✸ ❙❛♠♣❧❡ ❙❡t ❆

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♥✉♠❜❡rs ❛r❡ ❞❡❝✐♠❛❧ ❢r❛❝t✐♦♥s✳

❊①❛♠♣❧❡ ✶✳✸✹

57.9

❚❤❡ ✾ ✐s ✐♥ t❤❡ tenths ♣♦s✐t✐♦♥. 57.9 = 57 9
10 .

✼❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✽✻✺✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✶

❊①❛♠♣❧❡ ✶✳✸✺

6.8014

❚❤❡ ✽ ✐s ✐♥ t❤❡ tenths ♣♦s✐t✐♦♥✳

❚❤❡ ✵ ✐s ✐♥ t❤❡hundredths ♣♦s✐t✐♦♥✳

❚❤❡ ✶ ✐s ✐♥ t❤❡ thousandths ♣♦s✐t✐♦♥✳

❚❤❡ ✹ ✐s ✐♥ t❤❡ t❡♥ thousandths ♣♦s✐t✐♦♥✳

6.8014 = 6 8014
10000 .

✶✳✼✳✹ ❆❞❞✐♥❣ ❛♥❞ ❙✉❜tr❛❝t✐♥❣ ❉❡❝✐♠❛❧ ❋r❛❝t✐♦♥s

❆❞❞✐♥❣✴❙✉❜tr❛❝t✐♥❣ ❉❡❝✐♠❛❧ ❋r❛❝t✐♦♥s
❚♦ ❛❞❞ ♦r s✉❜tr❛❝t ❞❡❝✐♠❛❧ ❢r❛❝t✐♦♥s✱

✶✳ ❆❧✐❣♥ t❤❡ ♥✉♠❜❡rs ✈❡rt✐❝❛❧❧② s♦ t❤❛t t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥ts ❧✐♥❡ ✉♣ ✉♥❞❡r ❡❛❝❤ ♦t❤❡r ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣
❞❡❝✐♠❛❧ ♣♦s✐t✐♦♥s ❛r❡ ✐♥ t❤❡ s❛♠❡ ❝♦❧✉♠♥✳ ❆❞❞ ③❡r♦s ✐❢ ♥❡❝❡ss❛r②✳

✷✳ ❆❞❞ ♦r s✉❜tr❛❝t t❤❡ ♥✉♠❜❡rs ❛s ✐❢ t❤❡② ✇❡r❡ ✇❤♦❧❡ ♥✉♠❜❡rs✳
✸✳ P❧❛❝❡ ❛ ❞❡❝✐♠❛❧ ♣♦✐♥t ✐♥ t❤❡ r❡s✉❧t✐♥❣ s✉♠ ♦r ❞✐✛❡r❡♥❝❡ ❞✐r❡❝t❧② ✉♥❞❡r t❤❡ ♦t❤❡r ❞❡❝✐♠❛❧ ♣♦✐♥ts✳

✶✳✼✳✺ ❙❛♠♣❧❡ ❙❡t ❇

❋✐♥❞ ❡❛❝❤ s✉♠ ♦r ❞✐✛❡r❡♥❝❡✳

❊①❛♠♣❧❡ ✶✳✸✻

9.183 + 2.140

↓ ❚❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥ts ❛r❡ ❛❧✐❣♥❡❞ ✐♥ t❤❡ s❛♠❡ ❝♦❧✉♠♥✳

✾✳✶✽✸

✰ ✷✳✶✹✵
Ψ

✶✶✳✸✷✸

❊①❛♠♣❧❡ ✶✳✸✼

841.0056 + 47.016 + 19.058

↓ ❚❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥ts ❛r❡ ❛❧✐❣♥❡❞ ✐♥ t❤❡ s❛♠❡ ❝♦❧✉♠♥✳

841.0056

47.016 P❧❛❝❡ ❛ ✵ ✐♥t♦ t❤❡ t❤♦✉s❛♥❞t❤s ♣♦s✐t✐♦♥✳

+ 19.058
Ψ

P❧❛❝❡ ❛ ✵ ✐♥t♦ t❤❡ t❤♦✉s❛♥❞t❤s ♣♦s✐t✐♦♥✳

↓ ❚❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥ts ❛r❡ ❛❧✐❣♥❡❞ ✐♥ t❤❡ s❛♠❡ ❝♦❧✉♠♥✳

841.0056

47.0160

+ 19.0580
Ψ

907.0796

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✷ ❈❍❆P❚❊❘ ✶✳ ❆❘■❚❍▼❊❚■❈ ❘❊❱■❊❲

❊①❛♠♣❧❡ ✶✳✸✽

16.01 − 7.053

↓ ❚❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥ts ❛r❡ ❛❧✐❣♥❡❞ ✐♥ t❤❡ s❛♠❡ ❝♦❧✉♠♥✳

16.01 P❧❛❝❡ ❛ ✵ ✐♥t♦ t❤❡ t❤♦✉s❛♥❞t❤s ♣♦s✐t✐♦♥✳

− 7.053
Ψ

↓ ❚❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥ts ❛r❡ ❛❧✐❣♥❡❞ ✐♥ t❤❡ s❛♠❡ ❝♦❧✉♠♥✳

16.010

− 7.053
Ψ

8.957

✶✳✼✳✻ ▼✉❧t✐♣❧②✐♥❣ ❉❡❝✐♠❛❧ ❋r❛❝t✐♦♥s

▼✉❧t✐♣❧②✐♥❣ ❉❡❝✐♠❛❧ ❋r❛❝t✐♦♥s
❚♦ ♠✉❧t✐♣❧② ❞❡❝✐♠❛❧s✱

✶✳ ▼✉❧t✐♣❧② t❜❡ ♥✉♠❜❡rs ❛s ✐❢ t❤❡② ✇❡r❡ ✇❤♦❧❡ ♥✉♠❜❡rs✳
✷✳ ❋✐♥❞ t❤❡ s✉♠ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❞❡❝✐♠❛❧ ♣❧❛❝❡s ✐♥ t❤❡ ❢❛❝t♦rs✳
✸✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❞❡❝✐♠❛❧ ♣❧❛❝❡s ✐♥ t❤❡ ♣r♦❞✉❝t ✐s t❤❡ s✉♠ ❢♦✉♥❞ ✐♥ st❡♣ ✷✳

✶✳✼✳✼ ❙❛♠♣❧❡ ❙❡t ❈

❋✐♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❞✉❝ts✳

❊①❛♠♣❧❡ ✶✳✸✾
6.5 × 4.3

6.5 × 4.3 = 27.95

❊①❛♠♣❧❡ ✶✳✹✵
23.4 × 1.96

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✸

23.4 × 1.96 = 45.864

✶✳✼✳✽ ❉✐✈✐❞✐♥❣ ❉❡❝✐♠❛❧ ❋r❛❝t✐♦♥s

❉✐✈✐❞✐♥❣ ❉❡❝✐♠❛❧ ❋r❛❝t✐♦♥s
❚♦ ❞✐✈✐❞❡ ❛ ❞❡❝✐♠❛❧ ❜② ❛ ♥♦♥③❡r♦ ❞❡❝✐♠❛❧✱

✶✳ ❈♦♥✈❡rt t❤❡ ❞✐✈✐s♦r t♦ ❛ ✇❤♦❧❡ ♥✉♠❜❡r ❜② ♠♦✈✐♥❣ t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t t♦ t❤❡ ♣♦s✐t✐♦♥ ✐♠♠❡❞✐❛t❡❧② t♦
t❤❡ r✐❣❤t ♦❢ t❤❡ ❞✐✈✐s♦r✬s ❧❛st ❞✐❣✐t✳

✷✳ ▼♦✈❡ t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t ♦❢ t❤❡ ❞✐✈✐❞❡♥❞ t♦ t❤❡ r✐❣❤t t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ ❞✐❣✐ts ✐t ✇❛s ♠♦✈❡❞ ✐♥ t❤❡
❞✐✈✐s♦r✳

✸✳ ❙❡t t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t ✐♥ t❤❡ q✉♦t✐❡♥t ❜② ♣❧❛❝✐♥❣ ❛ ❞❡❝✐♠❛❧ ♣♦✐♥t ❞✐r❡❝t❧② ❛❜♦✈❡ t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t ✐♥
t❤❡ ❞✐✈✐❞❡♥❞✳

✹✳ ❉✐✈✐❞❡ ❛s ✉s✉❛❧✳

✶✳✼✳✾ ❙❛♠♣❧❡ ❙❡t ❉

❋✐♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉♦t✐❡♥ts✳

❊①❛♠♣❧❡ ✶✳✹✶
32.66 ÷ 7.1

32.66 ÷ 7.1 = 4.6

Check : 32.66 ÷ 7.1 = 4.6 ✐❢ 4.6 × 7.1 = 32.66

4.6

7.1
Ψ

4.6

322
Ψ

32.66 ❚r✉❡

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✹ ❈❍❆P❚❊❘ ✶✳ ❆❘■❚❍▼❊❚■❈ ❘❊❱■❊❲

❊①❛♠♣❧❡ ✶✳✹✷

❈❤❡❝❦ ❜② ♠✉❧t✐♣❧②✐♥❣ 2.1 ❛♥❞ 0.513. ❚❤✐s ✇✐❧❧ s❤♦✇ t❤❛t ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ t❤❡ ❝♦rr❡❝t r❡✲
s✉❧t✳

❊①❛♠♣❧❡ ✶✳✹✸

12÷0.00032

✶✳✼✳✶✵ ❈♦♥✈❡rt✐♥❣ ❉❡❝✐♠❛❧ ❋r❛❝t✐♦♥s t♦ ❋r❛❝t✐♦♥s

❲❡ ❝❛♥ ❝♦♥✈❡rt ❛ ❞❡❝✐♠❛❧ ❢r❛❝t✐♦♥ t♦ ❛ ❢r❛❝t✐♦♥ ❜② r❡❛❞✐♥❣ ✐t ❛♥❞ t❤❡♥ ✇r✐t✐♥❣ t❤❡ ♣❤r❛s❡ ✇❡ ❤❛✈❡ ❥✉st r❡❛❞✳
❆s ✇❡ r❡❛❞ t❤❡ ❞❡❝✐♠❛❧ ❢r❛❝t✐♦♥✱ ✇❡ ♥♦t❡ t❤❡ ♣❧❛❝❡ ✈❛❧✉❡ ❢❛rt❤❡st t♦ t❤❡ r✐❣❤t✳ ❲❡ ♠❛② ❤❛✈❡ t♦ r❡❞✉❝❡ t❤❡
❢r❛❝t✐♦♥✳

✶✳✼✳✶✶ ❙❛♠♣❧❡ ❙❡t ❊

❈♦♥✈❡rt ❡❛❝❤ ❞❡❝✐♠❛❧ ❢r❛❝t✐♦♥ t♦ ❛ ❢r❛❝t✐♦♥✳

❊①❛♠♣❧❡ ✶✳✹✹

0.6

0.6
Ψ
→ t❡♥t❤s ♣♦s✐t✐♦♥

❘❡❛❞✐♥❣✿ s✐① t❡♥t❤s → 6
10

❘❡❞✉❝❡✿ 0.6 = 6
10 = 3

5

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✺

❊①❛♠♣❧❡ ✶✳✹✺

21.903

21.903
Ψ
→ t❤♦✉s❛♥❞t❤s ♣♦s✐t✐♦♥

❘❡❛❞✐♥❣✿ t✇❡♥t②✲♦♥❡ ❛♥❞ ♥✐♥❡ ❤✉♥❞r❡❞ t❤r❡❡ t❤♦✉s❛♥❞t❤s → 21 903
1000

✶✳✼✳✶✷ ❈♦♥✈❡rt✐♥❣ ❋r❛❝t✐♦♥s t♦ ❉❡❝✐♠❛❧ ❋r❛❝t✐♦♥s

✶✳✼✳✶✸ ❙❛♠♣❧❡ ❙❡t ❋

❈♦♥✈❡rt t❤❡ ❢♦❧❧♦✇✐♥❣ ❢r❛❝t✐♦♥s t♦ ❞❡❝✐♠❛❧s✳ ■❢ t❤❡ ❞✐✈✐s✐♦♥ ✐s ♥♦♥t❡r♠✐♥❛t✐♥❣✱ r♦✉♥❞ t♦ ✷ ❞❡❝✐♠❛❧ ♣❧❛❝❡s✳

❊①❛♠♣❧❡ ✶✳✹✻
3
4

3
4 = 0.75

❊①❛♠♣❧❡ ✶✳✹✼
1
5

1
5 = 0.2

❊①❛♠♣❧❡ ✶✳✹✽
5
6

5
6 = 0.833...

❲❡❛r❡ t♦ r♦✉♥❞ t♦ ✷ ❞❡❝✐♠❛❧ ♣❧❛❝❡s.

5
6 = 0.83 t♦ ✷ ❞❡❝✐♠❛❧ ♣❧❛❝❡s✳

❊①❛♠♣❧❡ ✶✳✹✾

5 1
8

◆♦t❡ t❤❛t 5 1
8 = 5 + 1

8 .

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✻ ❈❍❆P❚❊❘ ✶✳ ❆❘■❚❍▼❊❚■❈ ❘❊❱■❊❲

1
8 = .125

❚❤✉s✱ 5 1
8 = 5 + 1

8 = 5 + .125 = 5.125.

❊①❛♠♣❧❡ ✶✳✺✵
0.16 1

4

❚❤✐s ✐s ❛ ❝♦♠♣❧❡① ❞❡❝✐♠❛❧✳ ❚❤❡ ✏✻✑ ✐s ✐♥ t❤❡ ❤✉♥❞r❡❞t❤s ♣♦s✐t✐♦♥✳ ❚❤❡ ♥✉♠❜❡r 0.16 1
4 ✐s

r❡❛❞ ❛s ✏s✐①t❡❡♥ ❛♥❞ ♦♥❡✲❢♦✉rt❤ ❤✉♥❞r❡❞t❤s✳✑

0.16 1
4 =

16 1
4

100 =
16·4+1

4

100 =
65
4

100
1

=

13

)65
4 · 1

)100
20

= 13×1
4×20 = 13

80

◆♦✇✱ ❝♦♥✈❡rt 13
80 t♦ ❛ ❞❡❝✐♠❛❧✳

0.16 1
4 = 0.1625.

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✼

✶✳✼✳✶✹ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ♣❡r❢♦r♠ ❡❛❝❤ ✐♥❞✐❝❛t❡❞ ♦♣❡r❛t✐♦♥✳

❊①❡r❝✐s❡ ✶✳✼✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✼✳✮

1.84 + 7.11

❊①❡r❝✐s❡ ✶✳✼✳✷
15.015 − 6.527

❊①❡r❝✐s❡ ✶✳✼✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✼✳✮

4.904 − 2.67

❊①❡r❝✐s❡ ✶✳✼✳✹
156.33 − 24.095

❊①❡r❝✐s❡ ✶✳✼✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✼✳✮

.0012 + 1.53 + 5.1

❊①❡r❝✐s❡ ✶✳✼✳✻
44.98 + 22.8 − 12.76

❊①❡r❝✐s❡ ✶✳✼✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✼✳✮

5.0004 − 3.00004 + 1.6837

❊①❡r❝✐s❡ ✶✳✼✳✽
1.11 + 12.1212 − 13.131313

❊①❡r❝✐s❡ ✶✳✼✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✼✳✮

4.26 · 3.2

❊①❡r❝✐s❡ ✶✳✼✳✶✵
2.97 · 3.15

❊①❡r❝✐s❡ ✶✳✼✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✼✳✮

23.05 · 1.1

❊①❡r❝✐s❡ ✶✳✼✳✶✷
5.009 · 2.106

❊①❡r❝✐s❡ ✶✳✼✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✼✳✮

0.1 · 3.24

❊①❡r❝✐s❡ ✶✳✼✳✶✹
100 · 12.008

❊①❡r❝✐s❡ ✶✳✼✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✼✳✮

1000 · 12.008

❊①❡r❝✐s❡ ✶✳✼✳✶✻
10, 000 · 12.008

❊①❡r❝✐s❡ ✶✳✼✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✼✳✮

75.642 ÷ 18.01

❊①❡r❝✐s❡ ✶✳✼✳✶✽
51.811 ÷ 1.97

❊①❡r❝✐s❡ ✶✳✼✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✼✳✮

0.0000448 ÷ 0.014

❊①❡r❝✐s❡ ✶✳✼✳✷✵
0.129516 ÷ 1004

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❝♦♥✈❡rt ❡❛❝❤ ❞❡❝✐♠❛❧ ❢r❛❝t✐♦♥ t♦ ❛ ❢r❛❝t✐♦♥✳

❊①❡r❝✐s❡ ✶✳✼✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✼✳✮

0.06

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✽ ❈❍❆P❚❊❘ ✶✳ ❆❘■❚❍▼❊❚■❈ ❘❊❱■❊❲

❊①❡r❝✐s❡ ✶✳✼✳✷✷
0.115

❊①❡r❝✐s❡ ✶✳✼✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✼✳✮

3.7

❊①❡r❝✐s❡ ✶✳✼✳✷✹
48.1162

❊①❡r❝✐s❡ ✶✳✼✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✼✳✮

712.00004

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❝♦♥✈❡rt ❡❛❝❤ ❢r❛❝t✐♦♥ t♦ ❛ ❞❡❝✐♠❛❧ ❢r❛❝t✐♦♥✳ ■❢ t❤❡ ❞❡❝✐♠❛❧ ❢♦r♠ ✐s ♥♦♥t❡r♠✐♥❛t✲
✐♥❣✱r♦✉♥❞ t♦ ✸ ❞❡❝✐♠❛❧ ♣❧❛❝❡s✳

❊①❡r❝✐s❡ ✶✳✼✳✷✻
5
8

❊①❡r❝✐s❡ ✶✳✼✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✼✳✮
9
20

❊①❡r❝✐s❡ ✶✳✼✳✷✽
15 ÷ 22

❊①❡r❝✐s❡ ✶✳✼✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✼✳✮
7
11

❊①❡r❝✐s❡ ✶✳✼✳✸✵
2
9

✶✳✽ P❡r❝❡♥t ✽

✶✳✽✳✶ ❖✈❡r✈✐❡✇

• ❚❤❡ ▼❡❛♥✐♥❣ ♦❢ P❡r❝❡♥t
• ❈♦♥✈❡rt✐♥❣ ❆ ❋r❛❝t✐♦♥ ❚♦ ❆ P❡r❝❡♥t
• ❈♦♥✈❡rt✐♥❣ ❆ ❉❡❝✐♠❛❧ ❚♦ ❆ P❡r❝❡♥t
• ❈♦♥✈❡rt✐♥❣ ❆ P❡r❝❡♥t ❚♦ ❆ ❉❡❝✐♠❛❧

✶✳✽✳✷ ❚❤❡ ▼❡❛♥✐♥❣ ♦❢ P❡r❝❡♥t

❚❤❡ ✇♦r❞ ♣❡r❝❡♥t ❝♦♠❡s ❢r♦♠ t❤❡ ▲❛t✐♥ ✇♦r❞ ✏♣❡r ❝❡♥t✉♠✱✑ ✏♣❡r✑ ♠❡❛♥✐♥❣ ✏❢♦r ❡❛❝❤✱✑ ❛♥❞ ✏❝❡♥t✉♠✑ ♠❡❛♥✐♥❣
✏❤✉♥❞r❡❞✳✑
P❡r❝❡♥t ✭✪✮
P❡r❝❡♥t ♠❡❛♥s ✏❢♦r ❡❛❝❤ ❤✉♥❞r❡❞✑ ♦r ✏❢♦r ❡✈❡r② ❤✉♥❞r❡❞✳✑ ❚❤❡ s②♠❜♦❧ ✪ ✐s ✉s❡❞ t♦ r❡♣r❡s❡♥t t❤❡ ✇♦r❞
♣❡r❝❡♥t✳

❚❤✉s✱ 1% = 1
100 ♦r 1% = 0.01.

✽❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✽✻✹✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✾

✶✳✽✳✸ ❈♦♥✈❡rt✐♥❣ ❆ ❋r❛❝t✐♦♥ ❚♦ ❆ P❡r❝❡♥t

❲❡ ❝❛♥ s❡❡ ❤♦✇ ❛ ❢r❛❝t✐♦♥ ❝❛♥ ❜❡ ❝♦♥✈❡rt❡❞ t♦ ❛ ♣❡r❝❡♥t ❜② ❛♥❛❧②③✐♥❣ t❤❡ ♠❡t❤♦❞ t❤❛t 3
5 ✐s ❝♦♥✈❡rt❡❞ t♦ ❛

♣❡r❝❡♥t✳ ■♥ ♦r❞❡r t♦ ❝♦♥✈❡rt 3
5 t♦ ❛ ♣❡r❝❡♥t✱ ✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ 1

100 ✭s✐♥❝❡ ♣❡r❝❡♥t ♠❡❛♥s ❢♦r ❡❛❝❤ ❤✉♥❞r❡❞✮✳

❊①❛♠♣❧❡ ✶✳✺✶

3
5 = 3

5 · 100
100 ▼✉❧t✐♣❧② t❤❡ ❢r❛❝t✐♦♥ ❜② ✶.

= 3
5 · 100 · 1

100 ❙✐♥❝❡ 100
100 = 100 · 1

100 .

= 300
5 · 1

100 ❉✐✈✐❞❡ 300 ❜② ✺.

= 60 · 1
100 ▼✉❧t✐♣❧② t❤❡ ❢r❛❝t✐♦♥s.

= 60% ❘❡♣❧❛❝❡ 1
100 ✇✐t❤ t❤❡% s②♠❜♦❧.

❋r❛❝t✐♦♥ t♦ P❡r❝❡♥t
❚♦ ❝♦♥✈❡rt ❛ ❢r❛❝t✐♦♥ t♦ ❛ ♣❡r❝❡♥t✱ ♠✉❧t✐♣❧② t❤❡ ❢r❛❝t✐♦♥ ❜② ✶ ✐♥ t❤❡ ❢♦r♠ 100 · 1

100 ✱ t❤❡♥ r❡♣❧❛❝❡ 1
100 ✇✐t❤

t❤❡ ✪ s②♠❜♦❧✳

✶✳✽✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❈♦♥✈❡rt ❡❛❝❤ ❢r❛❝t✐♦♥ t♦ ❛ ♣❡r❝❡♥t✳

❊①❛♠♣❧❡ ✶✳✺✷

1
4 = 1

4 · 100 · 1
100

= 100
4 · 1

100

= 25 · 1
100

= 25%

❊①❛♠♣❧❡ ✶✳✺✸

8
5 = 8

5 · 100 · 1
100

= 800
5 · 1

100

= 160%

❊①❛♠♣❧❡ ✶✳✺✹

4
9 = 4

9 · 100 · 1
100

= 400
9 · 1

100

= (44.4...) · 1
100

=
(
44.4

)
· 1

100

= 44.4%

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✵ ❈❍❆P❚❊❘ ✶✳ ❆❘■❚❍▼❊❚■❈ ❘❊❱■❊❲

✶✳✽✳✺ ❈♦♥✈❡rt✐♥❣ ❆ ❉❡❝✐♠❛❧ ❚♦ ❆ P❡r❝❡♥t

❲❡ ❝❛♥ s❡❡ ❤♦✇ ❛ ❞❡❝✐♠❛❧ ✐s ❝♦♥✈❡rt❡❞ t♦ ❛ ♣❡r❝❡♥t ❜② ❛♥❛❧②③✐♥❣ t❤❡ ♠❡t❤♦❞ t❤❛t 0.75 ✐s ❝♦♥✈❡rt❡❞ t♦ ❛
♣❡r❝❡♥t✳ ❲❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ 1

100 .

0.75 = 0.75 · 100 · 1
100 ▼✉❧t✐♣❧② t❤❡ ❞❡❝✐♠❛❧ ❜② ✶✳

= 75 · 1
100

= 75% ❘❡♣❧❛❝❡ 1
100 ✇✐t❤ t❤❡✪ s②♠❜♦❧.

❉❡❝✐♠❛❧ t♦ P❡r❝❡♥t
❚♦ ❝♦♥✈❡rt ❛ ❢r❛❝t✐♦♥ t♦ ❛ ♣❡r❝❡♥t✱ ♠✉❧t✐♣❧② t❤❡ ❞❡❝✐♠❛❧ ❜② ✶ ✐♥ t❤❡ ❢♦r♠ 100 · 1

100 ✱ t❤❡♥ r❡♣❧❛❝❡ 1
100 ✇✐t❤

t❤❡ ✪ s②♠❜♦❧✳ ❚❤✐s ❛♠♦✉♥ts t♦ ♠♦✈✐♥❣ t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t ✷ ♣❧❛❝❡s t♦ t❤❡ r✐❣❤t✳

✶✳✽✳✻ ❙❛♠♣❧❡ ❙❡t ❇

❈♦♥✈❡rt ❡❛❝❤ ❞❡❝✐♠❛❧ t♦ ❛ ♣❡r❝❡♥t✳

❊①❛♠♣❧❡ ✶✳✺✺

0.62 = 0.62 · 100 · 1
100

= 62 · 1
100

= 62%

◆♦t✐❝❡ t❤❛t t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♥✉♠❜❡r ❤❛s ❜❡❡♥ ♠♦✈❡❞ t♦ t❤❡ r✐❣❤t ✷ ♣❧❛❝❡s✳

❊①❛♠♣❧❡ ✶✳✺✻

8.4 = 8.4 · 100 · 1
100

= 840 · 1
100

= 840%

◆♦t✐❝❡ t❤❛t t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♥✉♠❜❡r ❤❛s ❜❡❡♥ ♠♦✈❡❞ t♦ t❤❡ r✐❣❤t ✷ ♣❧❛❝❡s✳

❊①❛♠♣❧❡ ✶✳✺✼

0.47623 = 0.47623 · 100 · 1
100

= 0.47623 · 1
100

= 47.623%

◆♦t✐❝❡ t❤❛t t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♥✉♠❜❡r ❤❛s ❜❡❡♥ ♠♦✈❡❞ t♦ t❤❡ r✐❣❤t ✷ ♣❧❛❝❡s✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✶

✶✳✽✳✼ ❈♦♥✈❡rt✐♥❣ ❆ P❡r❝❡♥t ❚♦ ❆ ❉❡❝✐♠❛❧

❲❡ ❝❛♥ s❡❡ ❤♦✇ ❛ ♣❡r❝❡♥t ✐s ❝♦♥✈❡rt❡❞ t♦ ❛ ❞❡❝✐♠❛❧ ❜② ❛♥❛❧②③✐♥❣ t❤❡ ♠❡t❤♦❞ t❤❛t ✶✷✪ ✐s ❝♦♥✈❡rt❡❞ t♦ ❛
❞❡❝✐♠❛❧✳ ❲❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ 1

100 .

12% = 12 · 1
100 ❘❡♣❧❛❝❡%✇✐t❤ 1

100 .

= 12
100 ▼✉❧t✐♣❧② t❤❡ ❢r❛❝t✐♦♥s.

= 0.12 ❉✐✈✐❞❡ ✶✷ ❜② ✶00.

P❡r❝❡♥t t♦ ❉❡❝✐♠❛❧
❚♦ ❝♦♥✈❡rt ❛ ♣❡r❝❡♥t t♦ ❛ ❞❡❝✐♠❛❧✱ r❡♣❧❛❝❡ t❤❡ ✪ s②♠❜♦❧ ✇✐t❤ 1

100 , t❤❡♥ ❞✐✈✐❞❡ t❤❡ ♥✉♠❜❡r ❜② ✶✵✵✳ ❚❤✐s
❛♠♦✉♥ts t♦ ♠♦✈✐♥❣ t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t ✷ ♣❧❛❝❡s t♦ t❤❡ ❧❡❢t✳

✶✳✽✳✽ ❙❛♠♣❧❡ ❙❡t ❈

❈♦♥✈❡rt ❡❛❝❤ ♣❡r❝❡♥t t♦ ❛ ❞❡❝✐♠❛❧✳

❊①❛♠♣❧❡ ✶✳✺✽

48% = 48 · 1
100

= 48
100

= 0.48

◆♦t✐❝❡ t❤❛t t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♥✉♠❜❡r ❤❛s ❜❡❡♥ ♠♦✈❡❞ t♦ t❤❡ ❧❡❢t ✷ ♣❧❛❝❡s✳

❊①❛♠♣❧❡ ✶✳✺✾

659% = 659 · 1
100

= 659
100

= 6.59

◆♦t✐❝❡ t❤❛t t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♥✉♠❜❡r ❤❛s ❜❡❡♥ ♠♦✈❡❞ t♦ t❤❡ ❧❡❢t ✷ ♣❧❛❝❡s✳

❊①❛♠♣❧❡ ✶✳✻✵

0.4113% = 0.4113 · 1
100

= 0.4113
100

= 0.004113

◆♦t✐❝❡ t❤❛t t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♥✉♠❜❡r ❤❛s ❜❡❡♥ ♠♦✈❡❞ t♦ t❤❡ ❧❡❢t ✷ ♣❧❛❝❡s✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✷ ❈❍❆P❚❊❘ ✶✳ ❆❘■❚❍▼❊❚■❈ ❘❊❱■❊❲

✶✳✽✳✾ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❝♦♥✈❡rt ❡❛❝❤ ❢r❛❝t✐♦♥ t♦ ❛ ♣❡r❝❡♥t✳

❊①❡r❝✐s❡ ✶✳✽✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✼✳✮
2
5

❊①❡r❝✐s❡ ✶✳✽✳✷
7
8

❊①❡r❝✐s❡ ✶✳✽✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✼✳✮
1
8

❊①❡r❝✐s❡ ✶✳✽✳✹
5
16

❊①❡r❝✐s❡ ✶✳✽✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✼✳✮

15 ÷ 22

❊①❡r❝✐s❡ ✶✳✽✳✻
2
11

❊①❡r❝✐s❡ ✶✳✽✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✼✳✮
2
9

❊①❡r❝✐s❡ ✶✳✽✳✽
16
45

❊①❡r❝✐s❡ ✶✳✽✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✼✳✮
27
55

❊①❡r❝✐s❡ ✶✳✽✳✶✵
7
27

❊①❡r❝✐s❡ ✶✳✽✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✼✳✮

✶✺

❊①❡r❝✐s❡ ✶✳✽✳✶✷
✽

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❝♦♥✈❡rt ❡❛❝❤ ❞❡❝✐♠❛❧ t♦ ❛ ♣❡r❝❡♥t✳

❊①❡r❝✐s❡ ✶✳✽✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✼✳✮

0.36

❊①❡r❝✐s❡ ✶✳✽✳✶✹
0.42

❊①❡r❝✐s❡ ✶✳✽✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✼✳✮

0.446

❊①❡r❝✐s❡ ✶✳✽✳✶✻
0.1298

❊①❡r❝✐s❡ ✶✳✽✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✽✳✮

4.25

❊①❡r❝✐s❡ ✶✳✽✳✶✽
5.875

❊①❡r❝✐s❡ ✶✳✽✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✽✳✮

86.98

❊①❡r❝✐s❡ ✶✳✽✳✷✵
21.26

❊①❡r❝✐s❡ ✶✳✽✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✽✳✮

✶✹

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✸

❊①❡r❝✐s❡ ✶✳✽✳✷✷
✶✷

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❝♦♥✈❡rt ❡❛❝❤ ♣❡r❝❡♥t t♦ ❛ ❞❡❝✐♠❛❧✳

❊①❡r❝✐s❡ ✶✳✽✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✽✳✮

35%

❊①❡r❝✐s❡ ✶✳✽✳✷✹
76%

❊①❡r❝✐s❡ ✶✳✽✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✽✳✮

18.6%

❊①❡r❝✐s❡ ✶✳✽✳✷✻
67.2%

❊①❡r❝✐s❡ ✶✳✽✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✽✳✮

9.0145%

❊①❡r❝✐s❡ ✶✳✽✳✷✽
3.00156%

❊①❡r❝✐s❡ ✶✳✽✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✽✳✮

0.00005%

❊①❡r❝✐s❡ ✶✳✽✳✸✵
0.00034%

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✹ ❈❍❆P❚❊❘ ✶✳ ❆❘■❚❍▼❊❚■❈ ❘❊❱■❊❲

❙♦❧✉t✐♦♥s t♦ ❊①❡r❝✐s❡s ✐♥ ❈❤❛♣t❡r ✶

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✷✳✶ ✭♣✳ ✶✵✮
83

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✷✳✸ ✭♣✳ ✶✵✮
57

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✷✳✺ ✭♣✳ ✶✵✮
35 · 42

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✷✳✼ ✭♣✳ ✶✵✮
23 · 98

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✷✳✾ ✭♣✳ ✶✵✮
x3 · y2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✷✳✶✶ ✭♣✳ ✶✵✮
3 · 3 · 3 · 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✷✳✶✸ ✭♣✳ ✶✵✮
2 · 2 · 2 · 2 · 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✷✳✶✺ ✭♣✳ ✶✵✮
5 · 5 · 5 · 6 · 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✷✳✶✼ ✭♣✳ ✶✵✮
x · x · x · x · y · y · y · y
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✷✳✶✾ ✭♣✳ ✶✶✮
1, 2, 4, 5, 10, 20
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✷✳✷✶ ✭♣✳ ✶✶✮
1, 2, 3, 4, 6, 12
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✷✳✷✸ ✭♣✳ ✶✶✮
1, 3, 7, 21
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✷✳✷✺ ✭♣✳ ✶✶✮
1, 11
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✷✳✷✼ ✭♣✳ ✶✶✮
1, 19
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✸✳✶ ✭♣✳ ✶✹✮
♣r✐♠❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✸✳✸ ✭♣✳ ✶✹✮
❝♦♠♣♦s✐t❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✸✳✺ ✭♣✳ ✶✹✮
♣r✐♠❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✸✳✼ ✭♣✳ ✶✹✮
♣r✐♠❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✸✳✾ ✭♣✳ ✶✹✮
♣r✐♠❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✸✳✶✶ ✭♣✳ ✶✹✮
❝♦♠♣♦s✐t❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✸✳✶✸ ✭♣✳ ✶✹✮
❝♦♠♣♦s✐t❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✸✳✶✺ ✭♣✳ ✶✹✮
❝♦♠♣♦s✐t❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✸✳✶✼ ✭♣✳ ✶✹✮
2 · 19
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✸✳✶✾ ✭♣✳ ✶✹✮
2 · 31
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✸✳✷✶ ✭♣✳ ✶✺✮
24 · 11

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✺

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✸✳✷✸ ✭♣✳ ✶✺✮
32 · 7 · 13
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✸✳✷✺ ✭♣✳ ✶✺✮
52 · 72 · 112

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✹✳✶ ✭♣✳ ✶✽✮
23 · 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✹✳✸ ✭♣✳ ✶✽✮
22 · 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✹✳✺ ✭♣✳ ✶✽✮
2 · 3 · 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✹✳✼ ✭♣✳ ✶✽✮
22 · 32 · 7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✹✳✾ ✭♣✳ ✶✽✮
22 · 3 · 7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✹✳✶✶ ✭♣✳ ✶✽✮
2 · 3 · 52

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✹✳✶✸ ✭♣✳ ✶✽✮
24 · 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✹✳✶✺ ✭♣✳ ✶✽✮
3 · 5 · 7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✹✳✶✼ ✭♣✳ ✶✽✮
23 · 3 · 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✹✳✶✾ ✭♣✳ ✶✽✮
2 · 32 · 5 · 72

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✹✳✷✶ ✭♣✳ ✶✽✮
24 · 3 · 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✹✳✷✸ ✭♣✳ ✶✾✮
24 · 32

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✹✳✷✺ ✭♣✳ ✶✾✮
25 · 7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✺✳✶ ✭♣✳ ✷✷✮
3
4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✺✳✸ ✭♣✳ ✷✷✮
3
7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✺✳✺ ✭♣✳ ✷✷✮
3
2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✺✳✼ ✭♣✳ ✷✷✮
5
3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✺✳✾ ✭♣✳ ✷✷✮
5
6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✺✳✶✶ ✭♣✳ ✷✷✮
18
5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✺✳✶✸ ✭♣✳ ✷✷✮
2
3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✺✳✶✺ ✭♣✳ ✷✷✮
3
4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✺✳✶✼ ✭♣✳ ✷✷✮
1
2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✺✳✶✾ ✭♣✳ ✷✷✮
1
3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✺✳✷✶ ✭♣✳ ✷✷✮
✸
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✺✳✷✸ ✭♣✳ ✷✸✮
11
12
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✺✳✷✺ ✭♣✳ ✷✸✮
27
19
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✺✳✷✼ ✭♣✳ ✷✸✮
✻
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✺✳✷✾ ✭♣✳ ✷✸✮
✶✷
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✺✳✸✶ ✭♣✳ ✷✸✮
✷✵
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✺✳✸✸ ✭♣✳ ✷✸✮
✼✺
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✺✳✸✺ ✭♣✳ ✷✸✮
✹✽
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✻✳✶ ✭♣✳ ✷✽✮
4
9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✻✳✸ ✭♣✳ ✷✽✮
1
3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✻✳✺ ✭♣✳ ✷✽✮
5
12
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✻✳✼ ✭♣✳ ✷✽✮
9
10
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✻✳✾ ✭♣✳ ✷✽✮
✶
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✻✳✶✶ ✭♣✳ ✷✽✮
2
3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✻✳✶✸ ✭♣✳ ✷✽✮
10
9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✻✳✶✺ ✭♣✳ ✷✽✮
10
9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✻✳✶✼ ✭♣✳ ✷✽✮
57
7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✻✳✶✾ ✭♣✳ ✷✽✮
5
8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✻✳✷✶ ✭♣✳ ✷✽✮
✶
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✻✳✷✸ ✭♣✳ ✷✾✮
13
23
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✻✳✷✺ ✭♣✳ ✷✾✮
19
20
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✻✳✷✼ ✭♣✳ ✷✾✮
15
16
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✻✳✷✾ ✭♣✳ ✷✾✮
5
8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✻✳✸✶ ✭♣✳ ✷✾✮
31
24
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✻✳✸✸ ✭♣✳ ✷✾✮
5
6

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✼

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✻✳✸✺ ✭♣✳ ✷✾✮
−1
180
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✻✳✸✼ ✭♣✳ ✷✾✮
7
30
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✻✳✸✾ ✭♣✳ ✷✾✮
47
18
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✼✳✶ ✭♣✳ ✸✼✮
8.95
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✼✳✸ ✭♣✳ ✸✼✮
2.234
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✼✳✺ ✭♣✳ ✸✼✮
6.6312
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✼✳✼ ✭♣✳ ✸✼✮
3.68406
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✼✳✾ ✭♣✳ ✸✼✮
13.632
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✼✳✶✶ ✭♣✳ ✸✼✮
25.355
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✼✳✶✸ ✭♣✳ ✸✼✮
0.324
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✼✳✶✺ ✭♣✳ ✸✼✮
12, 008
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✼✳✶✼ ✭♣✳ ✸✼✮
4.2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✼✳✶✾ ✭♣✳ ✸✼✮
0.0032
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✼✳✷✶ ✭♣✳ ✸✼✮
3
50
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✼✳✷✸ ✭♣✳ ✸✽✮
3 7

10
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✼✳✷✺ ✭♣✳ ✸✽✮
712 1

25000
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✼✳✷✼ ✭♣✳ ✸✽✮
0.45
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✼✳✷✾ ✭♣✳ ✸✽✮
0.636
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✽✳✶ ✭♣✳ ✹✷✮
40%
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✽✳✸ ✭♣✳ ✹✷✮
12.5%
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✽✳✺ ✭♣✳ ✹✷✮
68.18%
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✽✳✼ ✭♣✳ ✹✷✮
22.22%
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✽✳✾ ✭♣✳ ✹✷✮
49.09%
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✽✳✶✶ ✭♣✳ ✹✷✮
1500%
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✽✳✶✸ ✭♣✳ ✹✷✮
36%

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✽✳✶✺ ✭♣✳ ✹✷✮
44.6%
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✽✳✶✼ ✭♣✳ ✹✷✮
425%
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✽✳✶✾ ✭♣✳ ✹✷✮
8698%
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✽✳✷✶ ✭♣✳ ✹✷✮
1400%
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✽✳✷✸ ✭♣✳ ✹✸✮
0.35
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✽✳✷✺ ✭♣✳ ✹✸✮
0.186
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✽✳✷✼ ✭♣✳ ✹✸✮
0.090145
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✳✽✳✷✾ ✭♣✳ ✹✸✮
0.0000005

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



❈❤❛♣t❡r ✷

❇❛s✐❝ Pr♦♣❡rt✐❡s ♦❢ ❘❡❛❧ ◆✉♠❜❡rs

✷✳✶ ❖❜❥❡❝t✐✈❡s✶

❆❢t❡r ❝♦♠♣❧❡t✐♥❣ t❤✐s ❝❤❛♣t❡r✱ ②♦✉ s❤♦✉❧❞

❙②♠❜♦❧s ❛♥❞ ◆♦t❛t✐♦♥s ✭❙❡❝t✐♦♥ ✷✳✷✮

• ✉♥❞❡rst❛♥❞ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ✈❛r✐❛❜❧❡s ❛♥❞ ❝♦♥st❛♥ts
• ❜❡ ❢❛♠✐❧✐❛r ✇✐t❤ t❤❡ s②♠❜♦❧s ♦❢ ♦♣❡r❛t✐♦♥✱ ❡q✉❛❧✐t②✱ ❛♥❞ ✐♥❡q✉❛❧✐t②
• ❜❡ ❢❛♠✐❧✐❛r ✇✐t❤ ❣r♦✉♣✐♥❣ s②♠❜♦❧s
• ❜❡ ❛❜❧❡ t♦ ❝♦rr❡❝t❧② ✉s❡ t❤❡ ♦r❞❡r ♦❢ ♦♣❡r❛t✐♦♥s

❚❤❡ ❘❡❛❧ ◆✉♠❜❡r ▲✐♥❡ ❛♥❞ t❤❡ ❘❡❛❧ ◆✉♠❜❡rs ✭❙❡❝t✐♦♥ ✷✳✸✮

• ❜❡ ❢❛♠✐❧✐❛r ✇✐t❤ t❤❡ r❡❛❧ ♥✉♠❜❡r ❧✐♥❡ ❛♥❞ t❤❡ r❡❛❧ ♥✉♠❜❡rs
• ✉♥❞❡rst❛♥❞ t❤❡ ♦r❞❡r✐♥❣ ♦❢ t❤❡ r❡❛❧ ♥✉♠❜❡rs

Pr♦♣❡rt✐❡s ♦❢ t❤❡ ❘❡❛❧ ◆✉♠❜❡rs ✭❙❡❝t✐♦♥ ✷✳✹✮

• ✉♥❞❡rst❛♥❞ t❤❡ ❝❧♦s✉r❡✱ ❝♦♠♠✉t❛t✐✈❡✱ ❛ss♦❝✐❛t✐✈❡✱ ❛♥❞ ❞✐str✐❜✉t✐✈❡ ♣r♦♣❡rt✐❡s
• ✉♥❞❡rst❛♥❞ t❤❡ ✐❞❡♥t✐t② ❛♥❞ ✐♥✈❡rs❡ ♣r♦♣❡rt✐❡s

❊①♣♦♥❡♥ts ✭❙❡❝t✐♦♥ ✷✳✺✮

• ✉♥❞❡rst❛♥❞ ❡①♣♦♥❡♥t✐❛❧ ♥♦t❛t✐♦♥
• ❜❡ ❛❜❧❡ t♦ r❡❛❞ ❡①♣♦♥❡♥t✐❛❧ ♥♦t❛t✐♦♥
• ✉♥❞❡rst❛♥❞ ❤♦✇ t♦ ✉s❡ ❡①♣♦♥❡♥t✐❛❧ ♥♦t❛t✐♦♥ ✇✐t❤ t❤❡ ♦r❞❡r ♦❢ ♦♣❡r❛t✐♦♥s

❘✉❧❡s ♦❢ ❊①♣♦♥❡♥ts ✭❙❡❝t✐♦♥ ✷✳✻✮

• ✉♥❞❡rst❛♥❞ t❤❡ ♣r♦❞✉❝t ❛♥❞ q✉♦t✐❡♥t r✉❧❡s ❢♦r ❡①♣♦♥❡♥ts
• ✉♥❞❡rst❛♥❞ t❤❡ ♠❡❛♥✐♥❣ ♦❢ ③❡r♦ ❛s ❛♥ ❡①♣♦♥❡♥t

❚❤❡ P♦✇❡r ❘✉❧❡s ❢♦r ❊①♣♦♥❡♥ts ✭❙❡❝t✐♦♥ ✷✳✼✮

• ✉♥❞❡rst❛♥❞ t❤❡ ♣♦✇❡r r✉❧❡s ❢♦r ♣♦✇❡rs✱ ♣r♦❞✉❝ts✱ ❛♥❞ q✉♦t✐❡♥ts

✶❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✷✼✽✽✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃

✹✾



✺✵ ❈❍❆P❚❊❘ ✷✳ ❇❆❙■❈ P❘❖P❊❘❚■❊❙ ❖❋ ❘❊❆▲ ◆❯▼❇❊❘❙

✷✳✷ ❙②♠❜♦❧s ❛♥❞ ◆♦t❛t✐♦♥s ✷

✷✳✷✳✶ ❖✈❡r✈✐❡✇

• ❱❛r✐❛❜❧❡s ❛♥❞ ❈♦♥st❛♥ts
• ❙②♠❜♦❧s ♦❢ ❖♣❡r❛t✐♦♥✱ ❊q✉❛❧✐t②✱ ❛♥❞ ■♥❡q✉❛❧✐t②
• ●r♦✉♣✐♥❣ ❙②♠❜♦❧s
• ❚❤❡ ❖r❞❡r ♦❢ ❖♣❡r❛t✐♦♥s

✷✳✷✳✷ ❱❛r✐❛❜❧❡s ❛♥❞ ❈♦♥st❛♥ts

❆ ❜❛s✐❝ ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ ❛❧❣❡❜r❛ ✐s t❤❡ ✉s❡ ♦❢ s②♠❜♦❧s ✭✉s✉❛❧❧② ❧❡tt❡rs✮ t♦ r❡♣r❡s❡♥t ♥✉♠❜❡rs✳
❱❛r✐❛❜❧❡
❆ ❧❡tt❡r ♦r s②♠❜♦❧ t❤❛t r❡♣r❡s❡♥ts ❛♥② ♠❡♠❜❡r ♦❢ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ t✇♦ ♦r ♠♦r❡ ♥✉♠❜❡rs ✐s ❝❛❧❧❡❞ ❛ ✈❛r✐❛❜❧❡✳
❈♦♥st❛♥t
❆ ❧❡tt❡r ♦r s②♠❜♦❧ t❤❛t r❡♣r❡s❡♥ts ❛ s♣❡❝✐✜❝ ♥✉♠❜❡r✱ ❦♥♦✇♥ ♦r ✉♥❦♥♦✇♥ ✐s ❝❛❧❧❡❞ ❛ ❝♦♥st❛♥t✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡s✱ t❤❡ ❧❡tt❡r x ✐s ❛ ✈❛r✐❛❜❧❡ s✐♥❝❡ ✐t ❝❛♥ ❜❡ ❛♥② ♠❡♠❜❡r ♦❢ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢
♥✉♠❜❡rs {35, 25, 10}✳ ❚❤❡ ❧❡tt❡r h ✐s ❛ ❝♦♥st❛♥t s✐♥❝❡ ✐t ❝❛♥ ❛ss✉♠❡ ♦♥❧② t❤❡ ✈❛❧✉❡ ✺✽✾✵✳

❊①❛♠♣❧❡ ✷✳✶
❙✉♣♣♦s❡ t❤❛t t❤❡ str❡❡ts ♦♥ ②♦✉r ✇❛② ❢r♦♠ ❤♦♠❡ t♦ s❝❤♦♦❧ ❤❛✈❡ s♣❡❡❞ ❧✐♠✐ts ♦❢ ✸✺ ♠♣❤✱ ✷✺ ♠♣❤✱
❛♥❞ ✶✵ ♠♣❤✳ ■♥ ❛❧❣❡❜r❛ ✇❡ ❝❛♥ ❧❡t t❤❡ ❧❡tt❡r x r❡♣r❡s❡♥t ♦✉r s♣❡❡❞ ❛s ✇❡ tr❛✈❡❧ ❢r♦♠ ❤♦♠❡ t♦
s❝❤♦♦❧✳ ❚❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢ x ❞❡♣❡♥❞s ♦♥ ✇❤❛t s❡❝t✐♦♥ ♦❢ str❡❡t ✇❡ ❛r❡ ♦♥✳ ❚❤❡ ❧❡tt❡r x ❝❛♥
❛ss✉♠❡ ❛♥② ♦♥❡ ♦❢ t❤❡ ✈❛r✐♦✉s ✈❛❧✉❡s ✸✺✱✷✺✱✶✵✳

❊①❛♠♣❧❡ ✷✳✷
❙✉♣♣♦s❡ t❤❛t ✐♥ ✇r✐t✐♥❣ ❛ t❡r♠ ♣❛♣❡r ❢♦r ❛ ❣❡♦❣r❛♣❤② ❝❧❛ss ✇❡ ♥❡❡❞ t♦ s♣❡❝✐❢② t❤❡ ❤❡✐❣❤t ♦❢ ▼♦✉♥t
❑✐❧✐♠❛♥❥❛r♦✳ ■❢ ✇❡ ❞♦ ♥♦t ❤❛♣♣❡♥ t♦ ❦♥♦✇ t❤❡ ❤❡✐❣❤t ♦❢ t❤❡ ♠♦✉♥t❛✐♥✱ ✇❡ ❝❛♥ r❡♣r❡s❡♥t ✐t ✭❛t ❧❡❛st
t❡♠♣♦r❛r✐❧②✮ ♦♥ ♦✉r ♣❛♣❡r ✇✐t❤ t❤❡ ❧❡tt❡r h✳ ▲❛t❡r✱ ✇❡ ❧♦♦❦ ✉♣ t❤❡ ❤❡✐❣❤t ✐♥ ❛ r❡❢❡r❡♥❝❡ ❜♦♦❦ ❛♥❞
✜♥❞ ✐t t♦ ❜❡ ✺✽✾✵ ♠❡t❡rs✳ ❚❤❡ ❧❡tt❡r h ❝❛♥ ❛ss✉♠❡ ♦♥❧② t❤❡ ♦♥❡ ✈❛❧✉❡✱ ✺✽✾✵✱ ❛♥❞ ♥♦ ♦t❤❡rs✳ ❚❤❡
✈❛❧✉❡ ♦❢ h ✐s ❝♦♥st❛♥t✳

✷✳✷✳✸ ❙②♠❜♦❧s ♦❢ ❖♣❡r❛t✐♦♥✱ ❊q✉❛❧✐t②✱ ❛♥❞ ■♥❡q✉❛❧✐t②

❇✐♥❛r② ❖♣❡r❛t✐♦♥
❆ ❜✐♥❛r② ♦♣❡r❛t✐♦♥ ♦♥ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♥✉♠❜❡rs ✐s ❛ ♣r♦❝❡ss t❤❛t ❛ss✐❣♥s ❛ ♥✉♠❜❡r t♦ t✇♦ ❣✐✈❡♥ ♥✉♠❜❡rs ✐♥
t❤❡ ❝♦❧❧❡❝t✐♦♥✳ ❚❤❡ ❜✐♥❛r② ♦♣❡r❛t✐♦♥s ✉s❡❞ ✐♥ ❛❧❣❡❜r❛ ❛r❡ ❛❞❞✐t✐♦♥✱ s✉❜tr❛❝t✐♦♥✱ ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ ❛♥❞ ❞✐✈✐s✐♦♥✳
❙②♠❜♦❧s ♦❢ ❖♣❡r❛t✐♦♥
■❢ ✇❡ ❧❡t x ❛♥❞ y ❡❛❝❤ r❡♣r❡s❡♥t ❛ ♥✉♠❜❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s✿

❆❞❞✐t✐♦♥ x + y

❙✉❜tr❛❝t✐♦♥ x − y

▼✉❧t✐♣❧✐❝❛t✐♦♥ x · y ✭x✮✭y✮ x (y) xy

❉✐✈✐s✐♦♥ x
y x/y x ÷ y y

√
x

✷✳✷✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❊①❛♠♣❧❡ ✷✳✸
a + b r❡♣r❡s❡♥ts t❤❡ s✉♠ ♦❢ a ❛♥❞ b✳

✷❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✶✽✽✼✷✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✶

❊①❛♠♣❧❡ ✷✳✹
4 + y r❡♣r❡s❡♥ts t❤❡ s✉♠ ♦❢ ✹ ❛♥❞ y✳

❊①❛♠♣❧❡ ✷✳✺
8 − x r❡♣r❡s❡♥ts t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ ✽ ❛♥❞ x✳

❊①❛♠♣❧❡ ✷✳✻
6x r❡♣r❡s❡♥ts t❤❡ ♣r♦❞✉❝t ♦❢ ✻ ❛♥❞ x✳

❊①❛♠♣❧❡ ✷✳✼
ab r❡♣r❡s❡♥ts t❤❡ ♣r♦❞✉❝t ♦❢ a ❛♥❞ b✳

❊①❛♠♣❧❡ ✷✳✽
h3 r❡♣r❡s❡♥ts t❤❡ ♣r♦❞✉❝t ♦❢ h ❛♥❞ ✸✳

❊①❛♠♣❧❡ ✷✳✾
(14.2) a r❡♣r❡s❡♥ts t❤❡ ♣r♦❞✉❝t ♦❢ 14.2 ❛♥❞ a✳

❊①❛♠♣❧❡ ✷✳✶✵
(8) (24) r❡♣r❡s❡♥ts t❤❡ ♣r♦❞✉❝t ♦❢ ✽ ❛♥❞ ✷✹✳

❊①❛♠♣❧❡ ✷✳✶✶
5 · 6 (b) r❡♣r❡s❡♥ts t❤❡ ♣r♦❞✉❝t ♦❢ ✺✱✻✱ ❛♥❞ b✳

❊①❛♠♣❧❡ ✷✳✶✷
6
x r❡♣r❡s❡♥ts t❤❡ q✉♦t✐❡♥t ♦❢ ✻ ❛♥❞ x✳

✷✳✷✳✺ Pr❛❝t✐❝❡ ❙❡t ❆

❊①❡r❝✐s❡ ✷✳✷✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✶✳✮

❘❡♣r❡s❡♥t t❤❡ ♣r♦❞✉❝t ♦❢ ✷✾ ❛♥❞ x ✜✈❡ ❞✐✛❡r❡♥t ✇❛②s✳

■❢ ✇❡ ❧❡t a ❛♥❞ b r❡♣r❡s❡♥t t✇♦ ♥✉♠❜❡rs✱ t❤❡♥ a ❛♥❞ b ❛r❡ r❡❧❛t❡❞ ✐♥ ❡①❛❝t❧② ♦♥❡ ♦❢ t❤r❡❡ ✇❛②s✿
❊q✉❛❧✐t② ❛♥❞ ■♥❡q✉❛❧✐t② ❙②♠❜♦❧s

a = b a ❛♥❞ b ❛r❡ ❡q✉❛❧

a > b a ✐s str✐❝t❧② ❣r❡❛t❡r t❤❛♥ b

a < b a ✐s str✐❝t❧② ❧❡ss t❤❛♥ b

❙♦♠❡ ✈❛r✐❛t✐♦♥s ♦❢ t❤❡s❡ s②♠❜♦❧s ✐♥❝❧✉❞❡

a 6= b a ✐s ♥♦t ❡q✉❛❧ t♦ b

a ≥ b a ✐s ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ b

a ≤ b a ✐s ❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦ b

❚❤❡ ❧❛st ✜✈❡ ♦❢ t❤❡ ❛❜♦✈❡ s②♠❜♦❧s ❛r❡ ✐♥❡q✉❛❧✐t② s②♠❜♦❧s✳ ❲❡ ❝❛♥ ♥❡❣❛t❡ ✭❝❤❛♥❣❡ t♦ t❤❡ ♦♣♣♦s✐t❡✮ ❛♥②
♦❢ t❤❡ ❛❜♦✈❡ st❛t❡♠❡♥ts ❜② ❞r❛✇✐♥❣ ❛ ❧✐♥❡ t❤r♦✉❣❤ t❤❡ r❡❧❛t✐♦♥ s②♠❜♦❧ ✭❛s ✐♥ a 6= b✮✱ ❛s s❤♦✇♥ ❜❡❧♦✇✿

a ✐s ♥♦t ❣r❡❛t❡r t❤❛♥ b ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ❡✐t❤❡r

a) > b ♦r a ≤ b.

a ✐s ♥♦t ❧❡ss b t❤❛♥ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ❡✐t❤❡r

a) < b ♦r a ≥ b.

a < b ❛♥❞ a) ≥b ❜♦t❤ ✐♥❞✐❝❛t❡ t❤❛t a ✐s ❧❡ss t❤❛♥ b✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✷✳✷✳✻ ●r♦✉♣✐♥❣ ❙②♠❜♦❧s

●r♦✉♣✐♥❣ s②♠❜♦❧s ❛r❡ ✉s❡❞ t♦ ✐♥❞✐❝❛t❡ t❤❛t ❛ ♣❛rt✐❝✉❧❛r ❝♦❧❧❡❝t✐♦♥ ♦❢ ♥✉♠❜❡rs ❛♥❞ ♠❡❛♥✐♥❣❢✉❧ ♦♣❡r❛t✐♦♥s
❛r❡ t♦ ❜❡ ❣r♦✉♣❡❞ t♦❣❡t❤❡r ❛♥❞ ❝♦♥s✐❞❡r❡❞ ❛s ♦♥❡ ♥✉♠❜❡r✳ ❚❤❡ ❣r♦✉♣✐♥❣ s②♠❜♦❧s ❝♦♠♠♦♥❧② ✉s❡❞ ✐♥ ❛❧❣❡❜r❛
❛r❡

P❛r❡♥t❤❡s❡s✿
( )

❇r❛❝❦❡ts✿
[ ]

❇r❛❝❡s✿ { }
❇❛r✿

Ψ

■♥ ❛ ❝♦♠♣✉t❛t✐♦♥ ✐♥ ✇❤✐❝❤ ♠♦r❡ t❤❛♥ ♦♥❡ ♦♣❡r❛t✐♦♥ ✐s ✐♥✈♦❧✈❡❞✱ ❣r♦✉♣✐♥❣ s②♠❜♦❧s ❤❡❧♣ t❡❧❧ ✉s ✇❤✐❝❤
♦♣❡r❛t✐♦♥s t♦ ♣❡r❢♦r♠ ✜rst✳ ■❢ ♣♦ss✐❜❧❡✱ ✇❡ ♣❡r❢♦r♠ ♦♣❡r❛t✐♦♥s ✐♥s✐❞❡ ❣r♦✉♣✐♥❣ s②♠❜♦❧s ✜rst✳

✷✳✷✳✼ ❙❛♠♣❧❡ ❙❡t ❇

❊①❛♠♣❧❡ ✷✳✶✸
(4 + 17) − 6 = 21 − 6 = 15

❊①❛♠♣❧❡ ✷✳✶✹
8 (3 + 6) = 8 (9) = 72

❊①❛♠♣❧❡ ✷✳✶✺
5 [8 + (10 − 4)] = 5 [8 + 6] = 5 [14] = 70

❊①❛♠♣❧❡ ✷✳✶✻
2{3 [4 (17 − 11)]} = 2{3 [4 (6)]} = 2{3 [24]} = 2{72} = 144

❊①❛♠♣❧❡ ✷✳✶✼
9(5+1)
24+3 ✳

❚❤❡ ❢r❛❝t✐♦♥ ❜❛r s❡♣❛r❛t❡s t❤❡ t✇♦ ❣r♦✉♣s ♦❢ ♥✉♠❜❡rs 9 (5 + 1) ❛♥❞ 24 + 3✳ P❡r❢♦r♠ t❤❡
♦♣❡r❛t✐♦♥s ✐♥ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r s❡♣❛r❛t❡❧②✳

9(5+1)
24+3 = 9(6)

24+3 = 54
24+3 = 54

27 = 2

✷✳✷✳✽ Pr❛❝t✐❝❡ ❙❡t ❇

❯s❡ t❤❡ ❣r♦✉♣✐♥❣ s②♠❜♦❧s t♦ ❤❡❧♣ ♣❡r❢♦r♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t✐♦♥s✳

❊①❡r❝✐s❡ ✷✳✷✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✶✳✮

3 (1 + 8)

❊①❡r❝✐s❡ ✷✳✷✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✶✳✮

4 [2 (11 − 5)]

❊①❡r❝✐s❡ ✷✳✷✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✶✳✮

6{2 [2 (10 − 9)]}
❊①❡r❝✐s❡ ✷✳✷✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✶✳✮
1+19
2+3

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡s s❤♦✇ ❤♦✇ t♦ ✉s❡ ❛❧❣❡❜r❛✐❝ ♥♦t❛t✐♦♥ t♦ ✇r✐t❡ ❡❛❝❤ ❡①♣r❡ss✐♦♥✳

❊①❛♠♣❧❡ ✷✳✶✽
✾ ♠✐♥✉s y ❜❡❝♦♠❡s 9 − y

❊①❛♠♣❧❡ ✷✳✶✾
✹✻ t✐♠❡s x ❜❡❝♦♠❡s 46x

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✸

❊①❛♠♣❧❡ ✷✳✷✵
✼ t✐♠❡s (x + y) ❜❡❝♦♠❡s 7 (x + y)

❊①❛♠♣❧❡ ✷✳✷✶
✹ ❞✐✈✐❞❡❞ ❜② ✸✱ t✐♠❡s z ❜❡❝♦♠❡s

(
4
3

)
z

❊①❛♠♣❧❡ ✷✳✷✷

(a − b) t✐♠❡s (b − a) ❞✐✈✐❞❡❞ ❜② ✭✷ t✐♠❡s a✮ ❜❡❝♦♠❡s (a−b) (b−a)
2a

❊①❛♠♣❧❡ ✷✳✷✸
■♥tr♦❞✉❝❡ ❛ ✈❛r✐❛❜❧❡ ✭❛♥② ❧❡tt❡r ✇✐❧❧ ❞♦ ❜✉t ❤❡r❡ ✇❡✬❧❧ ❧❡t x r❡♣r❡s❡♥t t❤❡ ♥✉♠❜❡r✮ ❛♥❞ ✉s❡ ❛♣♣r♦✲
♣r✐❛t❡ ❛❧❣❡❜r❛✐❝ s②♠❜♦❧s t♦ ✇r✐t❡ t❤❡ st❛t❡♠❡♥t✿ ❆ ♥✉♠❜❡r ♣❧✉s ✹ ✐s str✐❝t❧② ❣r❡❛t❡r t❤❛♥ ✻✳ ❚❤❡
❛♥s✇❡r ✐s x + 4 > 6✳

✷✳✷✳✾ ❚❤❡ ❖r❞❡r ♦❢ ❖♣❡r❛t✐♦♥s

❙✉♣♣♦s❡ ✇❡ ✇✐s❤ t♦ ✜♥❞ t❤❡ ✈❛❧✉❡ ♦❢ 16 + 4 · 9✳ ❲❡ ❝♦✉❧❞

✶✳ ❛❞❞ ✶✻ ❛♥❞ ✹✱ t❤❡♥ ♠✉❧t✐♣❧② t❤✐s s✉♠ ❜② ✾✳
16 + 4 · 9 = 20 · 9 = 180

✷✳ ♠✉❧t✐♣❧② ✹ ❛♥❞ ✾✱ t❤❡♥ ❛❞❞ ✶✻ t♦ t❤✐s ♣r♦❞✉❝t✳
16 + 4 · 9 = 16 + 36 = 52

❲❡ ♥♦✇ ❤❛✈❡ t✇♦ ✈❛❧✉❡s ❢♦r ♦♥❡ ♥✉♠❜❡r✳ ❚♦ ❞❡t❡r♠✐♥❡ t❤❡ ❝♦rr❡❝t ✈❛❧✉❡ ✇❡ ♠✉st ✉s❡ t❤❡ st❛♥❞❛r❞ ♦r❞❡r
♦❢ ♦♣❡r❛t✐♦♥s✳

❖r❞❡r ♦❢ ❖♣❡r❛t✐♦♥s

✶✳ P❡r❢♦r♠ ❛❧❧ ♦♣❡r❛t✐♦♥s ✐♥s✐❞❡ ❣r♦✉♣✐♥❣ s②♠❜♦❧s✱ ❜❡❣✐♥♥✐♥❣ ✇✐t❤ t❤❡ ✐♥♥❡r♠♦st s❡t✳
✷✳ P❡r❢♦r♠ ❛❧❧ ♠✉❧t✐♣❧✐❝❛t✐♦♥s ❛♥❞ ❞✐✈✐s✐♦♥s✱ ❛s ②♦✉ ❝♦♠❡ t♦ t❤❡♠✱ ♠♦✈✐♥❣ ❧❡❢t✲t♦✲r✐❣❤t✳
✸✳ P❡r❢♦r♠ ❛❧❧ ❛❞❞✐t✐♦♥s ❛♥❞ s✉❜tr❛❝t✐♦♥s✱ ❛s ②♦✉ ❝♦♠❡ t♦ t❤❡♠✱ ♠♦✈✐♥❣ ❧❡❢t✲t♦✲r✐❣❤t✳

❆s ✇❡ ♣r♦❝❡❡❞ ✐♥ ♦✉r st✉❞② ♦❢ ❛❧❣❡❜r❛✱ ✇❡ ✇✐❧❧ ❝♦♠❡ ✉♣♦♥ ❛♥♦t❤❡r ♦♣❡r❛t✐♦♥✱ ❡①♣♦♥❡♥t✐❛t✐♦♥✱ t❤❛t ✇✐❧❧ ♥❡❡❞
t♦ ❜❡ ✐♥s❡rt❡❞ ❜❡❢♦r❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❛♥❞ ❞✐✈✐s✐♦♥✳ ✭❙❡❡ ❙❡❝t✐♦♥ ❙❡❝t✐♦♥ ✷✳✺✳✮

✷✳✷✳✶✵ ❙❛♠♣❧❡ ❙❡t ❈

❯❙❡ t❤❡ ♦r❞❡r ♦❢ ♦♣❡r❛t✐♦♥s t♦ ✜♥❞ t❤❡ ✈❛❧✉❡ ♦❢ ❡❛❝❤ ♥✉♠❜❡r✳

❊①❛♠♣❧❡ ✷✳✷✹

16 + 4 · 9 ▼✉❧t✐♣❧② ✜rst✳

= 16 + 36 ◆♦✇❛❞❞✳

= 52

❊①❛♠♣❧❡ ✷✳✷✺

(27 − 8) + 7 (6 + 12) ❈♦♠❜✐♥❡✇✐t❤✐♥ ♣❛r❡♥t❤❡s❡s✳

= 19 + 7 (18) ▼✉❧t✐♣❧②✳

= 19 + 126 ◆♦✇❛❞❞✳

= 145

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❛♠♣❧❡ ✷✳✷✻

8 + 2 [4 + 3 (6 − 1)] ❇❡❣✐♥✇✐t❤ t❤❡ ✐♥♥❡r♠♦st s❡t ♦❢ ❣r♦✉♣✐♥❣ s②♠❜♦❧s,
( )

✳

= 8 + 2 [4 + 3 (5)] ◆♦✇✇♦r❦✇✐t❤✐♥ t❤❡ ♥❡①t s❡t ♦❢ ❣r♦✉♣✐♥❣ s②♠❜♦❧s,
[ ]

✳

= 8 + 2 [4 + 15]

= 8 + 2 [19]

= 8 + 38

= 46

❊①❛♠♣❧❡ ✷✳✷✼
6+4[2+3(19−17)]

18−2[2(3)+2] = 6+4[2+3(2)]
18−2[6+2]

= 6+4[2+6]
18−2[8]

= 6+4[8]
18−16

= 6+32
2

= 38
2

= 19

✷✳✷✳✶✶ Pr❛❝t✐❝❡ ❙❡t ❈

❯s❡ t❤❡ ♦r❞❡r ♦❢ ♦♣❡r❛t✐♦♥s t♦ ✜♥❞ ❡❛❝❤ ✈❛❧✉❡✳

❊①❡r❝✐s❡ ✷✳✷✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✶✳✮

25 + 8 (3)

❊①❡r❝✐s❡ ✷✳✷✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✶✳✮

2 + 3 (18 − 5 · 2)

❊①❡r❝✐s❡ ✷✳✷✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✶✳✮

4 + 3 [2 + 3 (1 + 8 ÷ 4)]

❊①❡r❝✐s❡ ✷✳✷✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✶✳✮
19+2{5+2[18+6(4+1)]}

5·6−3(5)−2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✺

✷✳✷✳✶✷ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✉s❡ t❤❡ ♦r❞❡r ♦❢ ♦♣❡r❛t✐♦♥s t♦ ✜♥❞ ❡❛❝❤ ✈❛❧✉❡✳

❊①❡r❝✐s❡ ✷✳✷✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✶✳✮

2 + 3 (6)

❊①❡r❝✐s❡ ✷✳✷✳✶✶
18 − 7 (8 − 3)

❊①❡r❝✐s❡ ✷✳✷✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✶✳✮

8 · 4 ÷ 16 + 5

❊①❡r❝✐s❡ ✷✳✷✳✶✸
(21 + 4) ÷ 5 · 2
❊①❡r❝✐s❡ ✷✳✷✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✶✳✮

3 (8 + 2) ÷ 6 + 3

❊①❡r❝✐s❡ ✷✳✷✳✶✺
6 (4 + 1) ÷ (16 ÷ 8) − 15

❊①❡r❝✐s❡ ✷✳✷✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✶✳✮

6 (4 − 1) + 8 (3 + 7) − 20

❊①❡r❝✐s❡ ✷✳✷✳✶✼
(8) (5) + 2 (14) + (1) (10)

❊①❡r❝✐s❡ ✷✳✷✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✶✳✮

61 − 22 + 4 [3 (10) + 11]

❊①❡r❝✐s❡ ✷✳✷✳✶✾
(1+16−3)

7 + 5 (12)

❊①❡r❝✐s❡ ✷✳✷✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✶✳✮
8(6+20)

8 + 3(6+16)
22

❊①❡r❝✐s❡ ✷✳✷✳✷✶
18 ÷ 2 + 55

❊①❡r❝✐s❡ ✷✳✷✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✶✳✮

21 ÷ 7 ÷ 3

❊①❡r❝✐s❡ ✷✳✷✳✷✸
85 ÷ 5 · 5 − 85

❊①❡r❝✐s❡ ✷✳✷✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✶✳✮

(300 − 25) ÷ (6 − 3)

❊①❡r❝✐s❡ ✷✳✷✳✷✺
4 · 3 + 8 · 28 − (3 + 17) + 11 (6)

❊①❡r❝✐s❡ ✷✳✷✳✷✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✶✳✮

2{(7 + 7) + 6 [4 (8 + 2)]}
❊①❡r❝✐s❡ ✷✳✷✳✷✼
0 + 10 (0) + 15 [4 (3) + 1]

❊①❡r❝✐s❡ ✷✳✷✳✷✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✶✳✮

6.1 (2.2 + 1.8)

❊①❡r❝✐s❡ ✷✳✷✳✷✾
5.9
2 + 0.6

❊①❡r❝✐s❡ ✷✳✷✳✸✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✶✳✮

(4 + 7) (8 − 3)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✻ ❈❍❆P❚❊❘ ✷✳ ❇❆❙■❈ P❘❖P❊❘❚■❊❙ ❖❋ ❘❊❆▲ ◆❯▼❇❊❘❙

❊①❡r❝✐s❡ ✷✳✷✳✸✶
(10 + 5) (10 + 5) − 4 (60 − 4)

❊①❡r❝✐s❡ ✷✳✷✳✸✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✶✳✮
(

5
12 − 1

4

)
+

(
1
6 + 2

3

)

❊①❡r❝✐s❡ ✷✳✷✳✸✸
4

(
3
5 − 8

15

)
+ 9

(
1
3 + 1

4

)

❊①❡r❝✐s❡ ✷✳✷✳✸✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✶✳✮
0
5 + 0

1 + 0 [2 + 4 (0)]

❊①❡r❝✐s❡ ✷✳✷✳✸✺
0 · 9 + 4 · 0 ÷ 7 + 0 [2 (2 − 2)]

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ st❛t❡ ✇❤❡t❤❡r t❤❡ ❣✐✈❡♥ st❛t❡♠❡♥ts ❛r❡ t❤❡ s❛♠❡ ♦r ❞✐✛❡r❡♥t✳

❊①❡r❝✐s❡ ✷✳✷✳✸✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✶✳✮

x ≥ y ❛♥❞ x > y

❊①❡r❝✐s❡ ✷✳✷✳✸✼

❊①❡r❝✐s❡ ✷✳✷✳✸✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✶✳✮

x = y ❛♥❞ y = x

❊①❡r❝✐s❡ ✷✳✷✳✸✾
❘❡♣r❡s❡♥t t❤❡ ♣r♦❞✉❝t ♦❢ ✸ ❛♥❞ x ✜✈❡ ❞✐✛❡r❡♥t ✇❛②s✳

❊①❡r❝✐s❡ ✷✳✷✳✹✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✶✳✮

❘❡♣r❡s❡♥t t❤❡ s✉♠ ♦❢ a ❛♥❞ b t✇♦ ❞✐✛❡r❡♥t ✇❛②s✳

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ r❡✇r✐t❡ ❡❛❝❤ ♣❤r❛s❡ ✉s✐♥❣ ❛❧❣❡❜r❛✐❝ ♥♦t❛t✐♦♥✳

❊①❡r❝✐s❡ ✷✳✷✳✹✶
❚❡♥ ♠✐♥✉s t❤r❡❡

❊①❡r❝✐s❡ ✷✳✷✳✹✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✷✳✮

x ♣❧✉s s✐①t❡❡♥

❊①❡r❝✐s❡ ✷✳✷✳✹✸
✺✶ ❞✐✈✐❞❡❞ ❜② a

❊①❡r❝✐s❡ ✷✳✷✳✹✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✷✳✮

✽✶ t✐♠❡s x

❊①❡r❝✐s❡ ✷✳✷✳✹✺
✸ t✐♠❡s (x + y)

❊①❡r❝✐s❡ ✷✳✷✳✹✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✷✳✮

(x + b) t✐♠❡s (x + 7)

❊①❡r❝✐s❡ ✷✳✷✳✹✼
✸ t✐♠❡s x t✐♠❡s y

❊①❡r❝✐s❡ ✷✳✷✳✹✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✷✳✮

x ❞✐✈✐❞❡❞ ❜② ✭✼ t✐♠❡s b✮

❊①❡r❝✐s❡ ✷✳✷✳✹✾
(a + b) ❞✐✈✐❞❡❞ ❜② (a + 4)

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✐♥tr♦❞✉❝❡ ❛ ✈❛r✐❛❜❧❡ ✭❛♥② ❧❡tt❡r ✇✐❧❧ ❞♦✮ ❛♥❞ ✉s❡ ❛♣♣r♦♣r✐❛t❡ ❛❧❣❡❜r❛✐❝ s②♠❜♦❧s
t♦ ✇r✐t❡ t❤❡ ❣✐✈❡♥ st❛t❡♠❡♥t✳

❊①❡r❝✐s❡ ✷✳✷✳✺✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✷✳✮

❆ ♥✉♠❜❡r ♠✐♥✉s ❡✐❣❤t ❡q✉❛❧s s❡✈❡♥t❡❡♥✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✼

❊①❡r❝✐s❡ ✷✳✷✳✺✶
❋✐✈❡ t✐♠❡s ❛ ♥✉♠❜❡r✱ ♠✐♥✉s ♦♥❡✱ ❡q✉❛❧s ③❡r♦✳

❊①❡r❝✐s❡ ✷✳✷✳✺✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✷✳✮

❆ ♥✉♠❜❡r ❞✐✈✐❞❡❞ ❜② s✐① ✐s ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ ❢♦rt②✲❢♦✉r✳

❊①❡r❝✐s❡ ✷✳✷✳✺✸
❙✐①t❡❡♥ ♠✐♥✉s t✇✐❝❡ ❛ ♥✉♠❜❡r ❡q✉❛❧s ✜✈❡✳

❉❡t❡r♠✐♥❡ ✇❤❡t❤❡r t❤❡ st❛t❡♠❡♥ts ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s ❛r❡ tr✉❡ ♦r ❢❛❧s❡✳

❊①❡r❝✐s❡ ✷✳✷✳✺✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✷✳✮

6 − 4 (4) (1) ≤ 10

❊①❡r❝✐s❡ ✷✳✷✳✺✺
5 (4 + 2 · 10) ≥ 110

❊①❡r❝✐s❡ ✷✳✷✳✺✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✷✳✮

8 · 6 − 48 ≤ 0

❊①❡r❝✐s❡ ✷✳✷✳✺✼
20+4.3

16 < 5

❊①❡r❝✐s❡ ✷✳✷✳✺✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✷✳✮

2 [6 (1 + 4) − 8] > 3 (11 + 6)

❊①❡r❝✐s❡ ✷✳✷✳✺✾
6 [4 + 8 + 3 (26 − 15)] 3 [7 (10 − 4)]

❊①❡r❝✐s❡ ✷✳✷✳✻✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✷✳✮

❚❤❡ ♥✉♠❜❡r ♦❢ ❞✐✛❡r❡♥t ✇❛②s ✺ ♣❡♦♣❧❡ ❝❛♥ ❜❡ ❛rr❛♥❣❡❞ ✐♥ ❛ r♦✇ ✐s 5 · 4 · 3 · 2 · 1✳ ❍♦✇ ♠❛♥② ✇❛②s
✐s t❤✐s❄

❊①❡r❝✐s❡ ✷✳✷✳✻✶
❆ ❜♦① ❝♦♥t❛✐♥s ✶✵ ❝♦♠♣✉t❡r ❝❤✐♣s✳ ❚❤r❡❡ ❝❤✐♣s ❛r❡ t♦ ❜❡ ❝❤♦s❡♥ ❛t r❛♥❞♦♠✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ✇❛②s
t❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ✐s

10·9·8·7·6·5·4·3·2·1
3·2·1·7·6·5·4·3·2·1

❍♦✇ ♠❛♥② ✇❛②s ✐s t❤✐s❄

❊①❡r❝✐s❡ ✷✳✷✳✻✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✷✳✮

❚❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ♦❜t❛✐♥✐♥❣ ❢♦✉r ♦❢ ❛ ❦✐♥❞ ✐♥ ❛ ✜✈❡✲❝❛r❞ ♣♦❦❡r ❤❛♥❞ ✐s

13·48
(52·51·50·49·48)÷(5·4·3·2·1)

❲❤❛t ✐s t❤✐s ♣r♦❜❛❜✐❧✐t②❄

❊①❡r❝✐s❡ ✷✳✷✳✻✸
❚❤r❡❡ ♣❡♦♣❧❡ ❛r❡ ♦♥ ❛♥ ❡❧❡✈❛t♦r ✐♥ ❛ ✜✈❡ st♦r② ❜✉✐❧❞✐♥❣✳ ■❢ ❡❛❝❤ ♣❡rs♦♥ r❛♥❞♦♠❧② s❡❧❡❝ts ❛ ✢♦♦r
♦♥ ✇❤✐❝❤ t♦ ❣❡t ♦✛✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛t ❧❡❛st t✇♦ ♣❡♦♣❧❡ ❣❡t ♦✛ ♦♥ t❤❡ s❛♠❡ ✢♦♦r ✐s

1 − 5·4·3
5·5·5

❲❤❛t ✐s t❤✐s ♣r♦❜❛❜✐❧✐t②❄

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✷✳✸ ❚❤❡ ❘❡❛❧ ◆✉♠❜❡r ▲✐♥❡ ❛♥❞ t❤❡ ❘❡❛❧ ◆✉♠❜❡rs ✸

✷✳✸✳✶ ❖✈❡r✈✐❡✇

• ❚❤❡ ❘❡❛❧ ◆✉♠❜❡r ▲✐♥❡
• ❚❤❡ ❘❡❛❧ ◆✉♠❜❡rs
• ❖r❞❡r✐♥❣ t❤❡ ❘❡❛❧ ◆✉♠❜❡rs

✷✳✸✳✷ ❚❤❡ ❘❡❛❧ ◆✉♠❜❡r ▲✐♥❡

❘❡❛❧ ◆✉♠❜❡r ▲✐♥❡
■♥ ♦✉r st✉❞② ♦❢ ❛❧❣❡❜r❛✱ ✇❡ ✇✐❧❧ ✉s❡ s❡✈❡r❛❧ ❝♦❧❧❡❝t✐♦♥s ♦❢ ♥✉♠❜❡rs✳ ❚❤❡ r❡❛❧ ♥✉♠❜❡r ❧✐♥❡ ❛❧❧♦✇s ✉s t♦
✈✐s✉❛❧❧② ❞✐s♣❧❛② t❤❡ ♥✉♠❜❡rs ✐♥ ✇❤✐❝❤ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞✳

❆ ❧✐♥❡ ✐s ❝♦♠♣♦s❡❞ ♦❢ ✐♥✜♥✐t❡❧② ♠❛♥② ♣♦✐♥ts✳ ❚♦ ❡❛❝❤ ♣♦✐♥t ✇❡ ❝❛♥ ❛ss♦❝✐❛t❡ ❛ ✉♥✐q✉❡ ♥✉♠❜❡r✱ ❛♥❞ ✇✐t❤
❡❛❝❤ ♥✉♠❜❡r ✇❡ ❝❛♥ ❛ss♦❝✐❛t❡ ❛ ♣❛rt✐❝✉❧❛r ♣♦✐♥t✳
❈♦♦r❞✐♥❛t❡
❚❤❡ ♥✉♠❜❡r ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ♣♦✐♥t ♦♥ t❤❡ ♥✉♠❜❡r ❧✐♥❡ ✐s ❝❛❧❧❡❞ t❤❡ ❝♦♦r❞✐♥❛t❡ ♦❢ t❤❡ ♣♦✐♥t✳
●r❛♣❤
❚❤❡ ♣♦✐♥t ♦♥ ❛ ❧✐♥❡ t❤❛t ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ♣❛rt✐❝✉❧❛r ♥✉♠❜❡r ✐s ❝❛❧❧❡❞ t❤❡ ❣r❛♣❤ ♦❢ t❤❛t ♥✉♠❜❡r✳

❲❡ ❝♦♥str✉❝t t❤❡ r❡❛❧ ♥✉♠❜❡r ❧✐♥❡ ❛s ❢♦❧❧♦✇s✿

❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❘❡❛❧ ◆✉♠❜❡r ▲✐♥❡

✶✳ ❉r❛✇ ❛ ❤♦r✐③♦♥t❛❧ ❧✐♥❡✳

✷✳ ❈❤♦♦s❡ ❛♥② ♣♦✐♥t ♦♥ t❤❡ ❧✐♥❡ ❛♥❞ ❧❛❜❡❧ ✐t ✵✳ ❚❤✐s ♣♦✐♥t ✐s ❝❛❧❧❡❞ t❤❡ ♦r✐❣✐♥✳

✸✳ ❈❤♦♦s❡ ❛ ❝♦♥✈❡♥✐❡♥t ❧❡♥❣t❤✳ ❚❤✐s ❧❡♥❣t❤ ✐s ❝❛❧❧❡❞ ✧✶ ✉♥✐t✳✧ ❙t❛rt✐♥❣ ❛t ✵✱ ♠❛r❦ t❤✐s ❧❡♥❣t❤ ♦✛ ✐♥ ❜♦t❤
❞✐r❡❝t✐♦♥s✱ ❜❡✐♥❣ ❝❛r❡❢✉❧ t♦ ❤❛✈❡ t❤❡ ❧❡♥❣t❤s ❧♦♦❦ ❧✐❦❡ t❤❡② ❛r❡ ❛❜♦✉t t❤❡ s❛♠❡✳

❲❡ ♥♦✇ ❞❡✜♥❡ ❛ r❡❛❧ ♥✉♠❜❡r✳

❘❡❛❧ ◆✉♠❜❡r
❆ r❡❛❧ ♥✉♠❜❡r ✐s ❛♥② ♥✉♠❜❡r t❤❛t ✐s t❤❡ ❝♦♦r❞✐♥❛t❡ ♦❢ ❛ ♣♦✐♥t ♦♥ t❤❡ r❡❛❧ ♥✉♠❜❡r ❧✐♥❡✳
P♦s✐t✐✈❡ ❛♥❞ ◆❡❣❛t✐✈❡ ❘❡❛❧ ◆✉♠❜❡rs
❚❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ t❤❡s❡ ✐♥✜♥✐t❡❧② ♠❛♥② ♥✉♠❜❡rs ✐s ❝❛❧❧❡❞ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ r❡❛❧ ♥✉♠❜❡rs✳ ❚❤❡ r❡❛❧ ♥✉♠❜❡rs
✇❤♦s❡ ❣r❛♣❤s ❛r❡ t♦ t❤❡ r✐❣❤t ♦❢ ✵ ❛r❡ ❝❛❧❧❡❞ t❤❡ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs✳ ❚❤❡ r❡❛❧ ♥✉♠❜❡rs ✇❤♦s❡ ❣r❛♣❤s
❛♣♣❡❛r t♦ t❤❡ ❧❡❢t ♦❢ ✵ ❛r❡ ❝❛❧❧❡❞ t❤❡ ♥❡❣❛t✐✈❡ r❡❛❧ ♥✉♠❜❡rs✳

❚❤❡ ♥✉♠❜❡r ✵ ✐s ♥❡✐t❤❡r ♣♦s✐t✐✈❡ ♥♦r ♥❡❣❛t✐✈❡✳

✸❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✽✾✺✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✾

✷✳✸✳✸ ❚❤❡ ❘❡❛❧ ◆✉♠❜❡rs

❚❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ r❡❛❧ ♥✉♠❜❡rs ❤❛s ♠❛♥② s✉❜❝♦❧❧❡❝t✐♦♥s✳ ❚❤❡ s✉❜❝♦❧❧❡❝t✐♦♥s t❤❛t ❛r❡ ♦❢ ♠♦st ✐♥t❡r❡st t♦ ✉s
❛r❡ ❧✐st❡❞ ❜❡❧♦✇ ❛❧♦♥❣ ✇✐t❤ t❤❡✐r ♥♦t❛t✐♦♥s ❛♥❞ ❣r❛♣❤s✳
◆❛t✉r❛❧ ◆✉♠❜❡rs
❚❤❡ ♥❛t✉r❛❧ ♥✉♠❜❡rs (N)✿ {1, 2, 3, . . . }

❲❤♦❧❡ ◆✉♠❜❡rs
❚❤❡ ✇❤♦❧❡ ♥✉♠❜❡rs (W )✿ {0, 1, 2, 3, . . . }

◆♦t✐❝❡ t❤❛t ❡✈❡r② ♥❛t✉r❛❧ ♥✉♠❜❡r ✐s ❛ ✇❤♦❧❡ ♥✉♠❜❡r✳
■♥t❡❣❡rs
❚❤❡ ✐♥t❡❣❡rs (Z)✿ {. . . , − 3,− 2,−1, 0, 1, 2, 3, . . . }

◆♦t✐❝❡ t❤❛t ❡✈❡r② ✇❤♦❧❡ ♥✉♠❜❡r ✐s ❛♥ ✐♥t❡❣❡r✳
❘❛t✐♦♥❛❧ ◆✉♠❜❡rs
❚❤❡ r❛t✐♦♥❛❧ ♥✉♠❜❡rs (Q)✿ ❘❛t✐♦♥❛❧ ♥✉♠❜❡rs ❛r❡ r❡❛❧ ♥✉♠❜❡rs t❤❛t ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠ a/b✱ ✇❤❡r❡
a ❛♥❞ b ❛r❡ ✐♥t❡❣❡rs✱ ❛♥❞ b 6= 0✳
❋r❛❝t✐♦♥s
❘❛t✐♦♥❛❧ ♥✉♠❜❡rs ❛r❡ ❝♦♠♠♦♥❧② ❝❛❧❧❡❞ ❢r❛❝t✐♦♥s✳
❉✐✈✐s✐♦♥ ❜② ✶
❙✐♥❝❡ b ❝❛♥ ❡q✉❛❧ ✶✱ ❡✈❡r② ✐♥t❡❣❡r ✐s ❛ r❛t✐♦♥❛❧ ♥✉♠❜❡r✿ a

1 = a✳
❉✐✈✐s✐♦♥ ❜② ✵
❘❡❝❛❧❧ t❤❛t 10/2 = 5 s✐♥❝❡ 2 · 5 = 10✳ ❍♦✇❡✈❡r✱ ✐❢ 10/0 = x✱ t❤❡♥ 0 · x = 10✳ ❇✉t 0 · x = 0✱ ♥♦t ✶✵✳ ❚❤✐s
s✉❣❣❡sts t❤❛t ♥♦ q✉♦t✐❡♥t ❡①✐sts✳

◆♦✇ ❝♦♥s✐❞❡r 0/0 = x✳ ■❢ 0/0 = x✱ t❤❡♥ 0 · x = 0✳ ❇✉t t❤✐s ♠❡❛♥s t❤❛t x ❝♦✉❧❞ ❜❡ ❛♥② ♥✉♠❜❡r✱ t❤❛t ✐s✱
0/0 = 4 s✐♥❝❡ 0 · 4 = 0✱ ♦r 0/0 = 28 s✐♥❝❡ 0 · 28 = 0✳ ❚❤✐s s✉❣❣❡sts t❤❛t t❤❡ q✉♦t✐❡♥t ✐s ✐♥❞❡t❡r♠✐♥❛♥t✳
x/0 ■s ❯♥❞❡✜♥❡❞ ♦r ■♥❞❡t❡r♠✐♥❛♥t
❉✐✈✐s✐♦♥ ❜② ✵ ✐s ✉♥❞❡✜♥❡❞ ♦r ✐♥❞❡t❡r♠✐♥❛♥t✳

❉♦ ♥♦t ❞✐✈✐❞❡ ❜② ✵✳
❘❛t✐♦♥❛❧ ♥✉♠❜❡rs ❤❛✈❡ ❞❡❝✐♠❛❧ r❡♣r❡s❡♥t❛t✐♦♥s t❤❛t ❡✐t❤❡r t❡r♠✐♥❛t❡ ♦r ❞♦ ♥♦t t❡r♠✐♥❛t❡ ❜✉t ❝♦♥t❛✐♥ ❛

r❡♣❡❛t✐♥❣ ❜❧♦❝❦ ♦❢ ❞✐❣✐ts✳ ❙♦♠❡ ❡①❛♠♣❧❡s ❛r❡✿
3

4
= 0.75

︸ ︷︷ ︸

❚❡r♠✐♥❛t✐♥❣

15

11
= 1.36363636 . . .

︸ ︷︷ ︸

◆♦♥t❡r♠✐♥❛t✐♥❣✱ ❜✉t r❡♣❡❛t✐♥❣

❙♦♠❡ r❛t✐♦♥❛❧ ♥✉♠❜❡rs ❛r❡ ❣r❛♣❤❡❞ ❜❡❧♦✇✳

■rr❛t✐♦♥❛❧ ◆✉♠❜❡rs
❚❤❡ ✐rr❛t✐♦♥❛❧ ♥✉♠❜❡rs (Ir)✿ ■rr❛t✐♦♥❛❧ ♥✉♠❜❡rs ❛r❡ ♥✉♠❜❡rs t❤❛t ❝❛♥♥♦t ❜❡ ✇r✐tt❡♥ ❛s t❤❡ q✉♦t✐❡♥t ♦❢
t✇♦ ✐♥t❡❣❡rs✳ ❚❤❡② ❛r❡ ♥✉♠❜❡rs ✇❤♦s❡ ❞❡❝✐♠❛❧ r❡♣r❡s❡♥t❛t✐♦♥s ❛r❡ ♥♦♥t❡r♠✐♥❛t✐♥❣ ❛♥❞ ♥♦♥r❡♣❡❛t✐♥❣✳ ❙♦♠❡
❡①❛♠♣❧❡s ❛r❡

4.01001000100001 . . . π = 3.1415927 . . .

◆♦t✐❝❡ t❤❛t t❤❡ ❝♦❧❧❡❝t✐♦♥s ♦❢ r❛t✐♦♥❛❧ ♥✉♠❜❡rs ❛♥❞ ✐rr❛t✐♦♥❛❧ ♥✉♠❜❡rs ❤❛✈❡ ♥♦ ♥✉♠❜❡rs ✐♥ ❝♦♠♠♦♥✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✵ ❈❍❆P❚❊❘ ✷✳ ❇❆❙■❈ P❘❖P❊❘❚■❊❙ ❖❋ ❘❊❆▲ ◆❯▼❇❊❘❙

❲❤❡♥ ❣r❛♣❤❡❞ ♦♥ t❤❡ ♥✉♠❜❡r ❧✐♥❡✱ t❤❡ r❛t✐♦♥❛❧ ❛♥❞ ✐rr❛t✐♦♥❛❧ ♥✉♠❜❡rs ❛❝❝♦✉♥t ❢♦r ❡✈❡r② ♣♦✐♥t ♦♥ t❤❡
♥✉♠❜❡r ❧✐♥❡✳ ❚❤✉s ❡❛❝❤ ♣♦✐♥t ♦♥ t❤❡ ♥✉♠❜❡r ❧✐♥❡ ❤❛s ❛ ❝♦♦r❞✐♥❛t❡ t❤❛t ✐s ❡✐t❤❡r ❛ r❛t✐♦♥❛❧ ♦r ❛♥ ✐rr❛t✐♦♥❛❧
♥✉♠❜❡r✳

■♥ s✉♠♠❛r②✱ ✇❡ ❤❛✈❡

✷✳✸✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❚❤❡ s✉♠♠❛r❛② ❝❤❛rt ✐❧❧✉str❛t❡s t❤❛t

❊①❛♠♣❧❡ ✷✳✷✽
❊✈❡r② ♥❛t✉r❛❧ ♥✉♠❜❡r ✐s ❛ r❡❛❧ ♥✉♠❜❡r✳

❊①❛♠♣❧❡ ✷✳✷✾
❊✈❡r② ✇❤♦❧❡ ♥✉♠❜❡r ✐s ❛ r❡❛❧ ♥✉♠❜❡r✳

❊①❛♠♣❧❡ ✷✳✸✵
◆♦ ✐♥t❡❣❡r ✐s ❛♥ ✐rr❛t✐♦♥❛❧ ♥✉♠❜❡r✳

✷✳✸✳✺ Pr❛❝t✐❝❡ ❙❡t ❆

❊①❡r❝✐s❡ ✷✳✸✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✷✳✮

■s ❡✈❡r② ♥❛t✉r❛❧ ♥✉♠❜❡r ❛ ✇❤♦❧❡ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✷✳✸✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✷✳✮

■s ❡✈❡r② ✇❤♦❧❡ ♥✉♠❜❡r ❛♥ ✐♥t❡❣❡r❄

❊①❡r❝✐s❡ ✷✳✸✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✷✳✮

■s ❡✈❡r② ✐♥t❡❣❡r ❛ r❛t✐♦♥❛❧ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✷✳✸✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✷✳✮

■s ❡✈❡r② r❛t✐♦♥❛❧ ♥✉♠❜❡r ❛ r❡❛❧ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✷✳✸✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✷✳✮

■s ❡✈❡r② ✐♥t❡❣❡r ❛ ♥❛t✉r❛❧ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✷✳✸✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✷✳✮

■s t❤❡r❡ ❛♥ ✐♥t❡❣❡r t❤❛t ✐s ❛ ♥❛t✉r❛❧ ♥✉♠❜❡r❄

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✶

✷✳✸✳✻ ❖r❞❡r✐♥❣ t❤❡ ❘❡❛❧ ◆✉♠❜❡rs

❖r❞❡r✐♥❣ t❤❡ ❘❡❛❧ ◆✉♠❜❡rs
❆ r❡❛❧ ♥✉♠❜❡r b ✐s s❛✐❞ t♦ ❜❡ ❣r❡❛t❡r t❤❛♥ ❛ r❡❛❧ ♥✉♠❜❡r a✱ ❞❡♥♦t❡❞ b > a✱ ✐❢ t❤❡ ❣r❛♣❤ ♦❢ b ✐s t♦ t❤❡ r✐❣❤t
♦❢ t❤❡ ❣r❛♣❤ ♦❢ a ♦♥ t❤❡ ♥✉♠❜❡r ❧✐♥❡✳

✷✳✸✳✼ ❙❛♠♣❧❡ ❙❡t ❇

❆s ✇❡ ✇♦✉❧❞ ❡①♣❡❝t✱ 5 > 2 s✐♥❝❡ ✺ ✐s t♦ t❤❡ r✐❣❤t ♦❢ ✷ ♦♥ t❤❡ ♥✉♠❜❡r ❧✐♥❡✳ ❆❧s♦✱ −2 > − 5 s✐♥❝❡ −2 ✐s t♦
t❤❡ r✐❣❤t ♦❢ −5 ♦♥ t❤❡ ♥✉♠❜❡r ❧✐♥❡✳

✷✳✸✳✽ Pr❛❝t✐❝❡ ❙❡t ❇

❊①❡r❝✐s❡ ✷✳✸✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✷✳✮

❆r❡ ❛❧❧ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs ❣r❡❛t❡r t❤❛♥ ✵❄

❊①❡r❝✐s❡ ✷✳✸✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✷✳✮

❆r❡ ❛❧❧ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs ❣r❡❛t❡r t❤❛♥ ❛❧❧ ♥❡❣❛t✐✈❡ ♥✉♠❜❡rs❄

❊①❡r❝✐s❡ ✷✳✸✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✷✳✮

■s ✵ ❣r❡❛t❡r t❤❛♥ ❛❧❧ ♥❡❣❛t✐✈❡ ♥✉♠❜❡rs❄

❊①❡r❝✐s❡ ✷✳✸✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✷✳✮

■s t❤❡r❡ ❛ ❧❛r❣❡st ♣♦s✐t✐✈❡ ♥✉♠❜❡r❄ ■s t❤❡r❡ ❛ s♠❛❧❧❡st ♥❡❣❛t✐✈❡ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✷✳✸✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✷✳✮

❍♦✇ ♠❛♥② r❡❛❧ ♥✉♠❜❡rs ❛r❡ t❤❡r❡❄ ❍♦✇ ♠❛♥② r❡❛❧ ♥✉♠❜❡rs ❛r❡ t❤❡r❡ ❜❡t✇❡❡♥ ✵ ❛♥❞ ✶❄

✷✳✸✳✾ ❙❛♠♣❧❡ ❙❡t ❈

❊①❛♠♣❧❡ ✷✳✸✶
❲❤❛t ✐♥t❡❣❡rs ❝❛♥ r❡♣❧❛❝❡ x s♦ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t ✐s tr✉❡❄

−4 ≤ x < 2

❚❤✐s st❛t❡♠❡♥t ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ♥✉♠❜❡r r❡♣r❡s❡♥t❡❞ ❜② x ✐s ❜❡t✇❡❡♥ −4 ❛♥❞ ✷✳ ❙♣❡❝✐✜❝❛❧❧②✱
−4 ✐s ❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦ x✱ ❛♥❞ ❛t t❤❡ s❛♠❡ t✐♠❡✱ x ✐s str✐❝t❧② ❧❡ss t❤❛♥ ✷✳ ❚❤✐s st❛t❡♠❡♥t ✐s ❛♥
❡①❛♠♣❧❡ ♦❢ ❛ ❝♦♠♣♦✉♥❞ ✐♥❡q✉❛❧✐t②✳

❚❤❡ ✐♥t❡❣❡rs ❛r❡ −4, − 3, − 2, − 1, 0, 1✳

❊①❛♠♣❧❡ ✷✳✸✷
❉r❛✇ ❛ ♥✉♠❜❡r ❧✐♥❡ t❤❛t ❡①t❡♥❞s ❢r♦♠ −3 t♦ ✼✳ P❧❛❝❡ ♣♦✐♥ts ❛t ❛❧❧ ✇❤♦❧❡ ♥✉♠❜❡rs ❜❡t✇❡❡♥ ❛♥❞
✐♥❝❧✉❞✐♥❣ −2 ❛♥❞ ✻✳

❊①❛♠♣❧❡ ✷✳✸✸
❉r❛✇ ❛ ♥✉♠❜❡r ❧✐♥❡ t❤❛t ❡①t❡♥❞s ❢r♦♠ −4 t♦ ✻ ❛♥❞ ♣❧❛❝❡ ♣♦✐♥ts ❛t ❛❧❧ r❡❛❧ ♥✉♠❜❡rs ❣r❡❛t❡r t❤❛♥
♦r ❡q✉❛❧ t♦ ✸ ❜✉t str✐❝t❧② ❧❡ss t❤❛♥ ✺✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✷ ❈❍❆P❚❊❘ ✷✳ ❇❆❙■❈ P❘❖P❊❘❚■❊❙ ❖❋ ❘❊❆▲ ◆❯▼❇❊❘❙

■t ✐s ❝✉st♦♠❛r② t♦ ✉s❡ ❛ ❝❧♦s❡❞ ❝✐r❝❧❡ t♦ ✐♥❞✐❝❛t❡ t❤❛t ❛ ♣♦✐♥t ✐s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❣r❛♣❤ ❛♥❞ ❛♥
♦♣❡♥ ❝✐r❝❧❡ t♦ ✐♥❞✐❝❛t❡ t❤❛t ❛ ♣♦✐♥t ✐s ♥♦t ✐♥❝❧✉❞❡❞✳

✷✳✸✳✶✵ Pr❛❝t✐❝❡ ❙❡t ❈

❊①❡r❝✐s❡ ✷✳✸✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✷✳✮

❲❤❛t ✇❤♦❧❡ ♥✉♠❜❡rs ❝❛♥ r❡♣❧❛❝❡ x s♦ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t ✐s tr✉❡❄

−3 ≤ x < 3

❊①❡r❝✐s❡ ✷✳✸✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✷✳✮

❉r❛✇ ❛ ♥✉♠❜❡r ❧✐♥❡ t❤❛t ❡①t❡♥❞s ❢r♦♠ −5 t♦ ✸ ❛♥❞ ♣❧❛❝❡ ♣♦✐♥ts ❛t ❛❧❧ ♥✉♠❜❡rs ❣r❡❛t❡r t❤❛♥ ♦r
❡q✉❛❧ t♦ −4 ❜✉t str✐❝t❧② ❧❡ss t❤❛♥ ✷✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✸

✷✳✸✳✶✶ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ♥❡①t t♦ ❡❛❝❤ r❡❛❧ ♥✉♠❜❡r✱ ♥♦t❡ ❛❧❧ ❝♦❧❧❡❝t✐♦♥s t♦ ✇❤✐❝❤ ✐t ❜❡❧♦♥❣s ❜② ✇r✐t✐♥❣ N
❢♦r ♥❛t✉r❛❧ ♥✉♠❜❡rs✱ W ❢♦r ✇❤♦❧❡ ♥✉♠❜❡rs✱ Z ❢♦r ✐♥t❡❣❡rs✱ Q ❢♦r r❛t✐♦♥❛❧ ♥✉♠❜❡rs✱ Ir ❢♦r ✐rr❛t✐♦♥❛❧ ♥✉♠❜❡rs✱
❛♥❞ R ❢♦r r❡❛❧ ♥✉♠❜❡rs✳ ❙♦♠❡ ♥✉♠❜❡rs ♠❛② r❡q✉✐r❡ ♠♦r❡ t❤❛♥ ♦♥❡ ❧❡tt❡r✳

❊①❡r❝✐s❡ ✷✳✸✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✷✳✮
1
2

❊①❡r❝✐s❡ ✷✳✸✳✶✺
−12

❊①❡r❝✐s❡ ✷✳✸✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✸✳✮

✵

❊①❡r❝✐s❡ ✷✳✸✳✶✼
−24 7

8

❊①❡r❝✐s❡ ✷✳✸✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✸✳✮

86.3333 . . .

❊①❡r❝✐s❡ ✷✳✸✳✶✾
49.125125125 . . .

❊①❡r❝✐s❡ ✷✳✸✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✸✳✮

−15.07

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❞r❛✇ ❛ ♥✉♠❜❡r ❧✐♥❡ t❤❛t ❡①t❡♥❞s ❢r♦♠ −3 t♦ ✸✳ ▲♦❝❛t❡ ❡❛❝❤ r❡❛❧ ♥✉♠❜❡r ♦♥ t❤❡
♥✉♠❜❡r ❧✐♥❡ ❜② ♣❧❛❝✐♥❣ ❛ ♣♦✐♥t ✭❝❧♦s❡❞ ❝✐r❝❧❡✮ ❛t ✐ts ❛♣♣r♦①✐♠❛t❡ ❧♦❝❛t✐♦♥✳

❊①❡r❝✐s❡ ✷✳✸✳✷✶
1 1

2

❊①❡r❝✐s❡ ✷✳✸✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✸✳✮

−2

❊①❡r❝✐s❡ ✷✳✸✳✷✸
− 1

8

❊①❡r❝✐s❡ ✷✳✸✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✸✳✮

■s ✵ ❛ ♣♦s✐t✐✈❡ ♥✉♠❜❡r✱ ♥❡❣❛t✐✈❡ ♥✉♠❜❡r✱ ♥❡✐t❤❡r✱ ♦r ❜♦t❤❄

❊①❡r❝✐s❡ ✷✳✸✳✷✺
❆♥ ✐♥t❡❣❡r ✐s ❛♥ ❡✈❡♥ ✐♥t❡❣❡r ✐❢ ✐t ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ❜② ✷ ✇✐t❤♦✉t ❛ r❡♠❛✐♥❞❡r❀ ♦t❤❡r✇✐s❡ t❤❡ ♥✉♠❜❡r
✐s ♦❞❞✳ ❉r❛✇ ❛ ♥✉♠❜❡r ❧✐♥❡ t❤❛t ❡①t❡♥❞s ❢r♦♠ −5 t♦ ✺ ❛♥❞ ♣❧❛❝❡ ♣♦✐♥ts ❛t ❛❧❧ ♥❡❣❛t✐✈❡ ❡✈❡♥ ✐♥t❡❣❡rs
❛♥❞ ❛t ❛❧❧ ♣♦s✐t✐✈❡ ♦❞❞ ✐♥t❡❣❡rs✳

❊①❡r❝✐s❡ ✷✳✸✳✷✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✸✳✮

❉r❛✇ ❛ ♥✉♠❜❡r ❧✐♥❡ t❤❛t ❡①t❡♥❞s ❢r♦♠ −5 t♦ ✺✳ P❧❛❝❡ ♣♦✐♥ts ❛t ❛❧❧ ✐♥t❡❣❡rs str✐❝t❧② ❣r❡❛t❡r t❤❛♥
−3 ❜✉t str✐❝t❧② ❧❡ss t❤❛♥ ✹✳

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❞r❛✇ ❛ ♥✉♠❜❡r ❧✐♥❡ t❤❛t ❡①t❡♥❞s ❢r♦♠ −5 t♦ ✺✳ P❧❛❝❡ ♣♦✐♥ts ❛t ❛❧❧ r❡❛❧ ♥✉♠❜❡rs
❜❡t✇❡❡♥ ❛♥❞ ✐♥❝❧✉❞✐♥❣ ❡❛❝❤ ♣❛✐r ♦❢ ♥✉♠❜❡rs✳

❊①❡r❝✐s❡ ✷✳✸✳✷✼
−5 ❛♥❞ −2

❊①❡r❝✐s❡ ✷✳✸✳✷✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✸✳✮

−3 ❛♥❞ ✹

❊①❡r❝✐s❡ ✷✳✸✳✷✾
−4 ❛♥❞ ✵

❊①❡r❝✐s❡ ✷✳✸✳✸✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✸✳✮

❉r❛✇ ❛ ♥✉♠❜❡r ❧✐♥❡ t❤❛t ❡①t❡♥❞s ❢r♦♠ −5 t♦ ✺✳ ■s ✐t ♣♦ss✐❜❧❡ t♦ ❧♦❝❛t❡ ❛♥② ♥✉♠❜❡rs t❤❛t ❛r❡
str✐❝t❧② ❣r❡❛t❡r t❤❛♥ ✸ ❜✉t ❛❧s♦ str✐❝t❧② ❧❡ss t❤❛♥ −2❄

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✹ ❈❍❆P❚❊❘ ✷✳ ❇❆❙■❈ P❘❖P❊❘❚■❊❙ ❖❋ ❘❊❆▲ ◆❯▼❇❊❘❙

❋♦r t❤❡ ♣❛✐rs ♦❢ r❡❛❧ ♥✉♠❜❡rs s❤♦✇♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✇r✐t❡ t❤❡ ❛♣♣r♦♣r✐❛t❡ r❡❧❛t✐♦♥ s②♠❜♦❧
(< , > , =) ✐♥ ♣❧❛❝❡ ♦❢ t❤❡ ∗✳

❊①❡r❝✐s❡ ✷✳✸✳✸✶
−5 ∗ −1

❊①❡r❝✐s❡ ✷✳✸✳✸✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✸✳✮

−3 ∗ 0

❊①❡r❝✐s❡ ✷✳✸✳✸✸
−4 ∗ 7

❊①❡r❝✐s❡ ✷✳✸✳✸✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✸✳✮

6 ∗ −1

❊①❡r❝✐s❡ ✷✳✸✳✸✺
− 1

4 ∗ − 3
4

❊①❡r❝✐s❡ ✷✳✸✳✸✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✸✳✮

■s t❤❡r❡ ❛ ❧❛r❣❡st r❡❛❧ ♥✉♠❜❡r❄ ■❢ s♦✱ ✇❤❛t ✐s ✐t❄

❊①❡r❝✐s❡ ✷✳✸✳✸✼
■s t❤❡r❡ ❛ ❧❛r❣❡st ✐♥t❡❣❡r❄ ■❢ s♦✱ ✇❤❛t ✐s ✐t❄

❊①❡r❝✐s❡ ✷✳✸✳✸✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✸✳✮

■s t❤❡r❡ ❛ ❧❛r❣❡st t✇♦✲❞✐❣✐t ✐♥t❡❣❡r❄ ■❢ s♦✱ ✇❤❛t ✐s ✐t❄

❊①❡r❝✐s❡ ✷✳✸✳✸✾
■s t❤❡r❡ ❛ s♠❛❧❧❡st ✐♥t❡❣❡r❄ ■❢ s♦✱ ✇❤❛t ✐s ✐t❄

❊①❡r❝✐s❡ ✷✳✸✳✹✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✸✳✮

■s t❤❡r❡ ❛ s♠❛❧❧❡st ✇❤♦❧❡ ♥✉♠❜❡r❄ ■❢ s♦✱ ✇❤❛t ✐s ✐t❄

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✇❤❛t ♥✉♠❜❡rs ❝❛♥ r❡♣❧❛❝❡ x s♦ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❛r❡ tr✉❡❄

❊①❡r❝✐s❡ ✷✳✸✳✹✶

−1 ≤ x ≤ 5 x ❛♥ ✐♥t❡❣❡r

❊①❡r❝✐s❡ ✷✳✸✳✹✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✸✳✮

−7 < x < − 1, x ❛♥ ✐♥t❡❣❡r

❊①❡r❝✐s❡ ✷✳✸✳✹✸

−3 ≤ x ≤ 2, x ❛ ♥❛t✉r❛❧ ♥✉♠❜❡r

❊①❡r❝✐s❡ ✷✳✸✳✹✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✸✳✮

−15 < x ≤ −1, x ❛ ♥❛t✉r❛❧ ♥✉♠❜❡r

❊①❡r❝✐s❡ ✷✳✸✳✹✺

−5 ≤ x < 5, x ❛✇❤♦❧❡ ♥✉♠❜❡r

❊①❡r❝✐s❡ ✷✳✸✳✹✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✸✳✮

❚❤❡ t❡♠♣❡r❛t✉r❡ ✐♥ t❤❡ ❞❡s❡rt t♦❞❛② ✇❛s ♥✐♥❡t②✲✜✈❡ ❞❡❣r❡❡s✳ ❘❡♣r❡s❡♥t t❤✐s t❡♠♣❡r❛t✉r❡ ❜② ❛
r❛t✐♦♥❛❧ ♥✉♠❜❡r✳

❊①❡r❝✐s❡ ✷✳✸✳✹✼
❚❤❡ t❡♠♣❡r❛t✉r❡ t♦❞❛② ✐♥ ❈♦❧♦r❛❞♦ ❙♣r✐♥❣s ✇❛s ❡✐❣❤t ❞❡❣r❡❡s ❜❡❧♦✇ ③❡r♦✳ ❘❡♣r❡s❡♥t t❤✐s t❡♠♣❡r✲
❛t✉r❡ ✇✐t❤ ❛ r❡❛❧ ♥✉♠❜❡r✳

❊①❡r❝✐s❡ ✷✳✸✳✹✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✸✳✮

■s ❡✈❡r② ✐♥t❡❣❡r ❛ r❛t✐♦♥❛❧ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✷✳✸✳✹✾
■s ❡✈❡r② r❛t✐♦♥❛❧ ♥✉♠❜❡r ❛♥ ✐♥t❡❣❡r❄

❊①❡r❝✐s❡ ✷✳✸✳✺✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✸✳✮

❈❛♥ t✇♦ r❛t✐♦♥❛❧ ♥✉♠❜❡rs ❜❡ ❛❞❞❡❞ t♦❣❡t❤❡r t♦ ②✐❡❧❞ ❛♥ ✐♥t❡❣❡r❄ ■❢ s♦✱ ❣✐✈❡ ❛♥ ❡①❛♠♣❧❡✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✺

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ♦♥ t❤❡ ♥✉♠❜❡r ❧✐♥❡✱ ❤♦✇ ♠❛♥② ✉♥✐ts ✭✐♥t❡r✈❛❧s✮ ❛r❡ t❤❡r❡ ❜❡t✇❡❡♥❄

❊①❡r❝✐s❡ ✷✳✸✳✺✶
✵ ❛♥❞ ✷❄

❊①❡r❝✐s❡ ✷✳✸✳✺✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✸✳✮

−5 ❛♥❞ ✵❄

❊①❡r❝✐s❡ ✷✳✸✳✺✸
✵ ❛♥❞ ✻❄

❊①❡r❝✐s❡ ✷✳✸✳✺✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✸✳✮

−8 ❛♥❞ ✵❄

❊①❡r❝✐s❡ ✷✳✸✳✺✺
−3 ❛♥❞ ✹❄

❊①❡r❝✐s❡ ✷✳✸✳✺✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✸✳✮

m ❛♥❞ n✱ m > n❄

❊①❡r❝✐s❡ ✷✳✸✳✺✼
−a ❛♥❞ −b✱ −b > − a ❄

✷✳✸✳✶✷ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✷✳✸✳✺✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✸✳✮

✭❙❡❝t✐♦♥ ✷✳✷✮ ❋✐♥❞ t❤❡ ✈❛❧✉❡ ♦❢ 6 + 3 (15 − 8) − 4✳

❊①❡r❝✐s❡ ✷✳✸✳✺✾
✭❙❡❝t✐♦♥ ✷✳✷✮ ❋✐♥❞ t❤❡ ✈❛❧✉❡ ♦❢ 5 (8 − 6) + 3 (5 + 2 · 3)✳

❊①❡r❝✐s❡ ✷✳✸✳✻✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✸✳✮

✭❙❡❝t✐♦♥ ✷✳✷✮ ❆r❡ t❤❡ st❛t❡♠❡♥ts y < 4 ❛♥❞ y ≥ 4 t❤❡ s❛♠❡ ♦r ❞✐✛❡r❡♥t❄

❊①❡r❝✐s❡ ✷✳✸✳✻✶
✭❙❡❝t✐♦♥ ✷✳✷✮ ❯s❡ ❛❧❣❡❜r❛✐❝ ♥♦t❛t✐♦♥ t♦ ✇r✐t❡ t❤❡ st❛t❡♠❡♥t ✧s✐① t✐♠❡s ❛ ♥✉♠❜❡r ✐s ❧❡ss t❤❛♥ ♦r
❡q✉❛❧ t♦ ❡❧❡✈❡♥✳✧

❊①❡r❝✐s❡ ✷✳✸✳✻✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✹✳✮

✭❙❡❝t✐♦♥ ✷✳✷✮ ■s t❤❡ st❛t❡♠❡♥t 8 (15 − 3 · 4) − 3 · 7 ≥ 3 tr✉❡ ♦r ❢❛❧s❡❄

✷✳✹ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ❘❡❛❧ ◆✉♠❜❡rs ✹

✷✳✹✳✶ ❖✈❡r✈✐❡✇

• ❚❤❡ ❈❧♦s✉r❡ Pr♦♣❡rt✐❡s
• ❚❤❡ ❈♦♠♠✉t❛t✐✈❡ Pr♦♣❡rt✐❡s
• ❚❤❡ ❆ss♦❝✐❛t✐✈❡ Pr♦♣❡rt✐❡s
• ❚❤❡ ❉✐str✐❜✉t✐✈❡ Pr♦♣❡rt✐❡s
• ❚❤❡ ■❞❡♥t✐t② Pr♦♣❡rt✐❡s
• ❚❤❡ ■♥✈❡rs❡ Pr♦♣❡rt✐❡s

Pr♦♣❡rt②
❆ ♣r♦♣❡rt② ♦❢ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♦❜❥❡❝ts ✐s ❛ ❝❤❛r❛❝t❡r✐st✐❝ t❤❛t ❞❡s❝r✐❜❡s t❤❡ ❝♦❧❧❡❝t✐♦♥✳ ❲❡ s❤❛❧❧ ♥♦✇ ❡①❛♠✐♥❡
s♦♠❡ ♦❢ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ r❡❛❧ ♥✉♠❜❡rs✳ ❚❤❡ ♣r♦♣❡rt✐❡s ✇❡ ✇✐❧❧ ❡①❛♠✐♥❡ ❛r❡ ❡①♣r❡ss❡❞ ✐♥
t❡r♠s ♦❢ ❛❞❞✐t✐♦♥ ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥✳

✹❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✽✾✹✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✻ ❈❍❆P❚❊❘ ✷✳ ❇❆❙■❈ P❘❖P❊❘❚■❊❙ ❖❋ ❘❊❆▲ ◆❯▼❇❊❘❙

✷✳✹✳✷ ❚❤❡ ❈❧♦s✉r❡ Pr♦♣❡rt✐❡s

❚❤❡ ❈❧♦s✉r❡ Pr♦♣❡rt✐❡s
■❢ a ❛♥❞ b ❛r❡ r❡❛❧ ♥✉♠❜❡rs✱ t❤❡♥ a + b ✐s ❛ ✉♥✐q✉❡ r❡❛❧ ♥✉♠❜❡r✱ ❛♥❞ a · b ✐s ❛ ✉♥✐q✉❡ r❡❛❧ ♥✉♠❜❡r✳

❋♦r ❡①❛♠♣❧❡✱ ✸ ❛♥❞ ✶✶ ❛r❡ r❡❛❧ ♥✉♠❜❡rs❀ 3 + 11 = 14 ❛♥❞ 3 · 11 = 33, ❛♥❞ ❜♦t❤ ✶✹ ❛♥❞ ✸✸ ❛r❡ r❡❛❧
♥✉♠❜❡rs✳ ❆❧t❤♦✉❣❤ t❤✐s ♣r♦♣❡rt② s❡❡♠s ♦❜✈✐♦✉s✱ s♦♠❡ ❝♦❧❧❡❝t✐♦♥s ❛r❡ ♥♦t ❝❧♦s❡❞ ✉♥❞❡r ❝❡rt❛✐♥ ♦♣❡r❛t✐♦♥s✳
❋♦r ❡①❛♠♣❧❡✱

❊①❛♠♣❧❡ ✷✳✸✹
❚❤❡ r❡❛❧ ♥✉♠❜❡rs ❛r❡ ♥♦t ❝❧♦s❡❞ ✉♥❞❡r ❞✐✈✐s✐♦♥ s✐♥❝❡✱ ❛❧t❤♦✉❣❤ ✺ ❛♥❞ ✵ ❛r❡ r❡❛❧ ♥✉♠❜❡rs✱ 5/0 ❛♥❞
0/0 ❛r❡ ♥♦t r❡❛❧ ♥✉♠❜❡rs✳

❊①❛♠♣❧❡ ✷✳✸✺
❚❤❡ ♥❛t✉r❛❧ ♥✉♠❜❡rs ❛r❡ ♥♦t ❝❧♦s❡❞ ✉♥❞❡r s✉❜tr❛❝t✐♦♥ s✐♥❝❡✱ ❛❧t❤♦✉❣❤ ✽ ✐s ❛ ♥❛t✉r❛❧ ♥✉♠❜❡r✱ 8− 8
✐s ♥♦t✳ ✭8 − 8 = 0 ❛♥❞ ✵ ✐s ♥♦t ❛ ♥❛t✉r❛❧ ♥✉♠❜❡r✳✮

✷✳✹✳✸ ❚❤❡ ❈♦♠♠✉t❛t✐✈❡ Pr♦♣❡rt✐❡s

▲❡t a ❛♥❞ b r❡♣r❡s❡♥t r❡❛❧ ♥✉♠❜❡rs✳
❚❤❡ ❈♦♠♠✉t❛t✐✈❡ Pr♦♣❡rt✐❡s

❈❖▼▼❯❚❆❚■❱❊P❘❖P❊❘❚❨

❖❋❆❉❉■❚■❖◆

❈❖▼▼❯❚❆❚■❱❊P❘❖P❊❘❚❨

❖❋▼❯▲❚■P▲■❈❆❚■❖◆

a + b = b + a a · b = b · a
❚❤❡ ❝♦♠♠✉t❛t✐✈❡ ♣r♦♣❡rt✐❡s t❡❧❧ ✉s t❤❛t t✇♦ ♥✉♠❜❡rs ❝❛♥ ❜❡ ❛❞❞❡❞ ♦r ♠✉❧t✐♣❧✐❡❞ ✐♥ ❛♥② ♦r❞❡r ✇✐t❤♦✉t

❛✛❡❝t✐♥❣ t❤❡ r❡s✉❧t✳

✷✳✹✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡①❛♠♣❧❡s ♦❢ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ♣r♦♣❡rt✐❡s✳

❊①❛♠♣❧❡ ✷✳✸✻

3 + 4 = 4 + 3 ❇♦t❤ ❡q✉❛❧ 7.

❊①❛♠♣❧❡ ✷✳✸✼

5 + x = x + 5 ❇♦t❤ r❡♣r❡s❡♥t t❤❡ s❛♠❡ s✉♠✳

❊①❛♠♣❧❡ ✷✳✸✽

4 · 8 = 8 · 4 ❇♦t❤ ❡q✉❛❧ ✸✷✳

❊①❛♠♣❧❡ ✷✳✸✾

y7 = 7y ❇♦t❤ r❡♣r❡s❡♥t t❤❡ s❛♠❡ ♣r♦❞✉❝t✳

❊①❛♠♣❧❡ ✷✳✹✵

5 (a + 1) = (a + 1) 5 ❇♦t❤ r❡♣r❡s❡♥t t❤❡ s❛♠❡ ♣r♦❞✉❝t✳

❊①❛♠♣❧❡ ✷✳✹✶

(x + 4) (y + 2) = (y + 2) (x + 4) ❇♦t❤ r❡♣r❡s❡♥t t❤❡ s❛♠❡ ♣r♦❞✉❝t✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✼

✷✳✹✳✺ Pr❛❝t✐❝❡ ❙❡t ❆

❋✐❧❧ ✐♥ t❤❡
( )

✇✐t❤ t❤❡ ♣r♦♣❡r ♥✉♠❜❡r ♦r ❧❡tt❡r s♦ ❛s t♦ ♠❛❦❡ t❤❡ st❛t❡♠❡♥t tr✉❡✳ ❯s❡ t❤❡ ❝♦♠♠✉t❛t✐✈❡

♣r♦♣❡rt✐❡s✳

❊①❡r❝✐s❡ ✷✳✹✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✹✳✮

6 + 5 =
( )

+ 6

❊①❡r❝✐s❡ ✷✳✹✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✹✳✮

m + 12 = 12 +
( )

❊①❡r❝✐s❡ ✷✳✹✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✹✳✮

9 · 7 =
( )

· 9
❊①❡r❝✐s❡ ✷✳✹✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✹✳✮

6a = a
( )

❊①❡r❝✐s❡ ✷✳✹✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✹✳✮

4 (k − 5) =
( )

4

❊①❡r❝✐s❡ ✷✳✹✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✹✳✮

(9a − 1)
( )

= (2b + 7) (9a − 1)

✷✳✹✳✻ ❚❤❡ ❆ss♦❝✐❛t✐✈❡ Pr♦♣❡rt✐❡s

▲❡t a, b, ❛♥❞ c r❡♣r❡s❡♥t r❡❛❧ ♥✉♠❜❡rs✳
❚❤❡ ❆ss♦❝✐❛t✐✈❡ Pr♦♣❡rt✐❡s

❆❙❙❖❈■❆❚■❱❊P❘❖P❊❘❚❨

❖❋❆❉❉■❚■❖◆

❆❙❙❖❈■❆❚■❱❊P❘❖P❊❘❚❨

❖❋▼❯▲❚■P▲■❈❆❚■❖◆

(a + b) + c = a + (b + c) (ab) c = a (bc)

❚❤❡ ❛ss♦❝✐❛t✐✈❡ ♣r♦♣❡rt✐❡s t❡❧❧ ✉s t❤❛t ✇❡ ♠❛② ❣r♦✉♣ t♦❣❡t❤❡r t❤❡ q✉❛♥t✐t✐❡s ❛s ✇❡ ♣❧❡❛s❡ ✇✐t❤♦✉t ❛✛❡❝t✐♥❣
t❤❡ r❡s✉❧t✳

✷✳✹✳✼ ❙❛♠♣❧❡ ❙❡t ❇

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡s s❤♦✇ ❤♦✇ t❤❡ ❛ss♦❝✐❛t✐✈❡ ♣r♦♣❡rt✐❡s ❝❛♥ ❜❡ ✉s❡❞✳

❊①❛♠♣❧❡ ✷✳✹✷

(2 + 6) + 1 = 2 + (6 + 1)

8 + 1 = 2 + 7

9 = 9 ❇♦t❤ ❡q✉❛❧ ✾✳

❊①❛♠♣❧❡ ✷✳✹✸

(3 + x) + 17 = 3 + (x + 17) ❇♦t❤ r❡♣r❡s❡♥t t❤❡ s❛♠❡ s✉♠✳

❊①❛♠♣❧❡ ✷✳✹✹

(2 · 3) · 5 = 2 · (3 · 5)

6 · 5 = 2 · 15

30 = 30 ❇♦t❤ ❡q✉❛❧ 30.

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✽ ❈❍❆P❚❊❘ ✷✳ ❇❆❙■❈ P❘❖P❊❘❚■❊❙ ❖❋ ❘❊❆▲ ◆❯▼❇❊❘❙

❊①❛♠♣❧❡ ✷✳✹✺

(9y) 4 = 9 (y4) ❇♦t❤ r❡♣r❡s❡♥t t❤❡ s❛♠❡ ♣r♦❞✉❝t✳

✷✳✹✳✽ Pr❛❝t✐❝❡ ❙❡t ❇

❋✐❧❧ ✐♥ t❤❡
( )

t♦ ♠❛❦❡ ❡❛❝❤ st❛t❡♠❡♥t tr✉❡✳ ❯s❡ t❤❡ ❛ss♦❝✐❛t✐✈❡ ♣r♦♣❡rt✐❡s✳

❊①❡r❝✐s❡ ✷✳✹✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✹✳✮

(9 + 2) + 5 = 9 +
( )

❊①❡r❝✐s❡ ✷✳✹✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✹✳✮

x + (5 + y) =
( )

+ y

❊①❡r❝✐s❡ ✷✳✹✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✹✳✮

(11a) 6 = 11
( )

❊①❡r❝✐s❡ ✷✳✹✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✹✳✮

[(7m − 2) (m + 3)] (m + 4) = (7m − 2)
[( ) ( )]

✷✳✹✳✾ ❙❛♠♣❧❡ ❙❡t ❈

❊①❛♠♣❧❡ ✷✳✹✻
❙✐♠♣❧✐❢② ✭r❡❛rr❛♥❣❡ ✐♥t♦ ❛ s✐♠♣❧❡r ❢♦r♠✮✿ 5x6b8ac4✳

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ♣r♦♣❡rt② ♦❢ ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ ✇❡ ❝❛♥ ♠❛❦❡ ❛ s❡r✐❡s ♦❢ ❝♦♥s❡❝✉t✐✈❡
s✇✐t❝❤❡s ❛♥❞ ❣❡t ❛❧❧ t❤❡ ♥✉♠❜❡rs t♦❣❡t❤❡r ❛♥❞ ❛❧❧ t❤❡ ❧❡tt❡rs t♦❣❡t❤❡r✳

5 · 6 · 8 · 4 · x · b · a · c
960xbac ▼✉❧t✐♣❧② t❤❡ ♥✉♠❜❡rs✳

960abcx ❇② ❝♦♥✈❡♥t✐♦♥✱ ✇❡✇✐❧❧✱ ✇❤❡♥ ♣♦ss✐❜❧❡✱ ✇r✐t❡ ❛❧❧ ❧❡tt❡rs ✐♥ ❛❧♣❤❛❜❡t✐❝❛❧ ♦r❞❡r✳

✷✳✹✳✶✵ Pr❛❝t✐❝❡ ❙❡t ❈

❙✐♠♣❧✐❢② ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❛♥t✐t✐❡s✳

❊①❡r❝✐s❡ ✷✳✹✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✹✳✮

3a7y9d

❊①❡r❝✐s❡ ✷✳✹✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✹✳✮

6b8acz4 · 5
❊①❡r❝✐s❡ ✷✳✹✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✹✳✮

4p6qr3 (a + b)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✾

✷✳✹✳✶✶ ❚❤❡ ❉✐str✐❜✉t✐✈❡ Pr♦♣❡rt✐❡s

❲❤❡♥ ✇❡ ✇❡r❡ ✜rst ✐♥tr♦❞✉❝❡❞ t♦ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✇❡ s❛✇ t❤❛t ✐t ✇❛s ❞❡✈❡❧♦♣❡❞ ❛s ❛ ❞❡s❝r✐♣t✐♦♥ ❢♦r r❡♣❡❛t❡❞
❛❞❞✐t✐♦♥✳

4 + 4 + 4 = 3 · 4
◆♦t✐❝❡ t❤❛t t❤❡r❡ ❛r❡ t❤r❡❡ ✹✬s✱ t❤❛t ✐s✱ ✹ ❛♣♣❡❛rs ✸ t✐♠❡s✳ ❍❡♥❝❡✱ ✸ t✐♠❡s ✹✳

❲❡ ❦♥♦✇ t❤❛t ❛❧❣❡❜r❛ ✐s ❣❡♥❡r❛❧✐③❡❞ ❛r✐t❤♠❡t✐❝✳ ❲❡ ❝❛♥ ♥♦✇ ♠❛❦❡ ❛♥ ✐♠♣♦rt❛♥t ❣❡♥❡r❛❧✐③❛t✐♦♥✳
❲❤❡♥ ❛ ♥✉♠❜❡r a ✐s ❛❞❞❡❞ r❡♣❡❛t❡❞❧② n t✐♠❡s✱ ✇❡ ❤❛✈❡

a + a + a + · · · + a
︸ ︷︷ ︸

a ❛♣♣❡❛rsn t✐♠❡s

❚❤❡♥✱ ✉s✐♥❣ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❛s ❛ ❞❡s❝r✐♣t✐♦♥ ❢♦r r❡♣❡❛t❡❞ ❛❞❞✐t✐♦♥✱ ✇❡ ❝❛♥ r❡♣❧❛❝❡

a + a + a + · · · + a
︸ ︷︷ ︸

n t✐♠❡s

✇✐t❤ na

❋♦r ❡①❛♠♣❧❡✿

❊①❛♠♣❧❡ ✷✳✹✼
x + x + x + x ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s 4x s✐♥❝❡ x ✐s r❡♣❡❛t❡❞❧② ❛❞❞❡❞ ✹ t✐♠❡s✳

x + x + x + x = 4x

❊①❛♠♣❧❡ ✷✳✹✽
r + r ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s 2r s✐♥❝❡ r ✐s r❡♣❡❛t❡❞❧② ❛❞❞❡❞ ✷ t✐♠❡s✳

r + r = 2r

❚❤❡ ❞✐str✐❜✉t✐✈❡ ♣r♦♣❡rt② ✐♥✈♦❧✈❡s ❜♦t❤ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❛♥❞ ❛❞❞✐t✐♦♥✳ ▲❡t✬s r❡✇r✐t❡ 4 (a + b) . ❲❡ ♣r♦❝❡❡❞ ❜②
r❡❛❞✐♥❣ 4 (a + b) ❛s ❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥✿ ✹ t✐♠❡s t❤❡ q✉❛♥t✐t② (a + b)✳ ❚❤✐s ❞✐r❡❝ts ✉s t♦ ✇r✐t❡

4 (a + b) = (a + b) + (a + b) + (a + b) + (a + b)

= a + b + a + b + a + b + a + b

◆♦✇ ✇❡ ✉s❡ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ♣r♦♣❡rt② ♦❢ ❛❞❞✐t✐♦♥ t♦ ❝♦❧❧❡❝t ❛❧❧ t❤❡ a✬s t♦❣❡t❤❡r ❛♥❞ ❛❧❧ t❤❡ b✬s t♦❣❡t❤❡r✳

4 (a + b) = a + a + a + a
︸ ︷︷ ︸

4a✬s

+ b + b + b + b
︸ ︷︷ ︸

4b✬s

◆♦✇✱ ✉s✐♥❣ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❛s ❛ ❞❡s❝r✐♣t✐♦♥ ❢♦r r❡♣❡❛t❡❞ ❛❞❞✐t✐♦♥✱ ✇❡ ❤❛✈❡

4 (a + b) = 4a + 4b

❲❡ ❤❛✈❡ ❞✐str✐❜✉t❡❞ t❤❡ ✹ ♦✈❡r t❤❡ s✉♠ t♦ ❜♦t❤ a ❛♥❞ b✳

❚❤❡ ❉✐str✐❜✉t✐✈❡ Pr♦♣❡rt②

a (b + c) = a · b + a · c (b + c) a = a · b + a · c
❚❤❡ ❞✐str✐❜✉t✐✈❡ ♣r♦♣❡rt② ✐s ✉s❡❢✉❧ ✇❤❡♥ ✇❡ ❝❛♥♥♦t ♦r ❞♦ ♥♦t ✇✐s❤ t♦ ♣❡r❢♦r♠ ♦♣❡r❛t✐♦♥s ✐♥s✐❞❡ ♣❛r❡♥✲

t❤❡s❡s✳

✷✳✹✳✶✷ ❙❛♠♣❧❡ ❙❡t ❉

❯s❡ t❤❡ ❞✐str✐❜✉t✐✈❡ ♣r♦♣❡rt② t♦ r❡✇r✐t❡ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❛♥t✐t✐❡s✳
❊①❛♠♣❧❡ ✷✳✹✾

❊①❛♠♣❧❡ ✷✳✺✵

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✵ ❈❍❆P❚❊❘ ✷✳ ❇❆❙■❈ P❘❖P❊❘❚■❊❙ ❖❋ ❘❊❆▲ ◆❯▼❇❊❘❙

❊①❛♠♣❧❡ ✷✳✺✶

✷✳✹✳✶✸ Pr❛❝t✐❝❡ ❙❡t ❉

❊①❡r❝✐s❡ ✷✳✹✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✹✳✮

❲❤❛t ♣r♦♣❡rt② ♦❢ r❡❛❧ ♥✉♠❜❡rs ❥✉st✐✜❡s
a (b + c) = (b + c) a?

❯s❡ t❤❡ ❞✐str✐❜✉t✐✈❡ ♣r♦♣❡rt② t♦ r❡✇r✐t❡ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❛♥t✐t✐❡s✳

❊①❡r❝✐s❡ ✷✳✹✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✹✳✮

3 (2 + 1)

❊①❡r❝✐s❡ ✷✳✹✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✹✳✮

(x + 6) 7

❊①❡r❝✐s❡ ✷✳✹✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✹✳✮

4 (a + y)

❊①❡r❝✐s❡ ✷✳✹✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✹✳✮

(9 + 2) a

❊①❡r❝✐s❡ ✷✳✹✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✹✳✮

a (x + 5)

❊①❡r❝✐s❡ ✷✳✹✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✹✳✮

1 (x + y)

✷✳✹✳✶✹ ❚❤❡ ■❞❡♥t✐t② Pr♦♣❡rt✐❡s

❆❞❞✐t✐✈❡ ■❞❡♥t✐t②
❚❤❡ ♥✉♠❜❡r ✵ ✐s ❝❛❧❧❡❞ t❤❡ ❛❞❞✐t✐✈❡ ✐❞❡♥t✐t② s✐♥❝❡ ✇❤❡♥ ✐t ✐s ❛❞❞❡❞ t♦ ❛♥② r❡❛❧ ♥✉♠❜❡r✱ ✐t ♣r❡s❡r✈❡s t❤❡
✐❞❡♥t✐t② ♦❢ t❤❛t ♥✉♠❜❡r✳ ❩❡r♦ ✐s t❤❡ ♦♥❧② ❛❞❞✐t✐✈❡ ✐❞❡♥t✐t②✳
❋♦r ❡①❛♠♣❧❡✱ 6 + 0 = 6✳
▼✉❧t✐♣❧✐❝❛t✐✈❡ ■❞❡♥t✐t②
❚❤❡ ♥✉♠❜❡r ✶ ✐s ❝❛❧❧❡❞ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ✐❞❡♥t✐t② s✐♥❝❡ ✇❤❡♥ ✐t ♠✉❧t✐♣❧✐❡s ❛♥② r❡❛❧ ♥✉♠❜❡r✱ ✐t ♣r❡s❡r✈❡s
t❤❡ ✐❞❡♥t✐t② ♦❢ t❤❛t ♥✉♠❜❡r✳ ❖♥❡ ✐s t❤❡ ♦♥❧② ♠✉❧t✐♣❧✐❝❛t✐✈❡ ✐❞❡♥t✐t②✳
❋♦r ❡①❛♠♣❧❡ 6 · 1 = 6✳

❲❡ s✉♠♠❛r✐③❡ t❤❡ ✐❞❡♥t✐t② ♣r♦♣❡rt✐❡s ❛s ❢♦❧❧♦✇s✳

❆❉❉■❚■❱❊ ■❉❊◆❚■❚❨

P❘❖P❊❘❚❨

▼❯▲❚■P▲■❈❆❚■❱❊ ■❉❊◆❚■❚❨

P❘❖P❊❘❚❨

■❢ a ✐s ❛ r❡❛❧ ♥✉♠❜❡r✱ t❤❡♥ ■❢ a ✐s ❛ r❡❛❧ ♥✉♠❜❡r✱ t❤❡♥

a + 0 = a ❛♥❞ 0 + a = a a · 1 = a ❛♥❞ 1 · a = a

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✶

✷✳✹✳✶✺ ❚❤❡ ■♥✈❡rs❡ Pr♦♣❡rt✐❡s

❆❞❞✐t✐✈❡ ■♥✈❡rs❡s
❲❤❡♥ t✇♦ ♥✉♠❜❡rs ❛r❡ ❛❞❞❡❞ t♦❣❡t❤❡r ❛♥❞ t❤❡ r❡s✉❧t ✐s t❤❡ ❛❞❞✐t✐✈❡ ✐❞❡♥t✐t②✱ ✵✱ t❤❡ ♥✉♠❜❡rs ❛r❡ ❝❛❧❧❡❞
❛❞❞✐t✐✈❡ ✐♥✈❡rs❡s ♦❢ ❡❛❝❤ ♦t❤❡r✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❤❡♥ ✸ ✐s ❛❞❞❡❞ t♦ −3 t❤❡ r❡s✉❧t ✐s ✵✱ t❤❛t ✐s✱ 3 + (−3) = 0✳
❚❤❡ ♥✉♠❜❡rs ✸ ❛♥❞ −3 ❛r❡ ❛❞❞✐t✐✈❡ ✐♥✈❡rs❡s ♦❢ ❡❛❝❤ ♦t❤❡r✳
▼✉❧t✐♣❧✐❝❛t✐✈❡ ■♥✈❡rs❡s
❲❤❡♥ t✇♦ ♥✉♠❜❡rs ❛r❡ ♠✉❧t✐♣❧✐❡❞ t♦❣❡t❤❡r ❛♥❞ t❤❡ r❡s✉❧t ✐s t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ✐❞❡♥t✐t②✱ ✶✱ t❤❡ ♥✉♠❜❡rs ❛r❡
❝❛❧❧❡❞♠✉❧t✐♣❧✐❝❛t✐✈❡ ✐♥✈❡rs❡s ♦❢ ❡❛❝❤ ♦t❤❡r✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❤❡♥ ✻ ❛♥❞ 1

6 ❛r❡ ♠✉❧t✐♣❧✐❡❞ t♦❣❡t❤❡r✱ t❤❡ r❡s✉❧t
✐s ✶✱ t❤❛t ✐s✱ 6 · 1

6 = 1✳ ❚❤❡ ♥✉♠❜❡rs ✻ ❛♥❞ 1
6 ❛r❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ✐♥✈❡rs❡s ♦❢ ❡❛❝❤ ♦t❤❡r✳

❲❡ s✉♠♠❛r✐③❡ t❤❡ ✐♥✈❡rs❡ ♣r♦♣❡rt✐❡s ❛s ❢♦❧❧♦✇s✳

❚❤❡ ■♥✈❡rs❡ Pr♦♣❡rt✐❡s

✶✳ ■❢ a ✐s ❛♥② r❡❛❧ ♥✉♠❜❡r✱ t❤❡♥ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ r❡❛❧ ♥✉♠❜❡r −a✱ s✉❝❤ t❤❛t

a + (−a) = 0 ❛♥❞ −a + a = 0

❚❤❡ ♥✉♠❜❡rs a ❛♥❞ −a ❛r❡ ❝❛❧❧❡❞ ❛❞❞✐t✐✈❡ ✐♥✈❡rs❡s ♦❢ ❡❛❝❤ ♦t❤❡r✳
✷✳ ■❢ a ✐s ❛♥② ♥♦♥③❡r♦ r❡❛❧ ♥✉♠❜❡r✱ t❤❡♥ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ r❡❛❧ ♥✉♠❜❡r 1

a s✉❝❤ t❤❛t

a · 1
a = 1 ❛♥❞ 1

a
· a = 1

❚❤❡ ♥✉♠❜❡rs a ❛♥❞ 1
a ❛r❡ ❝❛❧❧❡❞ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ✐♥✈❡rs❡s ♦❢ ❡❛❝❤ ♦t❤❡r✳

❊①♣❛♥❞✐♥❣ ◗✉❛♥t✐t✐❡s
❲❤❡♥ ✇❡ ♣❡r❢♦r♠ ♦♣❡r❛t✐♦♥s s✉❝❤ ❛s 6 (a + 3) = 6a + 18✱ ✇❡ s❛② ✇❡ ❛r❡ ❡①♣❛♥❞✐♥❣ t❤❡ q✉❛♥t✐t② 6 (a + 3)✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✷ ❈❍❆P❚❊❘ ✷✳ ❇❆❙■❈ P❘❖P❊❘❚■❊❙ ❖❋ ❘❊❆▲ ◆❯▼❇❊❘❙

✷✳✹✳✶✻ ❊①❡r❝✐s❡s

❯s❡ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ♣r♦♣❡rt② ♦❢ ❛❞❞✐t✐♦♥ ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥ t♦ ✇r✐t❡ ❡①♣r❡ss✐♦♥s ❢♦r ❛♥ ❡q✉❛❧ ♥✉♠❜❡r ❢♦r
t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✳ ❨♦✉ ♥❡❡❞ ♥♦t ♣❡r❢♦r♠ ❛♥② ❝❛❧❝✉❧❛t✐♦♥s✳

❊①❡r❝✐s❡ ✷✳✹✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✹✳✮

x + 3

❊①❡r❝✐s❡ ✷✳✹✳✷✷
5 + y

❊①❡r❝✐s❡ ✷✳✹✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✹✳✮

10x

❊①❡r❝✐s❡ ✷✳✹✳✷✹
18z

❊①❡r❝✐s❡ ✷✳✹✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✹✳✮

r6

❊①❡r❝✐s❡ ✷✳✹✳✷✻
ax

❊①❡r❝✐s❡ ✷✳✹✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✹✳✮

xc

❊①❡r❝✐s❡ ✷✳✹✳✷✽
7 (2 + b)

❊①❡r❝✐s❡ ✷✳✹✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✺✳✮

6 (s + 1)

❊①❡r❝✐s❡ ✷✳✹✳✸✵
(8 + a) (x + 6)

❊①❡r❝✐s❡ ✷✳✹✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✺✳✮

(x + 16) (a + 7)

❊①❡r❝✐s❡ ✷✳✹✳✸✷
(x + y) (x − y)

❊①❡r❝✐s❡ ✷✳✹✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✺✳✮

0.06m

❊①❡r❝✐s❡ ✷✳✹✳✸✹

❊①❡r❝✐s❡ ✷✳✹✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✺✳✮

5 (6h + 1)

❊①❡r❝✐s❡ ✷✳✹✳✸✻
m (a + 2b)

❊①❡r❝✐s❡ ✷✳✹✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✺✳✮

k (10a − b)

❊①❡r❝✐s❡ ✷✳✹✳✸✽
(21c) (0.008)

❊①❡r❝✐s❡ ✷✳✹✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✺✳✮

(−16) (4)

❊①❡r❝✐s❡ ✷✳✹✳✹✵
(5) (b − 6)

❊①❡r❝✐s❡ ✷✳✹✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✺✳✮

� · [U+25CB]

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✸

❊①❡r❝✐s❡ ✷✳✹✳✹✷

❙✐♠♣❧✐❢② ✉s✐♥❣ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ♣r♦♣❡rt② ♦❢ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✳ ❨♦✉ ♥❡❡❞ ♥♦t ✉s❡ t❤❡
❞✐str✐❜✉t✐✈❡ ♣r♦♣❡rt②✳

❊①❡r❝✐s❡ ✷✳✹✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✺✳✮

9x2y

❊①❡r❝✐s❡ ✷✳✹✳✹✹
5a6b

❊①❡r❝✐s❡ ✷✳✹✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✺✳✮

2a3b4c

❊①❡r❝✐s❡ ✷✳✹✳✹✻
5x10y5z

❊①❡r❝✐s❡ ✷✳✹✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✺✳✮

1u3r2z5m1n

❊①❡r❝✐s❡ ✷✳✹✳✹✽
6d4e1f2 (g + 2h)

❊①❡r❝✐s❡ ✷✳✹✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✺✳✮
(

1
2

)
d

(
1
4

)
e
(

1
2

)
a

❊①❡r❝✐s❡ ✷✳✹✳✺✵
3 (a + 6) 2 (a − 9) 6b

❊①❡r❝✐s❡ ✷✳✹✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✺✳✮

1 (x + 2y) (6 + z) 9 (3x + 5y)

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✉s❡ t❤❡ ❞✐str✐❜✉t✐✈❡ ♣r♦♣❡rt② t♦ ❡①♣❛♥❞ t❤❡ q✉❛♥t✐t✐❡s✳

❊①❡r❝✐s❡ ✷✳✹✳✺✷
2 (y + 9)

❊①❡r❝✐s❡ ✷✳✹✳✺✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✺✳✮

b (r + 5)

❊①❡r❝✐s❡ ✷✳✹✳✺✹
m (u + a)

❊①❡r❝✐s❡ ✷✳✹✳✺✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✺✳✮

k (j + 1)

❊①❡r❝✐s❡ ✷✳✹✳✺✻
x (2y + 5)

❊①❡r❝✐s❡ ✷✳✹✳✺✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✺✳✮

z (x + 9w)

❊①❡r❝✐s❡ ✷✳✹✳✺✽
(1 + d) e

❊①❡r❝✐s❡ ✷✳✹✳✺✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✺✳✮

(8 + 2f) g

❊①❡r❝✐s❡ ✷✳✹✳✻✵
c (2a + 10b)

❊①❡r❝✐s❡ ✷✳✹✳✻✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✺✳✮

15x (2y + 3z)

❊①❡r❝✐s❡ ✷✳✹✳✻✷
8y (12a + b)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✹ ❈❍❆P❚❊❘ ✷✳ ❇❆❙■❈ P❘❖P❊❘❚■❊❙ ❖❋ ❘❊❆▲ ◆❯▼❇❊❘❙

❊①❡r❝✐s❡ ✷✳✹✳✻✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✺✳✮

z (x + y + m)

❊①❡r❝✐s❡ ✷✳✹✳✻✹
(a + 6) (x + y)

❊①❡r❝✐s❡ ✷✳✹✳✻✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✺✳✮

(x + 10) (a + b + c)

❊①❡r❝✐s❡ ✷✳✹✳✻✻
1 (x + y)

❊①❡r❝✐s❡ ✷✳✹✳✻✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✺✳✮

1 (a + 16)

❊①❡r❝✐s❡ ✷✳✹✳✻✽

0.48 (0.34a + 0.61)

❊①❡r❝✐s❡ ✷✳✹✳✻✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✺✳✮

21.5 (16.2a + 3.8b + 0.7c)

❊①❡r❝✐s❡ ✷✳✹✳✼✵

❊①❡r❝✐s❡ ✷✳✹✳✼✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✺✳✮

2zt (Lm + 8k)

✷✳✹✳✶✼ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✷✳✹✳✼✷
✭❙❡❝t✐♦♥ ✷✳✷✮ ❋✐♥❞ t❤❡ ✈❛❧✉❡ ♦❢ 4 · 2 + 5 (2 · 4 − 6 ÷ 3) − 2 · 5✳
❊①❡r❝✐s❡ ✷✳✹✳✼✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✺✳✮

✭❙❡❝t✐♦♥ ✷✳✷✮ ■s t❤❡ st❛t❡♠❡♥t 3 (5 · 3 − 3 · 5) + 6 · 2 − 3 · 4 < 0 tr✉❡ ♦r ❢❛❧s❡❄

❊①❡r❝✐s❡ ✷✳✹✳✼✹
✭❙❡❝t✐♦♥ ✷✳✸✮ ❉r❛✇ ❛ ♥✉♠❜❡r ❧✐♥❡ t❤❛t ❡①t❡♥❞s ❢r♦♠ −2 t♦ ✷ ❛♥❞ ♣❧❛❝❡ ♣♦✐♥ts ❛t ❛❧❧ ✐♥t❡❣❡rs
❜❡t✇❡❡♥ ❛♥❞ ✐♥❝❧✉❞✐♥❣ −2 ❛♥❞ ✸✳

❊①❡r❝✐s❡ ✷✳✹✳✼✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✺✳✮

✭❙❡❝t✐♦♥ ✷✳✸✮ ❘❡♣❧❛❝❡ t❤❡ ∗ ✇✐t❤ t❤❡ ❛♣♣r♦♣r✐❛t❡ r❡❧❛t✐♦♥ s②♠❜♦❧ (< ,> ) . − 7 ∗ −3✳

❊①❡r❝✐s❡ ✷✳✹✳✼✻
✭❙❡❝t✐♦♥ ✷✳✸✮ ❲❤❛t ✇❤♦❧❡ ♥✉♠❜❡rs ❝❛♥ r❡♣❧❛❝❡ x s♦ t❤❛t t❤❡ st❛t❡♠❡♥t −2 ≤ x < 2 ✐s tr✉❡❄

✷✳✺ ❊①♣♦♥❡♥ts ✺

✷✳✺✳✶ ❖✈❡r✈✐❡✇

• ❊①♣♦♥❡♥t✐❛❧ ◆♦t❛t✐♦♥
• ❘❡❛❞✐♥❣ ❊①♣♦♥❡♥t✐❛❧ ◆♦t❛t✐♦♥
• ❚❤❡ ❖r❞❡r ♦❢ ❖♣❡r❛t✐♦♥s

✺❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✽✽✸✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✺

✷✳✺✳✷ ❊①♣♦♥❡♥t✐❛❧ ◆♦t❛t✐♦♥

■♥ ❙❡❝t✐♦♥ ❙❡❝t✐♦♥ ✷✳✹ ✇❡ ✇❡r❡ r❡♠✐♥❞❡❞ t❤❛t ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✐s ❛ ❞❡s❝r✐♣t✐♦♥ ❢♦r r❡♣❡❛t❡❞ ❛❞❞✐t✐♦♥✳ ❆ ♥❛t✉r❛❧
q✉❡st✐♦♥ ✐s ✏■s t❤❡r❡ ❛ ❞❡s❝r✐♣t✐♦♥ ❢♦r r❡♣❡❛t❡❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥❄✑ ❚❤❡ ❛♥s✇❡r ✐s ②❡s✳ ❚❤❡ ♥♦t❛t✐♦♥ t❤❛t
❞❡s❝r✐❜❡s r❡♣❡❛t❡❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✐s ❡①♣♦♥❡♥t✐❛❧ ♥♦t❛t✐♦♥✳
❋❛❝t♦rs
■♥ ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ t❤❡ ♥✉♠❜❡rs ❜❡✐♥❣ ♠✉❧t✐♣❧✐❡❞ t♦❣❡t❤❡r ❛r❡ ❝❛❧❧❡❞ ❢❛❝t♦rs✳ ■♥ r❡♣❡❛t❡❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ ❛❧❧
t❤❡ ❢❛❝t♦rs ❛r❡ t❤❡ s❛♠❡✳ ■♥ ♥♦♥r❡♣❡❛t❡❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ ♥♦♥❡ ♦❢ t❤❡ ❢❛❝t♦rs ❛r❡ t❤❡ s❛♠❡✳ ❋♦r ❡①❛♠♣❧❡✱

❊①❛♠♣❧❡ ✷✳✺✷

18 · 18 · 18 · 18 ❘❡♣❡❛t❡❞♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ 18.❆❧❧ ❢♦✉r ❢❛❝t♦rs, 18, ❛r❡ t❤❡ s❛♠❡✳

x · x · x · x · x ❘❡♣❡❛t❡❞♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢x.❆❧❧ ✜✈❡ ❢❛❝t♦rs, x, ❛r❡ t❤❡ s❛♠❡✳

3 · 7 · a ◆♦♥r❡♣❡❛t❡❞♠✉❧t✐♣❧✐❝❛t✐♦♥✳◆♦♥❡ ♦❢ t❤❡ ❢❛❝t♦rs ❛r❡ t❤❡ s❛♠❡✳

❊①♣♦♥❡♥t✐❛❧ ♥♦t❛t✐♦♥ ✐s ✉s❡❞ t♦ s❤♦✇ r❡♣❡❛t❡❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ s❛♠❡ ❢❛❝t♦r✳ ❚❤❡ ♥♦t❛t✐♦♥ ❝♦♥s✐sts ♦❢
✉s✐♥❣ ❛ s✉♣❡rs❝r✐♣t ♦♥ t❤❡ ❢❛❝t♦r t❤❛t ✐s r❡♣❡❛t❡❞✳ ❚❤❡ s✉♣❡rs❝r✐♣t ✐s ❝❛❧❧❡❞ ❛♥ ❡①♣♦♥❡♥t✳
❊①♣♦♥❡♥t✐❛❧ ◆♦t❛t✐♦♥
■❢ x ✐s ❛♥② r❡❛❧ ♥✉♠❜❡r ❛♥❞ n ✐s ❛ ♥❛t✉r❛❧ ♥✉♠❜❡r✱ t❤❡♥

xn = x · x · x · ... · x
︸ ︷︷ ︸

n ❢❛❝t♦rs ♦❢x

❆♥ ❡①♣♦♥❡♥t r❡❝♦r❞s t❤❡ ♥✉♠❜❡r ♦❢ ✐❞❡♥t✐❝❛❧ ❢❛❝t♦rs ✐♥ ❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥✳
◆♦t❡ t❤❛t t❤❡ ❞❡✜♥✐t✐♦♥ ❢♦r ❡①♣♦♥❡♥t✐❛❧ ♥♦t❛t✐♦♥ ♦♥❧② ❤❛s ♠❡❛♥✐♥❣ ❢♦r ♥❛t✉r❛❧ ♥✉♠❜❡r ❡①♣♦♥❡♥ts✳ ❲❡

✇✐❧❧ ❡①t❡♥❞ t❤✐s ♥♦t❛t✐♦♥ t♦ ✐♥❝❧✉❞❡ ♦t❤❡r ♥✉♠❜❡rs ❛s ❡①♣♦♥❡♥ts ❧❛t❡r✳

✷✳✺✳✸ ❙❛♠♣❧❡ ❙❡t ❆

❊①❛♠♣❧❡ ✷✳✺✸
7 · 7 · 7 · 7 · 7 · 7 = 76✳

❚❤❡ r❡♣❡❛t❡❞ ❢❛❝t♦r ✐s ✼✳ ❚❤❡ ❡①♣♦♥❡♥t ✻ r❡❝♦r❞s t❤❡ ❢❛❝t t❤❛t ✼ ❛♣♣❡❛rs ✻ t✐♠❡s ✐♥ t❤❡
♠✉❧t✐♣❧✐❝❛t✐♦♥✳

❊①❛♠♣❧❡ ✷✳✺✹
x · x · x · x = x4✳

❚❤❡ r❡♣❡❛t❡❞ ❢❛❝t♦r ✐s x✳ ❚❤❡ ❡①♣♦♥❡♥t ✹ r❡❝♦r❞s t❤❡ ❢❛❝t t❤❛t x ❛♣♣❡❛rs ✹ t✐♠❡s ✐♥ t❤❡
♠✉❧t✐♣❧✐❝❛t✐♦♥✳

❊①❛♠♣❧❡ ✷✳✺✺
(2y) (2y) (2y) = (2y)

3
✳

❚❤❡ r❡♣❡❛t❡❞ ❢❛❝t♦r ✐s 2y✳ ❚❤❡ ❡①♣♦♥❡♥t ✸ r❡❝♦r❞s t❤❡ ❢❛❝t t❤❛t t❤❡ ❢❛❝t♦r 2y ❛♣♣❡❛rs ✸ t✐♠❡s
✐♥ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥✳

❊①❛♠♣❧❡ ✷✳✺✻
2yyy = 2y3✳

❚❤❡ r❡♣❡❛t❡❞ ❢❛❝t♦r ✐s y✳ ❚❤❡ ❡①♣♦♥❡♥t ✸ r❡❝♦r❞s t❤❡ ❢❛❝t t❤❛t t❤❡ ❢❛❝t♦r y ❛♣♣❡❛rs ✸ t✐♠❡s ✐♥
t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥✳

❊①❛♠♣❧❡ ✷✳✺✼
(a + b) (a + b) (a − b) (a − b) (a − b) = (a + b)

2
(a − b)

3
✳

❚❤❡ r❡♣❡❛t❡❞ ❢❛❝t♦rs ❛r❡ (a + b) ❛♥❞ (a − b)✱ (a + b) ❛♣♣❡❛r✐♥❣ ✷ t✐♠❡s ❛♥❞ (a − b) ❛♣♣❡❛r✐♥❣ ✸
t✐♠❡s✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✻ ❈❍❆P❚❊❘ ✷✳ ❇❆❙■❈ P❘❖P❊❘❚■❊❙ ❖❋ ❘❊❆▲ ◆❯▼❇❊❘❙

✷✳✺✳✹ Pr❛❝t✐❝❡ ❙❡t ❆

❲r✐t❡ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉s✐♥❣ ❡①♣♦♥❡♥ts✳

❊①❡r❝✐s❡ ✷✳✺✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✺✳✮

a · a · a · a
❊①❡r❝✐s❡ ✷✳✺✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✻✳✮

(3b) (3b) (5c) (5c) (5c) (5c)

❊①❡r❝✐s❡ ✷✳✺✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✻✳✮

2 · 2 · 7 · 7 · 7 · (a − 4) (a − 4)

❊①❡r❝✐s❡ ✷✳✺✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✻✳✮

8xxxyzzzzz

❈❆❯❚■❖◆
■t ✐s ❡①tr❡♠❡❧② ✐♠♣♦rt❛♥t t♦ r❡❛❧✐③❡ ❛♥❞ r❡♠❡♠❜❡r t❤❛t ❛♥ ❡①♣♦♥❡♥t ❛♣♣❧✐❡s ♦♥❧② t♦ t❤❡ ❢❛❝t♦r t♦ ✇❤✐❝❤ ✐t ✐s
❞✐r❡❝t❧② ❝♦♥♥❡❝t❡❞✳

✷✳✺✳✺ ❙❛♠♣❧❡ ❙❡t ❇

❊①❛♠♣❧❡ ✷✳✺✽
8x3 ♠❡❛♥s 8 · xxx ❛♥❞ ♥♦t 8x8x8x✳ ❚❤❡ ❡①♣♦♥❡♥t ✸ ❛♣♣❧✐❡s ♦♥❧② t♦ t❤❡ ❢❛❝t♦r x s✐♥❝❡ ✐t ✐s ♦♥❧② t♦
t❤❡ ❢❛❝t♦r x t❤❛t t❤❡ ✸ ✐s ❝♦♥♥❡❝t❡❞✳

❊①❛♠♣❧❡ ✷✳✺✾
(8x)

3
♠❡❛♥s (8x) (8x) (8x) s✐♥❝❡ t❤❡ ♣❛r❡♥t❤❡s❡s ✐♥❞✐❝❛t❡ t❤❛t t❤❡ ❡①♣♦♥❡♥t ✸ ✐s ❞✐r❡❝t❧② ❝♦♥♥❡❝t❡❞

t♦ t❤❡ ❢❛❝t♦r 8x✳ ❘❡♠❡♠❜❡r t❤❛t t❤❡ ❣r♦✉♣✐♥❣ s②♠❜♦❧s ( ) ✐♥❞✐❝❛t❡ t❤❛t t❤❡ q✉❛♥t✐t✐❡s ✐♥s✐❞❡ ❛r❡
t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ♦♥❡ s✐♥❣❧❡ ♥✉♠❜❡r✳

❊①❛♠♣❧❡ ✷✳✻✵
34(a + 1)

2
♠❡❛♥s 34 · (a + 1) (a + 1) s✐♥❝❡ t❤❡ ❡①♣♦♥❡♥t ✷ ❛♣♣❧✐❡s ♦♥❧② t♦ t❤❡ ❢❛❝t♦r (a + 1)✳

✷✳✺✳✻ Pr❛❝t✐❝❡ ❙❡t ❇

❲r✐t❡ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇✐t❤♦✉t ❡①♣♦♥❡♥ts✳

❊①❡r❝✐s❡ ✷✳✺✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✻✳✮

4a3

❊①❡r❝✐s❡ ✷✳✺✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✻✳✮

(4a)
3

✷✳✺✳✼ ❙❛♠♣❧❡ ❙❡t ❈

❊①❛♠♣❧❡ ✷✳✻✶
❙❡❧❡❝t ❛ ♥✉♠❜❡r t♦ s❤♦✇ t❤❛t (2x)

2
✐s ♥♦t ❛❧✇❛②s ❡q✉❛❧ t♦ 2x2✳

❙✉♣♣♦s❡ ✇❡ ❝❤♦♦s❡ x t♦ ❜❡ ✺✳ ❈♦♥s✐❞❡r ❜♦t❤ (2x)
2
❛♥❞ 2x2✳

(2x)
2

2x2

(2 · 5)
2

2 · 52

(10)
2

2 · 25

100 6= 50

✭✷✳✶✮

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✼

◆♦t✐❝❡ t❤❛t (2x)
2

= 2x2 ♦♥❧② ✇❤❡♥ x = 0✳

✷✳✺✳✽ Pr❛❝t✐❝❡ ❙❡t ❈

❊①❡r❝✐s❡ ✷✳✺✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✻✳✮

❙❡❧❡❝t ❛ ♥✉♠❜❡r t♦ s❤♦✇ t❤❛t (5x)
2
✐s ♥♦t ❛❧✇❛②s ❡q✉❛❧ t♦ 5x2✳

✷✳✺✳✾ ❘❡❛❞✐♥❣ ❊①♣♦♥❡♥t✐❛❧ ◆♦t❛t✐♦♥

■♥ xn✱
❇❛s❡
x ✐s t❤❡ ❜❛s❡
❊①♣♦♥❡♥t
n ✐s t❤❡ ❡①♣♦♥❡♥t
P♦✇❡r
❚❤❡ ♥✉♠❜❡r r❡♣r❡s❡♥t❡❞ ❜② xn ✐s ❝❛❧❧❡❞ ❛ ♣♦✇❡r✳
x t♦ t❤❡ nt❤ P♦✇❡r
❚❤❡ t❡r♠ xn ✐s r❡❛❞ ❛s ✧x t♦ t❤❡ n t❤ ♣♦✇❡r✱✧ ♦r ♠♦r❡ s✐♠♣❧② ❛s ✧x t♦ t❤❡ nt❤✳✧
x ❙q✉❛r❡❞ ❛♥❞ x ❈✉❜❡❞
❚❤❡ s②♠❜♦❧ x2 ✐s ♦❢t❡♥ r❡❛❞ ❛s ✧x sq✉❛r❡❞✱✧ ❛♥❞ x3 ✐s ♦❢t❡♥ r❡❛❞ ❛s ✧x ❝✉❜❡❞✳✧ ❆ ♥❛t✉r❛❧ q✉❡st✐♦♥ ✐s ✧❲❤②
❛r❡ ❣❡♦♠❡tr✐❝ t❡r♠s ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❡①♣♦♥❡♥t ❡①♣r❡ss✐♦♥❄✧ ❚❤❡ ❛♥s✇❡r ❢♦r x3 ✐s t❤✐s✿ x3 ♠❡❛♥s x · x · x✳
■♥ ❣❡♦♠❡tr②✱ t❤❡ ✈♦❧✉♠❡ ♦❢ ❛ r❡❝t❛♥❣✉❧❛r ❜♦① ✐s ❢♦✉♥❞ ❜② ♠✉❧t✐♣❧②✐♥❣ t❤❡ ❧❡♥❣t❤ ❜② t❤❡ ✇✐❞t❤ ❜② t❤❡ ❞❡♣t❤✳
❆ ❝✉❜❡ ❤❛s t❤❡ s❛♠❡ ❧❡♥❣t❤ ♦♥ ❡❛❝❤ s✐❞❡✳ ■❢ ✇❡ r❡♣r❡s❡♥t t❤✐s ❧❡♥❣t❤ ❜② t❤❡ ❧❡tt❡r x t❤❡♥ t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡
❝✉❜❡ ✐s x · x · x✱ ✇❤✐❝❤✱ ♦❢ ❝♦✉rs❡✱ ✐s ❞❡s❝r✐❜❡❞ ❜② x3✳ ✭❈❛♥ ②♦✉ t❤✐♥❦ ♦❢ ✇❤② x2 ✐s r❡❛❞ ❛s x sq✉❛r❡❞❄✮

❈✉❜❡ ✇✐t❤
❧❡♥❣t❤ = x
✇✐❞t❤ = x
❞❡♣t❤ = x
❱♦❧✉♠❡ = xxx = x3

✷✳✺✳✶✵ ❚❤❡ ❖r❞❡r ♦❢ ❖♣❡r❛t✐♦♥s

■♥ ❙❡❝t✐♦♥ ❙❡❝t✐♦♥ ✷✳✷ ✇❡ ✇❡r❡ ✐♥tr♦❞✉❝❡❞ t♦ t❤❡ ♦r❞❡r ♦❢ ♦♣❡r❛t✐♦♥s✳ ■t ✇❛s ♥♦t❡❞ t❤❛t ✇❡ ✇♦✉❧❞ ✐♥s❡rt
❛♥♦t❤❡r ♦♣❡r❛t✐♦♥ ❜❡❢♦r❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❛♥❞ ❞✐✈✐s✐♦♥✳ ❲❡ ❝❛♥ ❞♦ t❤❛t ♥♦✇✳

❚❤❡ ❖r❞❡r ♦❢ ❖♣❡r❛t✐♦♥s

✶✳ P❡r❢♦r♠ ❛❧❧ ♦♣❡r❛t✐♦♥s ✐♥s✐❞❡ ❣r♦✉♣✐♥❣ s②♠❜♦❧s ❜❡❣✐♥♥✐♥❣ ✇✐t❤ t❤❡ ✐♥♥❡r♠♦st s❡t✳
✷✳ P❡r❢♦r♠ ❛❧❧ ❡①♣♦♥❡♥t✐❛❧ ♦♣❡r❛t✐♦♥s ❛s ②♦✉ ❝♦♠❡ t♦ t❤❡♠✱ ♠♦✈✐♥❣ ❧❡❢t✲t♦✲r✐❣❤t✳
✸✳ P❡r❢♦r♠ ❛❧❧ ♠✉❧t✐♣❧✐❝❛t✐♦♥s ❛♥❞ ❞✐✈✐s✐♦♥s ❛s ②♦✉ ❝♦♠❡ t♦ t❤❡♠✱ ♠♦✈✐♥❣ ❧❡❢t✲t♦✲r✐❣❤t✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✹✳ P❡r❢♦r♠ ❛❧❧ ❛❞❞✐t✐♦♥s ❛♥❞ s✉❜tr❛❝t✐♦♥s ❛s ②♦✉ ❝♦♠❡ t♦ t❤❡♠✱ ♠♦✈✐♥❣ ❧❡❢t✲t♦✲r✐❣❤t✳

✷✳✺✳✶✶ ❙❛♠♣❧❡ ❙❡t ❉

❯s❡ t❤❡ ♦r❞❡r ♦❢ ♦♣❡r❛t✐♦♥s t♦ s✐♠♣❧✐❢② ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣✳

❊①❛♠♣❧❡ ✷✳✻✷
22 + 5 = 4 + 5 = 9

❊①❛♠♣❧❡ ✷✳✻✸
52 + 32 + 10 = 25 + 9 + 10 = 44

❊①❛♠♣❧❡ ✷✳✻✹

22 + (5) (8) − 1 = 4 + (5) (8) − 1

= 4 + 40 − 1

= 43

❊①❛♠♣❧❡ ✷✳✻✺

7 · 6 − 42 + 15 = 7 · 6 − 16 + 1

= 42 − 16 + 1

= 27

❊①❛♠♣❧❡ ✷✳✻✻

(2 + 3)
3

+ 72 − 3(4 + 1)
2

= (5)
3

+ 72 − 3(5)
2

= 125 + 49 − 3 (25)

= 125 + 49 − 75

= 99

❊①❛♠♣❧❡ ✷✳✻✼
[

4(6 + 2)
3
]2

=
[

4(8)
3
]2

= [4 (512)]
2

= [2048]
2

= 4, 194, 304

❊①❛♠♣❧❡ ✷✳✻✽

6
(
32 + 22

)
+ 42 = 6 (9 + 4) + 42

= 6 (13) + 42

= 6 (13) + 16

= 78 + 16

= 94

❊①❛♠♣❧❡ ✷✳✻✾
62+22

42+6·22 + 13+82

102−(19)(5) = 36+4
16+6·4 + 1+64

100−95

= 36+4
16+24 + 1+64

100−95

= 40
40 + 65

5

= 1 + 13

= 14

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✾

✷✳✺✳✶✷ Pr❛❝t✐❝❡ ❙❡t ❉

❯s❡ t❤❡ ♦r❞❡r ♦❢ ♦♣❡r❛t✐♦♥s t♦ s✐♠♣❧✐❢② t❤❡ ❢♦❧❧♦✇✐♥❣✳

❊①❡r❝✐s❡ ✷✳✺✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✻✳✮

32 + 4 · 5
❊①❡r❝✐s❡ ✷✳✺✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✻✳✮

23 + 33 − 8 · 4
❊①❡r❝✐s❡ ✷✳✺✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✻✳✮

14 +
(
22 + 4

)2 ÷ 23

❊①❡r❝✐s❡ ✷✳✺✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✻✳✮
[
6

(
10 − 23

)]2 − 102 − 62

❊①❡r❝✐s❡ ✷✳✺✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✻✳✮
52+62−10

1+42 + 04−05

72−6·23

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✷✳✺✳✶✸ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✇r✐t❡ ❡❛❝❤ ♦❢ t❤❡ q✉❛♥t✐t✐❡s ✉s✐♥❣ ❡①♣♦♥❡♥t✐❛❧ ♥♦t❛t✐♦♥✳

❊①❡r❝✐s❡ ✷✳✺✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✻✳✮

b t♦ t❤❡ ❢♦✉rt❤

❊①❡r❝✐s❡ ✷✳✺✳✶✹
a sq✉❛r❡❞

❊①❡r❝✐s❡ ✷✳✺✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✻✳✮

x t♦ t❤❡ ❡✐❣❤t❤

❊①❡r❝✐s❡ ✷✳✺✳✶✻
(−3) ❝✉❜❡❞

❊①❡r❝✐s❡ ✷✳✺✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✻✳✮

✺ t✐♠❡s s sq✉❛r❡❞

❊①❡r❝✐s❡ ✷✳✺✳✶✽
✸ sq✉❛r❡❞ t✐♠❡s y t♦ t❤❡ ✜❢t❤

❊①❡r❝✐s❡ ✷✳✺✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✻✳✮

a ❝✉❜❡❞ ♠✐♥✉s (b + 7) sq✉❛r❡❞

❊①❡r❝✐s❡ ✷✳✺✳✷✵
(21 − x) ❝✉❜❡❞ ♣❧✉s (x + 5) t♦ t❤❡ s❡✈❡♥t❤

❊①❡r❝✐s❡ ✷✳✺✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✻✳✮

xxxxx

❊①❡r❝✐s❡ ✷✳✺✳✷✷
(8) (8)xxxx

❊①❡r❝✐s❡ ✷✳✺✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✻✳✮

2 · 3 · 3 · 3 · 3xxyyyyy

❊①❡r❝✐s❡ ✷✳✺✳✷✹
2 · 2 · 5 · 6 · 6 · 6xyyzzzwwww

❊①❡r❝✐s❡ ✷✳✺✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✻✳✮

7xx (a + 8) (a + 8)

❊①❡r❝✐s❡ ✷✳✺✳✷✻
10xyy (c + 5) (c + 5) (c + 5)

❊①❡r❝✐s❡ ✷✳✺✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✻✳✮

4x4x4x4x4x

❊①❡r❝✐s❡ ✷✳✺✳✷✽
(9a) (9a) (9a) (9a)

❊①❡r❝✐s❡ ✷✳✺✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✻✳✮

(−7) (−7) (−7) aabbba (−7) baab

❊①❡r❝✐s❡ ✷✳✺✳✸✵
(a − 10) (a − 10) (a + 10)

❊①❡r❝✐s❡ ✷✳✺✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✻✳✮

(z + w) (z + w) (z + w) (z − w) (z − w)

❊①❡r❝✐s❡ ✷✳✺✳✸✷
(2y) (2y) 2y2y

❊①❡r❝✐s❡ ✷✳✺✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✻✳✮

3xyxxy − (x + 1) (x + 1) (x + 1)

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❡①♣❛♥❞ t❤❡ q✉❛♥t✐t✐❡s s♦ t❤❛t ♥♦ ❡①♣♦♥❡♥ts ❛♣♣❡❛r✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✷✳✺✳✸✹
43

❊①❡r❝✐s❡ ✷✳✺✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✻✳✮

62

❊①❡r❝✐s❡ ✷✳✺✳✸✻
73y2

❊①❡r❝✐s❡ ✷✳✺✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✻✳✮

8x3y2

❊①❡r❝✐s❡ ✷✳✺✳✸✽
(
18x2y4

)2

❊①❡r❝✐s❡ ✷✳✺✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✻✳✮
(
9a3b2

)3

❊①❡r❝✐s❡ ✷✳✺✳✹✵
5x2

(
2y3

)3

❊①❡r❝✐s❡ ✷✳✺✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✼✳✮

10a3b2(3c)
2

❊①❡r❝✐s❡ ✷✳✺✳✹✷
(a + 10)

2(
a2 + 10

)2

❊①❡r❝✐s❡ ✷✳✺✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✼✳✮
(
x2 − y2

) (
x2 + y2

)

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s❡❧❡❝t ❛ ♥✉♠❜❡r ✭♦r ♥✉♠❜❡rs✮ t♦ s❤♦✇ t❤❛t

❊①❡r❝✐s❡ ✷✳✺✳✹✹
(5x)

2
✐s ♥♦t ❣❡♥❡r❛❧❧② ❡q✉❛❧ t♦ 5x2✳

❊①❡r❝✐s❡ ✷✳✺✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✼✳✮

(7x)
2
✐s ♥♦t ❣❡♥❡r❛❧❧② ❡q✉❛❧ t♦ 7x2✳

❊①❡r❝✐s❡ ✷✳✺✳✹✻
(a + b)

2
✐s ♥♦t ❣❡♥❡r❛❧❧② ❡q✉❛❧ t♦ a2 + b2✳

❊①❡r❝✐s❡ ✷✳✺✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✼✳✮

❋♦r ✇❤❛t r❡❛❧ ♥✉♠❜❡r ✐s (6a)
2
❡q✉❛❧ t♦ 6a2❄

❊①❡r❝✐s❡ ✷✳✺✳✹✽
❋♦r ✇❤❛t r❡❛❧ ♥✉♠❜❡rs✱ a ❛♥❞ b✱ ✐s (a + b)

2
❡q✉❛❧ t♦ a2 + b2❄

❯s❡ t❤❡ ♦r❞❡r ♦❢ ♦♣❡r❛t✐♦♥s t♦ s✐♠♣❧✐❢② t❤❡ q✉❛♥t✐t✐❡s ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✳

❊①❡r❝✐s❡ ✷✳✺✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✼✳✮

32 + 7

❊①❡r❝✐s❡ ✷✳✺✳✺✵
43 − 18

❊①❡r❝✐s❡ ✷✳✺✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✼✳✮

52 + 2 (40)

❊①❡r❝✐s❡ ✷✳✺✳✺✷
82 + 3 + 5 (2 + 7)

❊①❡r❝✐s❡ ✷✳✺✳✺✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✼✳✮

25 + 3 (8 + 1)

❊①❡r❝✐s❡ ✷✳✺✳✺✹
34 + 24(1 + 5)

3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✷✳✺✳✺✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✼✳✮
(
62 − 42

)
÷ 5

❊①❡r❝✐s❡ ✷✳✺✳✺✻
22

(
10 − 23

)

❊①❡r❝✐s❡ ✷✳✺✳✺✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✼✳✮
(
34 − 43

)
÷ 17

❊①❡r❝✐s❡ ✷✳✺✳✺✽
(4 + 3)

2
+ 1 ÷ (2 · 5)

❊①❡r❝✐s❡ ✷✳✺✳✺✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✼✳✮
(
24 + 25 − 23 · 5

)2 ÷ 42

❊①❡r❝✐s❡ ✷✳✺✳✻✵
16 + 08 + 52(2 + 8)

3

❊①❡r❝✐s❡ ✷✳✺✳✻✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✼✳✮

(7) (16) − 92 + 4
(
11 + 32

)

❊①❡r❝✐s❡ ✷✳✺✳✻✷
23−7
52

❊①❡r❝✐s❡ ✷✳✺✳✻✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✼✳✮
(1+6)2+2

19

❊①❡r❝✐s❡ ✷✳✺✳✻✹
62−1

5 + 43+(2)(3)
10

❊①❡r❝✐s❡ ✷✳✺✳✻✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✼✳✮
5[82−9(6)]

25−7 + 72−42

24−5

❊①❡r❝✐s❡ ✷✳✺✳✻✻
(2+1)3+23+13

62 − 152−[2(5)]2

5·52

❊①❡r❝✐s❡ ✷✳✺✳✻✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✼✳✮

63−2·102

22 +
18(23+72)
2(19)−33

✷✳✺✳✶✹ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✷✳✺✳✻✽
✭❙❡❝t✐♦♥ ✷✳✷✮ ❯s❡ ❛❧❣❡❜r❛✐❝ ♥♦t❛t✐♦♥ t♦ ✇r✐t❡ t❤❡ st❛t❡♠❡♥t ✧❛ ♥✉♠❜❡r ❞✐✈✐❞❡❞ ❜② ❡✐❣❤t✱ ♣❧✉s
✜✈❡✱ ✐s ❡q✉❛❧ t♦ t❡♥✳✧

❊①❡r❝✐s❡ ✷✳✺✳✻✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✼✳✮

✭❙❡❝t✐♦♥ ✷✳✸✮ ❉r❛✇ ❛ ♥✉♠❜❡r ❧✐♥❡ t❤❛t ❡①t❡♥❞s ❢r♦♠ −5 t♦ ✺ ❛♥❞ ♣❧❛❝❡ ♣♦✐♥ts ❛t ❛❧❧ r❡❛❧ ♥✉♠❜❡rs
t❤❛t ❛r❡ str✐❝t❧② ❣r❡❛t❡r t❤❛♥ −3 ❜✉t ❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦ ✷✳

❊①❡r❝✐s❡ ✷✳✺✳✼✵
✭❙❡❝t✐♦♥ ✷✳✸✮ ■s ❡✈❡r② ✐♥t❡❣❡r ❛ ✇❤♦❧❡ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✷✳✺✳✼✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✼✳✮

✭❙❡❝t✐♦♥ ✷✳✹✮ ❯s❡ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ♣r♦♣❡rt② ♦❢ ♠✉❧t✐♣❧✐❝❛t✐♦♥ t♦ ✇r✐t❡ ❛ ♥✉♠❜❡r ❡q✉❛❧ t♦ t❤❡
♥✉♠❜❡r yx✳

❊①❡r❝✐s❡ ✷✳✺✳✼✷
✭❙❡❝t✐♦♥ ✷✳✹✮ ❯s❡ t❤❡ ❞✐str✐❜✉t✐✈❡ ♣r♦♣❡rt② t♦ ❡①♣❛♥❞ 3 (x + 6)✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✸

✷✳✻ ❘✉❧❡s ♦❢ ❊①♣♦♥❡♥ts ✻

✷✳✻✳✶ ❖✈❡r✈✐❡✇

• ❚❤❡ Pr♦❞✉❝t ❘✉❧❡ ❢♦r ❊①♣♦♥❡♥ts
• ❚❤❡ ◗✉♦t✐❡♥t ❘✉❧❡ ❢♦r ❊①♣♦♥❡♥ts
• ❩❡r♦ ❛s ❛♥ ❊①♣♦♥❡♥t

❲❡ ✇✐❧❧ ❜❡❣✐♥ ♦✉r st✉❞② ♦❢ t❤❡ r✉❧❡s ♦❢ ❡①♣♦♥❡♥ts ❜② r❡❝❛❧❧✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❡①♣♦♥❡♥ts✳
❉❡✜♥✐t✐♦♥ ♦❢ ❊①♣♦♥❡♥ts
■❢ x ✐s ❛♥② r❡❛❧ ♥✉♠❜❡r ❛♥❞ n ✐s ❛ ♥❛t✉r❛❧ ♥✉♠❜❡r✱ t❤❡♥

xn = x · x · x · ... · x
︸ ︷︷ ︸

n ❢❛❝t♦rs ♦❢x

❆♥ ❡①♣♦♥❡♥t r❡❝♦r❞s t❤❡ ♥✉♠❜❡r ♦❢ ✐❞❡♥t✐❝❛❧ ❢❛❝t♦rs ✐♥ ❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥✳
❇❛s❡ ❊①♣♦♥❡♥t P♦✇❡r
■♥ xn✱

x ✐s t❤❡ ❜❛s❡
n ✐s t❤❡ ❡①♣♦♥❡♥t
❚❤❡ ♥✉♠❜❡r r❡♣r❡s❡♥t❡❞ ❜② xn ✐s ❝❛❧❧❡❞ ❛ ♣♦✇❡r✳

❚❤❡ t❡r♠ xn ✐s r❡❛❞ ❛s ✧x t♦ t❤❡ n t❤✳✧

✷✳✻✳✷ ❚❤❡ Pr♦❞✉❝t ❘✉❧❡ ❢♦r ❊①♣♦♥❡♥ts

❚❤❡ ✜rst r✉❧❡ ✇❡ ✇✐s❤ t♦ ❞❡✈❡❧♦♣ ✐s t❤❡ r✉❧❡ ❢♦r ♠✉❧t✐♣❧②✐♥❣ t✇♦ ❡①♣♦♥❡♥t✐❛❧ q✉❛♥t✐t✐❡s ❤❛✈✐♥❣ t❤❡ s❛♠❡
❜❛s❡ ❛♥❞ ♥❛t✉r❛❧ ♥✉♠❜❡r ❡①♣♦♥❡♥ts✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡s s✉❣❣❡st t❤✐s r✉❧❡✿

❊①❛♠♣❧❡ ✷✳✼✵

x2 · x4 = xx
︸︷︷︸

· xxxx
︸ ︷︷ ︸

= xxxxxx
︸ ︷︷ ︸

= x6

2 + 4 = 6

❢❛❝t♦rs ❢❛❝t♦rs

❊①❛♠♣❧❡ ✷✳✼✶

a · a2 = a
︸︷︷︸

· aa
︸︷︷︸

= aaa
︸︷︷︸

= a3

1 + 2 = 3

❢❛❝t♦rs ❢❛❝t♦rs

P❘❖❉❯❈❚ ❘❯▲❊ ❋❖❘ ❊❳P❖◆❊◆❚❙
■❢ x ✐s ❛ r❡❛❧ ♥✉♠❜❡r ❛♥❞ n ❛♥❞ m ❛r❡ ♥❛t✉r❛❧ ♥✉♠❜❡rs✱

xnxm = xn+m

❚♦ ♠✉❧t✐♣❧② t✇♦ ❡①♣♦♥❡♥t✐❛❧ q✉❛♥t✐t✐❡s ❤❛✈✐♥❣ t❤❡ s❛♠❡ ❜❛s❡✱ ❛❞❞ t❤❡ ❡①♣♦♥❡♥ts✳ ❑❡❡♣ ✐♥ ♠✐♥❞
t❤❛t t❤❡ ❡①♣♦♥❡♥t✐❛❧ q✉❛♥t✐t✐❡s ❜❡✐♥❣ ♠✉❧t✐♣❧✐❡❞ ♠✉st ❤❛✈❡ t❤❡ s❛♠❡ ❜❛s❡ ❢♦r t❤✐s r✉❧❡ t♦ ❛♣♣❧②✳

✻❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✵✵✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✷✳✻✳✸ ❙❛♠♣❧❡ ❙❡t ❆

❋✐♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❞✉❝ts✳ ❆❧❧ ❡①♣♦♥❡♥ts ❛r❡ ♥❛t✉r❛❧ ♥✉♠❜❡rs✳

❊①❛♠♣❧❡ ✷✳✼✷
x3 · x5 = x3+5 = x8

❊①❛♠♣❧❡ ✷✳✼✸
a6 · a14 = a6+14 = a20

❊①❛♠♣❧❡ ✷✳✼✹
y5 · y = y5 · y1 = y5+1 = y6

❊①❛♠♣❧❡ ✷✳✼✺
(x − 2y)

8
(x − 2y)

5
= (x − 2y)

8+5
= (x − 2y)

13

❊①❛♠♣❧❡ ✷✳✼✻

x3y4 6= (xy)
3+4

❙✐♥❝❡ t❤❡ ❜❛s❡s ❛r❡ ♥♦t t❤❡ s❛♠❡✱ t❤❡

♣r♦❞✉❝t r✉❧❡ ❞♦❡s ♥♦t ❛♣♣❧②✳

✷✳✻✳✹ Pr❛❝t✐❝❡ ❙❡t ❆

❋✐♥❞ ❡❛❝❤ ♣r♦❞✉❝t✳

❊①❡r❝✐s❡ ✷✳✻✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✼✳✮

x2 · x5

❊①❡r❝✐s❡ ✷✳✻✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✼✳✮

x9 · x4

❊①❡r❝✐s❡ ✷✳✻✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✼✳✮

y6 · y4

❊①❡r❝✐s❡ ✷✳✻✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✼✳✮

c12 · c8

❊①❡r❝✐s❡ ✷✳✻✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✼✳✮

(x + 2)
3 · (x + 2)

5

✷✳✻✳✺ ❙❛♠♣❧❡ ❙❡t ❇

❲❡ ❝❛♥ ✉s❡ t❤❡ ✜rst r✉❧❡ ♦❢ ❡①♣♦♥❡♥ts ✭❛♥❞ t❤❡ ♦t❤❡rs t❤❛t ✇❡ ✇✐❧❧ ❞❡✈❡❧♦♣✮ ❛❧♦♥❣ ✇✐t❤ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ r❡❛❧
♥✉♠❜❡rs✳

❊①❛♠♣❧❡ ✷✳✼✼

2x3 · 7x5 = ✷·7 · x3+5 = 14x8

❲❡ ✉s❡❞ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ❛♥❞ ❛ss♦❝✐❛t✐✈❡ ♣r♦♣❡rt✐❡s ♦❢ ♠✉❧t✐♣❧✐❝❛t✐♦♥✳ ■♥ ♣r❛❝t✐❝❡✱ ✇❡ ✉s❡ t❤❡s❡
♣r♦♣❡rt✐❡s ✏♠❡♥t❛❧❧②✑ ✭❛s s✐❣♥✐✜❡❞ ❜② t❤❡ ❞r❛✇✐♥❣ ♦❢ t❤❡ ❜♦①✮✳ ❲❡ ❞♦♥✬t ❛❝t✉❛❧❧② ✇r✐t❡ t❤❡ s❡❝♦♥❞
st❡♣✳

❊①❛♠♣❧❡ ✷✳✼✽

4y3 · 6y2 = ✹·6 · y3+2 = 24y5

❊①❛♠♣❧❡ ✷✳✼✾

9a2b6
(
8ab42b3

)
= ✾·8 · 2a2+1b6+4+3 = 144a3b13

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✺

❊①❛♠♣❧❡ ✷✳✽✵

5(a + 6)
2 · 3(a + 6)

8
= ✺·3(a + 6)

2+8 = 15(a + 6)
10

❊①❛♠♣❧❡ ✷✳✽✶
4x3 · 12 · y2 = 48x3y2

❊①❛♠♣❧❡ ✷✳✽✷

❚❤❡ ❜❛s❡s ❛r❡ t❤❡ s❛♠❡✱ s♦ ✇❡ ❛❞❞ t❤❡ ❡①♣♦♥❡♥ts✳ ❆❧t❤♦✉❣❤ ✇❡ ❞♦♥✬t ❦♥♦✇ ❡①❛❝t❧② ✇❤❛t ♥✉♠❜❡r

✐s✱ t❤❡ ♥♦t❛t✐♦♥ ✐♥❞✐❝❛t❡s t❤❡ ❛❞❞✐t✐♦♥✳

✷✳✻✳✻ Pr❛❝t✐❝❡ ❙❡t ❇

P❡r❢♦r♠ ❡❛❝❤ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✐♥ ♦♥❡ st❡♣✳

❊①❡r❝✐s❡ ✷✳✻✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✼✳✮

3x5 · 2x2

❊①❡r❝✐s❡ ✷✳✻✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✼✳✮

6y3 · 3y4

❊①❡r❝✐s❡ ✷✳✻✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✼✳✮

4a3b2 · 9a2b

❊①❡r❝✐s❡ ✷✳✻✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✼✳✮

x4 · 4y2 · 2x2 · 7y6

❊①❡r❝✐s❡ ✷✳✻✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✽✳✮

(x − y)
3 · 4(x − y)

2

❊①❡r❝✐s❡ ✷✳✻✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✽✳✮

8x4y2xx3y5

❊①❡r❝✐s❡ ✷✳✻✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✽✳✮

2aaa3
(
ab2a3

)
b6ab2

❊①❡r❝✐s❡ ✷✳✻✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✽✳✮

an · am · ar

✷✳✻✳✼ ❚❤❡ ◗✉♦t✐❡♥t ❘✉❧❡ ❢♦r ❊①♣♦♥❡♥ts

❚❤❡ s❡❝♦♥❞ r✉❧❡ ✇❡ ✇✐s❤ t♦ ❞❡✈❡❧♦♣ ✐s t❤❡ r✉❧❡ ❢♦r ❞✐✈✐❞✐♥❣ t✇♦ ❡①♣♦♥❡♥t✐❛❧ q✉❛♥t✐t✐❡s ❤❛✈✐♥❣ t❤❡ s❛♠❡ ❜❛s❡
❛♥❞ ♥❛t✉r❛❧ ♥✉♠❜❡r ❡①♣♦♥❡♥ts✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡s s✉❣❣❡st ❛ r✉❧❡ ❢♦r ❞✐✈✐❞✐♥❣ t✇♦ ❡①♣♦♥❡♥t✐❛❧ q✉❛♥t✐t✐❡s ❤❛✈✐♥❣ t❤❡ s❛♠❡ ❜❛s❡ ❛♥❞
♥❛t✉r❛❧ ♥✉♠❜❡r ❡①♣♦♥❡♥ts✳

❊①❛♠♣❧❡ ✷✳✽✸
x5

x2 = xxxxx
xx =

()xx)xxx

()xx)
= xxx = x3. ◆♦t✐❝❡ t❤❛t 5 − 2 = 3.

❊①❛♠♣❧❡ ✷✳✽✹
a8

a3 = aaaaaaaa
aaa =

()aaa)aaaaa

()aaa)
= aaaaa = a5. ◆♦t✐❝❡ t❤❛t 8 − 3 = 5.

◗❯❖❚■❊◆❚ ❘❯▲❊ ❋❖❘ ❊❳P❖◆❊◆❚❙
■❢ x ✐s ❛ r❡❛❧ ♥✉♠❜❡r ❛♥❞ n ❛♥❞ m ❛r❡ ♥❛t✉r❛❧ ♥✉♠❜❡rs✱

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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xn

xm = xn−m, x 6= 0 ✳

❚♦ ❞✐✈✐❞❡ t✇♦ ❡①♣♦♥❡♥t✐❛❧ q✉❛♥t✐t✐❡s ❤❛✈✐♥❣ t❤❡ s❛♠❡ ♥♦♥③❡r♦ ❜❛s❡✱ s✉❜tr❛❝t t❤❡ ❡①♣♦♥❡♥t ♦❢ t❤❡ ❞❡✲
♥♦♠✐♥❛t♦r ❢r♦♠ t❤❡ ❡①♣♦♥❡♥t ♦❢ t❤❡ ♥✉♠❡r❛t♦r✳ ❑❡❡♣ ✐♥ ♠✐♥❞ t❤❛t t❤❡ ❡①♣♦♥❡♥t✐❛❧ q✉❛♥t✐t✐❡s ❜❡✐♥❣ ❞✐✈✐❞❡❞
♠✉st ❤❛✈❡ t❤❡ s❛♠❡ ❜❛s❡ ❢♦r t❤✐s r✉❧❡ t♦ ❛♣♣❧②✳

✷✳✻✳✽ ❙❛♠♣❧❡ ❙❡t ❈

❋✐♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉♦t✐❡♥ts✳ ❆❧❧ ❡①♣♦♥❡♥ts ❛r❡ ♥❛t✉r❛❧ ♥✉♠❜❡rs✳

❊①❛♠♣❧❡ ✷✳✽✺
x5

x2 = ①✺✲✷ = x3 ❚❤❡ ♣❛rt ✐♥ t❤❡ ❜♦① ✐s ✉s❛❧❧② ❞♦♥❡♠❡♥t❛❧❧②✳

❊①❛♠♣❧❡ ✷✳✽✻

27a3b6c2

3a2bc
= ✾❛3−2b6−1c2−1 = 9ab5c

❊①❛♠♣❧❡ ✷✳✽✼

15x�

3x△ = 5x�−△

❚❤❡ ❜❛s❡s ❛r❡ t❤❡ s❛♠❡✱ s♦ ✇❡ s✉❜tr❛❝t t❤❡ ❡①♣♦♥❡♥ts✳ ❆❧t❤♦✉❣❤ ✇❡ ❞♦♥✬t ❦♥♦✇ ❡①❛❝t❧② ✇❤❛t
� −△ ✐s✱ t❤❡ ♥♦t❛t✐♦♥ � −△ ✐♥❞✐❝❛t❡s t❤❡ s✉❜tr❛❝t✐♦♥✳

✷✳✻✳✾ Pr❛❝t✐❝❡ ❙❡t ❈

❋✐♥❞ ❡❛❝❤ q✉♦t✐❡♥t

❊①❡r❝✐s❡ ✷✳✻✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✽✳✮
y9

y5

❊①❡r❝✐s❡ ✷✳✻✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✽✳✮
a7

a

❊①❡r❝✐s❡ ✷✳✻✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✽✳✮
(x+6)5

(x+6)3

❊①❡r❝✐s❡ ✷✳✻✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✽✳✮
26x4y6z2

13x2y2z

❲❤❡♥ ✇❡ ♠❛❦❡ t❤❡ s✉❜tr❛❝t✐♦♥✱ n − m✱ ✐♥ t❤❡ ❞✐✈✐s✐♦♥ xn

xm ✱ t❤❡r❡ ❛r❡ t❤r❡❡ ♣♦ss✐❜✐❧✐t✐❡s ❢♦r t❤❡ ✈❛❧✉❡s ♦❢ t❤❡
❡①♣♦♥❡♥ts✿

✶✳ ❚❤❡ ❡①♣♦♥❡♥t ♦❢ t❤❡ ♥✉♠❡r❛t♦r ✐s ❣r❡❛t❡r t❤❛♥ t❤❡ ❡①♣♦♥❡♥t ♦❢ t❤❡ ❞❡♥♦♠✐♥❛t♦r✱ t❤❛t ✐s✱ n > m ✳
❚❤✉s✱ t❤❡ ❡①♣♦♥❡♥t✱ n − m ✱ ✐s ❛ ♥❛t✉r❛❧ ♥✉♠❜❡r✳

✷✳ ❚❤❡ ❡①♣♦♥❡♥ts ❛r❡ t❤❡ s❛♠❡✱ t❤❛t ✐s✱ n = m✳ ❚❤✉s✱ t❤❡ ❡①♣♦♥❡♥t✱ n − m✱ ✐s ③❡r♦✱ ❛ ✇❤♦❧❡ ♥✉♠❜❡r✳
✸✳ ❚❤❡ ❡①♣♦♥❡♥t ♦❢ t❤❡ ❞❡♥♦♠✐♥❛t♦r ✐s ❣r❡❛t❡r t❤❛♥ t❤❡ ❡①♣♦♥❡♥t ♦❢ t❤❡ ♥✉♠❡r❛t♦r✱ t❤❛t ✐s✱ n < m✳ ❚❤✉s✱

t❤❡ ❡①♣♦♥❡♥t✱ n − m✱ ✐s ❛♥ ✐♥t❡❣❡r✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✼

✷✳✻✳✶✵ ❩❡r♦ ❛s ❛♥ ❊①♣♦♥❡♥t

■♥ ❙❛♠♣❧❡ ❙❡t ❈✱ t❤❡ ❡①♣♦♥❡♥ts ♦❢ t❤❡ ♥✉♠❡r❛t♦rs ✇❡r❡ ❣r❡❛t❡r t❤❛♥ t❤❡ ❡①♣♦♥❡♥ts ♦❢ t❤❡ ❞❡♥♦♠✐♥❛t♦rs✳
▲❡t✬s st✉❞② t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ ❡①♣♦♥❡♥ts ❛r❡ t❤❡ s❛♠❡✳

❲❤❡♥ t❤❡ ❡①♣♦♥❡♥ts ❛r❡ t❤❡ s❛♠❡✱ s❛② n ✱ t❤❡ s✉❜tr❛❝t✐♦♥ n − n ♣r♦❞✉❝❡s ✵✳

❚❤✉s✱ ❜② t❤❡ s❡❝♦♥❞ r✉❧❡ ♦❢ ❡①♣♦♥❡♥ts✱ xn

xn = xn−n = x0✳

❇✉t ✇❤❛t r❡❛❧ ♥✉♠❜❡r✱ ✐❢ ❛♥②✱ ❞♦❡s x0 r❡♣r❡s❡♥t❄ ▲❡t✬s t❤✐♥❦ ❢♦r ❛ ♠♦♠❡♥t ❛❜♦✉t ♦✉r ❡①♣❡r✐❡♥❝❡
✇✐t❤ ❞✐✈✐s✐♦♥ ✐♥ ❛r✐t❤♠❡t✐❝✳ ❲❡ ❦♥♦✇ t❤❛t ❛♥② ♥♦♥③❡r♦ ♥✉♠❜❡r ❞✐✈✐❞❡❞ ❜② ✐ts❡❧❢ ✐s ♦♥❡✳

8
8 = 1, 43

43 = 1, 258
258

= 1

❙✐♥❝❡ t❤❡ ❧❡tt❡r x r❡♣r❡s❡♥ts s♦♠❡ ♥♦♥③❡r♦ r❡❛❧ ♥✉♠❜❡r✱ s♦ ❞♦❡s xn✳ ❚❤✉s✱ xn

xn

r❡♣r❡s❡♥ts s♦♠❡ ♥♦♥③❡r♦ r❡❛❧ ♥✉♠❜❡r ❞✐✈✐❞❡❞ ❜② ✐ts❡❧❢✳ ❚❤❡♥ xn

xn = 1✳

❇✉t ✇❡ ❤❛✈❡ ❛❧s♦ ❡st❛❜❧✐s❤❡❞ t❤❛t ✐❢ x 6= 0, xn

xn = x0✳ ❲❡ ♥♦✇ ❤❛✈❡ t❤❛t xn

xn = x0

❛♥❞ xn

xn = 1✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t x0 = 1, x 6= 0✳

❊①♣♦♥❡♥ts ❝❛♥ ♥♦✇ ❜❡ ♥❛t✉r❛❧ ♥✉♠❜❡rs ❛♥❞ ③❡r♦✳ ❲❡ ❤❛✈❡ ❡♥❧❛r❣❡❞ ♦✉r ❝♦❧❧❡❝t✐♦♥ ♦❢ ♥✉♠❜❡rs t❤❛t
❝❛♥ ❜❡ ✉s❡❞ ❛s ❡①♣♦♥❡♥ts ❢r♦♠ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♥❛t✉r❛❧ ♥✉♠❜❡rs t♦ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ✇❤♦❧❡ ♥✉♠❜❡rs✳
❩❊❘❖ ❆❙ ❆◆ ❊❳P❖◆❊◆❚
■❢ x 6= 0, x0 = 1

❆♥② ♥✉♠❜❡r✱ ♦t❤❡r t❤❛♥ ✵✱ r❛✐s❡❞ t♦ t❤❡ ♣♦✇❡r ♦❢ ✵✱ ✐s ✶✳ 00 ❤❛s ♥♦ ♠❡❛♥✐♥❣ ✭✐t ❞♦❡s ♥♦t r❡♣r❡s❡♥t ❛
♥✉♠❜❡r✮✳

✷✳✻✳✶✶ ❙❛♠♣❧❡ ❙❡t ❉

❋✐♥❞ ❡❛❝❤ ✈❛❧✉❡✳ ❆ss✉♠❡ t❤❡ ❜❛s❡ ✐s ♥♦t ③❡r♦✳

❊①❛♠♣❧❡ ✷✳✽✽

60 = 1

❊①❛♠♣❧❡ ✷✳✽✾
2470 = 1

❊①❛♠♣❧❡ ✷✳✾✵
(2a + 5)

0
= 1

❊①❛♠♣❧❡ ✷✳✾✶

4y0 = 4 · 1 = 4

❊①❛♠♣❧❡ ✷✳✾✷

y6

y6
= y0 = 1

❊①❛♠♣❧❡ ✷✳✾✸

2x2

x2
= 2x0 = 2 · 1 = 2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✽ ❈❍❆P❚❊❘ ✷✳ ❇❆❙■❈ P❘❖P❊❘❚■❊❙ ❖❋ ❘❊❆▲ ◆❯▼❇❊❘❙

❊①❛♠♣❧❡ ✷✳✾✹

5(x+4)8(x−1)5

5(x+4)3(x−1)5
= (x + 4)

8−3
(x − 1)

5−5

= (x + 4)
5
(x − 1)

0

= (x + 4)
5

✷✳✻✳✶✷ Pr❛❝t✐❝❡ ❙❡t ❉

❋✐♥❞ ❡❛❝❤ ✈❛❧✉❡✳ ❆ss✉♠❡ t❤❡ ❜❛s❡ ✐s ♥♦t ③❡r♦✳

❊①❡r❝✐s❡ ✷✳✻✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✽✳✮
y7

y3

❊①❡r❝✐s❡ ✷✳✻✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✽✳✮
6x4

2x3

❊①❡r❝✐s❡ ✷✳✻✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✽✳✮
14a7

7a2

❊①❡r❝✐s❡ ✷✳✻✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✽✳✮
26x2y5

4xy2

❊①❡r❝✐s❡ ✷✳✻✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✽✳✮
36a4b3c8

8ab3c6

❊①❡r❝✐s❡ ✷✳✻✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✽✳✮
51(a−4)3

17(a−4)

❊①❡r❝✐s❡ ✷✳✻✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✽✳✮
52a7b3(a+b)8

26a2b(a+b)8

❊①❡r❝✐s❡ ✷✳✻✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✽✳✮
an

a3

❊①❡r❝✐s❡ ✷✳✻✳✷✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✽✳✮
14xrypzq

2xryhz5

❲❡ ✇✐❧❧ st✉❞② t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❡①♣♦♥❡♥t ♦❢ t❤❡ ❞❡♥♦♠✐♥❛t♦r ✐s ❣r❡❛t❡r t❤❛♥ t❤❡ ❡①♣♦♥❡♥t ♦❢ t❤❡ ♥✉♠❡r❛t♦r
✐♥ ❙❡❝t✐♦♥ ❙❡❝t✐♦♥ ✸✳✼✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✾

✷✳✻✳✶✸ ❊①❡r❝✐s❡s

❯s❡ t❤❡ ♣r♦❞✉❝t r✉❧❡ ❛♥❞ q✉♦t✐❡♥t r✉❧❡ ♦❢ ❡①♣♦♥❡♥ts t♦ s✐♠♣❧✐❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✳ ❆ss✉♠❡ t❤❛t ❛❧❧
❜❛s❡s ❛r❡ ♥♦♥③❡r♦ ❛♥❞ t❤❛t ❛❧❧ ❡①♣♦♥❡♥ts ❛r❡ ✇❤♦❧❡ ♥✉♠❜❡rs✳

❊①❡r❝✐s❡ ✷✳✻✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✽✳✮

32 · 33

❊①❡r❝✐s❡ ✷✳✻✳✷✽
52 · 54

❊①❡r❝✐s❡ ✷✳✻✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✽✳✮

90 · 92

❊①❡r❝✐s❡ ✷✳✻✳✸✵
73 · 70

❊①❡r❝✐s❡ ✷✳✻✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✽✳✮

24 · 25

❊①❡r❝✐s❡ ✷✳✻✳✸✷
x5x4

❊①❡r❝✐s❡ ✷✳✻✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✽✳✮

x2x3

❊①❡r❝✐s❡ ✷✳✻✳✸✹
a9a7

❊①❡r❝✐s❡ ✷✳✻✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✽✳✮

y5y7

❊①❡r❝✐s❡ ✷✳✻✳✸✻
m10m2

❊①❡r❝✐s❡ ✷✳✻✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✽✳✮

k8k3

❊①❡r❝✐s❡ ✷✳✻✳✸✽
y3y4y6

❊①❡r❝✐s❡ ✷✳✻✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✽✳✮

3x2 · 2x5

❊①❡r❝✐s❡ ✷✳✻✳✹✵
a2a3a8

❊①❡r❝✐s❡ ✷✳✻✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✽✳✮

4y4 · 5y6

❊①❡r❝✐s❡ ✷✳✻✳✹✷
2a3b2 · 3ab

❊①❡r❝✐s❡ ✷✳✻✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✾✳✮

12xy3z2 · 4x2y2z · 3x

❊①❡r❝✐s❡ ✷✳✻✳✹✹
(3ab)

(
2a2b

)

❊①❡r❝✐s❡ ✷✳✻✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✾✳✮
(
4x2

) (
8xy3

)

❊①❡r❝✐s❡ ✷✳✻✳✹✻
(2xy) (3y)

(
4x2y5

)

❊①❡r❝✐s❡ ✷✳✻✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✾✳✮
(

1
4a2b4

) (
1
2b4

)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✾✵ ❈❍❆P❚❊❘ ✷✳ ❇❆❙■❈ P❘❖P❊❘❚■❊❙ ❖❋ ❘❊❆▲ ◆❯▼❇❊❘❙

❊①❡r❝✐s❡ ✷✳✻✳✹✽
(

3
8

) (
16
21x2y3

) (
x3y2

)

❊①❡r❝✐s❡ ✷✳✻✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✾✳✮
85

83

❊①❡r❝✐s❡ ✷✳✻✳✺✵
64

63

❊①❡r❝✐s❡ ✷✳✻✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✾✳✮
29

24

❊①❡r❝✐s❡ ✷✳✻✳✺✷
416

413

❊①❡r❝✐s❡ ✷✳✻✳✺✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✾✳✮
x5

x3

❊①❡r❝✐s❡ ✷✳✻✳✺✹
y4

y3

❊①❡r❝✐s❡ ✷✳✻✳✺✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✾✳✮
y9

y4

❊①❡r❝✐s❡ ✷✳✻✳✺✻
k16

k13

❊①❡r❝✐s❡ ✷✳✻✳✺✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✾✳✮
x4

x2

❊①❡r❝✐s❡ ✷✳✻✳✺✽
y5

y2

❊①❡r❝✐s❡ ✷✳✻✳✺✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✾✳✮
m16

m9

❊①❡r❝✐s❡ ✷✳✻✳✻✵
a9b6

a5b2

❊①❡r❝✐s❡ ✷✳✻✳✻✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✾✳✮
y3w10

yw5

❊①❡r❝✐s❡ ✷✳✻✳✻✷
m17n12

m16n10

❊①❡r❝✐s❡ ✷✳✻✳✻✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✾✳✮
x5y7

x3y4

❊①❡r❝✐s❡ ✷✳✻✳✻✹
15x20y24z4

5x19yz

❊①❡r❝✐s❡ ✷✳✻✳✻✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✾✳✮
e11

e11

❊①❡r❝✐s❡ ✷✳✻✳✻✻
6r4

6r4

❊①❡r❝✐s❡ ✷✳✻✳✻✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✾✳✮
x0

x0

❊①❡r❝✐s❡ ✷✳✻✳✻✽
a0b0

c0

❊①❡r❝✐s❡ ✷✳✻✳✻✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✾✳✮
8a4b0

4a3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✾✶

❊①❡r❝✐s❡ ✷✳✻✳✼✵
24x4y4z0w8

9xyw7

❊①❡r❝✐s❡ ✷✳✻✳✼✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✾✳✮

t2
(
y4

)

❊①❡r❝✐s❡ ✷✳✻✳✼✷
x3

(
x6

x2

)

❊①❡r❝✐s❡ ✷✳✻✳✼✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✾✳✮

a4b6
(

a10b16

a5b7

)

❊①❡r❝✐s❡ ✷✳✻✳✼✹
3a2b3

(
14a2b5

2b

)

❊①❡r❝✐s❡ ✷✳✻✳✼✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✾✳✮
(x+3y)11(2x−1)4

(x+3y)3(2x−1)

❊①❡r❝✐s❡ ✷✳✻✳✼✻
40x5z10(z−x4)

12
(x+z)2

10z7(z−x4)5

❊①❡r❝✐s❡ ✷✳✻✳✼✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✾✳✮

xnxr

❊①❡r❝✐s❡ ✷✳✻✳✼✽
axbyc5z

❊①❡r❝✐s❡ ✷✳✻✳✼✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✾✳✮

xn · xn+3

❊①❡r❝✐s❡ ✷✳✻✳✽✵
xn+3

xn

❊①❡r❝✐s❡ ✷✳✻✳✽✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✾✳✮
xn+2x3

x4xn

❊①❡r❝✐s❡ ✷✳✻✳✽✷

❊①❡r❝✐s❡ ✷✳✻✳✽✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✾✳✮

❊①❡r❝✐s❡ ✷✳✻✳✽✹
y∆y∇

❊①❡r❝✐s❡ ✷✳✻✳✽✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✾✳✮

a∆a∇b�b⋄

✷✳✻✳✶✹ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✷✳✻✳✽✻
✭❙❡❝t✐♦♥ ✷✳✸✮ ❲❤❛t ♥❛t✉r❛❧ ♥✉♠❜❡rs ❝❛♥ r❡♣❧❛❝❡ x s♦ t❤❛t t❤❡ st❛t❡♠❡♥t −5 < x ≤ 3 ✐s tr✉❡❄

❊①❡r❝✐s❡ ✷✳✻✳✽✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✾✳✮

✭❙❡❝t✐♦♥ ✷✳✹✮ ❯s❡ t❤❡ ❞✐str✐❜✉t✐✈❡ ♣r♦♣❡rt② t♦ ❡①♣❛♥❞ 4x (2a + 3b)✳

❊①❡r❝✐s❡ ✷✳✻✳✽✽
✭❙❡❝t✐♦♥ ✷✳✺✮ ❊①♣r❡ss xxxyyyy (a + b) (a + b) ✉s✐♥❣ ❡①♣♦♥❡♥ts✳

❊①❡r❝✐s❡ ✷✳✻✳✽✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✾✳✮

✭❙❡❝t✐♦♥ ✷✳✺✮ ❋✐♥❞ t❤❡ ✈❛❧✉❡ ♦❢ 42 + 32 · 23 − 10 · 8✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✾✷ ❈❍❆P❚❊❘ ✷✳ ❇❆❙■❈ P❘❖P❊❘❚■❊❙ ❖❋ ❘❊❆▲ ◆❯▼❇❊❘❙

❊①❡r❝✐s❡ ✷✳✻✳✾✵

✭❙❡❝t✐♦♥ ✷✳✺✮ ❋✐♥❞ t❤❡ ✈❛❧✉❡ ♦❢ 42+(3+2)2−1
23·5 +

24(32−23)
42 ✳

✷✳✼ ❚❤❡ P♦✇❡r ❘✉❧❡s ❢♦r ❊①♣♦♥❡♥ts ✼

✷✳✼✳✶ ❖✈❡r✈✐❡✇

• ❚❤❡ P♦✇❡r ❘✉❧❡ ❢♦r P♦✇❡rs
• ❚❤❡ P♦✇❡r ❘✉❧❡ ❢♦r Pr♦❞✉❝ts
• ❚❤❡ P♦✇❡r ❘✉❧❡ ❢♦r q✉♦t✐❡♥ts

✷✳✼✳✷ ❚❤❡ P♦✇❡r ❘✉❧❡ ❢♦r P♦✇❡rs

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡s s✉❣❣❡st ❛ r✉❧❡ ❢♦r r❛✐s✐♥❣ ❛ ♣♦✇❡r t♦ ❛ ♣♦✇❡r✿

❊①❛♠♣❧❡ ✷✳✾✺
(
a2

)3
= a2 · a2 · a2

❯s✐♥❣ t❤❡ ♣r♦❞✉❝t r✉❧❡ ✇❡ ❣❡t
(
a2

)3
= a2+2+2

(
a2

)3
= a3 · 2

(
a2

)3
= a6

❊①❛♠♣❧❡ ✷✳✾✻
(
x9

)4
= x9 · x9 · x9 · x9

(
x9

)4
= x9+9+9+9

(
x9

)4
= x4 · 9

(
x9

)4
= x36

P❖❲❊❘ ❘❯▲❊ ❋❖❘ P❖❲❊❘❙
■❢ x ✐s ❛ r❡❛❧ ♥✉♠❜❡r ❛♥❞ n ❛♥❞ m ❛r❡ ♥❛t✉r❛❧ ♥✉♠❜❡rs✱
(xn)

m
= xn·m

❚♦ r❛✐s❡ ❛ ♣♦✇❡r t♦ ❛ ♣♦✇❡r✱ ♠✉❧t✐♣❧② t❤❡ ❡①♣♦♥❡♥ts✳

✷✳✼✳✸ ❙❛♠♣❧❡ ❙❡t ❆

❙✐♠♣❧✐❢② ❡❛❝❤ ❡①♣r❡ss✐♦♥ ✉s✐♥❣ t❤❡ ♣♦✇❡r r✉❧❡ ❢♦r ♣♦✇❡rs✳ ❆❧❧ ❡①♣♦♥❡♥ts ❛r❡ ♥❛t✉r❛❧ ♥✉♠❜❡rs✳

❊①❛♠♣❧❡ ✷✳✾✼
(
x3

)4
= ①3 · 4 x12 ❚❤❡ ❜♦① r❡♣r❡s❡♥ts ❛ st❡♣ ❞♦♥❡♠❡♥t❛❧❧②✳

❊①❛♠♣❧❡ ✷✳✾✽

(
y5

)3
= ②5 · 3 = y15

❊①❛♠♣❧❡ ✷✳✾✾

(
d20

)6
= ❞20 · 6 = d120

✼❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✽✾✼✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✾✸

❊①❛♠♣❧❡ ✷✳✶✵✵
(
x�

)△
= x�△

❆❧t❤♦✉❣❤ ✇❡ ❞♦♥✬t ❦♥♦✇ ❡①❛❝t❧② ✇❤❛t ♥✉♠❜❡r �△ ✐s✱ t❤❡ ♥♦t❛t✐♦♥ �△ ✐♥❞✐❝❛t❡s t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥✳

✷✳✼✳✹ Pr❛❝t✐❝❡ ❙❡t ❆

❙✐♠♣❧✐❢② ❡❛❝❤ ❡①♣r❡ss✐♦♥ ✉s✐♥❣ t❤❡ ♣♦✇❡r r✉❧❡ ❢♦r ♣♦✇❡rs✳

❊①❡r❝✐s❡ ✷✳✼✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✶✾✳✮
(
x5

)4

❊①❡r❝✐s❡ ✷✳✼✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✵✳✮
(
y7

)7

✷✳✼✳✺ ❚❤❡ P♦✇❡r ❘✉❧❡ ❢♦r Pr♦❞✉❝ts

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡s s✉❣❣❡st ❛ r✉❧❡ ❢♦r r❛✐s✐♥❣ ❛ ♣r♦❞✉❝t t♦ ❛ ♣♦✇❡r✿

❊①❛♠♣❧❡ ✷✳✶✵✶

(ab)
3

= ab · ab · ab ❯s❡ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ♣r♦♣❡rt② ♦❢♠✉❧t✐♣❧✐❝❛t✐♦♥.

= aaabbb

= a3b3

❊①❛♠♣❧❡ ✷✳✶✵✷

(xy)
5

= xy · xy · xy · xy · xy

= xxxxx · yyyyy

= x5y5

❊①❛♠♣❧❡ ✷✳✶✵✸

(4xyz)
2

= 4xyz · 4xyz

= 4 · 4 · xx · yy · zz

= 16x2y2z2

P❖❲❊❘ ❘❯▲❊ ❋❖❘ P❘❖❉❯❈❚❙
■❢ x ❛♥❞ y ❛r❡ r❡❛❧ ♥✉♠❜❡rs ❛♥❞ n ✐s ❛ ♥❛t✉r❛❧ ♥✉♠❜❡r✱
(xy)

n
= xnyn

❚♦ r❛✐s❡ ❛ ♣r♦❞✉❝t t♦ ❛ ♣♦✇❡r✱ ❛♣♣❧② t❤❡ ❡①♣♦♥❡♥t t♦ ❡❛❝❤ ❛♥❞ ❡✈❡r② ❢❛❝t♦r✳

✷✳✼✳✻ ❙❛♠♣❧❡ ❙❡t ❇

▼❛❦❡ ✉s❡ ♦❢ ❡✐t❤❡r ♦r ❜♦t❤ t❤❡ ♣♦✇❡r r✉❧❡ ❢♦r ♣r♦❞✉❝ts ❛♥❞ ♣♦✇❡r r✉❧❡ ❢♦r ♣♦✇❡rs t♦ s✐♠♣❧✐❢② ❡❛❝❤ ❡①♣r❡ss✐♦♥✳

❊①❛♠♣❧❡ ✷✳✶✵✹
(ab)

7
= a7b7

❊①❛♠♣❧❡ ✷✳✶✵✺
(axy)

4
= a4x4y4

❊①❛♠♣❧❡ ✷✳✶✵✻

(3ab)
2

= 32a2b2 = 9a2b2 ❉♦♥✬t ❢♦r❣❡t t♦ ❛♣♣❧② t❤❡ ❡①♣♦♥❡♥t t♦ t❤❡ ✸✦

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❛♠♣❧❡ ✷✳✶✵✼

(2st)
5

= 25s5t5 = 32s5t5

❊①❛♠♣❧❡ ✷✳✶✵✽
(
ab3

)2
= a2

(
b3

)2
= a2b6 ❲❡✉s❡❞ t✇♦ r✉❧❡s ❤❡r❡✳ ❋✐rst✱ t❤❡ ♣♦✇❡r r✉❧❡ ❢♦r

♣r♦❞✉❝ts✳ ❙❡❝♦♥❞✱ t❤❡ ♣♦✇❡r r✉❧❡ ❢♦r ♣♦✇❡rs✳

❊①❛♠♣❧❡ ✷✳✶✵✾
(
7a4b2c8

)2
= 72

(
a4

)2(
b2

)2(
c8

)2

= 49a8b4c16

❊①❛♠♣❧❡ ✷✳✶✶✵

■❢ 6a3c7 6= 0, t❤❡♥
(
6a3c7

)0
= 1 ❘❡❝❛❧❧ t❤❛tx0 = 1 ❢♦rx 6= 0.

❊①❛♠♣❧❡ ✷✳✶✶✶
[

2(x + 1)
4
]6

= 26(x + 1)
24

= 64(x + 1)
24

✷✳✼✳✼ Pr❛❝t✐❝❡ ❙❡t ❇

▼❛❦❡ ✉s❡ ♦❢ ❡✐t❤❡r ♦r ❜♦t❤ t❤❡ ♣♦✇❡r r✉❧❡ ❢♦r ♣r♦❞✉❝ts ❛♥❞ t❤❡ ♣♦✇❡r r✉❧❡ ❢♦r ♣♦✇❡rs t♦ s✐♠♣❧✐❢② ❡❛❝❤
❡①♣r❡ss✐♦♥✳

❊①❡r❝✐s❡ ✷✳✼✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✵✳✮

(ax)
4

❊①❡r❝✐s❡ ✷✳✼✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✵✳✮

(3bxy)
2

❊①❡r❝✐s❡ ✷✳✼✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✵✳✮

[4t (s − 5)]
3

❊①❡r❝✐s❡ ✷✳✼✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✵✳✮
(
9x3y5

)2

❊①❡r❝✐s❡ ✷✳✼✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✵✳✮
(
1a5b8c3d

)6

❊①❡r❝✐s❡ ✷✳✼✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✵✳✮

[(a + 8) (a + 5)]
4

❊①❡r❝✐s❡ ✷✳✼✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✵✳✮
[(

12c4u3(w − 3)
2
]5

❊①❡r❝✐s❡ ✷✳✼✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✵✳✮
[

10t4y7j3d2v6n4g8(2 − k)
17

]4

❊①❡r❝✐s❡ ✷✳✼✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✵✳✮
(
x3x5y2y6

)9

❊①❡r❝✐s❡ ✷✳✼✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✵✳✮
(
106 · 1012 · 105

)10

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✾✺

✷✳✼✳✽ ❚❤❡ P♦✇❡r ❘✉❧❡ ❢♦r ◗✉♦t✐❡♥ts

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ s✉❣❣❡sts ❛ r✉❧❡ ❢♦r r❛✐s✐♥❣ ❛ q✉♦t✐❡♥t t♦ ❛ ♣♦✇❡r✳

❊①❛♠♣❧❡ ✷✳✶✶✷
(

a
b

)3
= a

b · a
b · a

b = a·a·a
b·b·b = a3

b3

P❖❲❊❘ ❘❯▲❊ ❋❖❘ ◗❯❖❚■❊◆❚❙
■❢ x ❛♥❞ y ❛r❡ r❡❛❧ ♥✉♠❜❡rs ❛♥❞ n ✐s ❛ ♥❛t✉r❛❧ ♥✉♠❜❡r✱
(

x
y

)n

= xn

yn , y 6= 0

❚♦ r❛✐s❡ ❛ q✉♦t✐❡♥t t♦ ❛ ♣♦✇❡r✱ ❞✐str✐❜✉t❡ t❤❡ ❡①♣♦♥❡♥t t♦ ❜♦t❤ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r✳

✷✳✼✳✾ ❙❛♠♣❧❡ ❙❡t ❈

▼❛❦❡ ✉s❡ ♦❢ t❤❡ ♣♦✇❡r r✉❧❡ ❢♦r q✉♦t✐❡♥ts✱ t❤❡ ♣♦✇❡r r✉❧❡ ❢♦r ♣r♦❞✉❝ts✱ t❤❡ ♣♦✇❡r r✉❧❡ ❢♦r ♣♦✇❡rs✱ ♦r ❛
❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡s❡ r✉❧❡s t♦ s✐♠♣❧✐❢② ❡❛❝❤ ❡①♣r❡ss✐♦♥✳ ❆❧❧ ❡①♣♦♥❡♥ts ❛r❡ ♥❛t✉r❛❧ ♥✉♠❜❡rs✳

❊①❛♠♣❧❡ ✷✳✶✶✸
(

x
y

)6

= x6

y6

❊①❛♠♣❧❡ ✷✳✶✶✹
(

a
c

)2
= a2

c2

❊①❛♠♣❧❡ ✷✳✶✶✺
(

2x
b

)4
= (2x)4

b4 = 24x4

b4 = 16x4

b4

❊①❛♠♣❧❡ ✷✳✶✶✻
(

a3

b5

)7

=
(a3)

7

(b5)7
= a21

b35

❊①❛♠♣❧❡ ✷✳✶✶✼
(

3c4r2

23g5

)3

= 33c12r6

29g15 = 27c12r6

29g15 ♦r 27c12r6

512g15

❊①❛♠♣❧❡ ✷✳✶✶✽
[

(a−2)
(a+7)

]4

= (a−2)4

(a+7)4

❊①❛♠♣❧❡ ✷✳✶✶✾
[

6x(4−x)4

2a(y−4)6

]2

= 62x2(4−x)8

22a2(y−4)12
= 36x2(4−x)8

4a2(y−4)12
= 9x2(4−x)8

a2(y−4)12

❊①❛♠♣❧❡ ✷✳✶✷✵
(

a3b5

a2b

)3

=
(
a3−2b5−1

)3
❲❡❝❛♥ s✐♠♣❧✐❢②✇✐t❤✐♥ t❤❡ ♣❛r❡♥t❤❡s❡s✳❲❡

❤❛✈❡ ❛ r✉❧❡ t❤❛t t❡❧❧s ✉s t♦ ♣r♦❝❡❡❞ t❤✐s ✇❛②✳

=
(
ab4

)3

= a3b12

(
a3b5

a2b

)3

= a9b15

a6b3 = a9−6b15−3 = a3b12 ❲❡❝♦✉❧❞ ❤❛✈❡ ❛❝t✉❛❧❧② ✉s❡❞ t❤❡ ♣♦✇❡r r✉❧❡ ❢♦r

q✉♦t✐❡♥ts ✜rst✳ ❉✐str✐❜✉t❡ t❤❡ ❡①♣♦♥❡♥t✱ t❤❡♥

s✐♠♣❧✐❢② ✉s✐♥❣ t❤❡ ♦t❤❡r r✉❧❡s✳

■t ✐s ♣r♦❜❛❜❧② ❜❡tt❡r✱ ❢♦r t❤❡ s❛❦❡ ♦❢ ❝♦♥s✐st❡♥❝②✱

t♦✇♦r❦ ✐♥s✐❞❡ t❤❡ ♣❛r❡♥t❤❡s❡s ✜rst✳

❊①❛♠♣❧❡ ✷✳✶✷✶
(

arbs

ct

)w
= arwbsw

ctw

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✷✳✼✳✶✵ Pr❛❝t✐❝❡ ❙❡t ❈

▼❛❦❡ ✉s❡ ♦❢ t❤❡ ♣♦✇❡r r✉❧❡ ❢♦r q✉♦t✐❡♥ts✱ t❤❡ ♣♦✇❡r r✉❧❡ ❢♦r ♣r♦❞✉❝ts✱ t❤❡ ♣♦✇❡r r✉❧❡ ❢♦r ♣♦✇❡rs✱ ♦r ❛
❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡s❡ r✉❧❡s t♦ s✐♠♣❧✐❢② ❡❛❝❤ ❡①♣r❡ss✐♦♥✳

❊①❡r❝✐s❡ ✷✳✼✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✵✳✮
(

a
c

)5

❊①❡r❝✐s❡ ✷✳✼✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✵✳✮
(

2x
3y

)3

❊①❡r❝✐s❡ ✷✳✼✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✵✳✮
(

x2y4z7

a5b

)9

❊①❡r❝✐s❡ ✷✳✼✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✵✳✮
[

2a4(b−1)
3b3(c+6)

]4

❊①❡r❝✐s❡ ✷✳✼✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✵✳✮
(

8a3b2c6

4a2b

)3

❊①❡r❝✐s❡ ✷✳✼✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✵✳✮
[

(9+w)2

(3+w)5

]10

❊①❡r❝✐s❡ ✷✳✼✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✵✳✮
[

5x4(y+1)
5x4(y+1)

]6

❊①❡r❝✐s❡ ✷✳✼✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✵✳✮
(

16x3v4c7

12x2vc6

)0

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✾✼

✷✳✼✳✶✶ ❊①❡r❝✐s❡s

❯s❡ t❤❡ ♣♦✇❡r r✉❧❡s ❢♦r ❡①♣♦♥❡♥ts t♦ s✐♠♣❧✐❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✳ ❆ss✉♠❡ t❤❛t ❛❧❧ ❜❛s❡s ❛r❡ ♥♦♥③❡r♦ ❛♥❞
t❤❛t ❛❧❧ ✈❛r✐❛❜❧❡ ❡①♣♦♥❡♥ts ❛r❡ ♥❛t✉r❛❧ ♥✉♠❜❡rs✳

❊①❡r❝✐s❡ ✷✳✼✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✵✳✮

(ac)
5

❊①❡r❝✐s❡ ✷✳✼✳✷✷
(nm)

7

❊①❡r❝✐s❡ ✷✳✼✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✵✳✮

(2a)
3

❊①❡r❝✐s❡ ✷✳✼✳✷✹
(2a)

5

❊①❡r❝✐s❡ ✷✳✼✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✵✳✮

(3xy)
4

❊①❡r❝✐s❡ ✷✳✼✳✷✻
(2xy)

5

❊①❡r❝✐s❡ ✷✳✼✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✵✳✮

(3ab)
4

❊①❡r❝✐s❡ ✷✳✼✳✷✽
(6mn)

2

❊①❡r❝✐s❡ ✷✳✼✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✵✳✮
(
7y3

)2

❊①❡r❝✐s❡ ✷✳✼✳✸✵
(
3m3

)4

❊①❡r❝✐s❡ ✷✳✼✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✶✳✮
(
5x6

)3

❊①❡r❝✐s❡ ✷✳✼✳✸✷
(
5x2

)3

❊①❡r❝✐s❡ ✷✳✼✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✶✳✮
(
10a2b

)2

❊①❡r❝✐s❡ ✷✳✼✳✸✹
(
8x2y3

)2

❊①❡r❝✐s❡ ✷✳✼✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✶✳✮
(
x2y3z5

)4

❊①❡r❝✐s❡ ✷✳✼✳✸✻
(
2a5b11

)0

❊①❡r❝✐s❡ ✷✳✼✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✶✳✮
(
x3y2z4

)5

❊①❡r❝✐s❡ ✷✳✼✳✸✽
(
m6n2p5

)5

❊①❡r❝✐s❡ ✷✳✼✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✶✳✮
(
a4b7c6d8

)8

❊①❡r❝✐s❡ ✷✳✼✳✹✵
(
x2y3z9w7

)3

❊①❡r❝✐s❡ ✷✳✼✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✶✳✮
(
9xy3

)0

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✷✳✼✳✹✷
(

1
2f2r6s5

)4

❊①❡r❝✐s❡ ✷✳✼✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✶✳✮
(

1
8c10d8e4f9

)2

❊①❡r❝✐s❡ ✷✳✼✳✹✹
(

3
5a3b5c10

)3

❊①❡r❝✐s❡ ✷✳✼✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✶✳✮

(xy)
4 (

x2y4
)

❊①❡r❝✐s❡ ✷✳✼✳✹✻
(
2a2

)4(
3a5

)2

❊①❡r❝✐s❡ ✷✳✼✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✶✳✮
(
a2b3

)3(
a3b3

)4

❊①❡r❝✐s❡ ✷✳✼✳✹✽
(
h3k5

)2(
h2k4

)3

❊①❡r❝✐s❡ ✷✳✼✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✶✳✮
(
x4y3z

)4(
x5yz2

)2

❊①❡r❝✐s❡ ✷✳✼✳✺✵
(
ab3c2

)5(
a2b2c

)2

❊①❡r❝✐s❡ ✷✳✼✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✶✳✮

(6a2b8)
2

(3ab5)2

❊①❡r❝✐s❡ ✷✳✼✳✺✷
(a3b4)

5

(a4b4)3

❊①❡r❝✐s❡ ✷✳✼✳✺✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✶✳✮

(x6y5)
3

(x2y3)5

❊①❡r❝✐s❡ ✷✳✼✳✺✹
(a8b10)

3

(a7b5)3

❊①❡r❝✐s❡ ✷✳✼✳✺✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✶✳✮

(m5n6p4)
4

(m4n5p)4

❊①❡r❝✐s❡ ✷✳✼✳✺✻
(x8y3z2)

5

(x6yz)6

❊①❡r❝✐s❡ ✷✳✼✳✺✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✶✳✮

(10x4y5z11)
3

(xy2)4

❊①❡r❝✐s❡ ✷✳✼✳✺✽
(9a4b5)(2b2c)

(3a3b)(6bc)

❊①❡r❝✐s❡ ✷✳✼✳✺✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✶✳✮

(2x3y3)
4
(5x6y8)

2

(4x5y3)2

❊①❡r❝✐s❡ ✷✳✼✳✻✵
(

3x
5y

)2

❊①❡r❝✐s❡ ✷✳✼✳✻✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✶✳✮
(

3ab
4xy

)3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✾✾

❊①❡r❝✐s❡ ✷✳✼✳✻✷
(

x2y2

2z3

)5

❊①❡r❝✐s❡ ✷✳✼✳✻✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✶✳✮
(

3a2b3

c4

)3

❊①❡r❝✐s❡ ✷✳✼✳✻✹
(

42a3b7

b5c4

)2

❊①❡r❝✐s❡ ✷✳✼✳✻✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✶✳✮
[

x2(y−1)3

(x+6)

]4

❊①❡r❝✐s❡ ✷✳✼✳✻✻
(
xnt2m

)4

❊①❡r❝✐s❡ ✷✳✼✳✻✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✶✳✮

(xn+2)
3

x2n

❊①❡r❝✐s❡ ✷✳✼✳✻✽
(xy)

△

❊①❡r❝✐s❡ ✷✳✼✳✻✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✶✳✮

❊①❡r❝✐s❡ ✷✳✼✳✼✵

❊①❡r❝✐s❡ ✷✳✼✳✼✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✶✳✮

❊①❡r❝✐s❡ ✷✳✼✳✼✷
43a∆a�

4a∇

❊①❡r❝✐s❡ ✷✳✼✳✼✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✶✳✮
(

4x∆

2y∇

)�

❊①❡r❝✐s❡ ✷✳✼✳✼✹

✷✳✼✳✶✷ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✷✳✼✳✼✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✶✳✮

✭❙❡❝t✐♦♥ ✷✳✸✮ ■s t❤❡r❡ ❛ s♠❛❧❧❡st ✐♥t❡❣❡r❄ ■❢ s♦✱ ✇❤❛t ✐s ✐t❄

❊①❡r❝✐s❡ ✷✳✼✳✼✻
✭❙❡❝t✐♦♥ ✷✳✹✮ ❯s❡ t❤❡ ❞✐str✐❜✉t✐✈❡ ♣r♦♣❡rt② t♦ ❡①♣❛♥❞ 5a (2x + 8)✳

❊①❡r❝✐s❡ ✷✳✼✳✼✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✷✳✮

✭❙❡❝t✐♦♥ ✷✳✺✮ ❋✐♥❞ t❤❡ ✈❛❧✉❡ ♦❢ (5−3)2+(5+4)3+2
42−2·5−1 ✳

❊①❡r❝✐s❡ ✷✳✼✳✼✽
✭❙❡❝t✐♦♥ ✷✳✻✮ ❆ss✉♠✐♥❣ t❤❡ ❜❛s❡s ❛r❡ ♥♦t ③❡r♦✱ ✜♥❞ t❤❡ ✈❛❧✉❡ ♦❢

(
4a2b3

) (
5ab4

)
✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✷✳✼✳✼✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✷✳✮

✭❙❡❝t✐♦♥ ✷✳✻✮ ❆ss✉♠✐♥❣ t❤❡ ❜❛s❡s ❛r❡ ♥♦t ③❡r♦✱ ✜♥❞ t❤❡ ✈❛❧✉❡ ♦❢ 36x10y8z3w0

9x5y2z ✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✵✶

✷✳✽ ❙✉♠♠❛r② ♦❢ ❑❡② ❈♦♥❝❡♣ts ✽

✷✳✽✳✶ ❙✉♠♠❛r② ♦❢ ❑❡② ❈♦♥❝❡♣ts

❱❛r✐❛❜❧❡s ❛♥❞ ❈♦♥st❛♥ts ✭❙❡❝t✐♦♥ ✷✳✷✮
❆ ✈❛r✐❛❜❧❡ ✐s ❛ ❧❡tt❡r ♦r s②♠❜♦❧ t❤❛t r❡♣r❡s❡♥ts ❛♥② ♠❡♠❜❡r ♦❢ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ t✇♦ ♦r ♠♦r❡ ♥✉♠❜❡rs✳ ❆
❝♦♥st❛♥t ✐s ❛ ❧❡tt❡r ♦r s②♠❜♦❧ t❤❛t r❡♣r❡s❡♥ts ❛ s♣❡❝✐✜❝ ♥✉♠❜❡r✳
❇✐♥❛r② ❖♣❡r❛t✐♦♥ ✭❙❡❝t✐♦♥ ✷✳✷✮
❆ ❜✐♥❛r② ♦♣❡r❛t✐♦♥ ✐s ❛ ♣r♦❝❡ss t❤❛t ❛ss✐❣♥s t✇♦ ♥✉♠❜❡rs t♦ ❛ s✐♥❣❧❡ ♥✉♠❜❡r✳ +, −, ×, ÷ ❛r❡ ❜✐♥❛r②
♦♣❡r❛t✐♦♥s✳
●r♦✉♣✐♥❣ ❙②♠❜♦❧s ✭❙❡❝t✐♦♥ ✷✳✷✮
●r♦✉♣✐♥❣ s②♠❜♦❧s ❛r❡ ✉s❡❞ t♦ ✐♥❞✐❝❛t❡ t❤❛t ❛ ♣❛rt✐❝✉❧❛r ❝♦❧❧❡❝t✐♦♥ ♦❢ ♥✉♠❜❡rs ❛♥❞ ♠❡❛♥✐♥❣❢✉❧ ♦♣❡r❛t✐♦♥s
✐s t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ s✐♥❣❧❡ ♥✉♠❜❡r ✭5 ÷ 0 ✐s ♥♦t ♠❡❛♥✐♥❣❢✉❧✮✳ ●r♦✉♣✐♥❣ s②♠❜♦❧s ❝❛♥ ❛❧s♦ ❞✐r❡❝t ✉s ✐♥
♦♣❡r❛t✐♦♥s ✇❤❡♥ ♠♦r❡ t❤❛♥ t✇♦ ♦♣❡r❛t✐♦♥s ❛r❡ t♦ ❜❡ ♣❡r❢♦r♠❡❞✳ ❈♦♠♠♦♥ ❛❧❣❡❜r❛✐❝ ❣r♦✉♣✐♥❣ s②♠❜♦❧s ❛r❡

P❛r❡♥t❤❡s❡s :
( )

❇r❛❝❦❡ts :
[ ]

❇r❛❝❡s : { }
❇❛r :

Ψ

❖r❞❡r ♦❢ ❖♣❡r❛t✐♦♥s ✭❙❡❝t✐♦♥ ✷✳✷✱ ❙❡❝t✐♦♥ ✷✳✺✮
❲❤❡♥ t✇♦ ♦r ♠♦r❡ ♦♣❡r❛t✐♦♥s ❛r❡ t♦ ❜❡ ♣❡r❢♦r♠❡❞ ♦♥ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♥✉♠❜❡rs✱ t❤❡ ❝♦rr❡❝t ✈❛❧✉❡ ❝❛♥ ❜❡
♦❜t❛✐♥❡❞ ♦♥❧② ❜② ✉s✐♥❣ t❤❡ ❝♦rr❡❝t ♦r❞❡r ♦❢ ♦♣❡r❛t✐♦♥s✳
❚❤❡ ❘❡❛❧ ◆✉♠❜❡r ▲✐♥❡ ✭❙❡❝t✐♦♥ ✷✳✸✮
❚❤❡ r❡❛❧ ♥✉♠❜❡r ❧✐♥❡ ❛❧❧♦✇s ✉s t♦ ✈✐s✉❛❧❧② ❞✐s♣❧❛② s♦♠❡ ♦❢ t❤❡ ♥✉♠❜❡rs ✐♥ ✇❤✐❝❤ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞✳

❈♦♦r❞✐♥❛t❡ ❛♥❞ ●r❛♣❤ ✭❙❡❝t✐♦♥ ✷✳✸✮
❚❤❡ ♥✉♠❜❡r ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ♣♦✐♥t ♦♥ t❤❡ ♥✉♠❜❡r ❧✐♥❡ ✐s ❝❛❧❧❡❞ t❤❡ ❝♦♦r❞✐♥❛t❡ ♦❢ t❤❡ ♣♦✐♥t✳ ❚❤❡ ♣♦✐♥t
❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ♥✉♠❜❡r ✐s ❝❛❧❧❡❞ t❤❡ ❣r❛♣❤ ♦❢ t❤❡ ♥✉♠❜❡r✳
❘❡❛❧ ◆✉♠❜❡r ✭❙❡❝t✐♦♥ ✷✳✸✮
❆ r❡❛❧ ♥✉♠❜❡r ✐s ❛♥② ♥✉♠❜❡r t❤❛t ✐s t❤❡ ❝♦♦r❞✐♥❛t❡ ♦❢ ❛ ♣♦✐♥t ♦♥ t❤❡ r❡❛❧ ♥✉♠❜❡r ❧✐♥❡✳
❚②♣❡s ♦❢ ❘❡❛❧ ◆✉♠❜❡rs ✭❙❡❝t✐♦♥ ✷✳✸✮
❚❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ r❡❛❧ ♥✉♠❜❡rs ❤❛s ♠❛♥② s✉❜❝♦❧❧❡❝t✐♦♥s✳ ❚❤❡ ♦♥❡s ♦❢ ♠♦st ✐♥t❡r❡st t♦ ✉s ❛r❡

t❤❡ ♥❛t✉r❛❧ ♥✉♠❜❡rs ✿ {1, 2, 3, . . . }
t❤❡ ✇❤♦❧❡ ♥✉♠❜❡rs ✿ {0, 1, 2, 3, . . . }
t❤❡ ✐♥t❡❣❡rs ✿ {. . . ,−3,−2,−1, 0, 1, 2, 3, . . . }
t❤❡ r❛t✐♦♥❛❧ ♥✉♠❜❡rs ✿ ④❛❧❧ ♥✉♠❜❡rs t❤❛t ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s t❤❡ q✉♦t✐❡♥t ♦❢ t✇♦ ✐♥t❡❣❡rs⑥
t❤❡ ✐rr❛t✐♦♥❛❧ ♥✉♠❜❡rs ✿ ④❛❧❧ ♥✉♠❜❡rs t❤❛t ❤❛✈❡ ♥♦♥❡♥❞✐♥❣ ❛♥❞ ♥♦♥r❡♣❡❛t✐♥❣ ❞❡❝✐♠❛❧ r❡♣r❡s❡♥t❛t✐♦♥s⑥

Pr♦♣❡rt✐❡s ♦❢ ❘❡❛❧ ◆✉♠❜❡rs ✭❙❡❝t✐♦♥ ✷✳✹✮

❈❧♦s✉r❡ ✿ ■❢ a ❛♥❞ b ❛r❡ r❡❛❧ ♥✉♠❜❡rs✱ t❤❡♥ a + b ❛♥❞ a · b ❛r❡ ✉♥✐q✉❡ r❡❛❧ ♥✉♠❜❡rs✳
❈♦♠♠✉t❛t✐✈❡ ✿ a + b = b + a ❛♥❞ a · b = b · a
❆ss♦❝✐❛t✐✈❡ ✿ a + (b + c) = (a + b) + c ❛♥❞ a · (b · c) = (a · b) · c
❉✐str✐❜✉t✐✈❡ ✿ a (b + c) = a · b + a · c
❆❞❞✐t✐✈❡ ✐❞❡♥t✐t② ✿ ✵ ✐s t❤❡ ❛❞❞✐t✐✈❡ ✐❞❡♥t✐t②✳ a + 0 = a ❛♥❞ 0 + a = a✳
▼✉❧t✐♣❧✐❝❛t✐✈❡ ✐❞❡♥t✐t② ✿ ✶ ✐s t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ✐❞❡♥t✐t②✳ a · 1 = a ❛♥❞ 1 · a = a✳
❆❞❞✐t✐✈❡ ✐♥✈❡rs❡ ✿ ❋♦r ❡❛❝❤ r❡❛❧ ♥✉♠❜❡r a t❤❡r❡ ✐s ❡①❛❝t❧② ♦♥❡ ♥✉♠❜❡r −a s✉❝❤ t❤❛t a + (−a) = 0❛♥❞

(−a) + a = 0✳

✽❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✽✽✼✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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▼✉❧t✐♣❧✐❝❛t✐✈❡ ✐♥✈❡rs❡ ✿ ❋♦r ❡❛❝❤ ♥♦♥③❡r♦ r❡❛❧ ♥✉♠❜❡r a t❤❡r❡ ✐s ❡①❛❝t❧② ♦♥❡ ♥♦♥③❡r♦ r❡❛❧ ♥✉♠❜❡r 1
a s✉❝❤

t❤❛t a · 1
a = 1 ❛♥❞ 1

a · a = 1✳

❊①♣♦♥❡♥ts ✭❙❡❝t✐♦♥ ✷✳✺✮
❊①♣♦♥❡♥ts r❡❝♦r❞ t❤❡ ♥✉♠❜❡r ♦❢ ✐❞❡♥t✐❝❛❧ ❢❛❝t♦rs t❤❛t ❛♣♣❡❛r ✐♥ ❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥✳

x · x · x · . . . · x
︸ ︷︷ ︸

n ❢❛❝t♦rs ♦❢x

= xn

❘✉❧❡s ♦❢ ❊①♣♦♥❡♥ts ✭❙❡❝t✐♦♥ ✷✳✻✱ ❙❡❝t✐♦♥ ✷✳✼✮
■❢ x ✐s ❛ r❡❛❧ ♥✉♠❜❡r ❛♥❞ n ❛♥❞ m ❛r❡ ♥❛t✉r❛❧ ♥✉♠❜❡rs✱ t❤❡♥

✿ xn · xm = xn+m

✿ xn

xm = xn−m✱ x 6= 0
✿ x0 = 1✱ x 6= 0
✿ (xn)

m
= xn·m

✿
(

x
y

)n

= xn

yn ✱ y 6= 0

✷✳✾ ❊①❡r❝✐s❡ ❙✉♣♣❧❡♠❡♥t ✾

✷✳✾✳✶ ❊①❡r❝✐s❡ ❙✉♣♣❧❡♠❡♥t

✷✳✾✳✶✳✶ ❙②♠❜♦❧s ❛♥❞ ◆♦t❛t✐♦♥s ✭❙❡❝t✐♦♥ ✷✳✷✮

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s✐♠♣❧✐❢② t❤❡ ❡①♣r❡ss✐♦♥s✳

❊①❡r❝✐s❡ ✷✳✾✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✷✳✮

12 + 7 (4 + 3)

❊①❡r❝✐s❡ ✷✳✾✳✷
9 (4 − 2) + 6 (8 + 2) − 3 (1 + 4)

❊①❡r❝✐s❡ ✷✳✾✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✷✳✮

6 [1 + 8 (7 + 2)]

❊①❡r❝✐s❡ ✷✳✾✳✹
26 ÷ 2 − 10

❊①❡r❝✐s❡ ✷✳✾✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✷✳✮
(4+17+1)+4

14−1

❊①❡r❝✐s❡ ✷✳✾✳✻
51 ÷ 3 ÷ 7

❊①❡r❝✐s❡ ✷✳✾✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✷✳✮

(4 + 5) (4 + 6) − (4 + 7)

❊①❡r❝✐s❡ ✷✳✾✳✽
8 (2 · 12 ÷ 13) + 2 · 5 · 11 − [1 + 4 (1 + 2)]

❊①❡r❝✐s❡ ✷✳✾✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✷✳✮
3
4 + 1

12

(
3
4 − 1

2

)

❊①❡r❝✐s❡ ✷✳✾✳✶✵
48 − 3

[
1+17

6

]

❊①❡r❝✐s❡ ✷✳✾✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✷✳✮
29+11
6−1

❊①❡r❝✐s❡ ✷✳✾✳✶✷
88
11+ 99

9 +1
54
9 − 22

11

✾❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✽✾✶✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✵✸

❊①❡r❝✐s❡ ✷✳✾✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✷✳✮
8·6
2 + 9·9

3 − 10·4
5

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✇r✐t❡ t❤❡ ❛♣♣r♦♣r✐❛t❡ r❡❧❛t✐♦♥ s②♠❜♦❧ (=, < , > ) ✐♥ ♣❧❛❝❡ ♦❢ t❤❡ ∗✳
❊①❡r❝✐s❡ ✷✳✾✳✶✹
22 ∗ 6

❊①❡r❝✐s❡ ✷✳✾✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✷✳✮

9 [4 + 3 (8)] ∗ 6 [1 + 8 (5)]

❊①❡r❝✐s❡ ✷✳✾✳✶✻
3 (1.06 + 2.11) ∗ 4 (11.01 − 9.06)

❊①❡r❝✐s❡ ✷✳✾✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✷✳✮

2 ∗ 0

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ st❛t❡ ✇❤❡t❤❡r t❤❡ ❧❡tt❡rs ♦r s②♠❜♦❧s ❛r❡ t❤❡ s❛♠❡ ♦r ❞✐✛❡r❡♥t✳
❊①❡r❝✐s❡ ✷✳✾✳✶✽

❊①❡r❝✐s❡ ✷✳✾✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✷✳✮

> ❛♥❞ ≮

❊①❡r❝✐s❡ ✷✳✾✳✷✵
a = b ❛♥❞ b = a

❊①❡r❝✐s❡ ✷✳✾✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✷✳✮

❘❡♣r❡s❡♥t t❤❡ s✉♠ ♦❢ c ❛♥❞ d t✇♦ ❞✐✛❡r❡♥t ✇❛②s✳

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✉s❡ ❛❧❣❡❜r❛✐❝ ♥♦t❛t❛✐♦♥✳

❊①❡r❝✐s❡ ✷✳✾✳✷✷
✽ ♣❧✉s ✾

❊①❡r❝✐s❡ ✷✳✾✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✷✳✮

✻✷ ❞✐✈✐❞❡❞ ❜② f

❊①❡r❝✐s❡ ✷✳✾✳✷✹
✽ t✐♠❡s (x + 4)

❊①❡r❝✐s❡ ✷✳✾✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✷✳✮

✻ t✐♠❡s x✱ ♠✐♥✉s ✷

❊①❡r❝✐s❡ ✷✳✾✳✷✻
x + 1 ❞✐✈✐❞❡❞ ❜② x − 3

❊①❡r❝✐s❡ ✷✳✾✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✷✳✮

y + 11 ❞✐✈✐❞❡❞ ❜② y + 10✱ ♠✐♥✉s ✶✷

❊①❡r❝✐s❡ ✷✳✾✳✷✽
③❡r♦ ♠✐♥✉s a t✐♠❡s b

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✷✳✾✳✶✳✷ ❚❤❡ ❘❡❛❧ ◆✉♠❜❡r ▲✐♥❡ ❛♥❞ t❤❡ ❘❡❛❧ ◆✉♠❜❡rs ✭❙❡❝t✐♦♥ ✷✳✸✮

❊①❡r❝✐s❡ ✷✳✾✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✷✳✮

■s ❡✈❡r② ♥❛t✉r❛❧ ♥✉♠❜❡r ❛ ✇❤♦❧❡ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✷✳✾✳✸✵
■s ❡✈❡r② r❛t✐♦♥❛❧ ♥✉♠❜❡r ❛ r❡❛❧ ♥✉♠❜❡r❄

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❧♦❝❛t❡ t❤❡ ♥✉♠❜❡rs ♦♥ ❛ ♥✉♠❜❡r ❧✐♥❡ ❜② ♣❧❛❝✐♥❣ ❛ ♣♦✐♥t ❛t t❤❡✐r ✭❛♣♣r♦①✐♠❛t❡✮
♣♦s✐t✐♦♥✳

❊①❡r❝✐s❡ ✷✳✾✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✷✳✮

✷

❊①❡r❝✐s❡ ✷✳✾✳✸✷
3.6

❊①❡r❝✐s❡ ✷✳✾✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✷✳✮

−1 3
8

❊①❡r❝✐s❡ ✷✳✾✳✸✹
✵

❊①❡r❝✐s❡ ✷✳✾✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✷✳✮

−4 1
2

❊①❡r❝✐s❡ ✷✳✾✳✸✻
❉r❛✇ ❛ ♥✉♠❜❡r ❧✐♥❡ t❤❛t ❡①t❡♥❞s ❢r♦♠ ✶✵ t♦ ✷✵✳ P❧❛❝❡ ❛ ♣♦✐♥t ❛t ❛❧❧ ♦❞❞ ✐♥t❡❣❡rs✳

❊①❡r❝✐s❡ ✷✳✾✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✷✳✮

❉r❛✇ ❛ ♥✉♠❜❡r ❧✐♥❡ t❤❛t ❡①t❡♥❞s ❢r♦♠ −10 t♦ 10✳ P❧❛❝❡ ❛ ♣♦✐♥t ❛t ❛❧❧ ♥❡❣❛t✐✈❡ ♦❞❞ ✐♥t❡❣❡rs ❛♥❞
❛t ❛❧❧ ❡✈❡♥ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs✳

❊①❡r❝✐s❡ ✷✳✾✳✸✽
❉r❛✇ ❛ ♥✉♠❜❡r ❧✐♥❡ t❤❛t ❡①t❡♥❞s ❢r♦♠ −5 t♦ 10✳ P❧❛❝❡ ❛ ♣♦✐♥t ❛t ❛❧❧ ✐♥t❡❣❡rs t❤❛t ❛r❡ ❣r❡❛t❡r t❤❡♥
♦r ❡q✉❛❧ t♦ −2 ❜✉t str✐❝t❧② ❧❡ss t❤❛♥ ✺✳

❊①❡r❝✐s❡ ✷✳✾✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✷✳✮

❉r❛✇ ❛ ♥✉♠❜❡r ❧✐♥❡ t❤❛t ❡①t❡♥❞s ❢r♦♠ −10 t♦ 10✳ P❧❛❝❡ ❛ ♣♦✐♥t ❛t ❛❧❧ r❡❛❧ ♥✉♠❜❡rs t❤❛t ❛r❡ str✐❝t❧②
❣r❡❛t❡r t❤❛♥ −8 ❜✉t ❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦ ✼✳

❊①❡r❝✐s❡ ✷✳✾✳✹✵
❉r❛✇ ❛ ♥✉♠❜❡r ❧✐♥❡ t❤❛t ❡①t❡♥❞s ❢r♦♠ −10 t♦ 10✳ P❧❛❝❡ ❛ ♣♦✐♥t ❛t ❛❧❧ r❡❛❧ ♥✉♠❜❡rs ❜❡t✇❡❡♥ ❛♥❞
✐♥❝❧✉❞✐♥❣ −6 ❛♥❞ ✹✳

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✇r✐t❡ t❤❡ ❛♣♣r♦♣r✐❛t❡ r❡❧❛t✐♦♥ s②♠❜♦❧ (=, < , > ) .

❊①❡r❝✐s❡ ✷✳✾✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✸✳✮

−3 0

❊①❡r❝✐s❡ ✷✳✾✳✹✷

−1 1

❊①❡r❝✐s❡ ✷✳✾✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✸✳✮

−8 −5

❊①❡r❝✐s❡ ✷✳✾✳✹✹

−5 −5 1
2

❊①❡r❝✐s❡ ✷✳✾✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✸✳✮

■s t❤❡r❡ ❛ s♠❛❧❧❡st t✇♦ ❞✐❣✐t ✐♥t❡❣❡r❄ ■❢ s♦✱ ✇❤❛t ✐s ✐t❄

❊①❡r❝✐s❡ ✷✳✾✳✹✻
■s t❤❡r❡ ❛ s♠❛❧❧❡st t✇♦ ❞✐❣✐t r❡❛❧ ♥✉♠❜❡r❄ ■❢ s♦✱ ✇❤❛t ✐s ✐t❄

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✇❤❛t ✐♥t❡❣❡rs ❝❛♥ r❡♣❧❛❝❡ x s♦ t❤❛t t❤❡ st❛t❡♠❡♥ts ❛r❡ tr✉❡❄

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✵✺

❊①❡r❝✐s❡ ✷✳✾✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✸✳✮

4 ≤ x ≤ 7

❊①❡r❝✐s❡ ✷✳✾✳✹✽
−3 ≤ x < 1

❊①❡r❝✐s❡ ✷✳✾✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✸✳✮

−3 < x ≤ 2

❊①❡r❝✐s❡ ✷✳✾✳✺✵
❚❤❡ t❡♠♣❡r❛t✉r❡ t♦❞❛② ✐♥ ▲♦s ❆♥❣❡❧❡s ✇❛s ❡✐❣❤t②✲t✇♦ ❞❡❣r❡❡s✳ ❘❡♣r❡s❡♥t t❤✐s t❡♠♣❡r❛t✉r❡ ❜② r❡❛❧
♥✉♠❜❡r✳

❊①❡r❝✐s❡ ✷✳✾✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✸✳✮

❚❤❡ t❡♠♣❡r❛t✉r❡ t♦❞❛② ✐♥ ▼❛r❜❡❧❤❡❛❞ ✇❛s s✐① ❞❡❣r❡❡s ❜❡❧♦✇ ③❡r♦✳ ❘❡♣r❡s❡♥t t❤✐s t❡♠♣❡r❛t✉r❡ ❜②
r❡❛❧ ♥✉♠❜❡r✳

❊①❡r❝✐s❡ ✷✳✾✳✺✷
❖♥ t❤❡ ♥✉♠❜❡r ❧✐♥❡✱ ❤♦✇ ♠❛♥② ✉♥✐ts ❜❡t✇❡❡♥ −3 ❛♥❞ ✷❄

❊①❡r❝✐s❡ ✷✳✾✳✺✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✸✳✮

❖♥ t❤❡ ♥✉♠❜❡r ❧✐♥❡✱ ❤♦✇ ♠❛♥② ✉♥✐ts ❜❡t✇❡❡♥ −4 ❛♥❞ ✵❄

✷✳✾✳✶✳✸ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ❘❡❛❧ ◆✉♠❜❡rs ✭❙❡❝t✐♦♥ ✷✳✹✮

❊①❡r❝✐s❡ ✷✳✾✳✺✹
a + b = b + a ✐s ❛♥ ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ♣r♦♣❡rt② ♦❢ ❛❞❞✐t✐♦♥✳

❊①❡r❝✐s❡ ✷✳✾✳✺✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✸✳✮

st = ts ✐s ❛♥ ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❴❴❴❴❴❴❴❴❴❴ ♣r♦♣❡rt② ♦❢ ❴❴❴❴❴❴❴❴❴❴✳

❯s❡ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ♣r♦♣❡rt✐❡s ♦❢ ❛❞❞✐t✐♦♥ ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥ t♦ ✇r✐t❡ ❡q✉✐✈❛❧❡♥t ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ❢♦❧✲
❧♦✇✐♥❣ ♣r♦❜❧❡♠s✳

❊①❡r❝✐s❡ ✷✳✾✳✺✻
y + 12

❊①❡r❝✐s❡ ✷✳✾✳✺✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✸✳✮

a + 4b

❊①❡r❝✐s❡ ✷✳✾✳✺✽
6x

❊①❡r❝✐s❡ ✷✳✾✳✺✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✸✳✮

2 (a − 1)

❊①❡r❝✐s❡ ✷✳✾✳✻✵
(−8) (4)

❊①❡r❝✐s❡ ✷✳✾✳✻✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✸✳✮

(6) (−9) (−2)

❊①❡r❝✐s❡ ✷✳✾✳✻✷
(x + y) (x − y)

❊①❡r❝✐s❡ ✷✳✾✳✻✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✸✳✮

△ · ⋄
❙✐♠♣❧✐❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s ✉s✐♥❣ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ♣r♦♣❡rt② ♦❢ ♠✉❧t✐♣❧✐❝❛t✐♦♥✳ ❨♦✉ ♥❡❡❞ ♥♦t ✉s❡ t❤❡
❞✐str✐❜✉t✐✈❡ ♣r♦♣❡rt②✳

❊①❡r❝✐s❡ ✷✳✾✳✻✹
8x3y

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✵✻ ❈❍❆P❚❊❘ ✷✳ ❇❆❙■❈ P❘❖P❊❘❚■❊❙ ❖❋ ❘❊❆▲ ◆❯▼❇❊❘❙

❊①❡r❝✐s❡ ✷✳✾✳✻✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✸✳✮

16ab2c

❊①❡r❝✐s❡ ✷✳✾✳✻✻
4axyc4d4e

❊①❡r❝✐s❡ ✷✳✾✳✻✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✸✳✮

3 (x + 2) 5 (x − 1) 0 (x + 6)

❊①❡r❝✐s❡ ✷✳✾✳✻✽
8b (a − 6) 9a (a − 4)

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✉s❡ t❤❡ ❞✐str✐❜✉t✐✈❡ ♣r♦♣❡rt② t♦ ❡①♣❛♥❞ t❤❡ ❡①♣r❡ss✐♦♥s✳

❊①❡r❝✐s❡ ✷✳✾✳✻✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✸✳✮

3 (a + 4)

❊①❡r❝✐s❡ ✷✳✾✳✼✵
a (b + 3c)

❊①❡r❝✐s❡ ✷✳✾✳✼✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✸✳✮

2g (4h + 2k)

❊①❡r❝✐s❡ ✷✳✾✳✼✷
(8m + 5n) 6p

❊①❡r❝✐s❡ ✷✳✾✳✼✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✸✳✮

3y (2x + 4z + 5w)

❊①❡r❝✐s❡ ✷✳✾✳✼✹
(a + 2) (b + 2c)

❊①❡r❝✐s❡ ✷✳✾✳✼✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✸✳✮

(x + y) (4a + 3b)

❊①❡r❝✐s❡ ✷✳✾✳✼✻
10az (bz + c)

✷✳✾✳✶✳✹ ❊①♣♦♥❡♥ts ✭❙❡❝t✐♦♥ ✷✳✺✮

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✇r✐t❡ t❤❡ ❡①♣r❡ss✐♦♥s ✉s✐♥❣ ❡①♣♦♥❡♥t✐❛❧ ♥♦t❛t✐♦♥✳

❊①❡r❝✐s❡ ✷✳✾✳✼✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✸✳✮

x t♦ t❤❡ ✜❢t❤✳

❊①❡r❝✐s❡ ✷✳✾✳✼✽
(y + 2) ❝✉❜❡❞✳

❊①❡r❝✐s❡ ✷✳✾✳✼✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✸✳✮

(a + 2b) sq✉❛r❡❞ ♠✐♥✉s (a + 3b) t♦ t❤❡ ❢♦✉rt❤✳

❊①❡r❝✐s❡ ✷✳✾✳✽✵
x ❝✉❜❡❞ ♣❧✉s ✷ t✐♠❡s (y − x) t♦ t❤❡ s❡✈❡♥t❤✳

❊①❡r❝✐s❡ ✷✳✾✳✽✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✸✳✮

aaaaaaa

❊①❡r❝✐s❡ ✷✳✾✳✽✷
2 · 2 · 2 · 2
❊①❡r❝✐s❡ ✷✳✾✳✽✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✸✳✮

(−8) (−8) (−8) (−8) xxxyyyyy

❊①❡r❝✐s❡ ✷✳✾✳✽✹
(x − 9) (x − 9) + (3x + 1) (3x + 1) (3x + 1)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✵✼

❊①❡r❝✐s❡ ✷✳✾✳✽✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✸✳✮

2zzyzyyy + 7zzyz(a − 6)
2
(a − 6)

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❡①♣❛♥❞ t❤❡ t❡r♠s s♦ t❤❛t ♥♦ ❡①♣♦♥❡♥ts ❛♣♣❡❛r✳

❊①❡r❝✐s❡ ✷✳✾✳✽✻
x3

❊①❡r❝✐s❡ ✷✳✾✳✽✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✸✳✮

3x3

❊①❡r❝✐s❡ ✷✳✾✳✽✽
73x2

❊①❡r❝✐s❡ ✷✳✾✳✽✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✸✳✮

(4b)
2

❊①❡r❝✐s❡ ✷✳✾✳✾✵
(
6a2

)3
(5c − 4)

2

❊①❡r❝✐s❡ ✷✳✾✳✾✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✹✳✮
(
x3 + 7

)2(
y2 − 3

)3
(z + 10)

❊①❡r❝✐s❡ ✷✳✾✳✾✷
❈❤♦♦s❡ ✈❛❧✉❡s ❢♦r a ❛♥❞ b t♦ s❤♦✇ t❤❛t

❛✳ (a + b)
2
✐s ♥♦t ❛❧✇❛②s ❡q✉❛❧ t♦ a2 + b2✳

❜✳ (a + b)
2
♠❛② ❜❡ ❡q✉❛❧ t♦ a2 + b2✳

❊①❡r❝✐s❡ ✷✳✾✳✾✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✹✳✮

❈❤♦♦s❡ ✈❛❧✉❡ ❢♦r x t♦ s❤♦✇ t❤❛t

❛✳ (4x)
2
✐s ♥♦t ❛❧✇❛②s ❡q✉❛❧ t♦ 4x2✳

❜✳ (4x)
2
♠❛② ❜❡ ❡q✉❛❧ t♦ 4x2✳

✷✳✾✳✶✳✺ ❘✉❧❡s ♦❢ ❊①♣♦♥❡♥ts ✭❙❡❝t✐♦♥ ✷✳✻✮ ✲ ❚❤❡ P♦✇❡r ❘✉❧❡s ❢♦r ❊①♣♦♥❡♥ts ✭❙❡❝t✐♦♥ ✷✳✼✮

❙✐♠♣❧✐❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✳

❊①❡r❝✐s❡ ✷✳✾✳✾✹
42 + 8

❊①❡r❝✐s❡ ✷✳✾✳✾✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✹✳✮

63 + 5 (30)

❊①❡r❝✐s❡ ✷✳✾✳✾✻
18 + 010 + 32

(
42 + 23

)

❊①❡r❝✐s❡ ✷✳✾✳✾✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✹✳✮

122 + 0.3(11)
2

❊①❡r❝✐s❡ ✷✳✾✳✾✽
34+1

22+42+32

❊①❡r❝✐s❡ ✷✳✾✳✾✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✹✳✮
62+32

22+1 + (1+4)2−23−14

25−42

❊①❡r❝✐s❡ ✷✳✾✳✶✵✵
a4a3

❊①❡r❝✐s❡ ✷✳✾✳✶✵✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✹✳✮

2b52b3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✷✳✾✳✶✵✷
4a3b2c8 · 3ab2c0

❊①❡r❝✐s❡ ✷✳✾✳✶✵✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✹✳✮
(
6x4y10

) (
xy3

)

❊①❡r❝✐s❡ ✷✳✾✳✶✵✹
(
3xyz2

) (
2x2y3

) (
4x2y2z4

)

❊①❡r❝✐s❡ ✷✳✾✳✶✵✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✹✳✮

(3a)
4

❊①❡r❝✐s❡ ✷✳✾✳✶✵✻
(10xy)

2

❊①❡r❝✐s❡ ✷✳✾✳✶✵✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✹✳✮
(
x2y4

)6

❊①❡r❝✐s❡ ✷✳✾✳✶✵✽
(
a4b7c7z12

)9

❊①❡r❝✐s❡ ✷✳✾✳✶✵✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✹✳✮
(

3
4x8y6z0a10b15

)2

❊①❡r❝✐s❡ ✷✳✾✳✶✶✵
x8

x5

❊①❡r❝✐s❡ ✷✳✾✳✶✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✹✳✮
14a4b6c7

2ab3c2

❊①❡r❝✐s❡ ✷✳✾✳✶✶✷
11x4

11x4

❊①❡r❝✐s❡ ✷✳✾✳✶✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✹✳✮

x4 · x10

x3

❊①❡r❝✐s❡ ✷✳✾✳✶✶✹
a3b7 · a9b6

a5b10

❊①❡r❝✐s❡ ✷✳✾✳✶✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✹✳✮

(x4y6z10)
4

(xy5z7)3

❊①❡r❝✐s❡ ✷✳✾✳✶✶✻
(2x−1)13(2x+5)5

(2x−1)10(2x+5)

❊①❡r❝✐s❡ ✷✳✾✳✶✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✹✳✮
(

3x2

4y3

)2

❊①❡r❝✐s❡ ✷✳✾✳✶✶✽
(x+y)9(x−y)4

(x+y)3

❊①❡r❝✐s❡ ✷✳✾✳✶✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✹✳✮

xn · xm

❊①❡r❝✐s❡ ✷✳✾✳✶✷✵
an+2an+4

❊①❡r❝✐s❡ ✷✳✾✳✶✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✹✳✮

6b2n+7 · 8b5n+2

❊①❡r❝✐s❡ ✷✳✾✳✶✷✷
18x4n+9

2x2n+1

❊①❡r❝✐s❡ ✷✳✾✳✶✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✹✳✮
(
x5ty4r

)7

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✵✾

❊①❡r❝✐s❡ ✷✳✾✳✶✷✹
(
a2nb3mc4p

)6r

❊①❡r❝✐s❡ ✷✳✾✳✶✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✹✳✮
uw

uk

✷✳✶✵ Pr♦✜❝✐❡♥❝② ❊①❛♠ ✶✵

✷✳✶✵✳✶ Pr♦✜❝✐❡♥❝② ❊①❛♠

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s✐♠♣❧✐❢② ❡❛❝❤ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥s✳

❊①❡r❝✐s❡ ✷✳✶✵✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✹✳✮

✭❙❡❝t✐♦♥ ✷✳✷✮ 8 (6 − 3) − 5 · 4 + 3 (8) (2) ÷ 4 · 3
❊①❡r❝✐s❡ ✷✳✶✵✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✹✳✮

✭❙❡❝t✐♦♥ ✷✳✷✮ {2(1 + 7)
2}0

❊①❡r❝✐s❡ ✷✳✶✵✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✹✳✮

✭❙❡❝t✐♦♥ ✷✳✷✮ 18+40+33(1+4)
22(2+15)

❊①❡r❝✐s❡ ✷✳✶✵✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✹✳✮

✭❙❡❝t✐♦♥ ✷✳✷✮ 2·34−102

4−3 +
5(22+32)

11−6

❊①❡r❝✐s❡ ✷✳✶✵✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✹✳✮

✭❙❡❝t✐♦♥ ✷✳✷✮ ❲r✐t❡ t❤❡ ❛♣♣r♦♣r✐❛t❡ r❡❧❛t✐♦♥ s②♠❜♦❧ (> ,< ) ✐♥ ♣❧❛❝❡ ♦❢ t❤❡ ∗✳
5 (2 + 11) ∗ 2 (8 − 3) − 2

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✉s❡ ❛❧❣❡❜r❛✐❝ ♥♦t❛t✐♦♥✳

❊①❡r❝✐s❡ ✷✳✶✵✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✹✳✮

✭❙❡❝t✐♦♥ ✷✳✷✮ (x − 1) t✐♠❡s (3x ♣❧✉s 2)✳

❊①❡r❝✐s❡ ✷✳✶✵✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✺✳✮

✭❙❡❝t✐♦♥ ✷✳✷✮ ❆ ♥✉♠❜❡r ❞✐✈✐❞❡❞ ❜② t✇❡❧✈❡ ✐s ❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦ t❤❡ s❛♠❡ ♥✉♠❜❡r ♣❧✉s ❢♦✉r✳

❊①❡r❝✐s❡ ✷✳✶✵✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✺✳✮

✭❙❡❝t✐♦♥ ✷✳✸✮ ▲♦❝❛t❡ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♣♦s✐t✐♦♥ ♦❢ −1.6 ♦♥ t❤❡ ♥✉♠❜❡r ❧✐♥❡✳

❊①❡r❝✐s❡ ✷✳✶✵✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✺✳✮

✭❙❡❝t✐♦♥ ✷✳✸✮ ■s ✵ ❛ ♣♦s✐t✐✈❡ ♥✉♠❜❡r✱ ❛ ♥❡❣❛t✐✈❡ ♥✉♠❜❡r✱ ♥❡✐t❤❡r✱ ♦r ❜♦t❤❄

❊①❡r❝✐s❡ ✷✳✶✵✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✺✳✮

✭❙❡❝t✐♦♥ ✷✳✸✮ ❉r❛✇ ❛ ♣♦rt✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ❧✐♥❡ ❛♥❞ ♣❧❛❝❡ ♣♦✐♥ts ❛t ❛❧❧ ❡✈❡♥ ✐♥t❡❣❡rs str✐❝t❧②
❜❡t✇❡❡♥ ✶✹ ❛♥❞ ✷✵✳

❊①❡r❝✐s❡ ✷✳✶✵✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✺✳✮

✭❙❡❝t✐♦♥ ✷✳✸✮ ❉r❛✇ ❛ ♣♦rt✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ❧✐♥❡ ❛♥❞ ♣❧❛❝❡ ♣♦✐♥ts ❛t ❛❧❧ r❡❛❧ ♥✉♠❜❡rs str✐❝t❧②
❣r❡❛t❡r t❤❛♥ −1 ❜✉t ❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦ ✹✳

❊①❡r❝✐s❡ ✷✳✶✵✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✺✳✮

✭❙❡❝t✐♦♥ ✷✳✸✮ ❲❤❛t ✇❤♦❧❡ ♥✉♠❜❡rs ❝❛♥ r❡♣❧❛❝❡ x s♦ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t ✐s tr✉❡❄ −4 ≤
x ≤ 5✳

❊①❡r❝✐s❡ ✷✳✶✵✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✺✳✮

✭❙❡❝t✐♦♥ ✷✳✸✮ ■s t❤❡r❡ ❛ ❧❛r❣❡st r❡❛❧ ♥✉♠❜❡r ❜❡t✇❡❡♥ ❛♥❞ ✐♥❝❧✉❞✐♥❣ ✻ ❛♥❞ ✶✵❄ ■❢ s♦✱ ✇❤❛t ✐s ✐t❄

✶✵❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✽✾✷✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✷✳✶✵✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✺✳✮

✭❙❡❝t✐♦♥ ✷✳✹✮ ❯s❡ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ♣r♦♣❡rt② ♦❢ ♠✉❧t✐♣❧✐❝❛t✐♦♥ t♦ ✇r✐t❡ m (a + 3) ✐♥ ❛♥ ❡q✉✐✈❛❧❡♥t
❢♦r♠✳

❊①❡r❝✐s❡ ✷✳✶✵✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✺✳✮

✭❙❡❝t✐♦♥ ✷✳✹✮ ❯s❡ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ♣r♦♣❡rt✐❡s t♦ s✐♠♣❧✐❢② 3a4b8cd✳

❊①❡r❝✐s❡ ✷✳✶✵✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✺✳✮

✭❙❡❝t✐♦♥ ✷✳✹✮ ❯s❡ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ♣r♦♣❡rt✐❡s t♦ s✐♠♣❧✐❢② 4 (x − 9) 2y (x − 9) 3y✳

❊①❡r❝✐s❡ ✷✳✶✵✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✺✳✮

✭❙❡❝t✐♦♥ ✷✳✺✮ ❙✐♠♣❧✐❢② ✹ sq✉❛r❡❞ t✐♠❡s x ❝✉❜❡❞ t✐♠❡s y t♦ t❤❡ ✜❢t❤✳

❊①❡r❝✐s❡ ✷✳✶✵✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✺✳✮

✭❙❡❝t✐♦♥ ✷✳✺✮ ❙✐♠♣❧✐❢② (3) (3) (3) aabbbbabba (3) a✳

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✉s❡ t❤❡ r✉❧❡s ♦❢ ❡①♣♦♥❡♥ts t♦ s✐♠♣❧✐❢② ❡❛❝❤ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥s✳

❊①❡r❝✐s❡ ✷✳✶✵✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✺✳✮

✭❙❡❝t✐♦♥ ✷✳✻✱ ❙❡❝t✐♦♥ ✷✳✼✮
(
3ab2

)2(
2a3b

)3

❊①❡r❝✐s❡ ✷✳✶✵✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✺✳✮

✭❙❡❝t✐♦♥ ✷✳✻✱ ❙❡❝t✐♦♥ ✷✳✼✮ x10y12

x2y5

❊①❡r❝✐s❡ ✷✳✶✵✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✺✳✮

✭❙❡❝t✐♦♥ ✷✳✻✱ ❙❡❝t✐♦♥ ✷✳✼✮
52x7y10(y−x4)

12
(y+x)5

4y6(y−x4)10(y+x)

❊①❡r❝✐s❡ ✷✳✶✵✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✺✳✮

✭❙❡❝t✐♦♥ ✷✳✻✱ ❙❡❝t✐♦♥ ✷✳✼✮
(
xny3mz2p

)4

❊①❡r❝✐s❡ ✷✳✶✵✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✺✳✮
(5x+4)0

(3x2−1)0

❊①❡r❝✐s❡ ✷✳✶✵✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✺✳✮
x∇x�y∆

x∆y∇

❊①❡r❝✐s❡ ✷✳✶✵✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✷✺✳✮

✭❙❡❝t✐♦♥ ✷✳✻✱ ❙❡❝t✐♦♥ ✷✳✼✮ ❲❤❛t ✇♦r❞ ✐s ✉s❡❞ t♦ ❞❡s❝r✐❜❡ t❤❡ ❧❡tt❡r ♦r s②♠❜♦❧ t❤❛t r❡♣r❡s❡♥ts
❛♥ ✉♥s♣❡❝✐✜❡❞ ♠❡♠❜❡r ♦❢ ❛ ♣❛rt✐❝✉❧❛r ❝♦❧❧❡❝t✐♦♥ ♦❢ t✇♦ ♦r ♠♦r❡ ♥✉♠❜❡rs t❤❛t ❛r❡ ❝❧❡❛r❧② ❞❡✜♥❡❞❄

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✶✶

❙♦❧✉t✐♦♥s t♦ ❊①❡r❝✐s❡s ✐♥ ❈❤❛♣t❡r ✷

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✶ ✭♣✳ ✺✶✮

29 · x, 29x, (29) (x) , 29 (x) , (29) x

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✷ ✭♣✳ ✺✷✮
✷✼
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✸ ✭♣✳ ✺✷✮
✹✽
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✹ ✭♣✳ ✺✷✮
✷✹
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✺ ✭♣✳ ✺✷✮
✹
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✻ ✭♣✳ ✺✹✮
✹✾
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✼ ✭♣✳ ✺✹✮
✷✻
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✽ ✭♣✳ ✺✹✮
✸✼
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✾ ✭♣✳ ✺✹✮
✶✼
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✶✵ ✭♣✳ ✺✺✮
✷✵
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✶✷ ✭♣✳ ✺✺✮
✼
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✶✹ ✭♣✳ ✺✺✮
✽
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✶✻ ✭♣✳ ✺✺✮
✼✽
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✶✽ ✭♣✳ ✺✺✮
✷✵✸
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✷✵ ✭♣✳ ✺✺✮
✷✾
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✷✷ ✭♣✳ ✺✺✮
✶
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✷✹ ✭♣✳ ✺✺✮
91 2

3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✷✻ ✭♣✳ ✺✺✮
✺✵✽
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✷✽ ✭♣✳ ✺✺✮
24.4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✸✵ ✭♣✳ ✺✺✮
✺✺
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✸✷ ✭♣✳ ✺✻✮
✶
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✸✹ ✭♣✳ ✺✻✮
✵
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✸✻ ✭♣✳ ✺✻✮
❞✐✛❡r❡♥t
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✸✽ ✭♣✳ ✺✻✮
s❛♠❡

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✶✷ ❈❍❆P❚❊❘ ✷✳ ❇❆❙■❈ P❘❖P❊❘❚■❊❙ ❖❋ ❘❊❆▲ ◆❯▼❇❊❘❙

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✹✵ ✭♣✳ ✺✻✮
a + b, b + a
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✹✷ ✭♣✳ ✺✻✮
x + 16
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✹✹ ✭♣✳ ✺✻✮
81x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✹✻ ✭♣✳ ✺✻✮
(x + b) (x + 7)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✹✽ ✭♣✳ ✺✻✮
x
7b
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✺✵ ✭♣✳ ✺✻✮
x − 8 = 17
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✺✷ ✭♣✳ ✺✼✮
x
6 ≥ 44
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✺✹ ✭♣✳ ✺✼✮
tr✉❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✺✻ ✭♣✳ ✺✼✮
tr✉❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✺✽ ✭♣✳ ✺✼✮
❢❛❧s❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✻✵ ✭♣✳ ✺✼✮
✶✷✵
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✷✳✻✷ ✭♣✳ ✺✼✮
0.00024, ♦r 1

4165
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✶ ✭♣✳ ✻✵✮
②❡s
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✷ ✭♣✳ ✻✵✮
②❡s
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✸ ✭♣✳ ✻✵✮
②❡s
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✹ ✭♣✳ ✻✵✮
②❡s
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✺ ✭♣✳ ✻✵✮
♥♦
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✻ ✭♣✳ ✻✵✮
②❡s
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✼ ✭♣✳ ✻✶✮
②❡s
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✽ ✭♣✳ ✻✶✮
②❡s
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✾ ✭♣✳ ✻✶✮
②❡s
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✶✵ ✭♣✳ ✻✶✮
♥♦✱ ♥♦
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✶✶ ✭♣✳ ✻✶✮
✐♥✜♥✐t❡❧② ♠❛♥②✱ ✐♥✜♥✐t❡❧② ♠❛♥②
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✶✷ ✭♣✳ ✻✷✮
✵✱ ✶✱ ✷
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✶✸ ✭♣✳ ✻✷✮

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✶✸

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✶✹ ✭♣✳ ✻✸✮
Q, R
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✶✻ ✭♣✳ ✻✸✮
W, Z, Q, R
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✶✽ ✭♣✳ ✻✸✮
Q, R
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✷✵ ✭♣✳ ✻✸✮
Q, R
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✷✷ ✭♣✳ ✻✸✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✷✹ ✭♣✳ ✻✸✮
♥❡✐t❤❡r
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✷✻ ✭♣✳ ✻✸✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✷✽ ✭♣✳ ✻✸✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✸✵ ✭♣✳ ✻✸✮

❀ ♥♦
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✸✷ ✭♣✳ ✻✹✮
<
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✸✹ ✭♣✳ ✻✹✮
>
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✸✻ ✭♣✳ ✻✹✮
♥♦
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✸✽ ✭♣✳ ✻✹✮
✾✾
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✹✵ ✭♣✳ ✻✹✮
②❡s✱ ✵
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✹✷ ✭♣✳ ✻✹✮
−6, − 5, − 4, − 3, − 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✹✹ ✭♣✳ ✻✹✮
❚❤❡r❡ ❛r❡ ♥♦ ♥❛t✉r❛❧ ♥✉♠❜❡rs ❜❡t✇❡❡♥ −✶✺ ❛♥❞ −✶✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✹✻ ✭♣✳ ✻✹✮
(

95
1

) ◦

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✹✽ ✭♣✳ ✻✹✮
❨❡s✱ ❡✈❡r② ✐♥t❡❣❡r ✐s ❛ r❛t✐♦♥❛❧ ♥✉♠❜❡r✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✺✵ ✭♣✳ ✻✹✮
❨❡s✳ 1

2 + 1
2 = 1 ♦r 1 + 1 = 2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✺✷ ✭♣✳ ✻✺✮
✺ ✉♥✐ts
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✺✹ ✭♣✳ ✻✺✮
✽ ✉♥✐ts
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✺✻ ✭♣✳ ✻✺✮
m − n ✉♥✐ts
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✺✽ ✭♣✳ ✻✺✮
✷✸

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✻✵ ✭♣✳ ✻✺✮
❞✐✛❡r❡♥t
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✸✳✻✷ ✭♣✳ ✻✺✮
tr✉❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✶ ✭♣✳ ✻✼✮
5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✷ ✭♣✳ ✻✼✮
m
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✸ ✭♣✳ ✻✼✮
7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✹ ✭♣✳ ✻✼✮
6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✺ ✭♣✳ ✻✼✮
(k − 5)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✻ ✭♣✳ ✻✼✮
(2b + 7)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✼ ✭♣✳ ✻✽✮
2 + 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✽ ✭♣✳ ✻✽✮
x + 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✾ ✭♣✳ ✻✽✮
a · 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✶✵ ✭♣✳ ✻✽✮
(m + 3) (m + 4)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✶✶ ✭♣✳ ✻✽✮
189ady
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✶✷ ✭♣✳ ✻✽✮
960abcz
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✶✸ ✭♣✳ ✻✽✮
72pqr (a + b)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✶✹ ✭♣✳ ✼✵✮
t❤❡ ❝♦♠♠✉t❛t✐✈❡ ♣r♦♣❡rt② ♦❢ ♠✉❧t✐♣❧✐❝❛t✐♦♥
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✶✺ ✭♣✳ ✼✵✮
6 + 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✶✻ ✭♣✳ ✼✵✮
7x + 42
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✶✼ ✭♣✳ ✼✵✮
4a + 4y
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✶✽ ✭♣✳ ✼✵✮
9a + 2a
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✶✾ ✭♣✳ ✼✵✮
ax + 5a
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✷✵ ✭♣✳ ✼✵✮
x + y
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✷✶ ✭♣✳ ✼✷✮
3 + x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✷✸ ✭♣✳ ✼✷✮
10x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✷✺ ✭♣✳ ✼✷✮
6r

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✶✺

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✷✼ ✭♣✳ ✼✷✮
cx
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✷✾ ✭♣✳ ✼✷✮
(s + 1) 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✸✶ ✭♣✳ ✼✷✮
(a + 7) (x + 16)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✸✸ ✭♣✳ ✼✷✮
m (0.06)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✸✺ ✭♣✳ ✼✷✮
(6h + 1) 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✸✼ ✭♣✳ ✼✷✮
(10a − b) k
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✸✾ ✭♣✳ ✼✷✮
(4) (−16)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✹✶ ✭♣✳ ✼✷✮
[U+25CB] · �

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✹✸ ✭♣✳ ✼✸✮
18xy
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✹✺ ✭♣✳ ✼✸✮
24abc
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✹✼ ✭♣✳ ✼✸✮
30mnruz
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✹✾ ✭♣✳ ✼✸✮
1
16ade
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✺✶ ✭♣✳ ✼✸✮
9 (x + 2y) (6 + z) (3x + 5y)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✺✸ ✭♣✳ ✼✸✮
br + 5b
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✺✺ ✭♣✳ ✼✸✮
jk + k
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✺✼ ✭♣✳ ✼✸✮
xz + 9wz
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✺✾ ✭♣✳ ✼✸✮
8g + 2fg
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✻✶ ✭♣✳ ✼✸✮
30xy + 45xz
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✻✸ ✭♣✳ ✼✸✮
xz + yz + mz
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✻✺ ✭♣✳ ✼✹✮
ax + bx + cx + 10a + 10b + 10c
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✻✼ ✭♣✳ ✼✹✮
a + 16
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✻✾ ✭♣✳ ✼✹✮
348.3a + 81.7b + 15.05c
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✼✶ ✭♣✳ ✼✹✮
2Lmzt + 16kzt

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✼✸ ✭♣✳ ✼✹✮
❢❛❧s❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✹✳✼✺ ✭♣✳ ✼✹✮
<

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✶ ✭♣✳ ✼✻✮
a4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✷ ✭♣✳ ✼✻✮

(3b)
2
(5c)

4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✸ ✭♣✳ ✼✻✮

22 · 73(a − 4)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✹ ✭♣✳ ✼✻✮
8x3yz5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✺ ✭♣✳ ✼✻✮
4aaa
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✻ ✭♣✳ ✼✻✮
(4a) (4a) (4a)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✼ ✭♣✳ ✼✼✮

❙❡❧❡❝t x = 3✳ ❚❤❡♥ (5 · 3)
2

= (15)
2

= 225✱ ❜✉t 5 · 32 = 5 · 9 = 45✳ 225 6= 45✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✽ ✭♣✳ ✼✾✮
✷✾
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✾ ✭♣✳ ✼✾✮
✸
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✶✵ ✭♣✳ ✼✾✮
✾
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✶✶ ✭♣✳ ✼✾✮
✽
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✶✷ ✭♣✳ ✼✾✮
✸
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✶✸ ✭♣✳ ✽✵✮
b4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✶✺ ✭♣✳ ✽✵✮
x8

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✶✼ ✭♣✳ ✽✵✮
5s2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✶✾ ✭♣✳ ✽✵✮

a3 − (b + 7)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✷✶ ✭♣✳ ✽✵✮
x5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✷✸ ✭♣✳ ✽✵✮
2

(
34

)
x2y5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✷✺ ✭♣✳ ✽✵✮

7x2(a + 8)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✷✼ ✭♣✳ ✽✵✮

(4x)
5
♦r 45x5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✷✾ ✭♣✳ ✽✵✮

(−7)
4
a5b5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✸✶ ✭♣✳ ✽✵✮

(z + w)
3
(z − w)

2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✸✸ ✭♣✳ ✽✵✮

3x3y2 − (x + 1)
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✸✺ ✭♣✳ ✽✶✮
6 · 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✸✼ ✭♣✳ ✽✶✮
8 · x · x · x · y · y

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✶✼

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✸✾ ✭♣✳ ✽✶✮
(9aaabb) (9aaabb) (9aaabb) ♦r 9 · 9 · 9aaaaaaaaabbbbbb
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✹✶ ✭♣✳ ✽✶✮
10aaabb (3c) (3c) ♦r 10 · 3 · 3aaabbcc
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✹✸ ✭♣✳ ✽✶✮
(xx − yy) (xx + yy)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✹✺ ✭♣✳ ✽✶✮
❙❡❧❡❝t x = 2. ❚❤❡♥✱ 196 6= 28.
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✹✼ ✭♣✳ ✽✶✮
③❡r♦
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✹✾ ✭♣✳ ✽✶✮
✶✻
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✺✶ ✭♣✳ ✽✶✮
✶✵✺
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✺✸ ✭♣✳ ✽✶✮
✺✾
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✺✺ ✭♣✳ ✽✶✮
✹
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✺✼ ✭♣✳ ✽✷✮
✶
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✺✾ ✭♣✳ ✽✷✮
✹
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✻✶ ✭♣✳ ✽✷✮
✼✶
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✻✸ ✭♣✳ ✽✷✮
51
19
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✻✺ ✭♣✳ ✽✷✮
✺
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✻✼ ✭♣✳ ✽✷✮
1070
11 ♦r 97.27
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✻✾ ✭♣✳ ✽✷✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✺✳✼✶ ✭♣✳ ✽✷✮
xy
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✶ ✭♣✳ ✽✹✮
x2+5 = x7

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✷ ✭♣✳ ✽✹✮
x9+4 = x13

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✸ ✭♣✳ ✽✹✮
y6+4 = y10

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✹ ✭♣✳ ✽✹✮
c12+8 = c20

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✺ ✭♣✳ ✽✹✮

(x + 2)
3+5

= (x + 2)
8

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✻ ✭♣✳ ✽✺✮
6x7

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✼ ✭♣✳ ✽✺✮
18y7

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✽ ✭♣✳ ✽✺✮
36a5b3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✾ ✭♣✳ ✽✺✮
56x6y8

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✶✵ ✭♣✳ ✽✺✮

4(x − y)
5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✶✶ ✭♣✳ ✽✺✮
8x8y7

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✶✷ ✭♣✳ ✽✺✮
12a10b5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✶✸ ✭♣✳ ✽✺✮
an+m+r

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✶✹ ✭♣✳ ✽✻✮
y4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✶✺ ✭♣✳ ✽✻✮
a6

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✶✻ ✭♣✳ ✽✻✮

(x + 6)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✶✼ ✭♣✳ ✽✻✮
2x2y4z
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✶✽ ✭♣✳ ✽✽✮
y7−3 = y4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✶✾ ✭♣✳ ✽✽✮
3x4−3 = 3x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✷✵ ✭♣✳ ✽✽✮
2a7−2 = 2a5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✷✶ ✭♣✳ ✽✽✮
13
2 xy3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✷✷ ✭♣✳ ✽✽✮
9
2a3c2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✷✸ ✭♣✳ ✽✽✮

3(a − 4)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✷✹ ✭♣✳ ✽✽✮
2a5b2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✷✺ ✭♣✳ ✽✽✮
an−3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✷✻ ✭♣✳ ✽✽✮
7yp−hzq−5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✷✼ ✭♣✳ ✽✾✮
35 = 243
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✷✾ ✭♣✳ ✽✾✮
92 = 81
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✸✶ ✭♣✳ ✽✾✮
29 = 512
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✸✸ ✭♣✳ ✽✾✮
x5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✸✺ ✭♣✳ ✽✾✮
y12

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✸✼ ✭♣✳ ✽✾✮
k11

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✸✾ ✭♣✳ ✽✾✮
6x7

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✶✾

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✹✶ ✭♣✳ ✽✾✮
20y10

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✹✸ ✭♣✳ ✽✾✮
144x4y5z3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✹✺ ✭♣✳ ✽✾✮
32x3y3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✹✼ ✭♣✳ ✽✾✮
1
8a2b8

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✹✾ ✭♣✳ ✾✵✮
82 = 64
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✺✶ ✭♣✳ ✾✵✮
25 = 32
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✺✸ ✭♣✳ ✾✵✮
x2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✺✺ ✭♣✳ ✾✵✮
y5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✺✼ ✭♣✳ ✾✵✮
x2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✺✾ ✭♣✳ ✾✵✮
m7

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✻✶ ✭♣✳ ✾✵✮
y2w5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✻✸ ✭♣✳ ✾✵✮
x2y3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✻✺ ✭♣✳ ✾✵✮
e0 = 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✻✼ ✭♣✳ ✾✵✮
x0 = 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✻✾ ✭♣✳ ✾✵✮
2a
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✼✶ ✭♣✳ ✾✶✮
t2y4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✼✸ ✭♣✳ ✾✶✮
a9b15

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✼✺ ✭♣✳ ✾✶✮

(x + 3y)
8
(2x − 1)

3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✼✼ ✭♣✳ ✾✶✮
xn+r

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✼✾ ✭♣✳ ✾✶✮
x2n+3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✽✶ ✭♣✳ ✾✶✮
x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✽✸ ✭♣✳ ✾✶✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✽✺ ✭♣✳ ✾✶✮
a∆+∇b�+⋄

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✽✼ ✭♣✳ ✾✶✮
8ax + 12bx
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✻✳✽✾ ✭♣✳ ✾✶✮
✽

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✶ ✭♣✳ ✾✸✮
x20

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✷ ✭♣✳ ✾✸✮
y49

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✸ ✭♣✳ ✾✹✮
a4x4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✹ ✭♣✳ ✾✹✮
9b2x2y2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✺ ✭♣✳ ✾✹✮

64t3(s − 5)
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✻ ✭♣✳ ✾✹✮
81x6y10

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✼ ✭♣✳ ✾✹✮
a30b48c18d6

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✽ ✭♣✳ ✾✹✮

(a + 8)
4
(a + 5)

4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✾ ✭♣✳ ✾✹✮

125c20u15(w − 3)
10

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✶✵ ✭♣✳ ✾✹✮

104t16y28j12d8v24n16g32(2 − k)
68

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✶✶ ✭♣✳ ✾✹✮
(
x8y8

)9
= x72y72

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✶✷ ✭♣✳ ✾✹✮
10230

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✶✸ ✭♣✳ ✾✻✮
a5

c5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✶✹ ✭♣✳ ✾✻✮
8x3

27y3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✶✺ ✭♣✳ ✾✻✮
x18y36z63

a45b9

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✶✻ ✭♣✳ ✾✻✮
16a16(b−1)4

81b12(c+6)4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✶✼ ✭♣✳ ✾✻✮
8a3b3c18

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✶✽ ✭♣✳ ✾✻✮
(9+w)20

(3+w)50

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✶✾ ✭♣✳ ✾✻✮
1, ✐❢x4 (y + 1) 6= 0
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✷✵ ✭♣✳ ✾✻✮
1, ✐❢x2vc6 6= 0
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✷✶ ✭♣✳ ✾✼✮
a5c5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✷✸ ✭♣✳ ✾✼✮
8a3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✷✺ ✭♣✳ ✾✼✮
81x4y4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✷✼ ✭♣✳ ✾✼✮
81a4b4

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✷✶

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✷✾ ✭♣✳ ✾✼✮
49y6

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✸✶ ✭♣✳ ✾✼✮
125x18

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✸✸ ✭♣✳ ✾✼✮
100a4b2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✸✺ ✭♣✳ ✾✼✮
x8y12z20

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✸✼ ✭♣✳ ✾✼✮
x15y10z20

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✸✾ ✭♣✳ ✾✼✮
a32b56c48d64

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✹✶ ✭♣✳ ✾✼✮
✶
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✹✸ ✭♣✳ ✾✽✮
1
64c20d16e8f18

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✹✺ ✭♣✳ ✾✽✮
x6y8

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✹✼ ✭♣✳ ✾✽✮
a18b21

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✹✾ ✭♣✳ ✾✽✮
x26y14z8

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✺✶ ✭♣✳ ✾✽✮
4a2b6

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✺✸ ✭♣✳ ✾✽✮
x8

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✺✺ ✭♣✳ ✾✽✮
m4n4p12

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✺✼ ✭♣✳ ✾✽✮
1000x8y7z33

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✺✾ ✭♣✳ ✾✽✮
25x14y22

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✻✶ ✭♣✳ ✾✽✮
27a3b3

64x3y3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✻✸ ✭♣✳ ✾✾✮
27a6b9

c12

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✻✺ ✭♣✳ ✾✾✮
x8(y−1)12

(x+6)4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✻✼ ✭♣✳ ✾✾✮
xn+6

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✻✾ ✭♣✳ ✾✾✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✼✶ ✭♣✳ ✾✾✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✼✸ ✭♣✳ ✾✾✮

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✼✺ ✭♣✳ ✾✾✮
♥♦
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✼✼ ✭♣✳ ✾✾✮
✶✹✼
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✼✳✼✾ ✭♣✳ ✶✵✵✮
4x5y6z2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✶ ✭♣✳ ✶✵✷✮
✻✶
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✸ ✭♣✳ ✶✵✷✮
✹✸✽
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✺ ✭♣✳ ✶✵✷✮
✷
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✼ ✭♣✳ ✶✵✷✮
✼✾
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✾ ✭♣✳ ✶✵✷✮
37
48
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✶✶ ✭♣✳ ✶✵✷✮
✽
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✶✸ ✭♣✳ ✶✵✸✮
✹✸
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✶✺ ✭♣✳ ✶✵✸✮
252 > 246
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✶✼ ✭♣✳ ✶✵✸✮
2 > 0
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✶✾ ✭♣✳ ✶✵✸✮
❞✐✛❡r❡♥t
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✷✶ ✭♣✳ ✶✵✸✮
c + d; d + c
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✷✸ ✭♣✳ ✶✵✸✮
62
f ♦r 62 ÷ f

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✷✺ ✭♣✳ ✶✵✸✮
6x − 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✷✼ ✭♣✳ ✶✵✸✮
(y + 11) ÷ (y + 10) − 12 ♦r y+11

y+10 − 12

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✷✾ ✭♣✳ ✶✵✹✮
②❡s
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✸✶ ✭♣✳ ✶✵✹✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✸✸ ✭♣✳ ✶✵✹✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✸✺ ✭♣✳ ✶✵✹✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✸✼ ✭♣✳ ✶✵✹✮

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✷✸

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✸✾ ✭♣✳ ✶✵✹✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✹✶ ✭♣✳ ✶✵✹✮
−3 < 0
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✹✸ ✭♣✳ ✶✵✹✮
−8 < − 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✹✺ ✭♣✳ ✶✵✹✮
②❡s✱ − 99
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✹✼ ✭♣✳ ✶✵✺✮
4, 5, 6, ♦r 7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✹✾ ✭♣✳ ✶✵✺✮
−2, − 1, 0, 1, ♦r 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✺✶ ✭♣✳ ✶✵✺✮
−6 ◦

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✺✸ ✭♣✳ ✶✵✺✮
✹
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✺✺ ✭♣✳ ✶✵✺✮
❝♦♠♠✉t❛t✐✈❡✱ ♠✉❧t✐♣❧✐❝❛t✐♦♥
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✺✼ ✭♣✳ ✶✵✺✮
4b + a
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✺✾ ✭♣✳ ✶✵✺✮
(a − 1) 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✻✶ ✭♣✳ ✶✵✺✮
(−9) (6) (−2) ♦r (−9) (−2) (6) ♦r (6) (−2) (−9) ♦r (−2) (−9) (6)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✻✸ ✭♣✳ ✶✵✺✮
⋄ · △
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✻✺ ✭♣✳ ✶✵✺✮
32abc
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✻✼ ✭♣✳ ✶✵✻✮
✵
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✻✾ ✭♣✳ ✶✵✻✮
3a + 12
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✼✶ ✭♣✳ ✶✵✻✮
8gh + 4gk
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✼✸ ✭♣✳ ✶✵✻✮
6xy + 12yz + 15wy
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✼✺ ✭♣✳ ✶✵✻✮
4ax + 3bx + 4ay + 3by
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✼✼ ✭♣✳ ✶✵✻✮
x5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✼✾ ✭♣✳ ✶✵✻✮

(a + 2b)
2 − (a + 3b)

4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✽✶ ✭♣✳ ✶✵✻✮
a7

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✽✸ ✭♣✳ ✶✵✻✮

(−8)
4
x3y5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✽✺ ✭♣✳ ✶✵✻✮

2y4z3 + 7yz3(a − 6)
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✽✼ ✭♣✳ ✶✵✼✮
3xxx

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✷✹ ❈❍❆P❚❊❘ ✷✳ ❇❆❙■❈ P❘❖P❊❘❚■❊❙ ❖❋ ❘❊❆▲ ◆❯▼❇❊❘❙

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✽✾ ✭♣✳ ✶✵✼✮
4b · 4b
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✾✶ ✭♣✳ ✶✵✼✮
(xxx + 7) (xxx + 7) (yy − 3) (yy − 3) (yy − 3) (z + 10)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✾✸ ✭♣✳ ✶✵✼✮
✭❛✮ ❛♥② ✈❛❧✉❡ ❡①❝❡♣t ③❡r♦

✭❜✮ ♦♥❧② ③❡r♦
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✾✺ ✭♣✳ ✶✵✼✮
✸✻✻
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✾✼ ✭♣✳ ✶✵✼✮
180.3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✾✾ ✭♣✳ ✶✵✼✮
✶✵
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✶✵✶ ✭♣✳ ✶✵✼✮
4b8

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✶✵✸ ✭♣✳ ✶✵✽✮
6x5y13

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✶✵✺ ✭♣✳ ✶✵✽✮
81a4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✶✵✼ ✭♣✳ ✶✵✽✮
x12y24

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✶✵✾ ✭♣✳ ✶✵✽✮
9
16x16y12a20b30

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✶✶✶ ✭♣✳ ✶✵✽✮
7a3b3c5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✶✶✸ ✭♣✳ ✶✵✽✮
x11

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✶✶✺ ✭♣✳ ✶✵✽✮
x13y9z19

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✶✶✼ ✭♣✳ ✶✵✽✮
9x4

16y6

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✶✶✾ ✭♣✳ ✶✵✽✮
xn+m

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✶✷✶ ✭♣✳ ✶✵✽✮
48b7n+9

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✶✷✸ ✭♣✳ ✶✵✽✮
x35ty28r

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✾✳✶✷✺ ✭♣✳ ✶✵✾✮
uw−k

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✶✵✳✶ ✭♣✳ ✶✵✾✮
✹✵
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✶✵✳✷ ✭♣✳ ✶✵✾✮
✶
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✶✵✳✸ ✭♣✳ ✶✵✾✮
137
68
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✶✵✳✹ ✭♣✳ ✶✵✾✮
✼✺
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✶✵✳✺ ✭♣✳ ✶✵✾✮
>

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✷✺

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✶✵✳✻ ✭♣✳ ✶✵✾✮
(x − 1) (3x + 2)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✶✵✳✼ ✭♣✳ ✶✵✾✮
x
12 ≤ (x + 4)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✶✵✳✽ ✭♣✳ ✶✵✾✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✶✵✳✾ ✭♣✳ ✶✵✾✮
❩❡r♦ ✐s ♥❡✐t❤❡r ♣♦s✐t✐✈❡ ♥♦r ♥❡❣❛t✐✈❡✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✶✵✳✶✵ ✭♣✳ ✶✵✾✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✶✵✳✶✶ ✭♣✳ ✶✵✾✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✶✵✳✶✷ ✭♣✳ ✶✵✾✮
0, 1, 2, 3, 4, 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✶✵✳✶✸ ✭♣✳ ✶✵✾✮
②❡s❀ ✶✵
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✶✵✳✶✹ ✭♣✳ ✶✶✵✮
(a + 3) m
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✶✵✳✶✺ ✭♣✳ ✶✶✵✮
96abcd
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✶✵✳✶✻ ✭♣✳ ✶✶✵✮

24y2(x − 9)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✶✵✳✶✼ ✭♣✳ ✶✶✵✮
16x3y5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✶✵✳✶✽ ✭♣✳ ✶✶✵✮
81a5b6

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✶✵✳✶✾ ✭♣✳ ✶✶✵✮
72a11b7

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✶✵✳✷✵ ✭♣✳ ✶✶✵✮
x8y7

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✶✵✳✷✶ ✭♣✳ ✶✶✵✮

13x7y4
(
y − x4

)2
(y + x)

4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✶✵✳✷✷ ✭♣✳ ✶✶✵✮
x4ny12mz8p

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✶✵✳✷✸ ✭♣✳ ✶✶✵✮
✶
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✶✵✳✷✹ ✭♣✳ ✶✶✵✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✷✳✶✵✳✷✺ ✭♣✳ ✶✶✵✮
❛ ✈❛r✐❛❜❧❡

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✷✻ ❈❍❆P❚❊❘ ✷✳ ❇❆❙■❈ P❘❖P❊❘❚■❊❙ ❖❋ ❘❊❆▲ ◆❯▼❇❊❘❙

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



❈❤❛♣t❡r ✸

❇❛s✐❝ ❖♣❡r❛t✐♦♥s ✇✐t❤ ❘❡❛❧ ◆✉♠❜❡rs

✸✳✶ ❖❜❥❡❝t✐✈❡s✶

❆❢t❡r ❝♦♠♣❧❡t✐♥❣ t❤✐s ❝❤❛♣t❡r✱ ②♦✉ s❤♦✉❧❞

❙✐❣♥❡❞ ◆✉♠❜❡rs ✭❙❡❝t✐♦♥ ✸✳✷✮

• ❜❡ ❢❛♠✐❧✐❛r ✇✐t❤ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ♥✉♠❜❡rs ❛♥❞ ✇✐t❤ t❤❡ ❝♦♥❝❡♣t ♦❢ ♦♣♣♦s✐t❡s

❆❜s♦❧✉t❡ ❱❛❧✉❡ ✭❙❡❝t✐♦♥ ✸✳✸✮

• ✉♥❞❡rst❛♥❞ t❤❡ ❣❡♦♠❡tr✐❝ ❛♥❞ ❛❧❣❡❜r❛✐❝ ❞❡✜♥✐t✐♦♥s ♦❢ ❛❜s♦❧✉t❡ ✈❛❧✉❡

❆❞❞✐t✐♦♥ ♦❢ ❙✐❣♥❡❞ ◆✉♠❜❡rs ✭❙❡❝t✐♦♥ ✸✳✹✮

• ❜❡ ❛❜❧❡ t♦ ❛❞❞ ♥✉♠❜❡rs ✇✐t❤ ❧✐❦❡ s✐❣♥s ❛♥❞ ✉♥❧✐❦❡ s✐❣♥s
• ✉♥❞❡rst❛♥❞ ❛❞❞✐t✐♦♥ ✇✐t❤ ③❡r♦

❙✉❜tr❛❝t✐♦♥ ♦❢ ❙✐❣♥❡❞ ◆✉♠❜❡rs ✭❙❡❝t✐♦♥ ✸✳✺✮

• ✉♥❞❡rst❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ s✉❜tr❛❝t✐♦♥
• ❜❡ ❛❜❧❡ t♦ s✉❜tr❛❝t s✐❣♥❡❞ ♥✉♠❜❡rs

▼✉❧t✐♣❧✐❝❛t✐♦♥ ❛♥❞ ❉✐✈✐s✐♦♥ ♦❢ ❙✐❣♥❡❞ ◆✉♠❜❡rs ✭❙❡❝t✐♦♥ ✸✳✻✮

• ❜❡ ❛❜❧❡ t♦ ♠✉❧t✐♣❧② ❛♥❞ ❞✐✈✐❞❡ s✐❣♥❡❞ ♥✉♠❜❡rs

◆❡❣❛t✐✈❡ ❊①♣♦♥❡♥ts ✭❙❡❝t✐♦♥ ✸✳✼✮

• ✉♥❞❡rst❛♥❞ t❤❡ ❝♦♥❝❡♣ts ♦❢ r❡❝✐♣r♦❝❛❧s ❛♥❞ ♥❡❣❛t✐✈❡ ❡①♣♦♥❡♥ts
• ❜❡ ❛❜❧❡ t♦ ✇♦r❦ ✇✐t❤ ♥❡❣❛t✐✈❡ ❡①♣♦♥❡♥ts

❙❝✐❡♥t✐✜❝ ◆♦t❛t✐♦♥ ✭❙❡❝t✐♦♥ ✸✳✽✮

• ❜❡ ❛❜❧❡ t♦ ❝♦♥✈❡rt ❛ ♥✉♠❜❡r ❢r♦♠ st❛♥❞❛r❞ ❢♦r♠ t♦ s❝✐❡♥t✐✜❝ ❢♦r♠ ❛♥❞ ❢r♦♠ s❝✐❡♥t✐✜❝ ❢♦r♠ t♦ st❛♥❞❛r❞
❢♦r♠

• ❜❡ ❛❜❧❡ t♦ ✇♦r❦ ✇✐t❤ ♥✉♠❜❡rs ✐♥ s❝✐❡♥t✐✜❝ ♥♦t❛t✐♦♥

✶❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✷✼✽✻✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃

✶✷✼



✶✷✽ ❈❍❆P❚❊❘ ✸✳ ❇❆❙■❈ ❖P❊❘❆❚■❖◆❙ ❲■❚❍ ❘❊❆▲ ◆❯▼❇❊❘❙

✸✳✷ ❙✐❣♥❡❞ ◆✉♠❜❡rs ✷

✸✳✷✳✶ ❖✈❡r✈✐❡✇

• P♦s✐t✐✈❡ ❛♥❞ ◆❡❣❛t✐✈❡ ◆✉♠❜❡rs
• ❖♣♣♦s✐t❡s

✸✳✷✳✷ P♦s✐t✐✈❡ ❛♥❞ ◆❡❣❛t✐✈❡ ◆✉♠❜❡rs

❲❤❡♥ ✇❡ st✉❞✐❡❞ t❤❡ ♥✉♠❜❡r ❧✐♥❡ ✐♥ ❙❡❝t✐♦♥ ❙❡❝t✐♦♥ ✷✳✸ ✇❡ ♥♦t❡❞ t❤❛t
❊❛❝❤ ♣♦✐♥t ♦♥ t❤❡ ♥✉♠❜❡r ❧✐♥❡ ❝♦rr❡s♣♦♥❞s t♦ ❛ r❡❛❧ ♥✉♠❜❡r✱ ❛♥❞ ❡❛❝❤ r❡❛❧ ♥✉♠❜❡r ✐s ❧♦❝❛t❡❞ ❛t ❛

✉♥✐q✉❡ ♣♦✐♥t ♦♥ t❤❡ ♥✉♠❜❡r ❧✐♥❡✳

P♦s✐t✐✈❡ ❛♥❞ ◆❡❣❛t✐✈❡ ◆✉♠❜❡rs
❊❛❝❤ r❡❛❧ ♥✉♠❜❡r ❤❛s ❛ s✐❣♥ ✐♥❤❡r❡♥t❧② ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✐t✳ ❆ r❡❛❧ ♥✉♠❜❡r ✐s s❛✐❞ t♦ ❜❡ ❛ ♣♦s✐t✐✈❡ ♥✉♠❜❡r
✐❢ ✐t ✐s ❧♦❝❛t❡❞ t♦ t❤❡ r✐❣❤t ♦❢ ✵ ♦♥ t❤❡ ♥✉♠❜❡r ❧✐♥❡✳ ■t ✐s ❛ ♥❡❣❛t✐✈❡ ♥✉♠❜❡r ✐❢ ✐t ✐s ❧♦❝❛t❡❞ t♦ t❤❡ ❧❡❢t ♦❢ ✵
♦♥ t❤❡ ♥✉♠❜❡r ❧✐♥❡✳
❚❍❊ ◆❖❚❆❚■❖◆ ❖❋ ❙■●◆❊❉ ◆❯▼❇❊❘❙
❆ ♥✉♠❜❡r ✐s ❞❡♥♦t❡❞ ❛s ♣♦s✐t✐✈❡ ✐❢ ✐t ✐s ❞✐r❡❝t❧② ♣r❡❝❡❞❡❞ ❜② ❛ ” + ” s✐❣♥ ♦r ♥♦ s✐❣♥ ❛t ❛❧❧✳
❆ ♥✉♠❜❡r ✐s ❞❡♥♦t❡❞ ❛s ♥❡❣❛t✐✈❡ ✐❢ ✐t ✐s ❞✐r❡❝t❧② ♣r❡❝❡❞❡❞ ❜② ❛ ” − ” s✐❣♥✳

❚❤❡ ” + ” ❛♥❞ ” − ” s✐❣♥s ♥♦✇ ❤❛✈❡ t✇♦ ♠❡❛♥✐♥❣s✿
+ ❝❛♥ ❞❡♥♦t❡ t❤❡ ♦♣❡r❛t✐♦♥ ♦❢ ❛❞❞✐t✐♦♥ ♦r ❛ ♣♦s✐t✐✈❡ ♥✉♠❜❡r✳

− ❝❛♥ ❞❡♥♦t❡ t❤❡ ♦♣❡r❛t✐♦♥ ♦❢ s✉❜tr❛❝t✐♦♥ ♦r ❛ ♥❡❣❛t✐✈❡ ♥✉♠❜❡r✳
❘❡❛❞ t❤❡ ” − ”❙✐❣♥ ❛s ✧◆❡❣❛t✐✈❡✧
❚♦ ❛✈♦✐❞ ❛♥② ❝♦♥❢✉s✐♦♥ ❜❡t✇❡❡♥ ✧s✐❣♥✧ ❛♥❞ ✧♦♣❡r❛t✐♦♥✱✧ ✐t ✐s ♣r❡❢❡r❛❜❧❡ t♦ r❡❛❞ t❤❡ s✐❣♥ ♦❢ ❛ ♥✉♠❜❡r ❛s
✧♣♦s✐t✐✈❡✧ ♦r ✧♥❡❣❛t✐✈❡✳✧

✸✳✷✳✸ ❙❛♠♣❧❡ ❙❡t ❆

❊①❛♠♣❧❡ ✸✳✶
−8 s❤♦✉❧❞ ❜❡ r❡❛❞ ❛s ✧♥❡❣❛t✐✈❡ ❡✐❣❤t✧ r❛t❤❡r t❤❛♥ ✧♠✐♥✉s ❡✐❣❤t✳✧

❊①❛♠♣❧❡ ✸✳✷
4 + (−2) s❤♦✉❧❞ ❜❡ r❡❛❞ ❛s ✧❢♦✉r ♣❧✉s ♥❡❣❛t✐✈❡ t✇♦✧ r❛t❤❡r t❤❛♥ ✧❢♦✉r ♣❧✉s ♠✐♥✉s t✇♦✳✧

❊①❛♠♣❧❡ ✸✳✸
−6 + (−3) s❤♦✉❧❞ ❜❡ r❡❛❞ ❛s ✧♥❡❣❛t✐✈❡ s✐① ♣❧✉s ♥❡❣❛t✐✈❡ t❤r❡❡✧ r❛t❤❡r t❤❛♥ ✧♠✐♥✉s s✐① ♣❧✉s♠✐♥✉s
t❤r❡❡✳✧

❊①❛♠♣❧❡ ✸✳✹
−15−(−6) s❤♦✉❧❞ ❜❡ r❡❛❞ ❛s ✧♥❡❣❛t✐✈❡ ✜❢t❡❡♥ ♠✐♥✉s ♥❡❣❛t✐✈❡ s✐①✧ r❛t❤❡r t❤❛♥ ✧♠✐♥✉s ✜❢t❡❡♥♠✐♥✉s
♠✐♥✉s s✐①✳✧

❊①❛♠♣❧❡ ✸✳✺
−5 + 7 s❤♦✉❧❞ ❜❡ r❡❛❞ ❛s ✧♥❡❣❛t✐✈❡ ✜✈❡ ♣❧✉s s❡✈❡♥✧ r❛t❤❡r t❤❛♥ ✧♠✐♥✉s ✜✈❡ ♣❧✉s s❡✈❡♥✳✧

❊①❛♠♣❧❡ ✸✳✻
0 − 2 s❤♦✉❧❞ ❜❡ r❡❛❞ ❛s ✧③❡r♦ ♠✐♥✉s t✇♦✳✧

✷❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✶✽✽✼✹✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✷✾

✸✳✷✳✹ Pr❛❝t✐❝❡ ❙❡t ❆

❲r✐t❡ ❡❛❝❤ ❡①♣r❡ss✐♦♥ ✐♥ ✇♦r❞s✳

❊①❡r❝✐s❡ ✸✳✷✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✽✳✮

4 + 10

❊①❡r❝✐s❡ ✸✳✷✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✽✳✮

7 + (−4)

❊①❡r❝✐s❡ ✸✳✷✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✽✳✮

−9 + 2

❊①❡r❝✐s❡ ✸✳✷✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✽✳✮

−16 − (+8)

❊①❡r❝✐s❡ ✸✳✷✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✽✳✮

−1 − (−9)

❊①❡r❝✐s❡ ✸✳✷✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✽✳✮

0 + (−7)

✸✳✷✳✺ ❖♣♣♦s✐t❡s

❖♣♣♦s✐t❡s
❖♥ t❤❡ ♥✉♠❜❡r ❧✐♥❡✱ ❡❛❝❤ r❡❛❧ ♥✉♠❜❡r ❤❛s ❛♥ ✐♠❛❣❡ ♦♥ t❤❡ ♦♣♣♦s✐t❡ s✐❞❡ ♦❢ ✵✳ ❋♦r t❤✐s r❡❛s♦♥ ✇❡ s❛② t❤❛t
❡❛❝❤ r❡❛❧ ♥✉♠❜❡r ❤❛s ❛♥ ♦♣♣♦s✐t❡✳ ❖♣♣♦s✐t❡s ❛r❡ t❤❡ s❛♠❡ ❞✐st❛♥❝❡ ❢r♦♠ ③❡r♦ ❜✉t ❤❛✈❡ ♦♣♣♦s✐t❡ s✐❣♥s✳

❚❤❡ ♦♣♣♦s✐t❡ ♦❢ ❛ r❡❛❧ ♥✉♠❜❡r ✐s ❞❡♥♦t❡❞ ❜② ♣❧❛❝✐♥❣ ❛ ♥❡❣❛t✐✈❡ s✐❣♥ ❞✐r❡❝t❧② ✐♥ ❢r♦♥t ♦❢ t❤❡ ♥✉♠❜❡r✳ ❚❤✉s✱
✐❢ a ✐s ❛♥② r❡❛❧ ♥✉♠❜❡r✱ t❤❡♥ −a ✐s ✐ts ♦♣♣♦s✐t❡✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❧❡tt❡r a ✐s ❛ ✈❛r✐❛❜❧❡✳ ❚❤✉s✱ ”a” ♥❡❡❞ ♥♦t
❜❡ ♣♦s✐t✐✈❡✱ ❛♥❞ ” − a” ♥❡❡❞ ♥♦t ❜❡ ♥❡❣❛t✐✈❡✳

■❢ a ✐s ❛ r❡❛❧ ♥✉♠❜❡r✱ −a ✐s ♦♣♣♦s✐t❡ a ♦♥ t❤❡ ♥✉♠❜❡r ❧✐♥❡ ❛♥❞ a ✐s ♦♣♣♦s✐t❡ −a ♦♥ t❤❡ ♥✉♠❜❡r ❧✐♥❡✳

− (−a) ✐s ♦♣♣♦s✐t❡ −a ♦♥ t❤❡ ♥✉♠❜❡r ❧✐♥❡✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t − (−a) = a✳
❚❤✐s ♣r♦♣❡rt② ♦❢ ♦♣♣♦s✐t❡s s✉❣❣❡sts t❤❡ ❞♦✉❜❧❡✲♥❡❣❛t✐✈❡ ♣r♦♣❡rt② ❢♦r r❡❛❧ ♥✉♠❜❡rs✳

❚❍❊ ❉❖❯❇▲❊✲◆❊●❆❚■❱❊ P❘❖P❊❘❚❨
■❢ a ✐s ❛ r❡❛❧ ♥✉♠❜❡r✱ t❤❡♥
− (−a) = a

✸✳✷✳✻ ❙❛♠♣❧❡ ❙❡t ❇

❊①❛♠♣❧❡ ✸✳✼
■❢ a = 3✱ t❤❡♥ −a = −3 ❛♥❞ − (−a) = − (−3) = 3✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✸✵ ❈❍❆P❚❊❘ ✸✳ ❇❆❙■❈ ❖P❊❘❆❚■❖◆❙ ❲■❚❍ ❘❊❆▲ ◆❯▼❇❊❘❙

❊①❛♠♣❧❡ ✸✳✽
■❢ a = −4✱ t❤❡♥ −a = − (−4) = 4 ❛♥❞ − (−a) = a = −4✳

✸✳✷✳✼ Pr❛❝t✐❝❡ ❙❡t ❇

❋✐♥❞ t❤❡ ♦♣♣♦s✐t❡ ♦❢ ❡❛❝❤ r❡❛❧ ♥✉♠❜❡r✳

❊①❡r❝✐s❡ ✸✳✷✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✽✳✮

✽

❊①❡r❝✐s❡ ✸✳✷✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✽✳✮

✶✼

❊①❡r❝✐s❡ ✸✳✷✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✽✳✮

−6

❊①❡r❝✐s❡ ✸✳✷✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✽✳✮

−15

❊①❡r❝✐s❡ ✸✳✷✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✽✳✮

− (−1)

❊①❡r❝✐s❡ ✸✳✷✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✽✳✮

− [− (−7)]

❊①❡r❝✐s❡ ✸✳✷✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✽✳✮

❙✉♣♣♦s❡ t❤❛t a ✐s ❛ ♣♦s✐t✐✈❡ ♥✉♠❜❡r✳ ❲❤❛t t②♣❡ ♦❢ ♥✉♠❜❡r ✐s −a ❄

❊①❡r❝✐s❡ ✸✳✷✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✽✳✮

❙✉♣♣♦s❡ t❤❛t a ✐s ❛ ♥❡❣❛t✐✈❡ ♥✉♠❜❡r✳ ❲❤❛t t②♣❡ ♦❢ ♥✉♠❜❡r ✐s −a ❄

❊①❡r❝✐s❡ ✸✳✷✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✽✳✮

❙✉♣♣♦s❡ ✇❡ ❞♦ ♥♦t ❦♥♦✇ t❤❡ s✐❣♥ ♦❢ t❤❡ ♥✉♠❜❡r m✳ ❈❛♥ ✇❡ s❛② t❤❛t −m ✐s ♣♦s✐t✐✈❡✱ ♥❡❣❛t✐✈❡✱ ♦r
t❤❛t ✇❡ ❞♦ ♥♦t❦♥♦✇ ❄

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✸✶

✸✳✷✳✽ ❊①❡r❝✐s❡s

❊①❡r❝✐s❡ ✸✳✷✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✽✳✮

❆ ♥✉♠❜❡r ✐s ❞❡♥♦t❡❞ ❛s ♣♦s✐t✐✈❡ ✐❢ ✐t ✐s ❞✐r❡❝t❧② ♣r❡❝❡❞❡❞ ❜② ❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴ ✳

❊①❡r❝✐s❡ ✸✳✷✳✶✼
❆ ♥✉♠❜❡r ✐s ❞❡♥♦t❡❞ ❛s ♥❡❣❛t✐✈❡ ✐❢ ✐t ✐s ❞✐r❡❝t❧② ♣r❡❝❡❞❡❞ ❜② ❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴ ✳

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❤♦✇ s❤♦✉❧❞ t❤❡ r❡❛❧ ♥✉♠❜❡rs ❜❡ r❡❛❞ ❄ ✭❲r✐t❡ ✐♥ ✇♦r❞s✳✮

❊①❡r❝✐s❡ ✸✳✷✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✽✳✮

−5

❊①❡r❝✐s❡ ✸✳✷✳✶✾
−3

❊①❡r❝✐s❡ ✸✳✷✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✽✳✮

✶✷

❊①❡r❝✐s❡ ✸✳✷✳✷✶
✶✵

❊①❡r❝✐s❡ ✸✳✷✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✽✳✮

− (−4)

❊①❡r❝✐s❡ ✸✳✷✳✷✸
− (−1)

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✇r✐t❡ t❤❡ ❡①♣r❡ss✐♦♥s ✐♥ ✇♦r❞s✳

❊①❡r❝✐s❡ ✸✳✷✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✽✳✮

5 + 7

❊①❡r❝✐s❡ ✸✳✷✳✷✺
2 + 6

❊①❡r❝✐s❡ ✸✳✷✳✷✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✽✳✮

11 + (−2)

❊①❡r❝✐s❡ ✸✳✷✳✷✼
1 + (−5)

❊①❡r❝✐s❡ ✸✳✷✳✷✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✽✳✮

6 − (−8)

❊①❡r❝✐s❡ ✸✳✷✳✷✾
0 − (−15)

❘❡✇r✐t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s ✐♥ ❛ s✐♠♣❧❡r ❢♦r♠✳

❊①❡r❝✐s❡ ✸✳✷✳✸✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✽✳✮

− (−8)

❊①❡r❝✐s❡ ✸✳✷✳✸✶
− (−5)

❊①❡r❝✐s❡ ✸✳✷✳✸✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✽✳✮

− (−2)

❊①❡r❝✐s❡ ✸✳✷✳✸✸
− (−9)

❊①❡r❝✐s❡ ✸✳✷✳✸✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✽✳✮

− (−1)

❊①❡r❝✐s❡ ✸✳✷✳✸✺
− (−4)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✸✷ ❈❍❆P❚❊❘ ✸✳ ❇❆❙■❈ ❖P❊❘❆❚■❖◆❙ ❲■❚❍ ❘❊❆▲ ◆❯▼❇❊❘❙

❊①❡r❝✐s❡ ✸✳✷✳✸✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✽✳✮

− [− (−3)]

❊①❡r❝✐s❡ ✸✳✷✳✸✼
− [− (−10)]

❊①❡r❝✐s❡ ✸✳✷✳✸✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✾✳✮

− [− (−6)]

❊①❡r❝✐s❡ ✸✳✷✳✸✾
− [− (−15)]

❊①❡r❝✐s❡ ✸✳✷✳✹✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✾✳✮

−{− [− (−26)]}
❊①❡r❝✐s❡ ✸✳✷✳✹✶
−{− [− (−11)]}

❊①❡r❝✐s❡ ✸✳✷✳✹✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✾✳✮

−{− [− (−31)]}
❊①❡r❝✐s❡ ✸✳✷✳✹✸
−{− [− (−14)]}

❊①❡r❝✐s❡ ✸✳✷✳✹✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✾✳✮

− [− (12)]

❊①❡r❝✐s❡ ✸✳✷✳✹✺
− [− (2)]

❊①❡r❝✐s❡ ✸✳✷✳✹✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✾✳✮

− [− (17)]

❊①❡r❝✐s❡ ✸✳✷✳✹✼
− [− (42)]

❊①❡r❝✐s❡ ✸✳✷✳✹✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✾✳✮

5 − (−2)

❊①❡r❝✐s❡ ✸✳✷✳✹✾
6 − (−14)

❊①❡r❝✐s❡ ✸✳✷✳✺✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✾✳✮

10 − (−6)

❊①❡r❝✐s❡ ✸✳✷✳✺✶
18 − (−12)

❊①❡r❝✐s❡ ✸✳✷✳✺✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✾✳✮

31 − (−1)

❊①❡r❝✐s❡ ✸✳✷✳✺✸
54 − (−18)

❊①❡r❝✐s❡ ✸✳✷✳✺✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✾✳✮

6 − (−3) − (−4)

❊①❡r❝✐s❡ ✸✳✷✳✺✺
2 − (−1) − (−8)

❊①❡r❝✐s❡ ✸✳✷✳✺✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✾✳✮

15 − (−6) − (−5)

❊①❡r❝✐s❡ ✸✳✷✳✺✼
24 − (−8) − (−13)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✸✸

✸✳✷✳✾ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✸✳✷✳✺✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✾✳✮

✭❙❡❝t✐♦♥ ✷✳✺✮ ❚❤❡r❡ ✐s ♦♥❧② ♦♥❡ r❡❛❧ ♥✉♠❜❡r ❢♦r ✇❤✐❝❤ (5a)
2

= 5a2✳ ❲❤❛t ✐s t❤❡ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✸✳✷✳✺✾
✭❙❡❝t✐♦♥ ✷✳✻✮ ❙✐♠♣❧✐❢② (3xy)

(
2x2y3

) (
4x2y4

)
✳

❊①❡r❝✐s❡ ✸✳✷✳✻✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✾✳✮

✭❙❡❝t✐♦♥ ✷✳✻✮ ❙✐♠♣❧✐❢② xn+3 · x5✳

❊①❡r❝✐s❡ ✸✳✷✳✻✶
✭❙❡❝t✐♦♥ ✷✳✼✮ ❙✐♠♣❧✐❢②

(
a3b2c4

)4
✳

❊①❡r❝✐s❡ ✸✳✷✳✻✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✾✳✮

✭❙❡❝t✐♦♥ ✷✳✼✮ ❙✐♠♣❧✐❢②
(

4a2b
3xy3

)2

✳

✸✳✸ ❆❜s♦❧✉t❡ ❱❛❧✉❡ ✸

✸✳✸✳✶ ❖✈❡r✈✐❡✇

• ●❡♦♠❡tr✐❝ ❉❡✜♥✐t✐♦♥ ♦❢ ❆❜s♦❧✉t❡ ❱❛❧✉❡
• ❆❧❣❡❜r❛✐❝ ❉❡✜♥✐t✐♦♥ ♦❢ ❆❜s♦❧✉t❡ ❱❛❧✉❡

✸✳✸✳✷ ●❡♦♠❡tr✐❝ ❉❡✜♥✐t✐♦♥ ♦❢ ❆❜s♦❧✉t❡ ❱❛❧✉❡

❆❜s♦❧✉t❡ ❱❛❧✉❡✖●❡♦♠❡tr✐❝ ❆♣♣r♦❛❝❤
❚❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ ❛ ♥✉♠❜❡r a✱ ❞❡♥♦t❡❞ |a|✱ ✐s t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ a t♦ ✵ ♦♥ t❤❡ ♥✉♠❜❡r ❧✐♥❡✳

❆❜s♦❧✉t❡ ✈❛❧✉❡ s♣❡❛❦s t♦ t❤❡ q✉❡st✐♦♥ ♦❢ ✧❤♦✇ ❢❛r✱✧ ❛♥❞ ♥♦t ✧✇❤✐❝❤ ✇❛②✳✧ ❚❤❡ ♣❤r❛s❡ ❤♦✇ ❢❛r ✐♠♣❧✐❡s
❧❡♥❣t❤✱ ❛♥❞ ❧❡♥❣t❤ ✐s ❛❧✇❛②s ❛ ♥♦♥♥❡❣❛t✐✈❡ ✭③❡r♦ ♦r ♣♦s✐t✐✈❡✮ q✉❛♥t✐t②✳ ❚❤✉s✱ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ ❛ ♥✉♠❜❡r
✐s ❛ ♥♦♥♥❡❣❛t✐✈❡ ♥✉♠❜❡r✳ ❚❤✐s ✐s s❤♦✇♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡s✿

❊①❛♠♣❧❡ ✸✳✾
|4| = 4

❊①❛♠♣❧❡ ✸✳✶✵
| − 4| = 4

❊①❛♠♣❧❡ ✸✳✶✶
|0| = 0

❊①❛♠♣❧❡ ✸✳✶✷
−|5| = −5✳
❚❤❡ q✉❛♥t✐t② ♦♥ t❤❡ ❧❡❢t s✐❞❡ ♦❢ t❤❡ ❡q✉❛❧ s✐❣♥ ✐s r❡❛❞ ❛s ✧♥❡❣❛t✐✈❡ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ ✺✳✧ ❚❤❡
❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ ✺ ✐s ✺✳ ❍❡♥❝❡✱ ♥❡❣❛t✐✈❡ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ ✺ ✐s −5✳

✸❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✽✼✻✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✸✹ ❈❍❆P❚❊❘ ✸✳ ❇❆❙■❈ ❖P❊❘❆❚■❖◆❙ ❲■❚❍ ❘❊❆▲ ◆❯▼❇❊❘❙

❊①❛♠♣❧❡ ✸✳✶✸
−| − 3| = −3✳
❚❤❡ q✉❛♥t✐t② ♦♥ t❤❡ ❧❡❢t s✐❞❡ ♦❢ t❤❡ ❡q✉❛❧ s✐❣♥ ✐s r❡❛❞ ❛s ✧♥❡❣❛t✐✈❡ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ −3✳✧ ❚❤❡
❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ −3 ✐s ✸✳ ❍❡♥❝❡✱ ♥❡❣❛t✐✈❡ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ −3 ✐s − (3) = −3✳

✸✳✸✳✸ ❆❧❣❡❜r❛✐❝ ❉❡✜♥✐t✐♦♥ ♦❢ ❆❜s♦❧✉t❡ ❱❛❧✉❡

❚❤❡ ♣r♦❜❧❡♠s ✐♥ t❤❡ ✜rst ❡①❛♠♣❧❡ ♠❛② ❤❡❧♣ t♦ s✉❣❣❡st t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣❡❜r❛✐❝ ❞❡✜♥✐t✐♦♥ ♦❢ ❛❜s♦❧✉t❡ ✈❛❧✉❡✳
❚❤❡ ❞❡✜♥✐t✐♦♥ ✐s ✐♥t❡r♣r❡t❡❞ ❜❡❧♦✇✳ ❊①❛♠♣❧❡s ❢♦❧❧♦✇ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥✳
❆❜s♦❧✉t❡ ❱❛❧✉❡✖❆❧❣❡❜r❛✐❝ ❆♣♣r♦❛❝❤
❚❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ ❛ ♥✉♠❜❡r a ✐s

|a| = { a ✐❢ a ≥ 0

−a ✐❢ a < 0

❚❤❡ ❛❧❣❡❜r❛✐❝ ❞❡✜♥✐t✐♦♥ t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❢❛❝t t❤❛t t❤❡ ♥✉♠❜❡r a ❝♦✉❧❞ ❜❡ ❡✐t❤❡r ♣♦s✐t✐✈❡ ♦r ③❡r♦
(≥ 0) ♦r ♥❡❣❛t✐✈❡ (< 0)✳

✶✳ ■❢ t❤❡ ♥✉♠❜❡r a ✐s ♣♦s✐t✐✈❡ ♦r ③❡r♦ (≥ 0)✱ t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ❛♣♣❧✐❡s✳ ❚❤❡ ✜rst ♣❛rt ♦❢
t❤❡ ❞❡✜♥✐t✐♦♥ t❡❧❧s ✉s t❤❛t ✐❢ t❤❡ ♥✉♠❜❡r ❡♥❝❧♦s❡❞ ✐♥ t❤❡ ❛❜s♦❧✉t❡ ❜❛rs ✐s ❛ ♥♦♥♥❡❣❛t✐✈❡ ♥✉♠❜❡r✱ t❤❡
❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ♥✉♠❜❡r ✐s t❤❡ ♥✉♠❜❡r ✐ts❡❧❢✳

✷✳ ■❢ t❤❡ ♥✉♠❜❡r a ✐s ♥❡❣❛t✐✈❡ (< 0)✱ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ❛♣♣❧✐❡s✳ ❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡
❞❡✜♥✐t✐♦♥ t❡❧❧s ✉s t❤❛t ✐❢ t❤❡ ♥✉♠❜❡r ❡♥❝❧♦s❡❞ ✇✐t❤✐♥ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ❜❛rs ✐s ❛ ♥❡❣❛t✐✈❡ ♥✉♠❜❡r✱ t❤❡
❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ♥✉♠❜❡r ✐s t❤❡ ♦♣♣♦s✐t❡ ♦❢ t❤❡ ♥✉♠❜❡r✳ ❚❤❡ ♦♣♣♦s✐t❡ ♦❢ ❛ ♥❡❣❛t✐✈❡ ♥✉♠❜❡r ✐s ❛
♣♦s✐t✐✈❡ ♥✉♠❜❡r✳

✸✳✸✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❯s❡ t❤❡ ❛❧❣❡❜r❛✐❝ ❞❡✜♥✐t✐♦♥ ♦❢ ❛❜s♦❧✉t❡ ✈❛❧✉❡ t♦ ✜♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛❧✉❡s✳

❊①❛♠♣❧❡ ✸✳✶✹
|8|✳
❚❤❡ ♥✉♠❜❡r ❡♥❝❧♦s❡❞ ✇✐t❤✐♥ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ❜❛rs ✐s ❛ ♥♦♥♥❡❣❛t✐✈❡ ♥✉♠❜❡r s♦ t❤❡ ✜rst ♣❛rt ♦❢
t❤❡ ❞❡✜♥✐t✐♦♥ ❛♣♣❧✐❡s✳ ❚❤✐s ♣❛rt s❛②s t❤❛t t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ ✽ ✐s ✽ ✐ts❡❧❢✳

|8| = 8

❊①❛♠♣❧❡ ✸✳✶✺
| − 3|✳
❚❤❡ ♥✉♠❜❡r ❡♥❝❧♦s❡❞ ✇✐t❤✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ❜❛rs ✐s ❛ ♥❡❣❛t✐✈❡ ♥✉♠❜❡r s♦ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡
❞❡✜♥✐t✐♦♥ ❛♣♣❧✐❡s✳ ❚❤✐s ♣❛rt s❛②s t❤❛t t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ −3 ✐s t❤❡ ♦♣♣♦s✐t❡ ♦❢ −3✱ ✇❤✐❝❤ ✐s
− (−3)✳ ❇② t❤❡ ❞♦✉❜❧❡✲♥❡❣❛t✐✈❡ ♣r♦♣❡rt②✱ − (−3) = 3✳

| − 3| = 3

✸✳✸✳✺ Pr❛❝t✐❝❡ ❙❡t ❆

❯s❡ t❤❡ ❛❧❣❡❜r❛✐❝ ❞❡✜♥✐t✐♦♥ ♦❢ ❛❜s♦❧✉t❡ ✈❛❧✉❡ t♦ ✜♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛❧✉❡s✳

❊①❡r❝✐s❡ ✸✳✸✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✾✳✮

|7|
❊①❡r❝✐s❡ ✸✳✸✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✾✳✮

|9|

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✸✺

❊①❡r❝✐s❡ ✸✳✸✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✾✳✮

| − 12|
❊①❡r❝✐s❡ ✸✳✸✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✾✳✮

| − 5|
❊①❡r❝✐s❡ ✸✳✸✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✾✳✮

−|8|
❊①❡r❝✐s❡ ✸✳✸✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✾✳✮

−|1|
❊①❡r❝✐s❡ ✸✳✸✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✾✳✮

−| − 52|
❊①❡r❝✐s❡ ✸✳✸✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✾✳✮

−| − 31|

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✸✻ ❈❍❆P❚❊❘ ✸✳ ❇❆❙■❈ ❖P❊❘❆❚■❖◆❙ ❲■❚❍ ❘❊❆▲ ◆❯▼❇❊❘❙

✸✳✸✳✻ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❞❡t❡r♠✐♥❡ ❡❛❝❤ ♦❢ t❤❡ ✈❛❧✉❡s✳

❊①❡r❝✐s❡ ✸✳✸✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✾✳✮

|5|
❊①❡r❝✐s❡ ✸✳✸✳✶✵
|3|
❊①❡r❝✐s❡ ✸✳✸✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✾✳✮

|6|
❊①❡r❝✐s❡ ✸✳✸✳✶✷
|14|
❊①❡r❝✐s❡ ✸✳✸✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✾✳✮

| − 8|
❊①❡r❝✐s❡ ✸✳✸✳✶✹
| − 10|
❊①❡r❝✐s❡ ✸✳✸✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✽✾✳✮

| − 16|
❊①❡r❝✐s❡ ✸✳✸✳✶✻
−|8|
❊①❡r❝✐s❡ ✸✳✸✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✵✳✮

−|12|
❊①❡r❝✐s❡ ✸✳✸✳✶✽
−|47|
❊①❡r❝✐s❡ ✸✳✸✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✵✳✮

−|9|
❊①❡r❝✐s❡ ✸✳✸✳✷✵
| − 9|
❊①❡r❝✐s❡ ✸✳✸✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✵✳✮

| − 1|
❊①❡r❝✐s❡ ✸✳✸✳✷✷
| − 4|
❊①❡r❝✐s❡ ✸✳✸✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✵✳✮

−|3|
❊①❡r❝✐s❡ ✸✳✸✳✷✹
−|7|
❊①❡r❝✐s❡ ✸✳✸✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✵✳✮

−| − 14|
❊①❡r❝✐s❡ ✸✳✸✳✷✻
−| − 19|
❊①❡r❝✐s❡ ✸✳✸✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✵✳✮

−| − 28|
❊①❡r❝✐s❡ ✸✳✸✳✷✽
−| − 31|
❊①❡r❝✐s❡ ✸✳✸✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✵✳✮

−| − 68|

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✸✼

❊①❡r❝✐s❡ ✸✳✸✳✸✵
|0|
❊①❡r❝✐s❡ ✸✳✸✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✵✳✮

| − 26|
❊①❡r❝✐s❡ ✸✳✸✳✸✷
−| − 26|
❊①❡r❝✐s❡ ✸✳✸✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✵✳✮

−| − (−8) |
❊①❡r❝✐s❡ ✸✳✸✳✸✹
−| − (−4) |
❊①❡r❝✐s❡ ✸✳✸✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✵✳✮

−| − (−1) |
❊①❡r❝✐s❡ ✸✳✸✳✸✻
−| − (−7) |
❊①❡r❝✐s❡ ✸✳✸✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✵✳✮

− (−|4|)
❊①❡r❝✐s❡ ✸✳✸✳✸✽
− (−|2|)
❊①❡r❝✐s❡ ✸✳✸✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✵✳✮

− (−| − 6|)
❊①❡r❝✐s❡ ✸✳✸✳✹✵
− (−| − 42|)
❊①❡r❝✐s❡ ✸✳✸✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✵✳✮

| − | − 3||
❊①❡r❝✐s❡ ✸✳✸✳✹✷
| − | − 15||
❊①❡r❝✐s❡ ✸✳✸✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✵✳✮

| − | − 12||
❊①❡r❝✐s❡ ✸✳✸✳✹✹
| − | − 29||
❊①❡r❝✐s❡ ✸✳✸✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✵✳✮

|6 − | − 2||
❊①❡r❝✐s❡ ✸✳✸✳✹✻
|18 − | − 11||
❊①❡r❝✐s❡ ✸✳✸✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✵✳✮

|5 − | − 1||
❊①❡r❝✐s❡ ✸✳✸✳✹✽
|10 − | − 3||
❊①❡r❝✐s❡ ✸✳✸✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✵✳✮

| − (17 − | − 12|) |
❊①❡r❝✐s❡ ✸✳✸✳✺✵
| − (46 − | − 24|) |
❊①❡r❝✐s❡ ✸✳✸✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✵✳✮

|5| − | − 2|
❊①❡r❝✐s❡ ✸✳✸✳✺✷
| − 2|3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✸✽ ❈❍❆P❚❊❘ ✸✳ ❇❆❙■❈ ❖P❊❘❆❚■❖◆❙ ❲■❚❍ ❘❊❆▲ ◆❯▼❇❊❘❙

❊①❡r❝✐s❡ ✸✳✸✳✺✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✵✳✮

| − (2 · 3) |
❊①❡r❝✐s❡ ✸✳✸✳✺✹
| − 2| + | − 9|
❊①❡r❝✐s❡ ✸✳✸✳✺✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✵✳✮

(| − 6| + |4|)2

❊①❡r❝✐s❡ ✸✳✸✳✺✻
(| − 1| − |1|)3

❊①❡r❝✐s❡ ✸✳✸✳✺✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✵✳✮

(|4| + | − 6|)2 − (| − 2|)3

❊①❡r❝✐s❡ ✸✳✸✳✺✽
−[| − 10| − 6]

2

❊①❡r❝✐s❡ ✸✳✸✳✺✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✵✳✮

−
[

−(−| − 4| + | − 3|)3
]2

❊①❡r❝✐s❡ ✸✳✸✳✻✵
❆ ▼✐ss✐♦♥ ❈♦♥tr♦❧ ❖✣❝❡r ❛t ❈❛♣❡ ❈❛♥❛✈❡r❛❧ ♠❛❦❡s t❤❡ st❛t❡♠❡♥t ✧❧✐❢t✲♦✛✱ T ♠✐♥✉s ✺✵ s❡❝♦♥❞s✳✧
❍♦✇ ❧♦♥❣ ❜❡❢♦r❡ ❧✐❢t✲♦✛❄

❊①❡r❝✐s❡ ✸✳✸✳✻✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✵✳✮

❉✉❡ t♦ ❛ s❧♦✇❞♦✇♥ ✐♥ t❤❡ ✐♥❞✉str②✱ ❛ ❙✐❧✐❝♦♥ ❱❛❧❧❡② ❝♦♠♣✉t❡r ❝♦♠♣❛♥② ✜♥❞s ✐ts❡❧❢ ✐♥ ❞❡❜t
$2, 400, 000✳ ❯s❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♥♦t❛t✐♦♥ t♦ ❞❡s❝r✐❜❡ t❤✐s ❝♦♠♣❛♥②✬s ❞❡❜t✳

❊①❡r❝✐s❡ ✸✳✸✳✻✷
❆ ♣❛rt✐❝✉❧❛r ♠❛❝❤✐♥❡ ✐s s❡t ❝♦rr❡❝t❧② ✐❢ ✉♣♦♥ ❛❝t✐♦♥ ✐ts ♠❡t❡r r❡❛❞s ✵ ✉♥✐ts✳ ❖♥❡ ♣❛rt✐❝✉❧❛r ♠❛❝❤✐♥❡
❤❛s ❛ ♠❡t❡r r❡❛❞✐♥❣ ♦❢ −1.6 ✉♣♦♥ ❛❝t✐♦♥✳ ❍♦✇ ❢❛r ✐s t❤✐s ♠❛❝❤✐♥❡ ♦✛ ✐ts ❝♦rr❡❝t s❡tt✐♥❣❄

✸✳✸✳✼ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✸✳✸✳✻✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✵✳✮

✭❙❡❝t✐♦♥ ✷✳✷✮ ❲r✐t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❤r❛s❡ ✉s✐♥❣ ❛❧❣❡❜r❛✐❝ ♥♦t❛t✐♦♥✿ ✧❢♦✉r t✐♠❡s (a + b)✳✧

❊①❡r❝✐s❡ ✸✳✸✳✻✹
✭❙❡❝t✐♦♥ ✷✳✸✮ ■s t❤❡r❡ ❛ s♠❛❧❧❡st ♥❛t✉r❛❧ ♥✉♠❜❡r❄ ■❢ s♦✱ ✇❤❛t ✐s ✐t❄

❊①❡r❝✐s❡ ✸✳✸✳✻✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✵✳✮

✭❙❡❝t✐♦♥ ✷✳✹✮ ◆❛♠❡ t❤❡ ♣r♦♣❡rt② ♦❢ r❡❛❧ ♥✉♠❜❡rs t❤❛t ♠❛❦❡s 5 + a = a + 5 ❛ tr✉❡ st❛t❡♠❡♥t✳

❊①❡r❝✐s❡ ✸✳✸✳✻✻
✭❙❡❝t✐♦♥ ✷✳✻✮ ❋✐♥❞ t❤❡ q✉♦t✐❡♥t ♦❢ x6y8

x4y3 ✳

❊①❡r❝✐s❡ ✸✳✸✳✻✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✶✳✮

✭❙❡❝t✐♦♥ ✸✳✷✮ ❙✐♠♣❧✐❢② − (−4)✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✸✾

✸✳✹ ❆❞❞✐t✐♦♥ ♦❢ ❙✐❣♥❡❞ ◆✉♠❜❡rs ✹

✸✳✹✳✶ ❖✈❡r✈✐❡✇

• ❆❞❞✐t✐♦♥ ♦❢ ◆✉♠❜❡rs ✇✐t❤ ▲✐❦❡ ❙✐❣♥s
• ❆❞❞✐t✐♦♥ ✇✐t❤ ❩❡r♦
• ❆❞❞✐t✐♦♥ ♦❢ ◆✉♠❜❡rs ✇✐t❤ ❯♥❧✐❦❡ ❙✐❣♥s

✸✳✹✳✷ ❆❞❞✐t✐♦♥ ♦❢ ◆✉♠❜❡rs ✇✐t❤ ▲✐❦❡ ❙✐❣♥s

▲❡t ✉s ❛❞❞ t❤❡ t✇♦ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs ✷ ❛♥❞ ✸✳ ❲❡ ♣❡r❢♦r♠ t❤✐s ❛❞❞✐t✐♦♥ ♦♥ t❤❡ ♥✉♠❜❡r ❧✐♥❡ ❛s ❢♦❧❧♦✇s✳
❲❡ ❜❡❣✐♥ ❛t ✵✱ t❤❡ ♦r✐❣✐♥✳

❙✐♥❝❡ ✷ ✐s ♣♦s✐t✐✈❡✱ ✇❡ ♠♦✈❡ ✷ ✉♥✐ts t♦ t❤❡ r✐❣❤t✳
❙✐♥❝❡ ✸ ✐s ♣♦s✐t✐✈❡✱ ✇❡ ♠♦✈❡ ✸ ♠♦r❡ ✉♥✐ts t♦ t❤❡ r✐❣❤t✳
❲❡ ❛r❡ ♥♦✇ ❧♦❝❛t❡❞ ❛t ✺✳
❚❤✉s✱ 2 + 3 = 5✳

❙✉♠♠❛r✐③✐♥❣✱ ✇❡ ❤❛✈❡
(2 ♣♦s✐t✐✈❡ ✉♥✐ts) + (3 ♣♦s✐t✐✈❡ ✉♥✐ts) = (5 ♣♦s✐t✐✈❡ ✉♥✐ts)
◆♦✇ ❧❡t ✉s ❛❞❞ t❤❡ t✇♦ ♥❡❣❛t✐✈❡ ♥✉♠❜❡rs −2 ❛♥❞ −3✳ ❲❡ ♣❡r❢♦r♠ t❤✐s ❛❞❞✐t✐♦♥ ♦♥ t❤❡ ♥✉♠❜❡r ❧✐♥❡ ❛s

❢♦❧❧♦✇s✳
❲❡ ❜❡❣✐♥ ❛t ✵✱ t❤❡ ♦r✐❣✐♥✳

❙✐♥❝❡ −2 ✐s ♥❡❣❛t✐✈❡✱ ✇❡ ♠♦✈❡ ✷ ✉♥✐ts t♦ t❤❡ ❧❡❢t✳
❙✐♥❝❡ −3 ✐s ♥❡❣❛t✐✈❡✱ ✇❡ ♠♦✈❡ ✸ ♠♦r❡ ✉♥✐ts t♦ t❤❡ ❧❡❢t✳
❲❡ ❛r❡ ♥♦✇ ❧♦❝❛t❡❞ ❛t −5✳

❚❤✉s✱ (−2) + (−3) = −5✳

❙✉♠♠❛r✐③✐♥❣✱ ✇❡ ❤❛✈❡
(2 ♥❡❣❛t✐✈❡ ✉♥✐ts) + (3 ♥❡❣❛t✐✈❡ ✉♥✐ts) = (5 ♥❡❣❛t✐✈❡ ✉♥✐ts)
❚❤❡s❡ t✇♦ ❡①❛♠♣❧❡s s✉❣❣❡st t❤❛t

(♣♦s✐t✐✈❡ ♥✉♠❜❡r) + (♣♦s✐t✐✈❡ ♥✉♠❜❡r) = (♣♦s✐t✐✈❡ ♥✉♠❜❡r)

(♥❡❣❛t✐✈❡ ♥✉♠❜❡r) + (♥❡❣❛t✐✈❡ ♥✉♠❜❡r) = (♥❡❣❛t✐✈❡ ♥✉♠❜❡r)

❆❞❞✐♥❣ ◆✉♠❜❡rs ✇✐t❤ t❤❡ ❙❛♠❡ ❙✐❣♥
❚♦ ❛❞❞ t✇♦ r❡❛❧ ♥✉♠❜❡rs t❤❛t ❤❛✈❡ t❤❡ s❛♠❡ s✐❣♥✱ ❛❞❞ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ♦❢ t❤❡ ♥✉♠❜❡rs ❛♥❞ ❛ss♦❝✐❛t❡ t❤❡
❝♦♠♠♦♥ s✐❣♥ ✇✐t❤ t❤❡ s✉♠✳

✸✳✹✳✸ ❙❛♠♣❧❡ ❙❡t ❆

❋✐♥❞ t❤❡ s✉♠s✳

❊①❛♠♣❧❡ ✸✳✶✻
3 + 7

✹❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✾✶✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✹✵ ❈❍❆P❚❊❘ ✸✳ ❇❆❙■❈ ❖P❊❘❆❚■❖◆❙ ❲■❚❍ ❘❊❆▲ ◆❯▼❇❊❘❙

❆❞❞ t❤❡s❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡s✳

|3| = 3

|7| = 7
} 3 + 7 = 10

❚❤❡ ❝♦♠♠♦♥ s✐❣♥ ✐s ✧✰✳✧
3 + 7 = +10 ♦r 3 + 7 = 10

❊①❛♠♣❧❡ ✸✳✶✼
(−4) + (−9)

❆❞❞ t❤❡s❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡s✳

| − 4| = 4

| − 9| = 9
} 4 + 9 = 13

❚❤❡ ❝♦♠♠♦♥ s✐❣♥ ✐s ✧− ✳✧

(−4) + (−9) = −13

✸✳✹✳✹ Pr❛❝t✐❝❡ ❙❡t ❆

❋✐♥❞ t❤❡ s✉♠s✳

❊①❡r❝✐s❡ ✸✳✹✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✶✳✮

8 + 6

❊①❡r❝✐s❡ ✸✳✹✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✶✳✮

41 + 11

❊①❡r❝✐s❡ ✸✳✹✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✶✳✮

(−4) + (−8)

❊①❡r❝✐s❡ ✸✳✹✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✶✳✮

(−36) + (−9)

❊①❡r❝✐s❡ ✸✳✹✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✶✳✮

−14 + (−20)

❊①❡r❝✐s❡ ✸✳✹✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✶✳✮

− 2
3 +

(
− 5

3

)

❊①❡r❝✐s❡ ✸✳✹✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✶✳✮

−2.8 + (−4.6)

✸✳✹✳✺ ❆❞❞✐t✐♦♥ ✇✐t❤ ❩❡r♦

◆♦t✐❝❡ t❤❛t
❆❞❞✐t✐♦♥ ✇✐t❤ ✵

(✵) + (❛ ♣♦s✐t✐✈❡ ♥✉♠❜❡r) = (t❤❛t s❛♠❡ ♣♦s✐t✐✈❡ ♥✉♠❜❡r)

(✵) + (❛ ♥❡❣❛t✐✈❡ ♥✉♠❜❡r) = (t❤❛t s❛♠❡ ♥❡❣❛t✐✈❡ ♥✉♠❜❡r✮

❚❤❡ ❆❞❞✐t✐✈❡ ■❞❡♥t✐t② ■s ✵
❙✐♥❝❡ ❛❞❞✐♥❣ ✵ t♦ ❛ r❡❛❧ ♥✉♠❜❡r ❧❡❛✈❡s t❤❛t ♥✉♠❜❡r ✉♥❝❤❛♥❣❡❞✱ ✵ ✐s ❝❛❧❧❡❞ t❤❡ ❛❞❞✐t✐✈❡ ✐❞❡♥t✐t②✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✹✶

✸✳✹✳✻ ❆❞❞✐t✐♦♥ ♦❢ ◆✉♠❜❡rs ✇✐t❤ ❯♥❧✐❦❡ ❙✐❣♥s

◆♦✇ ❧❡t ✉s ♣❡r❢♦r♠ t❤❡ ❛❞❞✐t✐♦♥ 2 + (−6)✳ ❚❤❡s❡ t✇♦ ♥✉♠❜❡rs ❤❛✈❡ ✉♥❧✐❦❡ s✐❣♥s✳ ❚❤✐s t②♣❡ ♦❢ ❛❞❞✐t✐♦♥ ❝❛♥
❛❧s♦ ❜❡ ✐❧❧✉str❛t❡❞ ✉s✐♥❣ t❤❡ ♥✉♠❜❡r ❧✐♥❡✳

❲❡ ❜❡❣✐♥ ❛t ✵✱ t❤❡ ♦r✐❣✐♥✳
❙✐♥❝❡ ✷ ✐s ♣♦s✐t✐✈❡✱ ✇❡ ♠♦✈❡ ✷ ✉♥✐ts t♦ t❤❡ r✐❣❤t✳
❙✐♥❝❡ −6 ✐s ♥❡❣❛t✐✈❡✱ ✇❡ ♠♦✈❡✱ ❢r♦♠ t❤❡ ✷✱ ✻ ✉♥✐ts t♦ t❤❡ ❧❡❢t✳
❲❡ ❛r❡ ♥♦✇ ❧♦❝❛t❡❞ ❛t −4✳

❆ r✉❧❡ ❢♦r ❛❞❞✐♥❣ t✇♦ ♥✉♠❜❡rs t❤❛t ❤❛✈❡ ✉♥❧✐❦❡ s✐❣♥s ✐s s✉❣❣❡st❡❞ ❜② ♥♦t✐♥❣ t❤❛t ✐❢ t❤❡ s✐❣♥s ❛r❡ ❞✐sr❡✲
❣❛r❞❡❞✱ ✹ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ✷ ❛♥❞ ✻ ❜② s✉❜tr❛❝t✐♥❣ ✷ ❢r♦♠ ✻✳ ❇✉t ✷ ❛♥❞ ✻ ❛r❡ ♣r❡❝✐s❡❧② t❤❡ ❛❜s♦❧✉t❡
✈❛❧✉❡s ♦❢ ✷ ❛♥❞ −6✳ ❆❧s♦✱ ♥♦t✐❝❡ t❤❛t t❤❡ s✐❣♥ ♦❢ t❤❡ ♥✉♠❜❡r ✇✐t❤ t❤❡ ❧❛r❣❡r ❛❜s♦❧✉t❡ ✈❛❧✉❡ ✐s ♥❡❣❛t✐✈❡ ❛♥❞
t❤❛t t❤❡ s✐❣♥ ♦❢ t❤❡ r❡s✉❧t✐♥❣ s✉♠ ✐s ♥❡❣❛t✐✈❡✳
❆❞❞✐♥❣ ◆✉♠❜❡rs ✇✐t❤ ❯♥❧✐❦❡ ❙✐❣♥s
❚♦ ❛❞❞ t✇♦ r❡❛❧ ♥✉♠❜❡rs t❤❛t ❤❛✈❡ ✉♥❧✐❦❡ s✐❣♥s✱ s✉❜tr❛❝t t❤❡ s♠❛❧❧❡r ❛❜s♦❧✉t❡ ✈❛❧✉❡ ❢r♦♠ t❤❡ ❧❛r❣❡r ❛❜s♦❧✉t❡
✈❛❧✉❡ ❛♥❞ ❛ss♦❝✐❛t❡ t❤❡ s✐❣♥ ♦❢ t❤❡ ♥✉♠❜❡r ✇✐t❤ t❤❡ ❧❛r❣❡r ❛❜s♦❧✉t❡ ✈❛❧✉❡ ✇✐t❤ t❤✐s ❞✐✛❡r❡♥❝❡✳

✸✳✹✳✼ ❙❛♠♣❧❡ ❙❡t ❇

❋✐♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉♠s✳

❊①❛♠♣❧❡ ✸✳✶✽
7 + (−2)

|7| = 7
︸ ︷︷ ︸

▲❛r❣❡r ❛❜s♦❧✉t❡ ✈❛❧✉❡✳

❙✐❣♥ ✐s ” + ”.

| − 2| = 2
︸ ︷︷ ︸

❙♠❛❧❧❡r ❛❜s♦❧✉t❡ ✈❛❧✉❡✳

❙✉❜tr❛❝t ❛❜s♦❧✉t❡ ✈❛❧✉❡s✿ 7 − 2 = 5.

❆tt❛❝❤ t❤❡ ♣r♦♣❡r s✐❣♥✿ ” + ”.

7 + (−2) = +5 ♦r 7 + (−2) = 5

❊①❛♠♣❧❡ ✸✳✶✾
3 + (−11)

|3| = 3
︸ ︷︷ ︸

❙♠❛❧❧❡r ❛❜s♦❧✉t❡ ✈❛❧✉❡✳

| − 11| = 11
︸ ︷︷ ︸

▲❛r❣❡r ❛❜s♦❧✉t❡ ✈❛❧✉❡✳

❙✐❣♥ ✐s ” − ”.

❙✉❜tr❛❝t ❛❜s♦❧✉t❡ ✈❛❧✉❡s✿ 11 − 3 = 8.

❆tt❛❝❤ t❤❡ ♣r♦♣❡r s✐❣♥✿ ” − ”.

3 + (−11) = −8

❊①❛♠♣❧❡ ✸✳✷✵
❚❤❡ ♠♦r♥✐♥❣ t❡♠♣❡r❛t✉r❡ ♦♥ ❛ ✇✐♥t❡r✬s ❞❛② ✐♥ ▲❛❦❡ ❚❛❤♦❡ ✇❛s −12 ❞❡❣r❡❡s✳ ❚❤❡ ❛❢t❡r♥♦♦♥
t❡♠♣❡r❛t✉r❡ ✇❛s ✷✺ ❞❡❣r❡❡s ✇❛r♠❡r✳ ❲❤❛t ✇❛s t❤❡ ❛❢t❡r♥♦♦♥ t❡♠♣❡r❛t✉r❡❄

❲❡ ♥❡❡❞ t♦ ✜♥❞ −12 + 25✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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| − 12| = 12
︸ ︷︷ ︸

❙♠❛❧❧❡r ❛❜s♦❧✉t❡ ✈❛❧✉❡✳

|25| = 25
︸ ︷︷ ︸

▲❛r❣❡r ❛❜s♦❧✉t❡ ✈❛❧✉❡✳

❙✐❣♥ ✐s ✧✰✧✳

❙✉❜tr❛❝t ❛❜s♦❧✉t❡ ✈❛❧✉❡s✿ 25 − 12 = 13.

❆tt❛❝❤ t❤❡ ♣r♦♣❡r s✐❣♥✿ ” + ”.
−12 + 25 = 13
❚❤✉s✱ t❤❡ ❛❢t❡r♥♦♦♥ t❡♠♣❡r❛t✉r❡ ✐s ✶✸ ❞❡❣r❡❡s✳

❊①❛♠♣❧❡ ✸✳✷✶

❆❞❞ −147 + 84✳ ❉✐s♣❧❛② ❘❡❛❞s

❚②♣❡ 147 147

Pr❡ss ✰✴✲ − ✶✹✼

Pr❡ss ✰ − ✶✹✼

❚②♣❡ 84 84

Pr❡ss ❂ − 63

✸✳✹✳✽ Pr❛❝t✐❝❡ ❙❡t ❇

❋✐♥❞ t❤❡ s✉♠s✳

❊①❡r❝✐s❡ ✸✳✹✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✶✳✮

4 + (−3)

❊①❡r❝✐s❡ ✸✳✹✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✶✳✮

−3 + 5

❊①❡r❝✐s❡ ✸✳✹✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✶✳✮

15 + (−18)

❊①❡r❝✐s❡ ✸✳✹✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✶✳✮

0 + (−6)

❊①❡r❝✐s❡ ✸✳✹✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✶✳✮

−26 + 12

❊①❡r❝✐s❡ ✸✳✹✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✶✳✮

35 + (−78)

❊①❡r❝✐s❡ ✸✳✹✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✶✳✮

15 + (−10)

❊①❡r❝✐s❡ ✸✳✹✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✶✳✮

1.5 + (−2)

❊①❡r❝✐s❡ ✸✳✹✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✶✳✮

−8 + 0

❊①❡r❝✐s❡ ✸✳✹✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✶✳✮

0 + (0.57)

❊①❡r❝✐s❡ ✸✳✹✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✶✳✮

−879 + 454

❊①❡r❝✐s❡ ✸✳✹✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✶✳✮

−1345.6 + (−6648.1)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✹✸

✸✳✹✳✾ ❊①❡r❝✐s❡s

❋✐♥❞ t❤❡ s✉♠s ❢♦r t❤❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✳

❊①❡r❝✐s❡ ✸✳✹✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✶✳✮

4 + 12

❊①❡r❝✐s❡ ✸✳✹✳✷✶
8 + 6

❊①❡r❝✐s❡ ✸✳✹✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✶✳✮

6 + 2

❊①❡r❝✐s❡ ✸✳✹✳✷✸
7 + 9

❊①❡r❝✐s❡ ✸✳✹✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✶✳✮

(−3) + (−12)

❊①❡r❝✐s❡ ✸✳✹✳✷✺
(−6) + (−20)

❊①❡r❝✐s❡ ✸✳✹✳✷✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✶✳✮

(−4) + (−8)

❊①❡r❝✐s❡ ✸✳✹✳✷✼
(−11) + (−8)

❊①❡r❝✐s❡ ✸✳✹✳✷✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✶✳✮

(−16) + (−8)

❊①❡r❝✐s❡ ✸✳✹✳✷✾
(−2) + (−15)

❊①❡r❝✐s❡ ✸✳✹✳✸✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✷✳✮

14 + (−3)

❊①❡r❝✐s❡ ✸✳✹✳✸✶
21 + (−4)

❊①❡r❝✐s❡ ✸✳✹✳✸✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✷✳✮

14 + (−6)

❊①❡r❝✐s❡ ✸✳✹✳✸✸
18 + (−2)

❊①❡r❝✐s❡ ✸✳✹✳✸✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✷✳✮

10 + (−8)

❊①❡r❝✐s❡ ✸✳✹✳✸✺
40 + (−31)

❊①❡r❝✐s❡ ✸✳✹✳✸✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✷✳✮

(−3) + (−12)

❊①❡r❝✐s❡ ✸✳✹✳✸✼
(−6) + (−20)

❊①❡r❝✐s❡ ✸✳✹✳✸✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✷✳✮

10 + (−2)

❊①❡r❝✐s❡ ✸✳✹✳✸✾
8 + (−15)

❊①❡r❝✐s❡ ✸✳✹✳✹✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✷✳✮

−2 + (−6)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✸✳✹✳✹✶
−11 + (−14)

❊①❡r❝✐s❡ ✸✳✹✳✹✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✷✳✮

−9 + (−6)

❊①❡r❝✐s❡ ✸✳✹✳✹✸
−1 + (−1)

❊①❡r❝✐s❡ ✸✳✹✳✹✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✷✳✮

−16 + (−9)

❊①❡r❝✐s❡ ✸✳✹✳✹✺
−22 + (−1)

❊①❡r❝✐s❡ ✸✳✹✳✹✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✷✳✮

0 + (−12)

❊①❡r❝✐s❡ ✸✳✹✳✹✼
0 + (−4)

❊①❡r❝✐s❡ ✸✳✹✳✹✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✷✳✮

0 + (24)

❊①❡r❝✐s❡ ✸✳✹✳✹✾
−6 + 1 + (−7)

❊①❡r❝✐s❡ ✸✳✹✳✺✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✷✳✮

−5 + (−12) + (−4)

❊①❡r❝✐s❡ ✸✳✹✳✺✶
−5 + 5

❊①❡r❝✐s❡ ✸✳✹✳✺✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✷✳✮

−7 + 7

❊①❡r❝✐s❡ ✸✳✹✳✺✸
−14 + 14

❊①❡r❝✐s❡ ✸✳✹✳✺✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✷✳✮

4 + (−4)

❊①❡r❝✐s❡ ✸✳✹✳✺✺
9 + (−9)

❊①❡r❝✐s❡ ✸✳✹✳✺✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✷✳✮

84 + (−61)

❊①❡r❝✐s❡ ✸✳✹✳✺✼
13 + (−56)

❊①❡r❝✐s❡ ✸✳✹✳✺✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✷✳✮

452 + (−124)

❊①❡r❝✐s❡ ✸✳✹✳✺✾
636 + (−989)

❊①❡r❝✐s❡ ✸✳✹✳✻✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✷✳✮

1811 + (−935)

❊①❡r❝✐s❡ ✸✳✹✳✻✶
−373 + (−14)

❊①❡r❝✐s❡ ✸✳✹✳✻✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✷✳✮

−1221 + (−44)

❊①❡r❝✐s❡ ✸✳✹✳✻✸
−47.03 + (−22.71)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✹✺

❊①❡r❝✐s❡ ✸✳✹✳✻✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✷✳✮

−1.998 + (−4.086)

❊①❡r❝✐s❡ ✸✳✹✳✻✺
[(−3) + (−4)] + [(−6) + (−1)]

❊①❡r❝✐s❡ ✸✳✹✳✻✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✷✳✮

[(−2) + (−8)] + [(−3) + (−7)]

❊①❡r❝✐s❡ ✸✳✹✳✻✼
[(−3) + (−8)] + [(−6) + (−12)]

❊①❡r❝✐s❡ ✸✳✹✳✻✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✷✳✮

[(−8) + (−6)] + [(−2) + (−1)]

❊①❡r❝✐s❡ ✸✳✹✳✻✾
[4 + (−12)] + [12 + (−3)]

❊①❡r❝✐s❡ ✸✳✹✳✼✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✷✳✮

[5 + (−16)] + [4 + (−11)]

❊①❡r❝✐s❡ ✸✳✹✳✼✶
[2 + (−4)] + [17 + (−19)]

❊①❡r❝✐s❡ ✸✳✹✳✼✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✷✳✮

[10 + (−6)] + [12 + (−2)]

❊①❡r❝✐s❡ ✸✳✹✳✼✸
9 + [(−4) + 7]

❊①❡r❝✐s❡ ✸✳✹✳✼✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✷✳✮

14 + [(−3) + 5]

❊①❡r❝✐s❡ ✸✳✹✳✼✺
[2 + (−7)] + (−11)

❊①❡r❝✐s❡ ✸✳✹✳✼✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✷✳✮

[14 + (−8)] + (−2)

❊①❡r❝✐s❡ ✸✳✹✳✼✼
■♥ ♦r❞❡r ❢♦r ❛ s♠❛❧❧ ❜✉s✐♥❡ss t♦ ❜r❡❛❦ ❡✈❡♥ ♦♥ ❛ ♣r♦❥❡❝t✱ ✐t ♠✉st ❤❛✈❡ s❛❧❡s ♦❢ $21, 000✳ ■❢ t❤❡
❛♠♦✉♥t ♦❢ s❛❧❡s ✇❛s $15, 000✱ ❤♦✇ ♠✉❝❤ ♠♦♥❡② ❞✐❞ t❤✐s ❝♦♠♣❛♥② ❢❛❧❧ s❤♦rt❄

❊①❡r❝✐s❡ ✸✳✹✳✼✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✷✳✮

❙✉♣♣♦s❡ ❛ ♣❡rs♦♥ ❤❛s $56.00 ✐♥ ❤✐s ❝❤❡❝❦✐♥❣ ❛❝❝♦✉♥t✳ ❍❡ ❞❡♣♦s✐ts $100.00 ✐♥t♦ ❤✐s ❝❤❡❝❦✐♥❣ ❛❝❝♦✉♥t
❜② ✉s✐♥❣ t❤❡ ❛✉t♦♠❛t✐❝ t❡❧❧❡r ♠❛❝❤✐♥❡✳ ❍❡ t❤❡♥ ✇r✐t❡s ❛ ❝❤❡❝❦ ❢♦r $84.50✳ ■❢ ❛♥ ❡rr♦r ❝❛✉s❡s t❤❡
❞❡♣♦s✐t ♥♦t t♦ ❜❡ ❧✐st❡❞ ✐♥t♦ t❤✐s ♣❡rs♦♥✬s ❛❝❝♦✉♥t✱ ✇❤❛t ✐s t❤✐s ♣❡rs♦♥✬s ❝❤❡❝❦✐♥❣ ❜❛❧❛♥❝❡❄

❊①❡r❝✐s❡ ✸✳✹✳✼✾
❆ ♣❡rs♦♥ ❜♦rr♦✇s $7.00 ♦♥ ▼♦♥❞❛② ❛♥❞ t❤❡♥ $12.00 ♦♥ ❚✉❡s❞❛②✳ ❍♦✇ ♠✉❝❤ ❤❛s t❤✐s ♣❡rs♦♥
❜♦rr♦✇❡❞❄

❊①❡r❝✐s❡ ✸✳✹✳✽✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✸✳✮

❆ ♣❡rs♦♥ ❜♦rr♦✇s $11.00 ♦♥ ▼♦♥❞❛② ❛♥❞ t❤❡♥ ♣❛②s ❜❛❝❦ $8.00 ♦♥ ❚✉❡s❞❛②✳ ❍♦✇ ♠✉❝❤ ❞♦❡s t❤✐s
♣❡rs♦♥ ♦✇❡❄

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✹✻ ❈❍❆P❚❊❘ ✸✳ ❇❆❙■❈ ❖P❊❘❆❚■❖◆❙ ❲■❚❍ ❘❊❆▲ ◆❯▼❇❊❘❙

✸✳✹✳✶✵ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✸✳✹✳✽✶

✭❙❡❝t✐♦♥ ✷✳✺✮ ❙✐♠♣❧✐❢②
4(72−6·23)

22 ✳

❊①❡r❝✐s❡ ✸✳✹✳✽✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✸✳✮

✭❙❡❝t✐♦♥ ✷✳✻✮ ❙✐♠♣❧✐❢② 35a6b2c5

7b2c4 ✳

❊①❡r❝✐s❡ ✸✳✹✳✽✸

✭❙❡❝t✐♦♥ ✷✳✼✮ ❙✐♠♣❧✐❢②
(

12a8b5

4a5b2

)3

✳

❊①❡r❝✐s❡ ✸✳✹✳✽✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✸✳✮

✭❙❡❝t✐♦♥ ✸✳✸✮ ❉❡t❡r♠✐♥❡ t❤❡ ✈❛❧✉❡ ♦❢ | − 8|✳
❊①❡r❝✐s❡ ✸✳✹✳✽✺
✭❙❡❝t✐♦♥ ✸✳✸✮ ❉❡t❡r♠✐♥❡ t❤❡ ✈❛❧✉❡ ♦❢

(

|2| + |4|2
)

+ | − 5|2✳

✸✳✺ ❙✉❜tr❛❝t✐♦♥ ♦❢ ❙✐❣♥❡❞ ◆✉♠❜❡rs✺

✸✳✺✳✶ ❖✈❡r✈✐❡✇

• ❉❡✜♥✐t✐♦♥ ♦❢ ❙✉❜tr❛❝t✐♦♥
• ❙✉❜tr❛❝t✐♦♥ ♦❢ ❙✐❣♥❡❞ ◆✉♠❜❡rs

✸✳✺✳✷ ❉❡✜♥✐t✐♦♥ ♦❢ ❙✉❜tr❛❝t✐♦♥

❲❡ ❦♥♦✇ ❢r♦♠ ♦✉r ❡①♣❡r✐❡♥❝❡ ✇✐t❤ ❛r✐t❤♠❡t✐❝ t❤❛t t❤❡ s✉❜tr❛❝t✐♦♥ 5 − 2 ♣r♦❞✉❝❡s ✸✱ t❤❛t ✐s✱ 5 − 2 = 3✳
■❧❧✉str❛t✐♥❣ t❤✐s ♣r♦❝❡ss ♦♥ t❤❡ ♥✉♠❜❡r ❧✐♥❡ s✉❣❣❡sts ❛ r✉❧❡ ❢♦r s✉❜tr❛❝t✐♥❣ s✐❣♥❡❞ ♥✉♠❜❡rs✳

❲❡ ❜❡❣✐♥ ❛t ✵✱ t❤❡ ♦r✐❣✐♥✳
❙✐♥❝❡ ✺ ✐s ♣♦s✐t✐✈❡✱ ✇❡ ♠♦✈❡ ✺ ✉♥✐ts t♦ t❤❡ r✐❣❤t✳
❚❤❡♥✱ ✇❡ ♠♦✈❡ ✷ ✉♥✐ts t♦ t❤❡ ❧❡❢t t♦ ❣❡t t♦ ✸✳ ✭❚❤✐s r❡♠✐♥❞s ✉s ♦❢ ❛❞❞✐t✐♦♥ ✇✐t❤ ❛ ♥❡❣❛t✐✈❡ ♥✉♠❜❡r✳✮

❚❤✐s ✐❧❧✉str❛t✐♦♥ s✉❣❣❡sts t❤❛t 5 − 2 ✐s t❤❡ s❛♠❡ ❛s 5 + (−2)✳
❚❤✐s ❧❡❛❞s ✉s ❞✐r❡❝t❧② t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ s✉❜tr❛❝t✐♦♥✳
❉❡✜♥✐t✐♦♥ ♦❢ ❙✉❜tr❛❝t✐♦♥
■❢ a ❛♥❞ b ❛r❡ r❡❛❧ ♥✉♠❜❡rs✱ a − b ✐s t❤❡ s❛♠❡ ❛s a + (−b)✱ ✇❤❡r❡ −b ✐s t❤❡ ♦♣♣♦s✐t❡ ♦❢ b✳

✸✳✺✳✸ ❙✉❜tr❛❝t✐♦♥ ♦❢ ❙✐❣♥❡❞ ◆✉♠❜❡rs

❚❤❡ ♣r❡❝❡❞✐♥❣ ❞❡✜♥✐t✐♦♥ s✉❣❣❡sts t❤❡ r✉❧❡ ❢♦r s✉❜tr❛❝t✐♥❣ s✐❣♥❡❞ ♥✉♠❜❡rs✳
❙✉❜tr❛❝t✐♦♥ ♦❢ ❙✐❣♥❡❞ ◆✉♠❜❡rs
❚♦ ♣❡r❢♦r♠ t❤❡ s✉❜tr❛❝t✐♦♥ a − b✱ ❛❞❞ t❤❡ ♦♣♣♦s✐t❡ ♦❢ b t♦ a✱ t❤❛t ✐s✱ ❝❤❛♥❣❡ t❤❡ s✐❣♥ ♦❢ b ❛♥❞ ❛❞❞✳

✺❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✽✼✼✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✹✼

✸✳✺✳✹ ❙❛♠♣❧❡ ❙❡t ❆

P❡r❢♦r♠ t❤❡ s✉❜tr❛❝t✐♦♥s✳

❊①❛♠♣❧❡ ✸✳✷✷
5 − 3 = 5 + (−3) = 2

❊①❛♠♣❧❡ ✸✳✷✸
4 − 9 = 4 + (−9) = −5

❊①❛♠♣❧❡ ✸✳✷✹
−4 − 6 = −4 + (−6) = −10

❊①❛♠♣❧❡ ✸✳✷✺
−3 − (−12) = −3 + 12 = 9

❊①❛♠♣❧❡ ✸✳✷✻
0 − (−15) = 0 + 15 = 15

❊①❛♠♣❧❡ ✸✳✷✼
❚❤❡ ❤✐❣❤ t❡♠♣❡r❛t✉r❡ t♦❞❛② ✐♥ ▲❛❦❡ ❚❛❤♦❡ ✇❛s 26◦❋✳ ❚❤❡ ❧♦✇ t❡♠♣❡r❛t✉r❡ t♦♥✐❣❤t ✐s ❡①♣❡❝t❡❞
t♦ ❜❡ −7◦❋✳ ❍♦✇ ♠❛♥② ❞❡❣r❡❡s ✐s t❤❡ t❡♠♣❡r❛t✉r❡ ❡①♣❡❝t❡❞ t♦ ❞r♦♣❄
❲❡ ♥❡❡❞ t♦ ✜♥❞ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ✷✻ ❛♥❞ −7✳

26 − (−7) = 26 + 7 = 33
❚❤✉s✱ t❤❡ ❡①♣❡❝t❡❞ t❡♠♣❡r❛t✉r❡ ❞r♦♣ ✐s 33◦❋✳

❊①❛♠♣❧❡ ✸✳✷✽

−6 − (−5) − 10 = −6 + 5 + (−10)

= (−6 + 5) + (−10)

= −1 + (−10)

= −11

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✹✽ ❈❍❆P❚❊❘ ✸✳ ❇❆❙■❈ ❖P❊❘❆❚■❖◆❙ ❲■❚❍ ❘❊❆▲ ◆❯▼❇❊❘❙

✸✳✺✳✺ Pr❛❝t✐❝❡ ❙❡t ❆

P❡r❢♦r♠ t❤❡ s✉❜tr❛❝t✐♦♥s✳

❊①❡r❝✐s❡ ✸✳✺✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✸✳✮

9 − 6

❊①❡r❝✐s❡ ✸✳✺✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✸✳✮

6 − 9

❊①❡r❝✐s❡ ✸✳✺✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✸✳✮

0 − 7

❊①❡r❝✐s❡ ✸✳✺✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✸✳✮

1 − 14

❊①❡r❝✐s❡ ✸✳✺✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✸✳✮

−8 − 12

❊①❡r❝✐s❡ ✸✳✺✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✸✳✮

−21 − 6

❊①❡r❝✐s❡ ✸✳✺✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✸✳✮

−6 − (−4)

❊①❡r❝✐s❡ ✸✳✺✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✸✳✮

8 − (−10)

❊①❡r❝✐s❡ ✸✳✺✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✸✳✮

1 − (−12)

❊①❡r❝✐s❡ ✸✳✺✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✸✳✮

86 − (−32)

❊①❡r❝✐s❡ ✸✳✺✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✸✳✮

0 − 16

❊①❡r❝✐s❡ ✸✳✺✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✸✳✮

0 − (−16)

❊①❡r❝✐s❡ ✸✳✺✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✸✳✮

0 − (8)

❊①❡r❝✐s❡ ✸✳✺✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✸✳✮

5 − (−5)

❊①❡r❝✐s❡ ✸✳✺✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✸✳✮

24 − (− (−24))

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✹✾

✸✳✺✳✻ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❡r❝✐s❡s✱ ♣❡r❢♦r♠ t❤❡ ✐♥❞✐❝❛t❡❞ ♦♣❡r❛t✐♦♥s✳

❊①❡r❝✐s❡ ✸✳✺✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✸✳✮

8 − 3

❊①❡r❝✐s❡ ✸✳✺✳✶✼
12 − 7

❊①❡r❝✐s❡ ✸✳✺✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✸✳✮

5 − 6

❊①❡r❝✐s❡ ✸✳✺✳✶✾
14 − 30

❊①❡r❝✐s❡ ✸✳✺✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✸✳✮

2 − 15

❊①❡r❝✐s❡ ✸✳✺✳✷✶
5 − 18

❊①❡r❝✐s❡ ✸✳✺✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✸✳✮

1 − 7

❊①❡r❝✐s❡ ✸✳✺✳✷✸
4 − 11

❊①❡r❝✐s❡ ✸✳✺✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✸✳✮

−6 − 5

❊①❡r❝✐s❡ ✸✳✺✳✷✺
−8 − 14

❊①❡r❝✐s❡ ✸✳✺✳✷✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✸✳✮

−1 − 12

❊①❡r❝✐s❡ ✸✳✺✳✷✼
−4 − 4

❊①❡r❝✐s❡ ✸✳✺✳✷✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✸✳✮

−6 − 8

❊①❡r❝✐s❡ ✸✳✺✳✷✾
−1 − 12

❊①❡r❝✐s❡ ✸✳✺✳✸✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✹✳✮

−5 − (−3)

❊①❡r❝✐s❡ ✸✳✺✳✸✶
−11 − (−8)

❊①❡r❝✐s❡ ✸✳✺✳✸✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✹✳✮

−7 − (−12)

❊①❡r❝✐s❡ ✸✳✺✳✸✸
−2 − (−10)

❊①❡r❝✐s❡ ✸✳✺✳✸✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✹✳✮

−4 − (−15)

❊①❡r❝✐s❡ ✸✳✺✳✸✺
−11 − (−16)

❊①❡r❝✐s❡ ✸✳✺✳✸✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✹✳✮

−1 − (−6)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✺✵ ❈❍❆P❚❊❘ ✸✳ ❇❆❙■❈ ❖P❊❘❆❚■❖◆❙ ❲■❚❍ ❘❊❆▲ ◆❯▼❇❊❘❙

❊①❡r❝✐s❡ ✸✳✺✳✸✼
−8 − (−14)

❊①❡r❝✐s❡ ✸✳✺✳✸✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✹✳✮

−15 − (−10)

❊①❡r❝✐s❡ ✸✳✺✳✸✾
−11 − (−4)

❊①❡r❝✐s❡ ✸✳✺✳✹✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✹✳✮

−16 − (−8)

❊①❡r❝✐s❡ ✸✳✺✳✹✶
−12 − (−11)

❊①❡r❝✐s❡ ✸✳✺✳✹✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✹✳✮

0 − 6

❊①❡r❝✐s❡ ✸✳✺✳✹✸
0 − 15

❊①❡r❝✐s❡ ✸✳✺✳✹✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✹✳✮

0 − (−7)

❊①❡r❝✐s❡ ✸✳✺✳✹✺
0 − (−10)

❊①❡r❝✐s❡ ✸✳✺✳✹✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✹✳✮

67 − 38

❊①❡r❝✐s❡ ✸✳✺✳✹✼
142 − 85

❊①❡r❝✐s❡ ✸✳✺✳✹✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✹✳✮

816 − 1140

❊①❡r❝✐s❡ ✸✳✺✳✹✾
105 − 421

❊①❡r❝✐s❡ ✸✳✺✳✺✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✹✳✮

−550 − (−121)

❊①❡r❝✐s❡ ✸✳✺✳✺✶
−15.016 − (4.001)

❊①❡r❝✐s❡ ✸✳✺✳✺✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✹✳✮

−26 + 7 − 52

❊①❡r❝✐s❡ ✸✳✺✳✺✸
−15 − 21 − (−2)

❊①❡r❝✐s❡ ✸✳✺✳✺✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✹✳✮

−104 − (−216) − (−52)

❊①❡r❝✐s❡ ✸✳✺✳✺✺
−0.012 − (−0.111) − (0.035)

❊①❡r❝✐s❡ ✸✳✺✳✺✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✹✳✮

[5 + (−6)] − [2 + (−4)]

❊①❡r❝✐s❡ ✸✳✺✳✺✼
[2 + (−8)] − [5 + (−7)]

❊①❡r❝✐s❡ ✸✳✺✳✺✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✹✳✮

[4 + (−11)] − [2 + (−10)]

❊①❡r❝✐s❡ ✸✳✺✳✺✾
[9 + (−6)] − [4 + (−12)]

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✺✶

❊①❡r❝✐s❡ ✸✳✺✳✻✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✹✳✮

(11 − 8) − (1 − 6)

❊①❡r❝✐s❡ ✸✳✺✳✻✶
(5 − 12) − (4 − 10)

❊①❡r❝✐s❡ ✸✳✺✳✻✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✹✳✮

(1 − 10) − (2 − 15)

❊①❡r❝✐s❡ ✸✳✺✳✻✸
(0 − 8) − (4 − 12)

❊①❡r❝✐s❡ ✸✳✺✳✻✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✹✳✮

(−4 + 7) − (2 − 5)

❊①❡r❝✐s❡ ✸✳✺✳✻✺
(−6 + 2) − (5 − 11)

❊①❡r❝✐s❡ ✸✳✺✳✻✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✹✳✮

[−8 + (−5 + 3)] − [9 − (−3 − 5)]

❊①❡r❝✐s❡ ✸✳✺✳✻✼
[−4 + (−1 + 6)] − [7 − (−6 − 1)]

❊①❡r❝✐s❡ ✸✳✺✳✻✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✹✳✮

[2 − (−6 + 10)] − [1 − (2 − 11)]

❊①❡r❝✐s❡ ✸✳✺✳✻✾
[5 − (−2 − 5)] − [2 − (−1 − 4)]

❊①❡r❝✐s❡ ✸✳✺✳✼✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✹✳✮

❲❤❡♥ ❛ ♣❛rt✐❝✉❧❛r ♠❛❝❤✐♥❡ ✐s ♦♣❡r❛t✐♥❣ ♣r♦♣❡r❧②✱ ✐ts ♠❡t❡r ✇✐❧❧ r❡❛❞ ✸✹✳ ■❢ ❛ ❜r♦❦❡♥ ❜❡❛r✐♥❣ ✐♥ t❤❡
♠❛❝❤✐♥❡ ❝❛✉s❡s t❤❡ ♠❡t❡r r❡❛❞✐♥❣ t♦ ❞r♦♣ ❜② ✹✺ ✉♥✐ts✱ ✇❤❛t ✐s t❤❡ ♠❡t❡r r❡❛❞✐♥❣❄

❊①❡r❝✐s❡ ✸✳✺✳✼✶
❚❤❡ ❧♦✇ t❡♠♣❡r❛t✉r❡ t♦❞❛② ✐♥ ❉❡♥✈❡r ✇❛s −4◦❋ ❛♥❞ t❤❡ ❤✐❣❤ ✇❛s 42◦❋✳ ❲❤❛t ✐s t❤❡ t❡♠♣❡r❛t✉r❡
❞✐✛❡r❡♥❝❡❄

✸✳✺✳✼ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✸✳✺✳✼✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✹✳✮

✭❙❡❝t✐♦♥ ✷✳✹✮ ❯s❡ t❤❡ ❞✐str✐❜✉t✐✈❡ ♣r♦♣❡rt② t♦ ❡①♣❛♥❞ 4x (5y + 11)✳

❊①❡r❝✐s❡ ✸✳✺✳✼✸

✭❙❡❝t✐♦♥ ✷✳✼✮ ❙✐♠♣❧✐❢②
2(3x2y2)

3
(2x4y3)

0

27x4y3 ✳ ❆ss✉♠❡ x 6= 0, y 6= 0✳

❊①❡r❝✐s❡ ✸✳✺✳✼✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✹✳✮

✭❙❡❝t✐♦♥ ✸✳✸✮ ❙✐♠♣❧✐❢② | −
(
42 + 22 − 32

)
|✳

❊①❡r❝✐s❡ ✸✳✺✳✼✺
✭❙❡❝t✐♦♥ ✸✳✹✮ ❋✐♥❞ t❤❡ s✉♠✳ −8 + (−14)✳

❊①❡r❝✐s❡ ✸✳✺✳✼✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✹✳✮

✭❙❡❝t✐♦♥ ✸✳✹✮ ❋✐♥❞ t❤❡ s✉♠✳ 3 + (−6)✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✸✳✻ ▼✉❧t✐♣❧✐❝❛t✐♦♥ ❛♥❞ ❉✐✈✐s✐♦♥ ♦❢ ❙✐❣♥❡❞ ◆✉♠❜❡rs ✻

✸✳✻✳✶ ❖✈❡r✈✐❡✇

• ▼✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ ❙✐❣♥❡❞ ◆✉♠❜❡rs
• ❉✐✈✐s✐♦♥ ♦❢ ❙✐❣♥❡❞ ◆✉♠❜❡rs

✸✳✻✳✷ ▼✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ ❙✐❣♥❡❞ ◆✉♠❜❡rs

▲❡t ✉s ❝♦♥s✐❞❡r ✜rst t❤❡ ♣r♦❞✉❝t ♦❢ t✇♦ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs✳
▼✉❧t✐♣❧②✿ 3 · 5✳

3 · 5 ♠❡❛♥s 5 + 5 + 5 = 15✳
❚❤✐s s✉❣❣❡sts t❤❛t
(♣♦s✐t✐✈❡ ♥✉♠❜❡r) · (♣♦s✐t✐✈❡ ♥✉♠❜❡r) = ♣♦s✐t✐✈❡ ♥✉♠❜❡r✳
▼♦r❡ ❜r✐❡✢②✱ (+) (+) = +✳
◆♦✇ ❝♦♥s✐❞❡r t❤❡ ♣r♦❞✉❝t ♦❢ ❛ ♣♦s✐t✐✈❡ ♥✉♠❜❡r ❛♥❞ ❛ ♥❡❣❛t✐✈❡ ♥✉♠❜❡r✳
▼✉❧t✐♣❧②✿ (3) (−5)✳

(3) (−5) ♠❡❛♥s (−5) + (−5) + (−5) = −15✳
❚❤✐s s✉❣❣❡sts t❤❛t
(♣♦s✐t✐✈❡ ♥✉♠❜❡r) · (♥❡❣❛t✐✈❡ ♥✉♠❜❡r) = ♥❡❣❛t✐✈❡ ♥✉♠❜❡r
▼♦r❡ ❜r✐❡✢②✱ (+) (−) = −✳
❇② t❤❡ ❝♦♠♠✉t❛t✐✈❡ ♣r♦♣❡rt② ♦❢ ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ ✇❡ ❣❡t
(♥❡❣❛t✐✈❡ ♥✉♠❜❡r) · (♣♦s✐t✐✈❡ ♥✉♠❜❡r) = ♥❡❣❛t✐✈❡ ♥✉♠❜❡r
▼♦r❡ ❜r✐❡✢②✱ (−) (+) = −✳
❚❤❡ s✐❣♥ ♦❢ t❤❡ ♣r♦❞✉❝t ♦❢ t✇♦ ♥❡❣❛t✐✈❡ ♥✉♠❜❡rs ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐❧❧✉str❛t✐♦♥✿

▼✉❧t✐♣❧② −2 ❜②✱ r❡s♣❡❝t✐✈❡❧②✱ 4, 3, 2, 1, 0, − 1, − 2, − 3, − 4✳ ◆♦t✐❝❡ t❤❛t ✇❤❡♥ t❤❡ ♠✉❧t✐♣❧✐❡r ❞❡❝r❡❛s❡s ❜②
✶✱ t❤❡ ♣r♦❞✉❝t ✐♥❝r❡❛s❡s ❜② ✷✳

4 (−2) = −8

3 (−2) = −6

2 (−2) = −4

1 (−2) = −2

} → ❆s✇❡ ❦♥♦✇, (+) (−) = −.

0 (−2) = 0 → ❆s✇❡ ❦♥♦✇, 0 · (❛♥② ♥✉♠❜❡r) = 0.

−1 (−2) = 2

−2 (−2) = 4

−3 (−2) = 6

−4 (−2) = 8

} → ❚❤✐s ♣❛tt❡r♥ s✉❣❣❡sts (−) (−) = +.

❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡s ❢♦r ♠✉❧t✐♣❧②✐♥❣ s✐❣♥❡❞ ♥✉♠❜❡rs✳
❘✉❧❡s ❢♦r ▼✉❧t✐♣❧②✐♥❣ ❙✐❣♥❡❞ ◆✉♠❜❡rs
❚♦ ♠✉❧t✐♣❧② t✇♦ r❡❛❧ ♥✉♠❜❡rs t❤❛t ❤❛✈❡

✶✳ t❤❡ s❛♠❡ s✐❣♥✱ ♠✉❧t✐♣❧② t❤❡✐r ❛❜s♦❧✉t❡ ✈❛❧✉❡s✳ ❚❤❡ ♣r♦❞✉❝t ✐s ♣♦s✐t✐✈❡✳

(+) (+) = +

(−) (−) = +

✷✳ ♦♣♣♦s✐t❡ s✐❣♥s✱ ♠✉❧t✐♣❧② t❤❡✐r ❛❜s♦❧✉t❡ ✈❛❧✉❡s✳ ❚❤❡ ♣r♦❞✉❝t ✐s ♥❡❣❛t✐✈❡✳

(+) (−) = −
(−) (+) = −

✻❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✽✼✷✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✺✸

✸✳✻✳✸ ❙❛♠♣❧❡ ❙❡t ❆

❋✐♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❞✉❝ts✳

❊①❛♠♣❧❡ ✸✳✷✾
8 · 6

▼✉❧t✐♣❧② t❤❡s❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡s✳

|8| = 8

|6| = 6
} 8 · 6 = 48

❙✐♥❝❡ t❤❡ ♥✉♠❜❡rs ❤❛✈❡ t❤❡ s❛♠❡ s✐❣♥✱ t❤❡ ♣r♦❞✉❝t ✐s ♣♦s✐t✐✈❡✳

8 · 6 = +48 ♦r 8 · 6 = 48

❊①❛♠♣❧❡ ✸✳✸✵
(−8) (−6)

▼✉❧t✐♣❧② t❤❡s❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡s✳

| − 8| = 8

| − 6| = 6
} 8 · 6 = 48

❙✐♥❝❡ t❤❡ ♥✉♠❜❡rs ❤❛✈❡ t❤❡ s❛♠❡ s✐❣♥✱ t❤❡ ♣r♦❞✉❝t ✐s ♣♦s✐t✐✈❡✳

(−8) (−6) = +48 ♦r (−8) (−6) = 48

❊①❛♠♣❧❡ ✸✳✸✶
(−4) (7)

▼✉❧t✐♣❧② t❤❡s❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡s✳

| − 4| = 4

|7| = 7
} 4 · 7 = 28

❙✐♥❝❡ t❤❡ ♥✉♠❜❡rs ❤❛✈❡ ♦♣♣♦s✐t❡ s✐❣♥s✱ t❤❡ ♣r♦❞✉❝t ✐s ♥❡❣❛t✐✈❡✳

(−4) (7) = −28

❊①❛♠♣❧❡ ✸✳✸✷
6 (−3)

▼✉❧t✐♣❧② t❤❡s❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡s✳

|6| = 6

| − 3| = 3
} 6 · 3 = 18

❙✐♥❝❡ t❤❡ ♥✉♠❜❡rs ❤❛✈❡ ♦♣♣♦s✐t❡ s✐❣♥s✱ t❤❡ ♣r♦❞✉❝t ✐s ♥❡❣❛t✐✈❡✳

6 (−3) = −18

✸✳✻✳✹ Pr❛❝t✐❝❡ ❙❡t ❆

❋✐♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❞✉❝ts✳

❊①❡r❝✐s❡ ✸✳✻✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✹✳✮

3 (−8)

❊①❡r❝✐s❡ ✸✳✻✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✺✳✮

4 (16)

❊①❡r❝✐s❡ ✸✳✻✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✺✳✮

(−6) (−5)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✺✹ ❈❍❆P❚❊❘ ✸✳ ❇❆❙■❈ ❖P❊❘❆❚■❖◆❙ ❲■❚❍ ❘❊❆▲ ◆❯▼❇❊❘❙

❊①❡r❝✐s❡ ✸✳✻✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✺✳✮

(−7) (−2)

❊①❡r❝✐s❡ ✸✳✻✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✺✳✮

(−1) (4)

❊①❡r❝✐s❡ ✸✳✻✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✺✳✮

(−7) 7

✸✳✻✳✺ ❉✐✈✐s✐♦♥ ♦❢ ❙✐❣♥❡❞ ◆✉♠❜❡rs

❲❡ ❝❛♥ ❞❡t❡r♠✐♥❡ t❤❡ s✐❣♥ ♣❛tt❡r♥ ❢♦r ❞✐✈✐s✐♦♥ ❜② r❡❧❛t✐♥❣ ❞✐✈✐s✐♦♥ t♦ ♠✉❧t✐♣❧✐❝❛t✐♦♥✳ ❉✐✈✐s✐♦♥ ✐s ❞❡✜♥❡❞ ✐♥
t❡r♠s ♦❢ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳

■❢ b · c = a✱ t❤❡♥ a
b = c, b 6= 0✳

❋♦r ❡①❛♠♣❧❡✱ s✐♥❝❡ 3 · 4 = 12✱ ✐t ❢♦❧❧♦✇s t❤❛t 12
3 = 4✳

◆♦t✐❝❡ t❤❡ ♣❛tt❡r♥✿

❙✐♥❝❡ 3 · 4
︸︷︷︸

b·c=a

= 12✱ ✐t ❢♦❧❧♦✇s t❤❛t
12

3
︸︷︷︸
a
b
=c

= 4

❚❤❡ s✐❣♥ ♣❛tt❡r♥ ❢♦r ❞✐✈✐s✐♦♥ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ s✐❣♥ ♣❛tt❡r♥ ❢♦r ♠✉❧t✐♣❧✐❝❛t✐♦♥✳

✶✳ ❙✐♥❝❡ (+) (+)
︸ ︷︷ ︸

b·c=a

= +✱ ✐t ❢♦❧❧♦✇s t❤❛t
(+)

(+)
︸︷︷︸
a
b
=c

= +✱ t❤❛t ✐s✱ (♣♦s✐t✐✈❡ ♥✉♠❜❡r)
(♣♦s✐t✐✈❡ ♥✉♠❜❡r) = ♣♦s✐t✐✈❡ ♥✉♠❜❡r

✷✳ ❙✐♥❝❡ (−) (−)
︸ ︷︷ ︸

b·c=a

= +✱ ✐t ❢♦❧❧♦✇s t❤❛t
(+)

(−)
︸︷︷︸
a
b
=c

= −✱ t❤❛t ✐s✱ (♣♦s✐t✐✈❡ ♥✉♠❜❡r)
(♥❡❣❛t✐✈❡ ♥✉♠❜❡r) = ♥❡❣❛t✐✈❡ ♥✉♠❜❡r

✸✳ ❙✐♥❝❡ (+) (−)
︸ ︷︷ ︸

b·c=a

= −✱ ✐t ❢♦❧❧♦✇s t❤❛t
(−)

(+)
︸︷︷︸
a
b
=c

= −✱ t❤❛t ✐s✱ (♥❡❣❛t✐✈❡ ♥✉♠❜❡r)
(♣♦s✐t✐✈❡ ♥✉♠❜❡r) = ♥❡❣❛t✐✈❡ ♥✉♠❜❡r

✹✳ ❙✐♥❝❡ (−) (+)
︸ ︷︷ ︸

b·c=a

= −✱ ✐t ❢♦❧❧♦✇s t❤❛t
(−)

(−)
︸︷︷︸
a
b
=c

= +✱ t❤❛t ✐s (♥❡❣❛t✐✈❡ ♥✉♠❜❡r)
(♥❡❣❛t✐✈❡ ♥✉♠❜❡r) = ♣♦s✐t✐✈❡ ♥✉♠❜❡r

❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡s ❢♦r ❞✐✈✐❞✐♥❣ s✐❣♥❡❞ ♥✉♠❜❡rs✳
❘✉❧❡s ❢♦r ❉✐✈✐❞✐♥❣ ❙✐❣♥❡❞ ◆✉♠❜❡rs
❚♦ ❞✐✈✐❞❡ t✇♦ r❡❛❧ ♥✉♠❜❡rs t❤❛t ❤❛✈❡

✶✳ t❤❡ s❛♠❡ s✐❣♥✱ ❞✐✈✐❞❡ t❤❡✐r ❛❜s♦❧✉t❡ ✈❛❧✉❡s✳ ❚❤❡ q✉♦t✐❡♥t ✐s ♣♦s✐t✐✈❡✳
(+)
(+) = + (−)

(−) = +

✷✳ ♦♣♣♦s✐t❡ s✐❣♥s✱ ❞✐✈✐❞❡ t❤❡✐r ❛❜s♦❧✉t❡ ✈❛❧✉❡s✳ ❚❤❡ q✉♦t✐❡♥t ✐s ♥❡❣❛t✐✈❡✳
(−)
(+) = − (+)

(−) = −

✸✳✻✳✻ ❙❛♠♣❧❡ ❙❡t ❇

❋✐♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉♦t✐❡♥ts✳

❊①❛♠♣❧❡ ✸✳✸✸
−10
2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✺✺

| − 10| = 10

|2| = 2
} ❉✐✈✐❞❡ t❤❡s❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡s.

10
2 = 5

−10
2 = −5 ❙✐♥❝❡ t❤❡ ♥✉♠❜❡rs ❤❛✈❡ ♦♣♣♦s✐t❡ s✐❣♥s✱ t❤❡ q✉♦t✐❡♥t ✐s ♥❡❣❛t✐✈❡✳

❊①❛♠♣❧❡ ✸✳✸✹
−35
−7

| − 35| = 35

| − 7| = 7
} ❉✐✈✐❞❡ t❤❡s❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡s.

35
7 = 5

−35
−7 = 5 ❙✐♥❝❡ t❤❡ ♥✉♠❜❡rs ❤❛✈❡ s❛♠❡ s✐❣♥s✱ t❤❡ q✉♦t✐❡♥t ✐s ♣♦s✐t✐✈❡✳

❊①❛♠♣❧❡ ✸✳✸✺
18
−9

|18| = 18

| − 9| = 9
} ❉✐✈✐❞❡ t❤❡s❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡s.

18
9 = 2

18
−9 = −2 ❙✐♥❝❡ t❤❡ ♥✉♠❜❡rs ❤❛✈❡ ♦♣♣♦s✐t❡ s✐❣♥s✱ t❤❡ q✉♦t✐❡♥t ✐s ♥❡❣❛t✐✈❡✳

✸✳✻✳✼ Pr❛❝t✐❝❡ ❙❡t ❇

❋✐♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉♦t✐❡♥ts✳

❊①❡r❝✐s❡ ✸✳✻✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✺✳✮
−24
−6

❊①❡r❝✐s❡ ✸✳✻✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✺✳✮
30
−5

❊①❡r❝✐s❡ ✸✳✻✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✺✳✮
−54
27

❊①❡r❝✐s❡ ✸✳✻✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✺✳✮
51
17

✸✳✻✳✽ ❙❛♠♣❧❡ ❙❡t ❈

❊①❛♠♣❧❡ ✸✳✸✻

❋✐♥❞ t❤❡ ✈❛❧✉❡ ♦❢ −6(4−7)−2(8−9)
−(4+1)+1 ✳

❯s✐♥❣ t❤❡ ♦r❞❡r ♦❢ ♦♣❡r❛t✐♦♥s ❛♥❞ ✇❤❛t ✇❡ ❦♥♦✇ ❛❜♦✉t s✐❣♥❡❞ ♥✉♠❜❡rs✱ ✇❡ ❣❡t
−6(4−7)−2(8−9)

−(4+1)+1 = −6(−3)−2(−1)
−(5)+1

= 18+2
−5+1

= 20
−4

= −5

❊①❛♠♣❧❡ ✸✳✸✼
❋✐♥❞ t❤❡ ✈❛❧✉❡ ♦❢ z = x−u

s ✐❢ x = 57, u = 51, ❛♥❞ s = 2✳
❙✉❜st✐t✉t✐♥❣ t❤❡s❡ ✈❛❧✉❡s ✇❡ ❣❡t

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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z = 57−51
2 = 6

2 = 3

✸✳✻✳✾ Pr❛❝t✐❝❡ ❙❡t ❈

❊①❡r❝✐s❡ ✸✳✻✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✺✳✮

❋✐♥❞ t❤❡ ✈❛❧✉❡ ♦❢ −7(4−8)+2(1−11)
−5(1−6)−17 ✳

❊①❡r❝✐s❡ ✸✳✻✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✺✳✮

❋✐♥❞ t❤❡ ✈❛❧✉❡ ♦❢ P = n(n−3)
2n ✱ ✐❢ n = 5✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✺✼

✸✳✻✳✶✵ ❊①❡r❝✐s❡s

❋✐♥❞ t❤❡ ✈❛❧✉❡ ♦❢ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥s✳

❊①❡r❝✐s❡ ✸✳✻✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✺✳✮

(−2) (−8)

❊①❡r❝✐s❡ ✸✳✻✳✶✹
(−3) (−9)

❊①❡r❝✐s❡ ✸✳✻✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✺✳✮

(−4) (−8)

❊①❡r❝✐s❡ ✸✳✻✳✶✻
(−5) (−2)

❊①❡r❝✐s❡ ✸✳✻✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✺✳✮

(−6) (−9)

❊①❡r❝✐s❡ ✸✳✻✳✶✽
(−3) (−11)

❊①❡r❝✐s❡ ✸✳✻✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✺✳✮

(−8) (−4)

❊①❡r❝✐s❡ ✸✳✻✳✷✵
(−1) (−6)

❊①❡r❝✐s❡ ✸✳✻✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✺✳✮

(3) (−12)

❊①❡r❝✐s❡ ✸✳✻✳✷✷
(4) (−18)

❊①❡r❝✐s❡ ✸✳✻✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✺✳✮

8 (−4)

❊①❡r❝✐s❡ ✸✳✻✳✷✹
5 (−6)

❊①❡r❝✐s❡ ✸✳✻✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✺✳✮

9 (−2)

❊①❡r❝✐s❡ ✸✳✻✳✷✻
7 (−8)

❊①❡r❝✐s❡ ✸✳✻✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✺✳✮

(−6) 4

❊①❡r❝✐s❡ ✸✳✻✳✷✽
(−7) 6

❊①❡r❝✐s❡ ✸✳✻✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✺✳✮

(−10) 9

❊①❡r❝✐s❡ ✸✳✻✳✸✵
(−4) 12

❊①❡r❝✐s❡ ✸✳✻✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✺✳✮

(10) (−6)

❊①❡r❝✐s❡ ✸✳✻✳✸✷
(−6) (4)

❊①❡r❝✐s❡ ✸✳✻✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✺✳✮

(−2) (6)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✸✳✻✳✸✹
(−8) (7)

❊①❡r❝✐s❡ ✸✳✻✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✺✳✮
21
7

❊①❡r❝✐s❡ ✸✳✻✳✸✻
42
6

❊①❡r❝✐s❡ ✸✳✻✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✺✳✮
−39
3

❊①❡r❝✐s❡ ✸✳✻✳✸✽
−20
10

❊①❡r❝✐s❡ ✸✳✻✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✺✳✮
−45
−5

❊①❡r❝✐s❡ ✸✳✻✳✹✵
−16
−8

❊①❡r❝✐s❡ ✸✳✻✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✻✳✮
25
−5

❊①❡r❝✐s❡ ✸✳✻✳✹✷
36
−4

❊①❡r❝✐s❡ ✸✳✻✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✻✳✮

8 − (−3)

❊①❡r❝✐s❡ ✸✳✻✳✹✹
14 − (−20)

❊①❡r❝✐s❡ ✸✳✻✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✻✳✮

20 − (−8)

❊①❡r❝✐s❡ ✸✳✻✳✹✻
−4 − (−1)

❊①❡r❝✐s❡ ✸✳✻✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✻✳✮

0 − 4

❊①❡r❝✐s❡ ✸✳✻✳✹✽
0 − (−1)

❊①❡r❝✐s❡ ✸✳✻✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✻✳✮

−6 + 1 − 7

❊①❡r❝✐s❡ ✸✳✻✳✺✵
15 − 12 − 20

❊①❡r❝✐s❡ ✸✳✻✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✻✳✮

1 − 6 − 7 + 8

❊①❡r❝✐s❡ ✸✳✻✳✺✷
2 + 7 − 10 + 2

❊①❡r❝✐s❡ ✸✳✻✳✺✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✻✳✮

3 (4 − 6)

❊①❡r❝✐s❡ ✸✳✻✳✺✹
8 (5 − 12)

❊①❡r❝✐s❡ ✸✳✻✳✺✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✻✳✮

−3 (1 − 6)

❊①❡r❝✐s❡ ✸✳✻✳✺✻
−8 (4 − 12) + 2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✺✾

❊①❡r❝✐s❡ ✸✳✻✳✺✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✻✳✮

−4 (1 − 8) + 3 (10 − 3)

❊①❡r❝✐s❡ ✸✳✻✳✺✽
−9 (0 − 2) + 4 (8 − 9) + 0 (−3)

❊①❡r❝✐s❡ ✸✳✻✳✺✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✻✳✮

6 (−2 − 9) − 6 (2 + 9) + 4 (−1 − 1)

❊①❡r❝✐s❡ ✸✳✻✳✻✵
3(4+1)−2(5)

−2

❊①❡r❝✐s❡ ✸✳✻✳✻✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✻✳✮
4(8+1)−3(−2)

−4−2

❊①❡r❝✐s❡ ✸✳✻✳✻✷
−1(3+2)+5

−1

❊①❡r❝✐s❡ ✸✳✻✳✻✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✻✳✮
−3(4−2)+(−3)(−6)

−4

❊①❡r❝✐s❡ ✸✳✻✳✻✹
−1 (4 + 2)

❊①❡r❝✐s❡ ✸✳✻✳✻✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✻✳✮

−1 (6 − 1)

❊①❡r❝✐s❡ ✸✳✻✳✻✻
− (8 + 21)

❊①❡r❝✐s❡ ✸✳✻✳✻✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✻✳✮

− (8 − 21)

❊①❡r❝✐s❡ ✸✳✻✳✻✽
− (10 − 6)

❊①❡r❝✐s❡ ✸✳✻✳✻✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✻✳✮

− (5 − 2)

❊①❡r❝✐s❡ ✸✳✻✳✼✵
− (7 − 11)

❊①❡r❝✐s❡ ✸✳✻✳✼✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✻✳✮

− (8 − 12)

❊①❡r❝✐s❡ ✸✳✻✳✼✷
−3 [(−1 + 6) − (2 − 7)]

❊①❡r❝✐s❡ ✸✳✻✳✼✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✻✳✮

−2 [(4 − 8) − (5 − 11)]

❊①❡r❝✐s❡ ✸✳✻✳✼✹
−5 [(−1 + 5) + (6 − 8)]

❊①❡r❝✐s❡ ✸✳✻✳✼✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✻✳✮

− [(4 − 9) + (−2 − 8)]

❊①❡r❝✐s❡ ✸✳✻✳✼✻
−3 [−2 (1 − 5) − 3 (−2 + 6)]

❊①❡r❝✐s❡ ✸✳✻✳✼✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✻✳✮

−2 [−5 (−10 + 11) − 2 (5 − 7)]

❊①❡r❝✐s❡ ✸✳✻✳✼✽

P = R − C. ❋✐♥❞P ✐❢R = 2000 ❛♥❞C = 2500.

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✸✳✻✳✼✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✻✳✮

z = x−u
s . ❋✐♥❞ z ✐❢x = 23, u = 25, ❛♥❞ s = 1.

❊①❡r❝✐s❡ ✸✳✻✳✽✵

z = x−u
s . ❋✐♥❞ z ✐❢x = 410, u = 430, ❛♥❞ s = 2.5.

❊①❡r❝✐s❡ ✸✳✻✳✽✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✻✳✮

m = 2s+1
T . ❋✐♥❞m ✐❢ s = −8 ❛♥❞T = 5.

❊①❡r❝✐s❡ ✸✳✻✳✽✷

m = 2s+1
T . ❋✐♥❞m ✐❢ s = −10 ❛♥❞T = −5.

❊①❡r❝✐s❡ ✸✳✻✳✽✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✻✳✮

F = (p1 − p2) r4 · 9. ❋✐♥❞F ✐❢ p1 = 10, p2 = 8, r = 3.

❊①❡r❝✐s❡ ✸✳✻✳✽✹

F = (p1 − p2) r4 · 9. ❋✐♥❞F ✐❢ p1 = 12, p2 = 7, r = 2.

❊①❡r❝✐s❡ ✸✳✻✳✽✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✻✳✮

P = n (n − 1) (n − 2) . ❋✐♥❞P ✐❢n = −4.

❊①❡r❝✐s❡ ✸✳✻✳✽✻

P = n (n − 1) (n − 2) (n − 3) . ❋✐♥❞P ✐❢n = −5.

❊①❡r❝✐s❡ ✸✳✻✳✽✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✻✳✮

P = n(n−2)(n−4)
2n . ❋✐♥❞P ✐❢n = −6.

✸✳✻✳✶✶ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✸✳✻✳✽✽
✭❙❡❝t✐♦♥ ✷✳✸✮ ❲❤❛t ♥❛t✉r❛❧ ♥✉♠❜❡rs ❝❛♥ r❡♣❧❛❝❡ x s♦ t❤❛t t❤❡ st❛t❡♠❡♥t −4 < x ≤ 3 ✐s tr✉❡❄

❊①❡r❝✐s❡ ✸✳✻✳✽✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✻✳✮

✭❙❡❝t✐♦♥ ✷✳✻✮ ❙✐♠♣❧✐❢② (x+2y)5(3x−1)7

(x+2y)3(3x−1)6
✳

❊①❡r❝✐s❡ ✸✳✻✳✾✵
✭❙❡❝t✐♦♥ ✷✳✼✮ ❙✐♠♣❧✐❢②

(
xny3t

)5
✳

❊①❡r❝✐s❡ ✸✳✻✳✾✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✼✳✮

✭❙❡❝t✐♦♥ ✸✳✹✮ ❋✐♥❞ t❤❡ s✉♠✳ −6 + (−5)✳

❊①❡r❝✐s❡ ✸✳✻✳✾✷
✭❙❡❝t✐♦♥ ✸✳✺✮ ❋✐♥❞ t❤❡ ❞✐✛❡r❡♥❝❡✳ −2 − (−8)✳

✸✳✼ ◆❡❣❛t✐✈❡ ❊①♣♦♥❡♥ts ✼

✸✳✼✳✶ ❖✈❡r✈✐❡✇

• ❘❡❝✐♣r♦❝❛❧s
• ◆❡❣❛t✐✈❡ ❊①♣♦♥❡♥ts
• ❲♦r❦✐♥❣ ✇✐t❤ ◆❡❣❛t✐✈❡ ❊①♣♦♥❡♥ts

✼❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✽✽✷✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✻✶

✸✳✼✳✷ ❘❡❝✐♣r♦❝❛❧s

❘❡❝✐♣r♦❝❛❧s
❚✇♦ r❡❛❧ ♥✉♠❜❡rs ❛r❡ s❛✐❞ t♦ ❜❡ r❡❝✐♣r♦❝❛❧s ♦❢ ❡❛❝❤ ♦t❤❡r ✐❢ t❤❡✐r ♣r♦❞✉❝t ✐s ✶✳ ❊✈❡r② ♥♦♥③❡r♦ r❡❛❧ ♥✉♠❜❡r
❤❛s ❡①❛❝t❧② ♦♥❡ r❡❝✐♣r♦❝❛❧✱ ❛s s❤♦✇♥ ✐♥ t❤❡ ❡①❛♠♣❧❡s ❜❡❧♦✇✳ ❩❡r♦ ❤❛s ♥♦ r❡❝✐♣r♦❝❛❧✳

❊①❛♠♣❧❡ ✸✳✸✽

4 · 1
4 = 1. ❚❤✐s♠❡❛♥s t❤❛t 4 ❛♥❞ 1

4 ❛r❡ r❡❝✐♣r♦❝❛❧s.

❊①❛♠♣❧❡ ✸✳✸✾

6 · 1
6 = 1. ❍❡♥❝❡✱ 6 ❛♥❞ 1

6 ❛r❡ r❡❝✐♣r♦❝❛❧s.

❊①❛♠♣❧❡ ✸✳✹✵

−2 · −1
2 = 1. ❍❡♥❝❡✱ − 2 ❛♥❞ − 1

2 ❛r❡ r❡❝✐♣r♦❝❛❧s.

❊①❛♠♣❧❡ ✸✳✹✶

a · 1
a = 1. ❍❡♥❝❡✱ a ❛♥❞ 1

a ❛r❡ r❡❝✐♣r♦❝❛❧s ✐❢ a 6= 0.

❊①❛♠♣❧❡ ✸✳✹✷

x · 1
x = 1. ❍❡♥❝❡✱x ❛♥❞ 1

x ❛r❡ r❡❝✐♣r♦❝❛❧s ✐❢x 6= 0.

❊①❛♠♣❧❡ ✸✳✹✸

x3 · 1
x3 = 1. ❍❡♥❝❡✱x3 ❛♥❞ 1

x3 ❛r❡ r❡❝✐♣r♦❝❛❧s ✐❢x 6= 0.

✸✳✼✳✸ ◆❡❣❛t✐✈❡ ❊①♣♦♥❡♥ts

❲❡ ❝❛♥ ✉s❡ t❤❡ ✐❞❡❛ ♦❢ r❡❝✐♣r♦❝❛❧s t♦ ✜♥❞ ❛ ♠❡❛♥✐♥❣ ❢♦r ♥❡❣❛t✐✈❡ ❡①♣♦♥❡♥ts✳
❈♦♥s✐❞❡r t❤❡ ♣r♦❞✉❝t ♦❢ x3 ❛♥❞ x−3✳ ❆ss✉♠❡ x 6= 0✳
x3 · x−3 = x3+(−3) = x0 = 1
❚❤✉s✱ s✐♥❝❡ t❤❡ ♣r♦❞✉❝t ♦❢ x3 ❛♥❞ x−3 ✐s ✶✱ x3 ❛♥❞ x−3 ♠✉st ❜❡ r❡❝✐♣r♦❝❛❧s✳
❲❡ ❛❧s♦ ❦♥♦✇ t❤❛t x3 · 1

x3 = 1✳ ✭❙❡❡ ♣r♦❜❧❡♠ ✻ ❛❜♦✈❡✳✮ ❚❤✉s✱ x3 ❛♥❞ 1
x3 ❛r❡ ❛❧s♦ r❡❝✐♣r♦❝❛❧s✳

❚❤❡♥✱ s✐♥❝❡ x−3 ❛♥❞ 1
x3 ❛r❡ ❜♦t❤ r❡❝✐♣r♦❝❛❧s ♦❢ x3 ❛♥❞ ❛ r❡❛❧ ♥✉♠❜❡r ❝❛♥ ❤❛✈❡ ♦♥❧② ♦♥❡ r❡❝✐♣r♦❝❛❧✱ ✐t

♠✉st ❜❡ t❤❛t x−3 = 1
x3 ✳

❲❡ ❤❛✈❡ ✉s❡❞ −3 ❛s t❤❡ ❡①♣♦♥❡♥t✱ ❜✉t t❤❡ ♣r♦❝❡ss ✇♦r❦s ❛s ✇❡❧❧ ❢♦r ❛❧❧ ♦t❤❡r ♥❡❣❛t✐✈❡ ✐♥t❡❣❡rs✳ ❲❡ ♠❛❦❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✳

■❢ n ✐s ❛♥② ♥❛t✉r❛❧ ♥✉♠❜❡r ❛♥❞ x ✐s ❛♥② ♥♦♥③❡r♦ r❡❛❧ ♥✉♠❜❡r✱ t❤❡♥
x−n = 1

xn

✸✳✼✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❲r✐t❡ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ s♦ t❤❛t ♦♥❧② ♣♦s✐t✐✈❡ ❡①♣♦♥❡♥ts ❛♣♣❡❛r✳

❊①❛♠♣❧❡ ✸✳✹✹
x−6 = 1

x6

❊①❛♠♣❧❡ ✸✳✹✺
a−1 = 1

a1 = 1
a

❊①❛♠♣❧❡ ✸✳✹✻
7−2 = 1

72 = 1
49

❊①❛♠♣❧❡ ✸✳✹✼
(3a)

−6
= 1

(3a)6

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❛♠♣❧❡ ✸✳✹✽
(5x − 1)

−24
= 1

(5x−1)24

❊①❛♠♣❧❡ ✸✳✹✾

(k + 2z)
−(−8)

= (k + 2z)
8

✸✳✼✳✺ Pr❛❝t✐❝❡ ❙❡t ❆

❲r✐t❡ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉s✐♥❣ ♦♥❧② ♣♦s✐t✐✈❡ ❡①♣♦♥❡♥ts✳

❊①❡r❝✐s❡ ✸✳✼✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✼✳✮

y−5

❊①❡r❝✐s❡ ✸✳✼✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✼✳✮

m−2

❊①❡r❝✐s❡ ✸✳✼✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✼✳✮

3−2

❊①❡r❝✐s❡ ✸✳✼✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✼✳✮

5−1

❊①❡r❝✐s❡ ✸✳✼✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✼✳✮

2−4

❊①❡r❝✐s❡ ✸✳✼✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✼✳✮

(xy)
−4

❊①❡r❝✐s❡ ✸✳✼✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✼✳✮

(a + 2b)
−12

❊①❡r❝✐s❡ ✸✳✼✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✼✳✮

(m − n)
−(−4)

❈❆❯❚■❖◆
■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t a−n ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ❛ ♥❡❣❛t✐✈❡ ♥✉♠❜❡r✳ ❋♦r ❡①❛♠♣❧❡✱

3−2 = 1
32 = 1

9 3−2 6= −9

✸✳✼✳✻ ❲♦r❦✐♥❣ ✇✐t❤ ◆❡❣❛t✐✈❡ ❊①♣♦♥❡♥ts

❚❤❡ ♣r♦❜❧❡♠s ♦❢ ❙❛♠♣❧❡ ❙❡t ❆ s✉❣❣❡st t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡ ❢♦r ✇♦r❦✐♥❣ ✇✐t❤ ❡①♣♦♥❡♥ts✿
▼♦✈✐♥❣ ❋❛❝t♦rs ❯♣ ❛♥❞ ❉♦✇♥
■♥ ❛ ❢r❛❝t✐♦♥✱ ❛ ❢❛❝t♦r ❝❛♥ ❜❡ ♠♦✈❡❞ ❢r♦♠ t❤❡ ♥✉♠❡r❛t♦r t♦ t❤❡ ❞❡♥♦♠✐♥❛t♦r ♦r ❢r♦♠ t❤❡ ❞❡♥♦♠✐♥❛t♦r t♦
t❤❡ ♥✉♠❡r❛t♦r ❜② ❝❤❛♥❣✐♥❣ t❤❡ s✐❣♥ ♦❢ t❤❡ ❡①♣♦♥❡♥t✳

✸✳✼✳✼ ❙❛♠♣❧❡ ❙❡t ❇

❲r✐t❡ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ s♦ t❤❛t ♦♥❧② ♣♦s✐t✐✈❡ ❡①♣♦♥❡♥ts ❛♣♣❡❛r✳

❊①❛♠♣❧❡ ✸✳✺✵

x−2y5. ❚❤❡ factor x−2 ❝❛♥ ❜❡♠♦✈❡❞ ❢r♦♠ t❤❡ ♥✉♠❡r❛t♦r t♦ t❤❡

❞❡♥♦♠✐♥❛t♦r ❜② ❝❤❛♥❣✐♥❣ t❤❡ ❡①♣♦♥❡♥t − 2 t♦ + 2.

x−2y5 = y5

x2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❛♠♣❧❡ ✸✳✺✶

a9b−3. ❚❤❡ factor b−3 ❝❛♥ ❜❡♠♦✈❡❞ ❢r♦♠ t❤❡ ♥✉♠❡r❛t♦r t♦ t❤❡

❞❡♥♦♠✐♥❛t♦r ❜② ❝❤❛♥❣✐♥❣ t❤❡ ❡①♣♦♥❡♥t − 3 t♦ + 3.

a9b−3 = a9

b3

❊①❛♠♣❧❡ ✸✳✺✷
a4b2

c−6 . ❚❤✐s ❢r❛❝t✐♦♥ ❝❛♥ ❜❡✇r✐tt❡♥✇✐t❤♦✉t ❛♥② ♥❡❣❛t✐✈❡ ❡①♣♦♥❡♥ts

❜②♠♦✈✐♥❣ t❤❡ factor c−6 ✐♥t♦ t❤❡ ♥✉♠❡r❛t♦r✳

❲❡♠✉st ❝❤❛♥❣❡ t❤❡ − 6 t♦ + 6 t♦♠❛❦❡ t❤❡♠♦✈❡ ❧❡❣✐t✐♠❛t❡✳

a4b2

c−6 = a4b2c6

❊①❛♠♣❧❡ ✸✳✺✸
1

x−3y−2z−1 . ❚❤✐s ❢r❛❝t✐♦♥ ❝❛♥ ❜❡✇r✐tt❡♥✇✐t❤♦✉t ♥❡❣❛t✐✈❡ ❡①♣♦♥❡♥ts

❜②♠♦✈✐♥❣ ❛❧❧ t❤❡ factors ❢r♦♠ t❤❡ ❞❡♥♦♠✐♥❛t♦r t♦

t❤❡ ♥✉♠❡r❛t♦r✳ ❈❤❛♥❣❡ t❤❡ s✐❣♥ ♦❢ ❡❛❝❤ ❡①♣♦♥❡♥t✿ − 3 t♦ + 3,

−2 t♦ + 2, − 1 t♦ + 1.

1
x−3y−2z−1 = x3y2z1 = x3y2z

✸✳✼✳✽ Pr❛❝t✐❝❡ ❙❡t ❇

❲r✐t❡ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ s♦ t❤❛t ♦♥❧② ♣♦s✐t✐✈❡ ❡①♣♦♥❡♥ts ❛♣♣❡❛r✳

❊①❡r❝✐s❡ ✸✳✼✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✼✳✮

x−4y7

❊①❡r❝✐s❡ ✸✳✼✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✼✳✮
a2

b−4

❊①❡r❝✐s❡ ✸✳✼✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✼✳✮
x3y4

z−8

❊①❡r❝✐s❡ ✸✳✼✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✼✳✮
6m−3n−2

7k−1

❊①❡r❝✐s❡ ✸✳✼✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✼✳✮
1

a−2b−6c−8

❊①❡r❝✐s❡ ✸✳✼✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✼✳✮
3a(a−5b)−2

5b(a−4b)5

✸✳✼✳✾ ❙❛♠♣❧❡ ❙❡t ❈

❊①❛♠♣❧❡ ✸✳✺✹

❘❡✇r✐t❡ 24a7b9

23a4b−6 ✐♥ ❛ s✐♠♣❧❡r ❢♦r♠✳
◆♦t✐❝❡ t❤❛t ✇❡ ❛r❡ ❞✐✈✐❞✐♥❣ ♣♦✇❡rs ✇✐t❤ t❤❡ s❛♠❡ ❜❛s❡✳ ❲❡✬❧❧ ♣r♦❝❡❡❞ ❜② ✉s✐♥❣ t❤❡ r✉❧❡s ♦❢

❡①♣♦♥❡♥ts✳
24a7b9

23a4b−6 = 24a7b9

8a4b−6 = 3a7−4b9−(−6)

= 3a3b9+6

= 3a3b15

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❛♠♣❧❡ ✸✳✺✺

❲r✐t❡ 9a5b3

5x3y2 s♦ t❤❛t ♥♦ ❞❡♥♦♠✐♥❛t♦r ❛♣♣❡❛rs✳
❲❡ ❝❛♥ ❡❧✐♠✐♥❛t❡ t❤❡ ❞❡♥♦♠✐♥❛t♦r ❜② ♠♦✈✐♥❣ ❛❧❧ ❢❛❝t♦rs t❤❛t ♠❛❦❡ ✉♣ t❤❡ ❞❡♥♦♠✐♥❛t♦r t♦ t❤❡

♥✉♠❡r❛t♦r✳
9a5b35−1x−3y−2

❊①❛♠♣❧❡ ✸✳✺✻
❋✐♥❞ t❤❡ ✈❛❧✉❡ ♦❢ 1

10−2 + 3
4−3 ✳

❲❡ ❝❛♥ ❡✈❛❧✉❛t❡ t❤✐s ❡①♣r❡ss✐♦♥ ❜② ❡❧✐♠✐♥❛t✐♥❣ t❤❡ ♥❡❣❛t✐✈❡ ❡①♣♦♥❡♥ts✳
1

10−2 + 3
4−3 = 1 · 102 + 3 · 43

= 1 · 100 + 3 · 64

= 100 + 192

= 292

✸✳✼✳✶✵ Pr❛❝t✐❝❡ ❙❡t ❈

❊①❡r❝✐s❡ ✸✳✼✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✼✳✮

❘❡✇r✐t❡ 36x8b3

32x−2b−5 ✐♥ ❛ s✐♠♣❧❡r ❢♦r♠✳

❊①❡r❝✐s❡ ✸✳✼✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✼✳✮

❲r✐t❡ 24m−3n7

4−1x5 ✐♥ ❛ s✐♠♣❧❡r ❢♦r♠ ❛♥❞ ♦♥❡ ✐♥ ✇❤✐❝❤ ♥♦ ❞❡♥♦♠✐♥❛t♦r ❛♣♣❡❛rs✳

❊①❡r❝✐s❡ ✸✳✼✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✼✳✮

❋✐♥❞ t❤❡ ✈❛❧✉❡ ♦❢ 2
5−2 + 6−2 · 23 · 32✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✻✺

✸✳✼✳✶✶ ❊①❡r❝✐s❡s

❲r✐t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥s ✉s✐♥❣ ♦♥❧② ♣♦s✐t✐✈❡ ❡①♣♦♥❡♥ts✳ ❆ss✉♠❡ ❛❧❧ ✈❛r✐❛❜❧❡s ❛r❡ ♥♦♥③❡r♦✳

❊①❡r❝✐s❡ ✸✳✼✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✼✳✮

x−2

❊①❡r❝✐s❡ ✸✳✼✳✶✾
x−4

❊①❡r❝✐s❡ ✸✳✼✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✼✳✮

x−7

❊①❡r❝✐s❡ ✸✳✼✳✷✶
a−8

❊①❡r❝✐s❡ ✸✳✼✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✼✳✮

a−10

❊①❡r❝✐s❡ ✸✳✼✳✷✸
b−12

❊①❡r❝✐s❡ ✸✳✼✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✼✳✮

b−14

❊①❡r❝✐s❡ ✸✳✼✳✷✺
y−1

❊①❡r❝✐s❡ ✸✳✼✳✷✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✼✳✮

y−5

❊①❡r❝✐s❡ ✸✳✼✳✷✼
(x + 1)

−2

❊①❡r❝✐s❡ ✸✳✼✳✷✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✼✳✮

(x − 5)
−3

❊①❡r❝✐s❡ ✸✳✼✳✷✾
(y − 4)

−6

❊①❡r❝✐s❡ ✸✳✼✳✸✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✼✳✮

(a + 9)
−10

❊①❡r❝✐s❡ ✸✳✼✳✸✶
(r + 3)

−8

❊①❡r❝✐s❡ ✸✳✼✳✸✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✽✳✮

(a − 1)
−12

❊①❡r❝✐s❡ ✸✳✼✳✸✸
x3y−2

❊①❡r❝✐s❡ ✸✳✼✳✸✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✽✳✮

x7y−5

❊①❡r❝✐s❡ ✸✳✼✳✸✺
a4b−1

❊①❡r❝✐s❡ ✸✳✼✳✸✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✽✳✮

a7b−8

❊①❡r❝✐s❡ ✸✳✼✳✸✼
a2b3c−2

❊①❡r❝✐s❡ ✸✳✼✳✸✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✽✳✮

x3y2z−6

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✸✳✼✳✸✾
x3y−4z2w

❊①❡r❝✐s❡ ✸✳✼✳✹✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✽✳✮

a7b−9zw3

❊①❡r❝✐s❡ ✸✳✼✳✹✶
a3b−1zw2

❊①❡r❝✐s❡ ✸✳✼✳✹✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✽✳✮

x5y−5z−2

❊①❡r❝✐s❡ ✸✳✼✳✹✸
x4y−8z−3w−4

❊①❡r❝✐s❡ ✸✳✼✳✹✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✽✳✮

a−4b−6c−1d4

❊①❡r❝✐s❡ ✸✳✼✳✹✺
x9y−6z−1w−5r−2

❊①❡r❝✐s❡ ✸✳✼✳✹✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✽✳✮

4x−6y2

❊①❡r❝✐s❡ ✸✳✼✳✹✼
5x2y2z−5

❊①❡r❝✐s❡ ✸✳✼✳✹✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✽✳✮

7a−2b2c2

❊①❡r❝✐s❡ ✸✳✼✳✹✾
4x3(x + 1)

2
y−4z−1

❊①❡r❝✐s❡ ✸✳✼✳✺✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✽✳✮

7a2(a − 4)
3
b−6c−7

❊①❡r❝✐s❡ ✸✳✼✳✺✶
18b−6

(
b2 − 3

)−5
c−4d5e−1

❊①❡r❝✐s❡ ✸✳✼✳✺✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✽✳✮

7(w + 2)
−2

(w + 1)
3

❊①❡r❝✐s❡ ✸✳✼✳✺✸
2(a − 8)

−3
(a − 2)

5

❊①❡r❝✐s❡ ✸✳✼✳✺✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✽✳✮
(
x2 + 3

)3(
x2 − 1

)−4

❊①❡r❝✐s❡ ✸✳✼✳✺✺
(
x4 + 2x − 1

)−6
(x + 5)

4

❊①❡r❝✐s❡ ✸✳✼✳✺✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✽✳✮
(
3x2 − 4x − 8

)−9
(2x + 11)

−3

❊①❡r❝✐s❡ ✸✳✼✳✺✼
(
5y2 + 8y − 6

)−2
(6y − 1)

−7

❊①❡r❝✐s❡ ✸✳✼✳✺✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✽✳✮

7a
(
a2 − 4

)−2(
b2 − 1

)−2

❊①❡r❝✐s❡ ✸✳✼✳✺✾
(x − 5)

−4
3b2c4(x + 6)

8

❊①❡r❝✐s❡ ✸✳✼✳✻✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✽✳✮
(
y3 + 1

)−1
5y3z−4w−2

(
y3 − 1

)−2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✸✳✼✳✻✶
5x3

(
2x−7

)

❊①❡r❝✐s❡ ✸✳✼✳✻✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✽✳✮

3y−3 (9x)

❊①❡r❝✐s❡ ✸✳✼✳✻✸
6a−4

(
2a−6

)

❊①❡r❝✐s❡ ✸✳✼✳✻✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✽✳✮

4a2b2a−5b−2

❊①❡r❝✐s❡ ✸✳✼✳✻✺
5−1a−2b−6b−11c−3c9

❊①❡r❝✐s❡ ✸✳✼✳✻✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✽✳✮

23x22−3x−2

❊①❡r❝✐s❡ ✸✳✼✳✻✼
7a−3b−9 · 5a6bc−2c4

❊①❡r❝✐s❡ ✸✳✼✳✻✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✽✳✮

(x + 5)
2
(x + 5)

−6

❊①❡r❝✐s❡ ✸✳✼✳✻✾
(a − 4)

3
(a − 4)

−10

❊①❡r❝✐s❡ ✸✳✼✳✼✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✽✳✮

8(b + 2)
−8

(b + 2)
−4

(b + 2)
3

❊①❡r❝✐s❡ ✸✳✼✳✼✶
3a5b−7

(
a2 + 4

)−3
6a−4b

(
a2 + 4

)−1 (
a2 + 4

)

❊①❡r❝✐s❡ ✸✳✼✳✼✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✽✳✮

−4a3b−5
(
2a2b7c−2

)

❊①❡r❝✐s❡ ✸✳✼✳✼✸
−2x−2y−4z4

(
−6x3y−3z

)

❊①❡r❝✐s❡ ✸✳✼✳✼✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✽✳✮

(−5)
2
(−5)

−1

❊①❡r❝✐s❡ ✸✳✼✳✼✺
(−9)

−3
(9)

3

❊①❡r❝✐s❡ ✸✳✼✳✼✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✽✳✮

(−1)
−1

(−1)
−1

❊①❡r❝✐s❡ ✸✳✼✳✼✼
(4)

2
(2)

−4

❊①❡r❝✐s❡ ✸✳✼✳✼✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✾✳✮
1

a−4

❊①❡r❝✐s❡ ✸✳✼✳✼✾
1

a−1

❊①❡r❝✐s❡ ✸✳✼✳✽✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✾✳✮
4

x−6

❊①❡r❝✐s❡ ✸✳✼✳✽✶
7

x−8

❊①❡r❝✐s❡ ✸✳✼✳✽✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✾✳✮
23

y−1

❊①❡r❝✐s❡ ✸✳✼✳✽✸
6

a2b−4

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✸✳✼✳✽✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✾✳✮
3c5

a3b−3

❊①❡r❝✐s❡ ✸✳✼✳✽✺
16a−2b−6c
2yz−5w−4

❊①❡r❝✐s❡ ✸✳✼✳✽✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✾✳✮
24y2z−8

6a2b−1c−9d3

❊①❡r❝✐s❡ ✸✳✼✳✽✼
3−1b5(b+7)−4

9−1a−4(a+7)2

❊①❡r❝✐s❡ ✸✳✼✳✽✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✾✳✮
36a6b5c8

32a3b7c9

❊①❡r❝✐s❡ ✸✳✼✳✽✾
45a4b2c6

15a2b7c8

❊①❡r❝✐s❡ ✸✳✼✳✾✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✾✳✮
33x4y3z
32xy5z5

❊①❡r❝✐s❡ ✸✳✼✳✾✶
21x2y2z5w4

7xyz12w14

❊①❡r❝✐s❡ ✸✳✼✳✾✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✾✳✮
33a−4b−7

11a3b−2

❊①❡r❝✐s❡ ✸✳✼✳✾✸
51x−5y−3

3xy

❊①❡r❝✐s❡ ✸✳✼✳✾✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✾✳✮
26x−5y−2a−7b5

2−1x−4y−2b6

❊①❡r❝✐s❡ ✸✳✼✳✾✺
(x+3)3(y−6)4

(x+3)5(y−6)−8

❊①❡r❝✐s❡ ✸✳✼✳✾✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✾✳✮
4x3

y7

❊①❡r❝✐s❡ ✸✳✼✳✾✼
5x4y3

a3

❊①❡r❝✐s❡ ✸✳✼✳✾✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✾✳✮
23a4b5c−2

x−6y5

❊①❡r❝✐s❡ ✸✳✼✳✾✾
23b5c2d−9

4b4cx

❊①❡r❝✐s❡ ✸✳✼✳✶✵✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✾✳✮
10x3y−7

3x5z2

❊①❡r❝✐s❡ ✸✳✼✳✶✵✶
3x2y−2(x−5)

9−1(x+5)3

❊①❡r❝✐s❡ ✸✳✼✳✶✵✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✾✳✮
14a2b2c−12(a2+21)

−4

4−2a2b−1(a+6)3

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❡✈❛❧✉❛t❡ ❡❛❝❤ ♥✉♠❡r✐❝❛❧ ❡①♣r❡ss✐♦♥✳

❊①❡r❝✐s❡ ✸✳✼✳✶✵✸
4−1

❊①❡r❝✐s❡ ✸✳✼✳✶✵✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✾✳✮

7−1

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✻✾

❊①❡r❝✐s❡ ✸✳✼✳✶✵✺
6−2

❊①❡r❝✐s❡ ✸✳✼✳✶✵✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✾✳✮

2−5

❊①❡r❝✐s❡ ✸✳✼✳✶✵✼
3−4

❊①❡r❝✐s❡ ✸✳✼✳✶✵✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✾✳✮

6 · 3−3

❊①❡r❝✐s❡ ✸✳✼✳✶✵✾
4 · 9−2

❊①❡r❝✐s❡ ✸✳✼✳✶✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✾✳✮

28 · 14−1

❊①❡r❝✐s❡ ✸✳✼✳✶✶✶
2−3

(
3−2

)

❊①❡r❝✐s❡ ✸✳✼✳✶✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✾✳✮

2−1 · 3−1 · 4−1

❊①❡r❝✐s❡ ✸✳✼✳✶✶✸
10−2 + 3

(
10−2

)

❊①❡r❝✐s❡ ✸✳✼✳✶✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✾✳✮

(−3)
−2

❊①❡r❝✐s❡ ✸✳✼✳✶✶✺
(−10)

−1

❊①❡r❝✐s❡ ✸✳✼✳✶✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✾✳✮
3

2−3

❊①❡r❝✐s❡ ✸✳✼✳✶✶✼
4−1

5−2

❊①❡r❝✐s❡ ✸✳✼✳✶✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✾✳✮
24−7
4−1

❊①❡r❝✐s❡ ✸✳✼✳✶✶✾
2−1+4−1

2−2+4−2

❊①❡r❝✐s❡ ✸✳✼✳✶✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✾✳✮
210−26

2·6−13

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✇r✐t❡ ❡❛❝❤ ❡①♣r❡ss✐♦♥ s♦ t❤❛t ♦♥❧② ♣♦s✐t✐✈❡ ❡①♣♦♥❡♥ts ❛♣♣❡❛r✳

❊①❡r❝✐s❡ ✸✳✼✳✶✷✶
(
a6

)−2

❊①❡r❝✐s❡ ✸✳✼✳✶✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✾✳✮
(
a5

)−3

❊①❡r❝✐s❡ ✸✳✼✳✶✷✸
(
x7

)−4

❊①❡r❝✐s❡ ✸✳✼✳✶✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✾✳✮
(
x4

)−8

❊①❡r❝✐s❡ ✸✳✼✳✶✷✺
(
b−2

)7

❊①❡r❝✐s❡ ✸✳✼✳✶✷✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✶✾✾✳✮
(
b−4

)−1

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✸✳✼✳✶✷✼
(
y−3

)−4

❊①❡r❝✐s❡ ✸✳✼✳✶✷✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✵✳✮
(
y−9

)−3

❊①❡r❝✐s❡ ✸✳✼✳✶✷✾
(
a−1

)−1

❊①❡r❝✐s❡ ✸✳✼✳✶✸✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✵✳✮
(
b−1

)−1

❊①❡r❝✐s❡ ✸✳✼✳✶✸✶
(
a0

)−1
, a 6= 0

❊①❡r❝✐s❡ ✸✳✼✳✶✸✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✵✳✮
(
m0

)−1
, m 6= 0

❊①❡r❝✐s❡ ✸✳✼✳✶✸✸
(
x−3y7

)−4

❊①❡r❝✐s❡ ✸✳✼✳✶✸✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✵✳✮
(
x6y6z−1

)2

❊①❡r❝✐s❡ ✸✳✼✳✶✸✺
(
a−5b−1c0

)6

❊①❡r❝✐s❡ ✸✳✼✳✶✸✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✵✳✮
(

y3

x−4

)5

❊①❡r❝✐s❡ ✸✳✼✳✶✸✼
(

a−8

b−6

)3

❊①❡r❝✐s❡ ✸✳✼✳✶✸✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✵✳✮
(

2a
b3

)4

❊①❡r❝✐s❡ ✸✳✼✳✶✸✾
(

3b
a2

)−5

❊①❡r❝✐s❡ ✸✳✼✳✶✹✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✵✳✮
(

5−1a3b−6

x−2y9

)2

❊①❡r❝✐s❡ ✸✳✼✳✶✹✶
(

4m−3n6

2m−5n

)3

❊①❡r❝✐s❡ ✸✳✼✳✶✹✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✵✳✮
(

r5s−4

m−8n7

)−4

❊①❡r❝✐s❡ ✸✳✼✳✶✹✸
(

h−2j−6

k−4p

)−5

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✼✶

✸✳✼✳✶✷ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✸✳✼✳✶✹✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✵✳✮

✭❙❡❝t✐♦♥ ✷✳✼✮ ❙✐♠♣❧✐❢②
(
4x5y3z0

)3

❊①❡r❝✐s❡ ✸✳✼✳✶✹✺
✭❙❡❝t✐♦♥ ✸✳✹✮ ❋✐♥❞ t❤❡ s✉♠✳ −15 + 3✳

❊①❡r❝✐s❡ ✸✳✼✳✶✹✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✵✳✮

✭❙❡❝t✐♦♥ ✸✳✺✮ ❋✐♥❞ t❤❡ ❞✐✛❡r❡♥❝❡✳ 8 − (−12)✳

❊①❡r❝✐s❡ ✸✳✼✳✶✹✼
✭❙❡❝t✐♦♥ ✸✳✻✮ ❙✐♠♣❧✐❢② (−3) (−8) + 4 (−5)✳

❊①❡r❝✐s❡ ✸✳✼✳✶✹✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✵✳✮

✭❙❡❝t✐♦♥ ✸✳✻✮ ❋✐♥❞ t❤❡ ✈❛❧✉❡ ♦❢ m ✐❢ m = −3k−5t
kt+6 ✇❤❡♥ k = 4 ❛♥❞ t = −2✳

✸✳✽ ❙❝✐❡♥t✐✜❝ ◆♦t❛t✐♦♥ ✽

✸✳✽✳✶ ❖✈❡r✈✐❡✇

• ❙t❛♥❞❛r❞ ❋♦r♠ t♦ ❙❝✐❡♥t✐✜❝ ❋♦r♠
• ❙❝✐❡♥t✐✜❝ ❋♦r♠ t♦ ❙t❛♥❞❛r❞ ❋♦r♠
• ❲♦r❦✐♥❣ ✇✐t❤ ◆✉♠❜❡rs ✐♥ ❙❝✐❡♥t✐✜❝ ◆♦t❛t✐♦♥

✸✳✽✳✷ ❙t❛♥❞❛r❞ ❋♦r♠ t♦ ❙❝✐❡♥t✐✜❝ ❋♦r♠

❱❡r② ❧❛r❣❡ ♥✉♠❜❡rs s✉❝❤ ❛s ✹✸✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵ ✭t❤❡ ♥✉♠❜❡r ♦❢ ❞✐✛❡r❡♥t ♣♦ss✐❜❧❡ ❝♦♥✜❣✉r❛t✐♦♥s ♦❢
❘✉❜✐❦✬s ❝✉❜❡✮ ❛♥❞ ✈❡r② s♠❛❧❧ ♥✉♠❜❡rs s✉❝❤ ❛s 0.000000000000000000000340 ✭t❤❡ ♠❛ss ♦❢ t❤❡ ❛♠✐♥♦ ❛❝✐❞
tr②♣t♦♣❤❛♥✮ ❛r❡ ❡①tr❡♠❡❧② ✐♥❝♦♥✈❡♥✐❡♥t t♦ ✇r✐t❡ ❛♥❞ r❡❛❞✳ ❙✉❝❤ ♥✉♠❜❡rs ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ♠♦r❡ ❝♦♥✈❡♥✐❡♥t❧②
❜② ✇r✐t✐♥❣ t❤❡♠ ❛s ♣❛rt ♦❢ ❛ ♣♦✇❡r ♦❢ ✶✵✳

❚♦ s❡❡ ❤♦✇ t❤✐s ✐s ❞♦♥❡✱ ❧❡t ✉s st❛rt ✇✐t❤ ❛ s♦♠❡✇❤❛t s♠❛❧❧❡r ♥✉♠❜❡r s✉❝❤ ❛s ✷✹✽✵✳ ◆♦t✐❝❡ t❤❛t

2480
︸︷︷︸

❙t❛♥❞❛r❞ ❢♦r♠

= 248.0 × 101

= 24.80 × 102

= 2.480 × 103

︸ ︷︷ ︸

❙❝✐❡♥t✐✜❝ ❢♦r♠

❙❝✐❡♥t✐✜❝ ❋♦r♠
❚❤❡ ❧❛st ❢♦r♠ ✐s ❝❛❧❧❡❞ t❤❡ s❝✐❡♥t✐✜❝ ❢♦r♠ ♦❢ t❤❡ ♥✉♠❜❡r✳ ❚❤❡r❡ ✐s ♦♥❡ ♥♦♥③❡r♦ ❞✐❣✐t t♦ t❤❡ ❧❡❢t ♦❢ t❤❡
❞❡❝✐♠❛❧ ♣♦✐♥t ❛♥❞ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ❡①♣♦♥❡♥t ♦♥ ✶✵ r❡❝♦r❞s t❤❡ ♥✉♠❜❡r ♦❢ ♣❧❛❝❡s t❤❡ ♦r✐❣✐♥❛❧ ❞❡❝✐♠❛❧
♣♦✐♥t ✇❛s ♠♦✈❡❞ t♦ t❤❡ ❧❡❢t✳

0.00059 = 0.0059
10 = 0.0059

101 = 0.0059 × 10−1

= 0.059
100 = 0.059

102 = 0.059 × 10−2

= 0.59
1000 = 0.59

103 = 0.59 × 10−3

= 5.9
10,000 = 5.9

104 = 5.9 × 10−4

❚❤❡r❡ ✐s ♦♥❡ ♥♦♥③❡r♦ ❞✐❣✐t t♦ t❤❡ ❧❡❢t ♦❢ t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t ❛♥❞ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ❡①♣♦♥❡♥t ♦❢ ✶✵
r❡❝♦r❞s t❤❡ ♥✉♠❜❡r ♦❢ ♣❧❛❝❡s t❤❡ ♦r✐❣✐♥❛❧ ❞❡❝✐♠❛❧ ♣♦✐♥t ✇❛s ♠♦✈❡❞ t♦ t❤❡ r✐❣❤t✳

✽❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✽✼✾✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✼✷ ❈❍❆P❚❊❘ ✸✳ ❇❆❙■❈ ❖P❊❘❆❚■❖◆❙ ❲■❚❍ ❘❊❆▲ ◆❯▼❇❊❘❙

❙❝✐❡♥t✐✜❝ ◆♦t❛t✐♦♥
◆✉♠❜❡rs ✇r✐tt❡♥ ✐♥ s❝✐❡♥t✐✜❝ ❢♦r♠ ❛r❡ ❛❧s♦ s❛✐❞ t♦ ❜❡ ✇r✐tt❡♥ ✉s✐♥❣ s❝✐❡♥t✐✜❝ ♥♦t❛t✐♦♥✳ ■♥ s❝✐❡♥t✐✜❝ ♥♦t❛✲
t✐♦♥✱ ❛ ♥✉♠❜❡r ✐s ✇r✐tt❡♥ ❛s t❤❡ ♣r♦❞✉❝t ♦❢ ❛ ♥✉♠❜❡r ❜❡t✇❡❡♥ ❛♥❞ ✐♥❝❧✉❞✐♥❣ ✶ ❛♥❞ ✶✵ (1 ✐s ✐♥❝❧✉❞❡❞✱10 ✐s ♥♦t)
❛♥❞ s♦♠❡ ♣♦✇❡r ♦❢ ✶✵✳
❲r✐t✐♥❣ ❛ ◆✉♠❜❡r ✐♥ ❙❝✐❡♥t✐✜❝ ◆♦t❛t✐♦♥
❚♦ ✇r✐t❡ ❛ ♥✉♠❜❡r ✐♥ s❝✐❡♥t✐✜❝ ♥♦t❛t✐♦♥✿

✶✳ ▼♦✈❡ t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t s♦ t❤❛t t❤❡r❡ ✐s ♦♥❡ ♥♦♥③❡r♦ ❞✐❣✐t t♦ ✐ts ❧❡❢t✳
✷✳ ▼✉❧t✐♣❧② t❤❡ r❡s✉❧t ❜② ❛ ♣♦✇❡r ♦❢ ✶✵ ✉s✐♥❣ ❛♥ ❡①♣♦♥❡♥t ✇❤♦s❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♣❧❛❝❡s

t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t ✇❛s ♠♦✈❡❞✳ ▼❛❦❡ t❤❡ ❡①♣♦♥❡♥t ♣♦s✐t✐✈❡ ✐❢ t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t ✇❛s ♠♦✈❡❞ t♦ t❤❡ ❧❡❢t
❛♥❞ ♥❡❣❛t✐✈❡ ✐❢ t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t ✇❛s ♠♦✈❡❞ t♦ t❤❡ r✐❣❤t✳

✸✳✽✳✸ ❙❛♠♣❧❡ ❙❡t ❆

❲r✐t❡ t❤❡ ♥✉♠❜❡rs ✐♥ s❝✐❡♥t✐✜❝ ♥♦t❛t✐♦♥✳

❊①❛♠♣❧❡ ✸✳✺✼
✾✽✶

❚❤❡ ♥✉♠❜❡r ✾✽✶ ✐s ❛❝t✉❛❧❧② 981.✱ ❛♥❞ ✐t ✐s ❢♦❧❧♦✇❡❞ ❜② ❛ ❞❡❝✐♠❛❧ ♣♦✐♥t✳ ■♥ ✐♥t❡❣❡rs✱ t❤❡ ❞❡❝✐♠❛❧
♣♦✐♥t ❛t t❤❡ ❡♥❞ ✐s ✉s✉❛❧❧② ♦♠✐tt❡❞✳

981 = 981. = 9.81 × 102

❚❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t ✐s ♥♦✇ t✇♦ ♣❧❛❝❡s t♦ t❤❡ ❧❡❢t ♦❢ ✐ts ♦r✐❣✐♥❛❧ ♣♦s✐t✐♦♥✱ ❛♥❞ t❤❡ ♣♦✇❡r ♦❢ ✶✵ ✐s ✷✳

❊①❛♠♣❧❡ ✸✳✺✽
54.066 = 5.4066 × 101 = 5.4066 × 10

❚❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t ✐s ♦♥❡ ♣❧❛❝❡ t♦ t❤❡ ❧❡❢t ♦❢ ✐ts ♦r✐❣✐♥❛❧ ♣♦s✐t✐♦♥✱ ❛♥❞ t❤❡ ♣♦✇❡r ♦❢ ✶✵ ✐s ✶✳

❊①❛♠♣❧❡ ✸✳✺✾
0.000000000004632 = 4.632 × 10−12

❚❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t ✐s t✇❡❧✈❡ ♣❧❛❝❡s t♦ t❤❡ r✐❣❤t ♦❢ ✐ts ♦r✐❣✐♥❛❧ ♣♦s✐t✐♦♥✱ ❛♥❞ t❤❡ ♣♦✇❡r ♦❢ ✶✵ ✐s
−12✳

❊①❛♠♣❧❡ ✸✳✻✵
0.027 = 2.7 × 10−2

❚❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t ✐s t✇♦ ♣❧❛❝❡s t♦ t❤❡ r✐❣❤t ♦❢ ✐ts ♦r✐❣✐♥❛❧ ♣♦s✐t✐♦♥✱ ❛♥❞ t❤❡ ♣♦✇❡r ♦❢ ✶✵ ✐s −2✳

✸✳✽✳✹ Pr❛❝t✐❝❡ ❙❡t ❆

❲r✐t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥✉♠❜❡rs ✐♥ s❝✐❡♥t✐✜❝ ♥♦t❛t✐♦♥✳

❊①❡r❝✐s❡ ✸✳✽✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✵✳✮

✸✹✻

❊①❡r❝✐s❡ ✸✳✽✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✵✳✮

72.33

❊①❡r❝✐s❡ ✸✳✽✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✵✳✮

5387.7965

❊①❡r❝✐s❡ ✸✳✽✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✵✳✮

✽✼✱✵✵✵✱✵✵✵

❊①❡r❝✐s❡ ✸✳✽✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✵✳✮

✶✼✾✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵

❊①❡r❝✐s❡ ✸✳✽✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✵✳✮

✶✵✵✱✵✵✵

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✼✸

❊①❡r❝✐s❡ ✸✳✽✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✵✳✮

✶✱✵✵✵✱✵✵✵

❊①❡r❝✐s❡ ✸✳✽✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✵✳✮

0.0086

❊①❡r❝✐s❡ ✸✳✽✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✵✳✮

0.000098001

❊①❡r❝✐s❡ ✸✳✽✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✵✳✮

0.000000000000000054

❊①❡r❝✐s❡ ✸✳✽✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✵✳✮

0.0000001

❊①❡r❝✐s❡ ✸✳✽✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✵✳✮

0.00000001

✸✳✽✳✺ ❙❝✐❡♥t✐✜❝ ❋♦r♠ t♦ ❙t❛♥❞❛r❞ ❋♦r♠

❆ ♥✉♠❜❡r ✇r✐tt❡♥ ✐♥ s❝✐❡♥t✐✜❝ ♥♦t❛t✐♦♥ ❝❛♥ ❜❡ ❝♦♥✈❡rt❡❞ t♦ st❛♥❞❛r❞ ❢♦r♠ ❜② r❡✈❡rs✐♥❣ t❤❡ ♣r♦❝❡ss s❤♦✇♥
✐♥ ❙❛♠♣❧❡ ❙❡t ❆✳
❈♦♥✈❡rt✐♥❣ ❢r♦♠ ❙❝✐❡♥t✐✜❝ ◆♦t❛t✐♦♥
❚♦ ❝♦♥✈❡rt ❛ ♥✉♠❜❡r ✇r✐tt❡♥ ✐♥ s❝✐❡♥t✐✜❝ ♥♦t❛t✐♦♥ t♦ ❛ ♥✉♠❜❡r ✐♥ st❛♥❞❛r❞ ❢♦r♠✱ ♠♦✈❡ t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t
t❤❡ ♥✉♠❜❡r ♦❢ ♣❧❛❝❡s ♣r❡s❝r✐❜❡❞ ❜② t❤❡ ❡①♣♦♥❡♥t ♦♥ t❤❡ ✶✵✳
P♦s✐t✐✈❡ ❊①♣♦♥❡♥t ◆❡❣❛t✐✈❡ ❊①♣♦♥❡♥t
▼♦✈❡ t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t t♦ t❤❡ r✐❣❤t ✇❤❡♥ ②♦✉ ❤❛✈❡ ❛ ♣♦s✐t✐✈❡ ❡①♣♦♥❡♥t✱ ❛♥❞ ♠♦✈❡ t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t t♦ t❤❡
❧❡❢t ✇❤❡♥ ②♦✉ ❤❛✈❡ ❛ ♥❡❣❛t✐✈❡ ❡①♣♦♥❡♥t✳

✸✳✽✳✻ ❙❛♠♣❧❡ ❙❡t ❇

❊①❛♠♣❧❡ ✸✳✻✶
4.673 × 104✳

❚❤❡ ❡①♣♦♥❡♥t ♦❢ ✶✵ ✐s ✹ s♦ ✇❡ ♠✉st ♠♦✈❡ t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t t♦ t❤❡ r✐❣❤t ✹ ♣❧❛❝❡s ✭❛❞❞✐♥❣ 0✬s ✐❢
♥❡❝❡ss❛r②✮✳

❊①❛♠♣❧❡ ✸✳✻✷
2.9 × 107✳

❚❤❡ ❡①♣♦♥❡♥t ♦❢ ✶✵ ✐s ✼ s♦ ✇❡ ♠✉st ♠♦✈❡ t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t t♦ t❤❡ r✐❣❤t ✼ ♣❧❛❝❡s ✭❛❞❞✐♥❣ 0✬s ✐❢
♥❡❝❡ss❛r②✮✳

2.9 × 107 = ✷✾✵✵✵✵✵✵

❊①❛♠♣❧❡ ✸✳✻✸
1 × 1027✳

❚❤❡ ❡①♣♦♥❡♥t ♦❢ ✶✵ ✐s ✷✼ s♦ ✇❡ ♠✉st ♠♦✈❡ t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t t♦ t❤❡ r✐❣❤t ✷✼ ♣❧❛❝❡s ✭❛❞❞✐♥❣ 0✬s
✇✐t❤♦✉t ❛ ❞♦✉❜t✮✳

1 × 1027 = ✶✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵

❊①❛♠♣❧❡ ✸✳✻✹
4.21 × 10−5✳

❚❤❡ ❡①♣♦♥❡♥t ♦❢ ✶✵ ✐s −5 s♦ ✇❡ ♠✉st ♠♦✈❡ t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t t♦ t❤❡ ❧❡❢t ✺ ♣❧❛❝❡s ✭❛❞❞✐♥❣ 0✬s ✐❢
♥❡❝❡ss❛r②✮✳

4.21 × 10−5 = ✵✳✵✵✵✵✹✷✶

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✼✹ ❈❍❆P❚❊❘ ✸✳ ❇❆❙■❈ ❖P❊❘❆❚■❖◆❙ ❲■❚❍ ❘❊❆▲ ◆❯▼❇❊❘❙

❊①❛♠♣❧❡ ✸✳✻✺
1.006 × 10−18✳

❚❤❡ ❡①♣♦♥❡♥t ♦❢ ✶✵ ✐s −18 s♦ ✇❡ ♠✉st ♠♦✈❡ t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t t♦ t❤❡ ❧❡❢t ✶✽ ♣❧❛❝❡s ✭❛❞❞✐♥❣ 0✬s
✐❢ ♥❡❝❡ss❛r②✮✳

1.006 × 10−18 = 0.000000000000000001006

✸✳✽✳✼ Pr❛❝t✐❝❡ ❙❡t ❇

❈♦♥✈❡rt t❤❡ ❢♦❧❧♦✇✐♥❣ ♥✉♠❜❡rs t♦ st❛♥❞❛r❞ ❢♦r♠✳

❊①❡r❝✐s❡ ✸✳✽✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✵✳✮

9.25 × 102

❊①❡r❝✐s❡ ✸✳✽✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✵✳✮

4.01 × 105

❊①❡r❝✐s❡ ✸✳✽✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✶✳✮

1.2 × 10−1

❊①❡r❝✐s❡ ✸✳✽✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✶✳✮

8.88 × 10−5

✸✳✽✳✽ ❲♦r❦✐♥❣ ✇✐t❤ ◆✉♠❜❡rs ✐♥ ❙❝✐❡♥t✐✜❝ ◆♦t❛t✐♦♥

▼✉❧t✐♣❧②✐♥❣ ◆✉♠❜❡rs ❯s✐♥❣ ❙❝✐❡♥t✐✜❝ ◆♦t❛t✐♦♥
❚❤❡r❡ ❛r❡ ♠❛♥② ♦❝❝❛s✐♦♥s ✭♣❛rt✐❝✉❧❛r❧② ✐♥ t❤❡ s❝✐❡♥❝❡s✮ ✇❤❡♥ ✐t ✐s ♥❡❝❡ss❛r② t♦ ✜♥❞ t❤❡ ♣r♦❞✉❝t ♦❢ t✇♦
♥✉♠❜❡rs ✇r✐tt❡♥ ✐♥ s❝✐❡♥t✐✜❝ ♥♦t❛t✐♦♥✳ ❚❤✐s ✐s ❛❝❝♦♠♣❧✐s❤❡❞ ❜② ✉s✐♥❣ t✇♦ ♦❢ t❤❡ ❜❛s✐❝ r✉❧❡s ♦❢ ❛❧❣❡❜r❛✳

❙✉♣♣♦s❡ ✇❡ ✇✐s❤ t♦ ✜♥❞ (a × 10n) (b × 10m)✳ ❙✐♥❝❡ t❤❡ ♦♥❧② ♦♣❡r❛t✐♦♥ ✐s ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ ✇❡ ❝❛♥ ✉s❡ t❤❡
❝♦♠♠✉t❛t✐✈❡ ♣r♦♣❡rt② ♦❢ ♠✉❧t✐♣❧✐❝❛t✐♦♥ t♦ r❡❛rr❛♥❣❡ t❤❡ ♥✉♠❜❡rs✳

(a × 10n) (b × 10m) = (a × b) (10n × 10m)
❚❤❡♥✱ ❜② t❤❡ r✉❧❡s ♦❢ ❡①♣♦♥❡♥ts✱ 10n × 10m = 10n+m✳ ❚❤✉s✱
(a × 10n) (b × 10m) = (a × b) × 10n+m

❚❤❡ ♣r♦❞✉❝t ♦❢ (a × b) ♠❛② ♥♦t ❜❡ ❜❡t✇❡❡♥ ✶ ❛♥❞ ✶✵✱ s♦ (a × b) × 10n+m ♠❛② ♥♦t ❜❡ ✐♥ s❝✐❡♥t✐✜❝ ❢♦r♠✳
❚❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t ✐♥ (a × b) ♠❛② ❤❛✈❡ t♦ ❜❡ ♠♦✈❡❞✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ t❤✐s s✐t✉❛t✐♦♥ ✐s ✐♥ ❙❛♠♣❧❡ ❙❡t ❈✱
♣r♦❜❧❡♠ ✷✳

✸✳✽✳✾ ❙❛♠♣❧❡ ❙❡t ❈

❊①❛♠♣❧❡ ✸✳✻✻
(
2 × 103

) (
4 × 108

)
= (2 × 4)

(
103 × 108

)

= 8 × 103+8

= 8 × 1011

❊①❛♠♣❧❡ ✸✳✻✼
(
5 × 1017

) (
8.1 × 10−22

)
= (5 × 8.1)

(
1017 × 10−22

)

= 40.5 × 1017−22

= 40.5 × 10−5

❲❡ ♥❡❡❞ t♦ ♠♦✈❡ t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t ♦♥❡ ♣❧❛❝❡ t♦ t❤❡ ❧❡❢t t♦ ♣✉t t❤✐s ♥✉♠❜❡r ✐♥ s❝✐❡♥t✐✜❝ ♥♦t❛t✐♦♥✳
❚❤✉s✱ ✇❡ ♠✉st ❛❧s♦ ❝❤❛♥❣❡ t❤❡ ❡①♣♦♥❡♥t ♦❢ ✶✵✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✼✺

40.5 × 10−5

4.05 × 101 × 10−5

4.05 ×
(
101 × 10−5

)

4.05 ×
(
101−5

)

4.05 × 10−4

❚❤✉s✱
(
5 × 1017

) (
8.1 × 10−22

)
= 4.05 × 10−4

✸✳✽✳✶✵ Pr❛❝t✐❝❡ ❙❡t ❈

P❡r❢♦r♠ ❡❛❝❤ ♠✉❧t✐♣❧✐❝❛t✐♦♥✳

❊①❡r❝✐s❡ ✸✳✽✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✶✳✮
(
3 × 105

) (
2 × 1012

)

❊①❡r❝✐s❡ ✸✳✽✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✶✳✮
(
1 × 10−4

) (
6 × 1024

)

❊①❡r❝✐s❡ ✸✳✽✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✶✳✮
(
5 × 1018

) (
3 × 106

)

❊①❡r❝✐s❡ ✸✳✽✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✶✳✮
(
2.1 × 10−9

) (
3 × 10−11

)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✼✻ ❈❍❆P❚❊❘ ✸✳ ❇❆❙■❈ ❖P❊❘❆❚■❖◆❙ ❲■❚❍ ❘❊❆▲ ◆❯▼❇❊❘❙

✸✳✽✳✶✶ ❊①❡r❝✐s❡s

❈♦♥✈❡rt t❤❡ ♥✉♠❜❡rs ✉s❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s t♦ s❝✐❡♥t✐✜❝ ♥♦t❛t✐♦♥✳

❊①❡r❝✐s❡ ✸✳✽✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✶✳✮

▼♦✉♥t ❑✐❧✐♠❛♥❥❛r♦ ✐s t❤❡ ❤✐❣❤❡st ♠♦✉♥t❛✐♥ ✐♥ ❆❢r✐❝❛✳ ■t ✐s ✺✽✾✵ ♠❡t❡rs ❤✐❣❤✳

❊①❡r❝✐s❡ ✸✳✽✳✷✷
❚❤❡ ♣❧❛♥❡t ▼❛rs ✐s ❛❜♦✉t ✷✷✷✱✾✵✵✱✵✵✵✱✵✵✵ ♠❡t❡rs ❢r♦♠ t❤❡ s✉♥✳

❊①❡r❝✐s❡ ✸✳✽✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✶✳✮

❚❤❡r❡ ✐s ❛♥ ✐rr❡❣✉❧❛r❧② s❤❛♣❡❞ ❣❛❧❛①②✱ ♥❛♠❡❞ ◆●❈ ✹✹✹✾✱ t❤❛t ✐s ❛❜♦✉t
✷✺✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵ ♠❡t❡rs ❢r♦♠ ❡❛rt❤✳

❊①❡r❝✐s❡ ✸✳✽✳✷✹
❚❤❡ ❢❛rt❤❡st ♦❜❥❡❝t ❛str♦♥♦♠❡rs ❤❛✈❡ ❜❡❡♥ ❛❜❧❡ t♦ s❡❡ ✭❛s ♦❢ ✶✾✽✶✮ ✐s ❛ q✉❛s❛r ♥❛♠❡❞ ✸❈✹✷✼✳ ❚❤❡r❡
s❡❡♠s t♦ ❜❡ ❛ ❤❛③❡ ❜❡②♦♥❞ t❤✐s q✉❛s❛r t❤❛t ❛♣♣❡❛rs t♦ ♠❛r❦ t❤❡ ✈✐s✉❛❧ ❜♦✉♥❞❛r② ♦❢ t❤❡ ✉♥✐✈❡rs❡✳
◗✉❛s❛r ✸❈✹✷✼ ✐s ❛t ❛ ❞✐st❛♥❝❡ ♦❢ ✶✶✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵ ♠❡t❡rs ❢r♦♠ t❤❡ ❡❛rt❤✳

❊①❡r❝✐s❡ ✸✳✽✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✶✳✮

❚❤❡ s♠❛❧❧❡st ❦♥♦✇♥ ✐♥s❡❝ts ❛r❡ ❛❜♦✉t t❤❡ s✐③❡ ♦❢ ❛ t②♣✐❝❛❧ ❣r❛✐♥ ♦❢ s❛♥❞✳ ❚❤❡② ❛r❡ ❛❜♦✉t 0.0002
♠❡t❡rs ✐♥ ❧❡♥❣t❤ ✭✷ t❡♥✲t❤♦✉s❛♥❞t❤s ♦❢ ❛ ♠❡t❡r✮✳

❊①❡r❝✐s❡ ✸✳✽✳✷✻
❆t♦♠s s✉❝❤ ❛s ❤②❞r♦❣❡♥✱ ❝❛r❜♦♥✱ ♥✐tr♦❣❡♥✱ ❛♥❞ ♦①②❣❡♥ ❛r❡ ❛❜♦✉t 0.0000000001 ♠❡t❡r ❛❝r♦ss✳

❊①❡r❝✐s❡ ✸✳✽✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✶✳✮

❚❤❡ ✐s❧❛♥❞ ♦❢ ▼❛♥❤❛tt❛♥✱ ✐♥ ◆❡✇ ❨♦r❦✱ ✐s ❛❜♦✉t ✺✼✱✵✵✵ sq✉❛r❡ ♠❡t❡rs ✐♥ ❛r❡❛✳

❊①❡r❝✐s❡ ✸✳✽✳✷✽
❚❤❡ s❡❝♦♥❞ ❧❛r❣❡st ♠♦♦♥ ♦❢ ❙❛t✉r♥ ✐s ❘❤❡❛✳ ❘❤❡❛ ❤❛s ❛ s✉r❢❛❝❡ ❛r❡❛ ♦❢ ❛❜♦✉t ✼✸✺✱✵✵✵ sq✉❛r❡
♠❡t❡rs✱ r♦✉❣❤❧② t❤❡ s❛♠❡ s✉r❢❛❝❡ ❛r❡❛ ❛s ❆✉str❛❧✐❛✳

❊①❡r❝✐s❡ ✸✳✽✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✶✳✮

❆ st❛r✱ ♥❛♠❡❞ ❊♣s✐❧♦♥ ❆✉r✐❣❛❡ ❇✱ ❤❛s ❛ ❞✐❛♠❡t❡r ✭❞✐st❛♥❝❡ ❛❝r♦ss✮ ♦❢ ✷✱✽✵✵✱✵✵✵✱✵✵✵✱✵✵✵ ♠❡t❡rs✳
❚❤✐s ❞✐❛♠❡t❡r ♣r♦❞✉❝❡s ❛ s✉r❢❛❝❡ ❛r❡❛ ♦❢ ❛❜♦✉t ✷✹✱✻✸✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵ sq✉❛r❡ ♠❡t❡rs✳
❚❤✐s st❛r ✐s ✇❤❛t ❛str♦♥♦♠❡rs ❝❛❧❧ ❛ r❡❞ ❣✐❛♥t ❛♥❞ ✐t ✐s t❤❡ ❧❛r❣❡st r❡❞ ❣✐❛♥t ❦♥♦✇♥✳ ■❢ ❊♣s✐❧♦♥
❆✉r✐❣❛❡ ✇❡r❡ ♣❧❛❝❡❞ ❛t t❤❡ s✉♥✬s ♣♦s✐t✐♦♥✱ ✐ts s✉r❢❛❝❡ ✇♦✉❧❞ ❡①t❡♥❞ ♦✉t t♦ t❤❡ ♣❧❛♥❡t ❯r❛♥✉s✳

❊①❡r❝✐s❡ ✸✳✽✳✸✵
❚❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ♣❧❛♥❡t ❱❡♥✉s ✐s ✾✷✼✱✺✾✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵ ❝✉❜✐❝ ♠❡t❡rs✳

❊①❡r❝✐s❡ ✸✳✽✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✶✳✮

❚❤❡ ❛✈❡r❛❣❡ ♠❛ss ♦❢ ❛ ♥❡✇❜♦r♥ ❆♠❡r✐❝❛♥ ❢❡♠❛❧❡ ✐s ❛❜♦✉t ✸✸✻✵ ❣r❛♠s✳

❊①❡r❝✐s❡ ✸✳✽✳✸✷
❚❤❡ ❧❛r❣❡st ❜r❛✐♥ ❡✈❡r ♠❡❛s✉r❡❞ ✇❛s t❤❛t ♦❢ ❛ s♣❡r♠ ✇❤❛❧❡✳ ■t ❤❛❞ ❛ ♠❛ss ♦❢ ✾✷✵✵ ❣r❛♠s✳

❊①❡r❝✐s❡ ✸✳✽✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✶✳✮

❚❤❡ ♠❛ss ♦❢ t❤❡ ❊✐✛❡❧ t♦✇❡r ✐♥ P❛r✐s✱ ❋r❛♥❝❡✱ ✐s ✽✱✵✵✵✱✵✵✵ ❣r❛♠s✳

❊①❡r❝✐s❡ ✸✳✽✳✸✹
■♥ ✶✾✽✶✱ ❛ ❏❛♣❛♥❡s❡ ❝♦♠♣❛♥② ❜✉✐❧t t❤❡ ❧❛r❣❡st ♦✐❧ t❛♥❦❡r t♦ ❞❛t❡✳ ❚❤❡ s❤✐♣ ❤❛s ❛ ♠❛ss ♦❢ ❛❜♦✉t
✺✶✵✱✵✵✵✱✵✵✵✱✵✵✵ ❣r❛♠s✳ ❚❤✐s ♦✐❧ t❛♥❦❡r ✐s ♠♦r❡ t❤❛♥ ✻ t✐♠❡s ❛s ♠❛ss✐✈❡ ❛s t❤❡ ❯✳❙✳ ❛✐r❝r❛❢t ❝❛rr✐❡r✱
❯✳❙✳❙✳ ◆✐♠✐t③✳

❊①❡r❝✐s❡ ✸✳✽✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✶✳✮

■♥ t❤❡ ❝♦♥st❡❧❧❛t✐♦♥ ♦❢ ❱✐r❣♦✱ t❤❡r❡ ✐s ❛ ❝❧✉st❡r ♦❢ ❛❜♦✉t ✷✺✵✵ ❣❛❧❛①✐❡s✳ ❚❤❡ ❝♦♠❜✐♥❡❞ ♠❛ss ♦❢ t❤❡s❡
❣❛❧❛①✐❡s ✐s ✶✺✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵
❣r❛♠s✳

❊①❡r❝✐s❡ ✸✳✽✳✸✻
❚❤❡ ♠❛ss ♦❢ ❛♥ ❛♠♦❡❜❛ ✐s ❛❜♦✉t 0.000004 ❣r❛♠✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✼✼

❊①❡r❝✐s❡ ✸✳✽✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✶✳✮

❈❡❧❧s ✐♥ t❤❡ ❤✉♠❛♥ ❧✐✈❡r ❤❛✈❡ ♠❛ss❡s ♦❢ ❛❜♦✉t 0.000000008 ❣r❛♠✳

❊①❡r❝✐s❡ ✸✳✽✳✸✽
❚❤❡ ❤✉♠❛♥ s♣❡r♠ ❝❡❧❧ ❤❛s ❛ ♠❛ss ♦❢ ❛❜♦✉t 0.000000000017 ❣r❛♠✳

❊①❡r❝✐s❡ ✸✳✽✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✶✳✮

❚❤❡ ♣r✐♥❝✐♣❛❧ ♣r♦t❡✐♥ ♦❢ ♠✉s❝❧❡ ✐s ♠②♦s✐♥✳ ▼②♦s✐♥ ❤❛s ❛ ♠❛ss ♦❢ 0.00000000000000000103 ❣r❛♠✳

❊①❡r❝✐s❡ ✸✳✽✳✹✵
❆♠✐♥♦ ❛❝✐❞s ❛r❡ ♠♦❧❡❝✉❧❡s t❤❛t ❝♦♠❜✐♥❡ t♦ ♠❛❦❡ ✉♣ ♣r♦t❡✐♥ ♠♦❧❡❝✉❧❡s✳ ❚❤❡ ❛♠✐♥♦ ❛❝✐❞ tr②♣t♦♣❤❛♥
❤❛s ❛ ♠❛ss ♦❢ 0.000000000000000000000340 ❣r❛♠✳

❊①❡r❝✐s❡ ✸✳✽✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✶✳✮

❆♥ ❛t♦♠ ♦❢ t❤❡ ❝❤❡♠✐❝❛❧ ❡❧❡♠❡♥t ❜r♦♠✐♥❡ ❤❛s ✸✺ ❡❧❡❝tr♦♥s✳ ❚❤❡ ♠❛ss ♦❢ ❛ ❜r♦♠✐♥❡ ❛t♦♠ ✐s
0.000000000000000000000000031 ❣r❛♠✳

❊①❡r❝✐s❡ ✸✳✽✳✹✷
P❤②s✐❝✐sts ❛r❡ ♣❡r❢♦r♠✐♥❣ ❡①♣❡r✐♠❡♥ts t❤❛t t❤❡② ❤♦♣❡ ✇✐❧❧ ❞❡t❡r♠✐♥❡ t❤❡ ♠❛ss ♦❢ ❛

s♠❛❧❧ ♣❛rt✐❝❧❡ ❝❛❧❧❡❞ ❛ ♥❡✉tr✐♥♦✳ ■t ✐s s✉s♣❡❝t❡❞ t❤❛t ♥❡✉tr✐♥♦s ❤❛✈❡ ♠❛ss❡s ♦❢ ❛❜♦✉t
0.0000000000000000000000000000001 ❣r❛♠✳

❊①❡r❝✐s❡ ✸✳✽✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✶✳✮

❚❤❡ ❛♣♣r♦①✐♠❛t❡ t✐♠❡ ✐t t❛❦❡s ❢♦r ❛ ❤✉♠❛♥ ❜❡✐♥❣ t♦ ❞✐❡ ♦❢ ❛s♣❤②①✐❛t✐♦♥ ✐s ✸✶✻ s❡❝♦♥❞s✳

❊①❡r❝✐s❡ ✸✳✽✳✹✹
❖♥ t❤❡ ❛✈❡r❛❣❡✱ t❤❡ ♠❛❧❡ ❤♦✉s❡✢② ❧✐✈❡s ✶✱✹✻✽✱✽✵✵ s❡❝♦♥❞s ✭✶✼ ❞❛②s✮✳

❊①❡r❝✐s❡ ✸✳✽✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✶✳✮

❆❧✉♠✐♥✉♠✲✷✻ ❤❛s ❛ ❤❛❧❢✲❧✐❢❡ ♦❢ ✼✹✵✱✵✵✵ ②❡❛rs✳

❊①❡r❝✐s❡ ✸✳✽✳✹✻
▼❛♥❣❛♥❡s❡✲✺✸ ❤❛s ❛ ❤❛❧❢✲❧✐❢❡ ♦❢ ✺✾✱✾✶✽✱✵✵✵✱✵✵✵✱✵✵✵ s❡❝♦♥❞s ✭✶✱✾✵✵✱✵✵✵ ②❡❛rs✮✳

❊①❡r❝✐s❡ ✸✳✽✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✶✳✮

■♥ ✐ts ♦r❜✐t ❛r♦✉♥❞ t❤❡ s✉♥✱ t❤❡ ❡❛rt❤ ♠♦✈❡s ❛ ❞✐st❛♥❝❡ ♦♥❡ ❛♥❞ ♦♥❡ ❤❛❧❢ ❢❡❡t ✐♥ ❛❜♦✉t 0.0000316
s❡❝♦♥❞✳

❊①❡r❝✐s❡ ✸✳✽✳✹✽
❆ ♣✐✲♠❡s♦♥ ✐s ❛ s✉❜❛t♦♠✐❝ ♣❛rt✐❝❧❡ t❤❛t ❤❛s ❛ ❤❛❧❢✲❧✐❢❡ ♦❢ ❛❜♦✉t 0.0000000261 s❡❝♦♥❞✳

❊①❡r❝✐s❡ ✸✳✽✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✶✳✮

❆ s✉❜❛t♦♠✐❝ ♣❛rt✐❝❧❡ ❝❛❧❧❡❞ ❛ ♥❡✉tr❛❧ ♣✐♦♥ ❤❛s ❛ ❤❛❧❢✲❧✐❢❡ ♦❢ ❛❜♦✉t 0.0000000000000001 s❡❝♦♥❞✳

❊①❡r❝✐s❡ ✸✳✽✳✺✵
◆❡❛r t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ ❡❛rt❤✱ t❤❡ s♣❡❡❞ ♦❢ s♦✉♥❞ ✐s ✶✶✾✺ ❢❡❡t ♣❡r s❡❝♦♥❞✳

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❝♦♥✈❡rt t❤❡ ♥✉♠❜❡rs ❢r♦♠ s❝✐❡♥t✐✜❝ ♥♦t❛t✐♦♥ t♦ st❛♥❞❛r❞ ❞❡❝✐♠❛❧ ❢♦r♠✳

❊①❡r❝✐s❡ ✸✳✽✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✶✳✮

❚❤❡ s✉♥ ✐s ❛❜♦✉t 1 × 108 ♠❡t❡rs ❢r♦♠ ❡❛rt❤✳

❊①❡r❝✐s❡ ✸✳✽✳✺✷
❚❤❡ ♠❛ss ♦❢ t❤❡ ❡❛rt❤ ✐s ❛❜♦✉t 5.98 × 1027 ❣r❛♠s✳

❊①❡r❝✐s❡ ✸✳✽✳✺✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✶✳✮

▲✐❣❤t tr❛✈❡❧s ❛❜♦✉t 5.866 × 1012 ♠✐❧❡s ✐♥ ♦♥❡ ②❡❛r✳

❊①❡r❝✐s❡ ✸✳✽✳✺✹
❖♥❡ ②❡❛r ✐s ❛❜♦✉t 3 × 107 s❡❝♦♥❞s✳

❊①❡r❝✐s❡ ✸✳✽✳✺✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✶✳✮

❘✉❜✐❦✬s ❝✉❜❡ ❤❛s ❛❜♦✉t 4.3 × 1019 ❞✐✛❡r❡♥t ❝♦♥✜❣✉r❛t✐♦♥s✳

❊①❡r❝✐s❡ ✸✳✽✳✺✻
❆ ♣❤♦t♦♥ ✐s ❛ ♣❛rt✐❝❧❡ ♦❢ ❧✐❣❤t✳ ❆ ✶✵✵✲✇❛tt ❧✐❣❤t ❜✉❧❜ ❡♠✐ts 1 × 1020 ♣❤♦t♦♥s ❡✈❡r② s❡❝♦♥❞✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✸✳✽✳✺✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✶✳✮

❚❤❡r❡ ❛r❡ ❛❜♦✉t 6 × 107 ❝❡❧❧s ✐♥ t❤❡ r❡t✐♥❛ ♦❢ t❤❡ ❤✉♠❛♥ ❡②❡✳

❊①❡r❝✐s❡ ✸✳✽✳✺✽
❆ ❝❛r tr❛✈❡❧✐♥❣ ❛t ❛♥ ❛✈❡r❛❣❡ s♣❡❡❞ ✇✐❧❧ tr❛✈❡❧ ❛ ❞✐st❛♥❝❡ ❛❜♦✉t ❡q✉❛❧ t♦ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ s♠❛❧❧❡st
✜♥❣❡r♥❛✐❧ ✐♥ 3.16 × 10−4 s❡❝♦♥❞s✳

❊①❡r❝✐s❡ ✸✳✽✳✺✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✷✳✮

❆ r✐❜♦s♦♠❡ ♦❢ ❊✳ ❝♦❧✐ ❤❛s ❛ ♠❛ss ♦❢ ❛❜♦✉t 4.7 × 10−19 ❣r❛♠s✳

❊①❡r❝✐s❡ ✸✳✽✳✻✵
❆ ♠✐t♦❝❤♦♥❞r✐♦♥ ✐s t❤❡ ❡♥❡r❣②✲♣r♦❞✉❝✐♥❣ ❡❧❡♠❡♥t ♦❢ ❛ ❝❡❧❧✳ ❆ ♠✐t♦❝❤♦♥❞r✐♦♥ ✐s ❛❜♦✉t 1.5 × 10−6

♠❡t❡rs ✐♥ ❞✐❛♠❡t❡r✳

❊①❡r❝✐s❡ ✸✳✽✳✻✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✷✳✮

❚❤❡r❡ ✐s ❛ s♣❡❝✐❡s ♦❢ ❢r♦❣s ✐♥ ❈✉❜❛ t❤❛t ❛tt❛✐♥ ❛ ❧❡♥❣t❤ ♦❢ ❛t ♠♦st 1.25 × 10−2 ♠❡t❡rs✳

P❡r❢♦r♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t✐♦♥s✳

❊①❡r❝✐s❡ ✸✳✽✳✻✷
(
2 × 104

) (
3 × 105

)

❊①❡r❝✐s❡ ✸✳✽✳✻✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✷✳✮
(
4 × 102

) (
8 × 106

)

❊①❡r❝✐s❡ ✸✳✽✳✻✹
(
6 × 1014

) (
6 × 10−10

)

❊①❡r❝✐s❡ ✸✳✽✳✻✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✷✳✮
(
3 × 10−5

) (
8 × 107

)

❊①❡r❝✐s❡ ✸✳✽✳✻✻
(
2 × 10−1

) (
3 × 10−5

)

❊①❡r❝✐s❡ ✸✳✽✳✻✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✷✳✮
(
9 × 10−5

) (
1 × 10−11

)

❊①❡r❝✐s❡ ✸✳✽✳✻✽
(
3.1 × 104

) (
3.1 × 10−6

)

❊①❡r❝✐s❡ ✸✳✽✳✻✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✷✳✮
(
4.2 × 10−12

) (
3.6 × 10−20

)

❊①❡r❝✐s❡ ✸✳✽✳✼✵
(
1.1 × 106

)2

❊①❡r❝✐s❡ ✸✳✽✳✼✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✷✳✮
(
5.9 × 1014

)2

❊①❡r❝✐s❡ ✸✳✽✳✼✷
(
1.02 × 10−17

)2

❊①❡r❝✐s❡ ✸✳✽✳✼✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✷✳✮
(
8.8 × 10−50

)2

❊①❡r❝✐s❡ ✸✳✽✳✼✹
■❢ ▼♦✉♥t ❑✐❧✐♠❛♥❥❛r♦ ✇❛s ✶✱✵✵✵✱✵✵✵ t✐♠❡s ❛s ❤✐❣❤ ❛s ✐t r❡❛❧❧② ✐s✱ ❤♦✇ ❤✐❣❤ ✇♦✉❧❞ ✐t ❜❡❄ ✭❙❡❡
♣r♦❜❧❡♠ ✶✳✮

❊①❡r❝✐s❡ ✸✳✽✳✼✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✷✳✮

■❢ t❤❡ ♣❧❛♥❡t ▼❛rs ✇❛s ✸✵✵✱✵✵✵ t✐♠❡s ❛s ❢❛r ❢r♦♠ t❤❡ s✉♥ ❛s ✐t r❡❛❧❧② ✐s✱ ❤♦✇ ❢❛r ❢r♦♠ t❤❡ s✉♥ ✇♦✉❧❞
✐t ❜❡❄ ✭❙❡❡ ♣r♦❜❧❡♠ ✷✳✮

❊①❡r❝✐s❡ ✸✳✽✳✼✻
■❢ ✽✵✵✱✵✵✵✱✵✵✵ ♦❢ t❤❡ s♠❛❧❧❡st ✐♥s❡❝ts ❦♥♦✇♥ ✇❡r❡ ❧✐♥❡❞ ✉♣ ❤❡❛❞ t♦ t❛✐❧✱ ❤♦✇ ❢❛r ✇♦✉❧❞ t❤❡② str❡t❝❤❄
✭❙❡❡ ♣r♦❜❧❡♠ ✺✳✮

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✼✾

❊①❡r❝✐s❡ ✸✳✽✳✼✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✷✳✮

■❢ ❘❤❡❛✱ t❤❡ ♠♦♦♥ ♦❢ ❙❛t✉r♥✱ ❤❛❞ ❛ s✉r❢❛❝❡ ❛r❡❛ 0.00000000002 ♦❢ ✐ts r❡❛❧ s✉r❢❛❝❡ ❛r❡❛✱ ✇❤❛t ✇♦✉❧❞
t❤❛t s✉r❢❛❝❡ ❛r❡❛ ❜❡❄ ✭❙❡❡ ♣r♦❜❧❡♠ ✽✳✮

❊①❡r❝✐s❡ ✸✳✽✳✼✽
■❢ t❤❡ st❛r ❊♣s✐❧♦♥ ❆✉r✐❣❛❡ ❇ ❤❛❞ ❛ s✉r❢❛❝❡ ❛r❡❛ 0.005 ♦❢ ✐ts r❡❛❧ s✉r❢❛❝❡ ❛r❡❛✱ ✇❤❛t ✇♦✉❧❞ t❤❛t
s✉r❢❛❝❡ ❛r❡❛ ❜❡❄ ✭❙❡❡ ♣r♦❜❧❡♠ ✾✳✮

❊①❡r❝✐s❡ ✸✳✽✳✼✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✷✳✮

■❢ t❤❡ ♠❛ss ♦❢ ❛❧❧ t❤❡ ❣❛❧❛①✐❡s ✐♥ t❤❡ ❝♦♥st❡❧❧❛t✐♦♥ ❱✐r❣♦ ✇❛s ♦♥❧② 0.0000000000000000000000003
♦❢ ✐ts r❡❛❧ ♠❛ss✱ ✇❤❛t ✇♦✉❧❞ t❤❛t ♠❛ss ❜❡❄ ✭❙❡❡ ♣r♦❜❧❡♠ ✶✺✳✮

❊①❡r❝✐s❡ ✸✳✽✳✽✵
❲❤❛t ✐s t❤❡ ♠❛ss ♦❢ ✶✺✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵ ❜r♦♠✐♥❡ ❛t♦♠s❄ ✭❙❡❡ ♣r♦❜❧❡♠ ✷✶✳✮

✸✳✽✳✶✷ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✸✳✽✳✽✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✷✳✮

✭❙❡❝t✐♦♥ ✷✳✸✮ ❲❤❛t ✐♥t❡❣❡rs ❝❛♥ r❡♣❧❛❝❡ x s♦ t❤❛t t❤❡ st❛t❡♠❡♥t −6 < x < − 2 ✐s tr✉❡❄

❊①❡r❝✐s❡ ✸✳✽✳✽✷
✭❙❡❝t✐♦♥ ✷✳✻✮ ❙✐♠♣❧✐❢②

(
5x2y4

) (
2xy5

)

❊①❡r❝✐s❡ ✸✳✽✳✽✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✷✳✮

✭❙❡❝t✐♦♥ ✸✳✸✮ ❉❡t❡r♠✐♥❡ t❤❡ ✈❛❧✉❡ ♦❢ − [− (−| − 5|)]✳
❊①❡r❝✐s❡ ✸✳✽✳✽✹
✭❙❡❝t✐♦♥ ✸✳✼✮ ❲r✐t❡ x3y−5

z−4 s♦ t❤❛t ♦♥❧② ♣♦s✐t✐✈❡ ❡①♣♦♥❡♥ts ❛♣♣❡❛r✳

❊①❡r❝✐s❡ ✸✳✽✳✽✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✷✳✮

✭❙❡❝t✐♦♥ ✸✳✼✮ ❲r✐t❡ (2z + 1)
3
(2z + 1)

−5
s♦ t❤❛t ♦♥❧② ♣♦s✐t✐✈❡ ❡①♣♦♥❡♥ts ❛♣♣❡❛r✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✸✳✾ ❙✉♠♠❛r② ♦❢ ❑❡② ❈♦♥❝❡♣ts ✾

✸✳✾✳✶ ❙✉♠♠❛r② ♦❢ ❑❡② ❈♦♥❝❡♣ts

P♦s✐t✐✈❡ ❛♥❞ ◆❡❣❛t✐✈❡ ◆✉♠❜❡rs ✭❙❡❝t✐♦♥ ✸✳✷✮
❆ ♥✉♠❜❡r ✐s ❞❡♥♦t❡❞ ❛s ♣♦s✐t✐✈❡ ✐❢ ✐t ✐s ❞✐r❡❝t❧② ♣r❡❝❡❞❡❞ ❜② ❛ ✧+✧ s✐❣♥ ♦r ♥♦ s✐❣♥ ❛t ❛❧❧✳ ❆ ♥✉♠❜❡r ✐s
❞❡♥♦t❡❞ ❛s ♥❡❣❛t✐✈❡ ✐❢ ✐t ✐s ❞✐r❡❝t❧② ♣r❡❝❡❞❡❞ ❜② ❛ ✧−✧ s✐❣♥✳
❖♣♣♦s✐t❡s ✭❙❡❝t✐♦♥ ✸✳✷✮
❖♣♣♦s✐t❡s ❛r❡ ♥✉♠❜❡rs t❤❛t ❛r❡ t❤❡ s❛♠❡ ❞✐st❛♥❝❡ ❢r♦♠ ③❡r♦ ♦♥ t❤❡ ♥✉♠❜❡r ❧✐♥❡ ❜✉t ❤❛✈❡ ♦♣♣♦s✐t❡ s✐❣♥s✳
❉♦✉❜❧❡✲◆❡❣❛t✐✈❡ Pr♦♣❡rt② ✭❙❡❝t✐♦♥ ✸✳✷✮
− (−a) = a
❆❜s♦❧✉t❡ ❱❛❧✉❡ ✭●❡♦♠❡tr✐❝✮ ✭❙❡❝t✐♦♥ ✸✳✸✮
❚❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ ❛ ♥✉♠❜❡r a✱ ❞❡♥♦t❡❞ |a|✱ ✐s t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ a t♦ ✵ ♦♥ t❤❡ ♥✉♠❜❡r ❧✐♥❡✳
❆❜s♦❧✉t❡ ❱❛❧✉❡ ✭❆❧❣❡❜r❛✐❝✮ ✭❙❡❝t✐♦♥ ✸✳✸✮

|a| = { a ✐❢ a ≥ 0

−a ✐❢ a < 0

❆❞❞✐t✐♦♥ ♦❢ ❙✐❣♥❡❞ ◆✉♠❜❡rs ✭❙❡❝t✐♦♥ ✸✳✹✮
❚♦ ❛❞❞ t✇♦ ♥✉♠❜❡rs ✇✐t❤
❧✐❦❡ s✐❣♥s✱ ❛❞❞ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ♦❢ t❤❡ ♥✉♠❜❡rs ❛♥❞ ❛ss♦❝✐❛t❡ t❤❡ ❝♦♠♠♦♥ s✐❣♥ ✇✐t❤ t❤❡ s✉♠✳
✉♥❧✐❦❡ s✐❣♥s✱ s✉❜tr❛❝t t❤❡ s♠❛❧❧❡r ❛❜s♦❧✉t❡ ✈❛❧✉❡ ❢r♦♠ t❤❡ ❧❛r❣❡r ❛❜s♦❧✉t❡ ✈❛❧✉❡ ❛♥❞ ❛ss♦❝✐❛t❡ t❤❡ s✐❣♥ ♦❢
t❤❡ ❧❛r❣❡r ❛❜s♦❧✉t❡ ✈❛❧✉❡ ✇✐t❤ t❤❡ ❞✐✛❡r❡♥❝❡✳
❆❞❞✐t✐♦♥ ✇✐t❤ ✵ ✭❙❡❝t✐♦♥ ✸✳✹✮
0 + ❛♥② ♥✉♠❜❡r = t❤❛t ♣❛rt✐❝✉❧❛r ♥✉♠❜❡r✱ t❤❛t ✐s✱ 0 + a = a ❢♦r ❛♥② r❡❛❧ ♥✉♠❜❡r a✳
❆❞❞✐t✐✈❡ ■❞❡♥t✐t② ✭❙❡❝t✐♦♥ ✸✳✹✮
❙✐♥❝❡ ❛❞❞✐♥❣ ✵ t♦ ❛ r❡❛❧ ♥✉♠❜❡r ❧❡❛✈❡s t❤❛t ♥✉♠❜❡r ✉♥❝❤❛♥❣❡❞✱ ✵ ✐s ❝❛❧❧❡❞ t❤❡ ❛❞❞✐t✐✈❡ ✐❞❡♥t✐t②✳
❉❡✜♥✐t✐♦♥ ♦❢ ❙✉❜tr❛❝t✐♦♥ ✭❙❡❝t✐♦♥ ✸✳✺✮
a − b = a + (−b)
❙✉❜tr❛❝t✐♦♥ ♦❢ ❙✐❣♥❡❞ ◆✉♠❜❡rs ✭❙❡❝t✐♦♥ ✸✳✺✮
❚♦ ♣❡r❢♦r♠ t❤❡ s✉❜tr❛❝t✐♦♥ a − b✱ ❛❞❞ t❤❡ ♦♣♣♦s✐t❡ ♦❢ b t♦ a✱ t❤❛t ✐s✱ ❝❤❛♥❣❡ t❤❡ s✐❣♥ ♦❢ b ❛♥❞ ❛❞❞✳
▼✉❧t✐♣❧✐❝❛t✐♦♥ ❛♥❞ ❉✐✈✐s✐♦♥ ♦❢ ❙✐❣♥❡❞ ◆✉♠❜❡rs ✭❙❡❝t✐♦♥ ✸✳✻✮

(+) (+) = + (+)
(+) = + (+)

(−) = −
(−) (−) = +

(+) (−) = −
(−) (+) = − (−)

(−) = + (−)
(+) = −

❘❡❝✐♣r♦❝❛❧s ✭❙❡❝t✐♦♥ ✸✳✼✮
❚✇♦ ♥✉♠❜❡rs ❛r❡ r❡❝✐♣r♦❝❛❧s ♦❢ ❡❛❝❤ ♦t❤❡r ✐❢ t❤❡✐r ♣r♦❞✉❝t ✐s ✶✳ ❚❤❡ ♥✉♠❜❡rs ✹ ❛♥❞ 1

4 ❛r❡ r❡❝✐♣r♦❝❛❧s s✐♥❝❡
(4)

(
1
4

)
= 1✳

◆❡❣❛t✐✈❡ ❊①♣♦♥❡♥ts ✭❙❡❝t✐♦♥ ✸✳✼✮
■❢ n ✐s ❛♥② ♥❛t✉r❛❧ ♥✉♠❜❡r ❛♥❞ x ✐s ❛♥② ♥♦♥③❡r♦ r❡❛❧ ♥✉♠❜❡r✱ t❤❡♥ x−n = 1

xn ✳
❲r✐t✐♥❣ ❛ ◆✉♠❜❡r ✐♥ ❙❝✐❡♥t✐✜❝ ◆♦t❛t✐♦♥ ✭❙❡❝t✐♦♥ ✸✳✽✮
❚♦ ✇r✐t❡ ❛ ♥✉♠❜❡r ✐♥ s❝✐❡♥t✐✜❝ ♥♦t❛t✐♦♥✿

✶✳ ▼♦✈❡ t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t s♦ t❤❛t t❤❡r❡ ✐s ♦♥❡ ♥♦♥③❡r♦ ❞✐❣✐t t♦ ✐ts ❧❡❢t✳
✷✳ ▼✉❧t✐♣❧② t❤❡ r❡s✉❧t ❜② ❛ ♣♦✇❡r ♦❢ ✶✵ ✉s✐♥❣ ❛♥ ❡①♣♦♥❡♥t ✇❤♦s❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♣❧❛❝❡s

t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t ✇❛s ♠♦✈❡❞✳ ▼❛❦❡ t❤❡ ❡①♣♦♥❡♥t ♣♦s✐t✐✈❡ ✐❢ t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t ✇❛s ♠♦✈❡❞ t♦ t❤❡ ❧❡❢t
❛♥❞ ♥❡❣❛t✐✈❡ ✐❢ t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t ✇❛s ♠♦✈❡❞ t♦ t❤❡ r✐❣❤t✳

✾❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✽✽✶✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✽✶

❈♦♥✈❡rt✐♥❣ ❢r♦♠ ❙❝✐❡♥t✐✜❝ ◆♦t❛t✐♦♥✿
♣♦s✐t✐✈❡ ❡①♣♦♥❡♥t ✭❙❡❝t✐♦♥ ✸✳✽✮
❚♦ ❝♦♥✈❡rt ❛ ♥✉♠❜❡r ✇r✐tt❡♥ ✐♥ s❝✐❡♥t✐✜❝ ♥♦t❛t✐♦♥ t♦ ❛ ♥✉♠❜❡r ✐♥ st❛♥❞❛r❞ ❢♦r♠ ✇❤❡♥ t❤❡r❡ ✐s ❛ ♣♦s✐t✐✈❡
❡①♣♦♥❡♥t ❛s t❤❡ ♣♦✇❡r ♦❢ ✶✵✱ ♠♦✈❡ t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t t♦ t❤❡ r✐❣❤t t❤❡ ♥✉♠❜❡r ♦❢ ♣❧❛❝❡s ♣r❡s❝r✐❜❡❞ ❜② t❤❡
❡①♣♦♥❡♥t ♦♥ t❤❡ ✶✵✳
◆❡❣❛t✐✈❡ ❊①♣♦♥❡♥t ✭❙❡❝t✐♦♥ ✸✳✽✮
❚♦ ❝♦♥✈❡rt ❛ ♥✉♠❜❡r ✇r✐tt❡♥ ✐♥ s❝✐❡♥t✐✜❝ ♥♦t❛t✐♦♥ t♦ ❛ ♥✉♠❜❡r ✐♥ st❛♥❞❛r❞ ❢♦r♠ ✇❤❡♥ t❤❡r❡ ✐s ❛ ♥❡❣❛t✐✈❡
❡①♣♦♥❡♥t ❛s t❤❡ ♣♦✇❡r ♦❢ ✶✵✱ ♠♦✈❡ t❤❡ ❞❡❝✐♠❛❧ ♣♦✐♥t t♦ t❤❡ ❧❡❢t t❤❡ ♥✉♠❜❡r ♦❢ ♣❧❛❝❡s ♣r❡s❝r✐❜❡❞ ❜② t❤❡
❡①♣♦♥❡♥t ♦♥ t❤❡ ✶✵✳

✸✳✶✵ ❊①❡r❝✐s❡ ❙✉♣♣❧❡♠❡♥t ✶✵

✸✳✶✵✳✶ ❊①❡r❝✐s❡ ❙✉♣♣❧❡♠❡♥t

✸✳✶✵✳✶✳✶ ❙✐❣♥❡❞ ◆✉♠❜❡rs ✭❙❡❝t✐♦♥ ✸✳✷✮

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✜♥❞ −a ✐❢ a ✐s

❊①❡r❝✐s❡ ✸✳✶✵✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✷✳✮

✷✼

❊①❡r❝✐s❡ ✸✳✶✵✳✷
−15

❊①❡r❝✐s❡ ✸✳✶✵✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✷✳✮

− 8
9

❊①❡r❝✐s❡ ✸✳✶✵✳✹
− (−3)

❊①❡r❝✐s❡ ✸✳✶✵✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✷✳✮

k

✸✳✶✵✳✶✳✷ ❆❜s♦❧✉t❡ ❱❛❧✉❡ ✭❙❡❝t✐♦♥ ✸✳✸✮

❙✐♠♣❧✐❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✳

❊①❡r❝✐s❡ ✸✳✶✵✳✻
|8|
❊①❡r❝✐s❡ ✸✳✶✵✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✷✳✮

| − 3|
❊①❡r❝✐s❡ ✸✳✶✵✳✽
−|16|
❊①❡r❝✐s❡ ✸✳✶✵✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✷✳✮

− (−|12|)
❊①❡r❝✐s❡ ✸✳✶✵✳✶✵
−|0|

✶✵❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✽✼✹✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✽✷ ❈❍❆P❚❊❘ ✸✳ ❇❆❙■❈ ❖P❊❘❆❚■❖◆❙ ❲■❚❍ ❘❊❆▲ ◆❯▼❇❊❘❙

✸✳✶✵✳✶✳✸ ❆❞❞■t✐♦♥ ♦❢ ❙✐❣♥❡❞ ◆✉♠❜❡rs ✭❙❡❝t✐♦♥ ✸✳✹✮ ✲ ▼✉❧t✐♣❧✐❝❛t✐♦♥ ❛♥❞ ❉✐✈✐s✐♦♥ ♦❢ ❙✐❣♥❡❞
◆✉♠❜❡rs ✭❙❡❝t✐♦♥ ✸✳✻✮

❙✐♠♣❧✐❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✳

❊①❡r❝✐s❡ ✸✳✶✵✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✷✳✮

4 + (−6)

❊①❡r❝✐s❡ ✸✳✶✵✳✶✷
−16 + (−18)

❊①❡r❝✐s❡ ✸✳✶✵✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✷✳✮

3 − (−14)

❊①❡r❝✐s❡ ✸✳✶✵✳✶✹
(−5) (2)

❊①❡r❝✐s❡ ✸✳✶✵✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✷✳✮

(−6) (−3)

❊①❡r❝✐s❡ ✸✳✶✵✳✶✻
(−1) (−4)

❊①❡r❝✐s❡ ✸✳✶✵✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✷✳✮

(4) (−3)

❊①❡r❝✐s❡ ✸✳✶✵✳✶✽
−25
5

❊①❡r❝✐s❡ ✸✳✶✵✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✷✳✮
−100
−10

❊①❡r❝✐s❡ ✸✳✶✵✳✷✵
16 − 18 + 5

❊①❡r❝✐s❡ ✸✳✶✵✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✷✳✮
(−2)(−4)+10

−5

❊①❡r❝✐s❡ ✸✳✶✵✳✷✷
−3(−8+4)−12
4(3+6)−2(−8)

❊①❡r❝✐s❡ ✸✳✶✵✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✸✳✮
−1(−3−2)−4(−4)

−13+10

❊①❡r❝✐s❡ ✸✳✶✵✳✷✹
− (2 − 10)

❊①❡r❝✐s❡ ✸✳✶✵✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✸✳✮

0 − 6 (−4) (−2)

✸✳✶✵✳✶✳✹ ▼✉❧t✐♣❧✐❝❛t✐♦♥ ❛♥❞ ❉✐✈✐s✐♦♥ ♦❢ ❙✐❣♥❡❞ ◆✉♠❜❡rs ✭❙❡❝t✐♦♥ ✸✳✻✮

❋✐♥❞ t❤❡ ✈❛❧✉❡ ♦❢ ❡❛❝❤ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✳

❊①❡r❝✐s❡ ✸✳✶✵✳✷✻
P = R − C✳ ❋✐♥❞ P ✐❢ R = 3000 ❛♥❞ C = 3800✳

❊①❡r❝✐s❡ ✸✳✶✵✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✸✳✮

z = x−u
s ✳ ❋✐♥❞ z ✐❢ x = 22, u = 30✱ ❛♥❞ s = 8✳

❊①❡r❝✐s❡ ✸✳✶✵✳✷✽
P = n (n − 1) (n − 2)✳ ❋✐♥❞ P ✐❢ n = −3✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✽✸

✸✳✶✵✳✶✳✺ ◆❡❣❛t✐✈❡ ❊①♣♦♥❡♥ts ✭❙❡❝t✐♦♥ ✸✳✼✮

❲r✐t❡ t❤❡ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s ✉s✐♥❣ ♦♥❧② ♣♦s✐t✐✈❡ ❡①♣♦♥❡♥ts✳

❊①❡r❝✐s❡ ✸✳✶✵✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✸✳✮

a−1

❊①❡r❝✐s❡ ✸✳✶✵✳✸✵
c−6

❊①❡r❝✐s❡ ✸✳✶✵✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✸✳✮

a3b−2c−5

❊①❡r❝✐s❡ ✸✳✶✵✳✸✷
(x + 5)

−2

❊①❡r❝✐s❡ ✸✳✶✵✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✸✳✮

x3y2(x − 3)
−7

❊①❡r❝✐s❡ ✸✳✶✵✳✸✹
4−2a−3b−4c5

❊①❡r❝✐s❡ ✸✳✶✵✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✸✳✮

2−1x−1

❊①❡r❝✐s❡ ✸✳✶✵✳✸✻
(2x + 9)

−3
7x4y−5z−2(3x − 1)

2
(2x + 5)

−1

❊①❡r❝✐s❡ ✸✳✶✵✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✸✳✮

(−2)
−1

❊①❡r❝✐s❡ ✸✳✶✵✳✸✽
1

x−4

❊①❡r❝✐s❡ ✸✳✶✵✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✸✳✮
7x

y−3z−2

❊①❡r❝✐s❡ ✸✳✶✵✳✹✵
4c−2

b−6

❊①❡r❝✐s❡ ✸✳✶✵✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✸✳✮
3−2a−5b−9c2

x2y−4z−1

❊①❡r❝✐s❡ ✸✳✶✵✳✹✷
(z−6)−2

(z+6)−4

❊①❡r❝✐s❡ ✸✳✶✵✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✸✳✮
16a5b−2

−2a3b−5

❊①❡r❝✐s❡ ✸✳✶✵✳✹✹
−44x3y−6z−8

−11x−2y−7z−8

❊①❡r❝✐s❡ ✸✳✶✵✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✸✳✮

8−2

❊①❡r❝✐s❡ ✸✳✶✵✳✹✻
9−1

❊①❡r❝✐s❡ ✸✳✶✵✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✸✳✮

2−5

❊①❡r❝✐s❡ ✸✳✶✵✳✹✽
(
x3

)−2

❊①❡r❝✐s❡ ✸✳✶✵✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✸✳✮
(
a2b

)−3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✸✳✶✵✳✺✵
(
x−2

)−4

❊①❡r❝✐s❡ ✸✳✶✵✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✸✳✮
(
c−1

)−4

❊①❡r❝✐s❡ ✸✳✶✵✳✺✷
(
y−1

)−1

❊①❡r❝✐s❡ ✸✳✶✵✳✺✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✸✳✮
(
x3y−4z−2

)−6

❊①❡r❝✐s❡ ✸✳✶✵✳✺✹
(

x−6

y−2

)−5

❊①❡r❝✐s❡ ✸✳✶✵✳✺✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✸✳✮
(

2b−7c−8d4

x−2y3z

)−4

✸✳✶✵✳✶✳✻ ❙❝✐❡♥t✐✜❝ ◆♦t❛t✐♦♥ ✭❙❡❝t✐♦♥ ✸✳✽✮

❲r✐t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s ✉s✐♥❣ s❝✐❡♥t✐✜❝ ♥♦t❛t✐♦♥✳

❊①❡r❝✐s❡ ✸✳✶✵✳✺✻
✽✼✸✾

❊①❡r❝✐s❡ ✸✳✶✵✳✺✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✸✳✮

✼✸✺✻✼

❊①❡r❝✐s❡ ✸✳✶✵✳✺✽
✷✶✱✵✵✵

❊①❡r❝✐s❡ ✸✳✶✵✳✺✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✸✳✮

✼✹✻✱✵✵✵

❊①❡r❝✐s❡ ✸✳✶✵✳✻✵
✽✽✻✻✽✹✻

❊①❡r❝✐s❡ ✸✳✶✵✳✻✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✸✳✮

0.0387

❊①❡r❝✐s❡ ✸✳✶✵✳✻✷
0.0097

❊①❡r❝✐s❡ ✸✳✶✵✳✻✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✸✳✮

0.376

❊①❡r❝✐s❡ ✸✳✶✵✳✻✹
0.0000024

❊①❡r❝✐s❡ ✸✳✶✵✳✻✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✸✳✮

0.000000000000537

❊①❡r❝✐s❡ ✸✳✶✵✳✻✻
✹✻✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵✱✵✵✵

❈♦♥✈❡rt t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s ❢r♦♠ s❝✐❡♥t✐✜❝ ❢♦r♠ t♦ st❛♥❞❛r❞ ❢♦r♠✳

❊①❡r❝✐s❡ ✸✳✶✵✳✻✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✸✳✮

3.87 × 105

❊①❡r❝✐s❡ ✸✳✶✵✳✻✽
4.145 × 104

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✽✺

❊①❡r❝✐s❡ ✸✳✶✵✳✻✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✸✳✮

6.009 × 107

❊①❡r❝✐s❡ ✸✳✶✵✳✼✵
1.80067 × 106

❊①❡r❝✐s❡ ✸✳✶✵✳✼✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✸✳✮

3.88 × 10−5

❊①❡r❝✐s❡ ✸✳✶✵✳✼✷
4.116 × 10−2

❊①❡r❝✐s❡ ✸✳✶✵✳✼✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✹✳✮

8.002 × 10−12

❊①❡r❝✐s❡ ✸✳✶✵✳✼✹
7.36490 × 10−14

❊①❡r❝✐s❡ ✸✳✶✵✳✼✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✹✳✮

2.101 × 1015

❊①❡r❝✐s❡ ✸✳✶✵✳✼✻
6.7202 × 1026

❊①❡r❝✐s❡ ✸✳✶✵✳✼✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✹✳✮

1 × 106

❊①❡r❝✐s❡ ✸✳✶✵✳✼✽
1 × 107

❊①❡r❝✐s❡ ✸✳✶✵✳✼✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✹✳✮

1 × 109

❋✐♥❞ t❤❡ ♣r♦❞✉❝t ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✳ ❲r✐t❡ t❤❡ r❡s✉❧t ✐♥ s❝✐❡♥t✐✜❝ ♥♦t❛t✐♦♥✳

❊①❡r❝✐s❡ ✸✳✶✵✳✽✵
(
1 × 105

) (
2 × 103

)

❊①❡r❝✐s❡ ✸✳✶✵✳✽✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✹✳✮
(
3 × 106

) (
7 × 107

)

❊①❡r❝✐s❡ ✸✳✶✵✳✽✷
(
2 × 1014

) (
8 × 1019

)

❊①❡r❝✐s❡ ✸✳✶✵✳✽✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✹✳✮
(
9 × 102

) (
3 × 1075

)

❊①❡r❝✐s❡ ✸✳✶✵✳✽✹
(
1 × 104

) (
1 × 105

)

❊①❡r❝✐s❡ ✸✳✶✵✳✽✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✹✳✮
(
8 × 10−3

) (
3 × 10−6

)

❊①❡r❝✐s❡ ✸✳✶✵✳✽✻
(
9 × 10−5

) (
2 × 10−1

)

❊①❡r❝✐s❡ ✸✳✶✵✳✽✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✹✳✮
(
3 × 10−2

) (
7 × 102

)

❊①❡r❝✐s❡ ✸✳✶✵✳✽✽
(
7.3 × 104

) (
2.1 × 10−8

)

❊①❡r❝✐s❡ ✸✳✶✵✳✽✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✹✳✮
(
1.06 × 10−16

) (
2.815 × 10−12

)

❊①❡r❝✐s❡ ✸✳✶✵✳✾✵
(
9.3806 × 1052

) (
1.009 × 10−31

)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✸✳✶✶ Pr♦✜❝✐❡♥❝② ❊①❛♠ ✶✶

✸✳✶✶✳✶ Pr♦✜❝✐❡♥❝② ❊①❛♠

❙✐♠♣❧✐❢② t❤❡ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✳

❊①❡r❝✐s❡ ✸✳✶✶✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✹✳✮

✭❙❡❝t✐♦♥ ✸✳✷✮ −{− [(−6)]}
❊①❡r❝✐s❡ ✸✳✶✶✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✹✳✮

✭❙❡❝t✐♦♥ ✸✳✸✮ −| − 15|
❊①❡r❝✐s❡ ✸✳✶✶✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✹✳✮

✭❙❡❝t✐♦♥ ✸✳✺✮ −[| − 12| − 10]
2

❊①❡r❝✐s❡ ✸✳✶✶✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✹✳✮

✭❙❡❝t✐♦♥ ✸✳✺✮ −5 (−6) + 4 (−8) − | − 5|
❊①❡r❝✐s❡ ✸✳✶✶✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✹✳✮

✭❙❡❝t✐♦♥ ✸✳✻✮ 3(−8)−(−2)(−4−5)
(−2)(−3)

❊①❡r❝✐s❡ ✸✳✶✶✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✹✳✮

✭❙❡❝t✐♦♥ ✸✳✻✮ −|7| − (2)
2

+ (−2)
2

❊①❡r❝✐s❡ ✸✳✶✶✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✹✳✮

✭❙❡❝t✐♦♥ ✸✳✻✮ −6(2)(−2)
−(−5−3)

❊①❡r❝✐s❡ ✸✳✶✶✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✹✳✮

✭❙❡❝t✐♦♥ ✸✳✻✮ −3{[(−2−3)][−2]}
−3(4−2)

❊①❡r❝✐s❡ ✸✳✶✶✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✹✳✮

✭❙❡❝t✐♦♥ ✸✳✻✮ ■❢z = x−u
s ✱ ✜♥❞ z ✐❢ x = 14✱ u = 20✱ ❛♥❞ s = 2✳

❲❤❡♥ s✐♠♣❧✐❢②✐♥❣ t❤❡ t❡r♠s ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✇r✐t❡ ❡❛❝❤ s♦ t❤❛t ♦♥❧② ♣♦s✐t✐✈❡ ❡①♣♦♥❡♥ts ❛♣♣❡❛r✳

❊①❡r❝✐s❡ ✸✳✶✶✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✹✳✮

✭❙❡❝t✐♦♥ ✸✳✼✮ 1
−(−5)−3

❊①❡r❝✐s❡ ✸✳✶✶✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✹✳✮

✭❙❡❝t✐♦♥ ✸✳✼✮ 5x3y−2

z−4

❊①❡r❝✐s❡ ✸✳✶✶✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✹✳✮

✭❙❡❝t✐♦♥ ✸✳✼✮ 2−2m6(n − 4)
−3

❊①❡r❝✐s❡ ✸✳✶✶✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✹✳✮

✭❙❡❝t✐♦♥ ✸✳✼✮ 4a−6
(
2a−5

)

❊①❡r❝✐s❡ ✸✳✶✶✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✹✳✮

✭❙❡❝t✐♦♥ ✸✳✼✮ 6−1x3y−5x−3

y−5

❊①❡r❝✐s❡ ✸✳✶✶✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✹✳✮

✭❙❡❝t✐♦♥ ✸✳✼✮ (k−6)2(k−6)−4

(k−6)3

❊①❡r❝✐s❡ ✸✳✶✶✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✹✳✮

✭❙❡❝t✐♦♥ ✸✳✼✮ (y+1)3(y−3)4

(y+1)5(y−3)−8

❊①❡r❝✐s❡ ✸✳✶✶✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✺✳✮

✭❙❡❝t✐♦♥ ✸✳✼✮
(3−6)(32)(3−10)

(3−5)(3−9)

❊①❡r❝✐s❡ ✸✳✶✶✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✺✳✮

✭❙❡❝t✐♦♥ ✸✳✼✮
(
a4

)−3

✶✶❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✽✼✺✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✽✼

❊①❡r❝✐s❡ ✸✳✶✶✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✺✳✮

✭❙❡❝t✐♦♥ ✸✳✼✮
[

r6s−2

m−5n4

]−4

❊①❡r❝✐s❡ ✸✳✶✶✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✺✳✮

✭❙❡❝t✐♦♥ ✸✳✼✮
(
c0

)−2
, c 6= 0

❊①❡r❝✐s❡ ✸✳✶✶✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✺✳✮

✭❙❡❝t✐♦♥ ✸✳✽✮ ❲r✐t❡ 0.000271 ✉s✐♥❣ s❝✐❡♥t✐✜❝ ♥♦t❛t✐♦♥✳

❊①❡r❝✐s❡ ✸✳✶✶✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✺✳✮

✭❙❡❝t✐♦♥ ✸✳✽✮ ❲r✐t❡ 8.90 × 105 ✐♥ st❛♥❞❛r❞ ❢♦r♠✳

❊①❡r❝✐s❡ ✸✳✶✶✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✺✳✮

✭❙❡❝t✐♦♥ ✸✳✽✮ ❋✐♥❞ t❤❡ ✈❛❧✉❡ ♦❢
(
3 × 105

) (
2 × 10−2

)
✳

❊①❡r❝✐s❡ ✸✳✶✶✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✺✳✮

✭❙❡❝t✐♦♥ ✸✳✽✮ ❋✐♥❞ t❤❡ ✈❛❧✉❡ ♦❢
(
4 × 10−16

)2
✳

❊①❡r❝✐s❡ ✸✳✶✶✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✵✺✳✮

✭❙❡❝t✐♦♥ ✸✳✽✮ ■❢ k ✐s ❛ ♥❡❣❛t✐✈❡ ✐♥t❡❣❡r✱ ✐s −k ❛ ♣♦s✐t✐✈❡ ♦r ♥❡❣❛t✐✈❡ ✐♥t❡❣❡r❄

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✽✽ ❈❍❆P❚❊❘ ✸✳ ❇❆❙■❈ ❖P❊❘❆❚■❖◆❙ ❲■❚❍ ❘❊❆▲ ◆❯▼❇❊❘❙

❙♦❧✉t✐♦♥s t♦ ❊①❡r❝✐s❡s ✐♥ ❈❤❛♣t❡r ✸

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✶ ✭♣✳ ✶✷✾✮
❢♦✉r ♣❧✉s t❡♥
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✷ ✭♣✳ ✶✷✾✮
s❡✈❡♥ ♣❧✉s ♥❡❣❛t✐✈❡ ❢♦✉r
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✸ ✭♣✳ ✶✷✾✮
♥❡❣❛t✐✈❡ ♥✐♥❡ ♣❧✉s t✇♦
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✹ ✭♣✳ ✶✷✾✮
♥❡❣❛t✐✈❡ s✐①t❡❡♥ ♠✐♥✉s ♣♦s✐t✐✈❡ ❡✐❣❤t
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✺ ✭♣✳ ✶✷✾✮
♥❡❣❛t✐✈❡ ♦♥❡ ♠✐♥✉s ♥❡❣❛t✐✈❡ ♥✐♥❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✻ ✭♣✳ ✶✷✾✮
③❡r♦ ♣❧✉s ♥❡❣❛t✐✈❡ s❡✈❡♥
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✼ ✭♣✳ ✶✸✵✮
−8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✽ ✭♣✳ ✶✸✵✮
−17
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✾ ✭♣✳ ✶✸✵✮
✻
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✶✵ ✭♣✳ ✶✸✵✮
✶✺
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✶✶ ✭♣✳ ✶✸✵✮
−1✱ s✐♥❝❡ − (−1) = 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✶✷ ✭♣✳ ✶✸✵✮
✼
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✶✸ ✭♣✳ ✶✸✵✮
■❢ a ✐s ♣♦s✐t✐✈❡✱ −a ✐s ♥❡❣❛t✐✈❡✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✶✹ ✭♣✳ ✶✸✵✮
■❢ a ✐s ♥❡❣❛t✐✈❡✱ −a ✐s ♣♦s✐t✐✈❡✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✶✺ ✭♣✳ ✶✸✵✮
❲❡ ♠✉st s❛② t❤❛t ✇❡ ❞♦ ♥♦t ❦♥♦✇✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✶✻ ✭♣✳ ✶✸✶✮
❛ ♣❧✉s s✐❣♥ ♦r ♥♦ s✐❣♥ ❛t ❛❧❧
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✶✽ ✭♣✳ ✶✸✶✮
❛ ♥❡❣❛t✐✈❡ ✜✈❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✷✵ ✭♣✳ ✶✸✶✮
t✇❡❧✈❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✷✷ ✭♣✳ ✶✸✶✮
♥❡❣❛t✐✈❡ ♥❡❣❛t✐✈❡ ❢♦✉r
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✷✹ ✭♣✳ ✶✸✶✮
✜✈❡ ♣❧✉s s❡✈❡♥
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✷✻ ✭♣✳ ✶✸✶✮
❡❧❡✈❡♥ ♣❧✉s ♥❡❣❛t✐✈❡ t✇♦
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✷✽ ✭♣✳ ✶✸✶✮
s✐① ♠✐♥✉s ♥❡❣❛t✐✈❡ ❡✐❣❤t
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✸✵ ✭♣✳ ✶✸✶✮
− (−8) = 8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✸✷ ✭♣✳ ✶✸✶✮
✷
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✸✹ ✭♣✳ ✶✸✶✮
✶

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✽✾

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✸✻ ✭♣✳ ✶✸✶✮
−3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✸✽ ✭♣✳ ✶✸✷✮
−6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✹✵ ✭♣✳ ✶✸✷✮
✷✻
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✹✷ ✭♣✳ ✶✸✷✮
✸✶
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✹✹ ✭♣✳ ✶✸✷✮
✶✷
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✹✻ ✭♣✳ ✶✸✷✮
✶✼
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✹✽ ✭♣✳ ✶✸✷✮
5 − (−2) = 5 + 2 = 7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✺✵ ✭♣✳ ✶✸✷✮
✶✻
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✺✷ ✭♣✳ ✶✸✷✮
✸✷
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✺✹ ✭♣✳ ✶✸✷✮
✶✸
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✺✻ ✭♣✳ ✶✸✷✮
✷✻
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✺✽ ✭♣✳ ✶✸✸✮
✵
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✻✵ ✭♣✳ ✶✸✸✮
xn+8

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✷✳✻✷ ✭♣✳ ✶✸✸✮
16a4b2

9x2y6

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✶ ✭♣✳ ✶✸✹✮
✼
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✷ ✭♣✳ ✶✸✹✮
✾
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✸ ✭♣✳ ✶✸✺✮
✶✷
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✹ ✭♣✳ ✶✸✺✮
✺
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✺ ✭♣✳ ✶✸✺✮
−8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✻ ✭♣✳ ✶✸✺✮
−1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✼ ✭♣✳ ✶✸✺✮
−52
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✽ ✭♣✳ ✶✸✺✮
−31
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✾ ✭♣✳ ✶✸✻✮
✺
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✶✶ ✭♣✳ ✶✸✻✮
✻
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✶✸ ✭♣✳ ✶✸✻✮
✽

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✾✵ ❈❍❆P❚❊❘ ✸✳ ❇❆❙■❈ ❖P❊❘❆❚■❖◆❙ ❲■❚❍ ❘❊❆▲ ◆❯▼❇❊❘❙

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✶✺ ✭♣✳ ✶✸✻✮
✶✻
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✶✼ ✭♣✳ ✶✸✻✮
−12
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✶✾ ✭♣✳ ✶✸✻✮
−9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✷✶ ✭♣✳ ✶✸✻✮
✶
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✷✸ ✭♣✳ ✶✸✻✮
−3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✷✺ ✭♣✳ ✶✸✻✮
−14
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✷✼ ✭♣✳ ✶✸✻✮
−28
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✷✾ ✭♣✳ ✶✸✻✮
−68
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✸✶ ✭♣✳ ✶✸✼✮
✷✻
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✸✸ ✭♣✳ ✶✸✼✮
−8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✸✺ ✭♣✳ ✶✸✼✮
−1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✸✼ ✭♣✳ ✶✸✼✮
✹
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✸✾ ✭♣✳ ✶✸✼✮
✻
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✹✶ ✭♣✳ ✶✸✼✮
✸
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✹✸ ✭♣✳ ✶✸✼✮
✶✷
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✹✺ ✭♣✳ ✶✸✼✮
✹
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✹✼ ✭♣✳ ✶✸✼✮
✹
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✹✾ ✭♣✳ ✶✸✼✮
✺
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✺✶ ✭♣✳ ✶✸✼✮
✸
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✺✸ ✭♣✳ ✶✸✽✮
✻
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✺✺ ✭♣✳ ✶✸✽✮
✶✵✵
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✺✼ ✭♣✳ ✶✸✽✮
✾✷
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✺✾ ✭♣✳ ✶✸✽✮
−1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✻✶ ✭♣✳ ✶✸✽✮
|$ − 2, 400, 000|
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✻✸ ✭♣✳ ✶✸✽✮
4 (a + b)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✾✶

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✻✺ ✭♣✳ ✶✸✽✮
❝♦♠♠✉t❛t✐✈❡ ♣r♦♣❡rt② ♦❢ ❛❞❞✐t✐♦♥
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✸✳✻✼ ✭♣✳ ✶✸✽✮
✹
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✶ ✭♣✳ ✶✹✵✮
✶✹
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✷ ✭♣✳ ✶✹✵✮
✺✷
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✸ ✭♣✳ ✶✹✵✮
−12
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✹ ✭♣✳ ✶✹✵✮
−45
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✺ ✭♣✳ ✶✹✵✮
−34
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✻ ✭♣✳ ✶✹✵✮
− 7

3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✼ ✭♣✳ ✶✹✵✮
−7.4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✽ ✭♣✳ ✶✹✷✮
✶
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✾ ✭♣✳ ✶✹✷✮
✷
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✶✵ ✭♣✳ ✶✹✷✮
−3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✶✶ ✭♣✳ ✶✹✷✮
−6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✶✷ ✭♣✳ ✶✹✷✮
−14
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✶✸ ✭♣✳ ✶✹✷✮
−43
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✶✹ ✭♣✳ ✶✹✷✮
✺
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✶✺ ✭♣✳ ✶✹✷✮
−0.5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✶✻ ✭♣✳ ✶✹✷✮
−8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✶✼ ✭♣✳ ✶✹✷✮
0.57
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✶✽ ✭♣✳ ✶✹✷✮
−425
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✶✾ ✭♣✳ ✶✹✷✮
−7993.7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✷✵ ✭♣✳ ✶✹✸✮
✶✻
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✷✷ ✭♣✳ ✶✹✸✮
✽
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✷✹ ✭♣✳ ✶✹✸✮
−15
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✷✻ ✭♣✳ ✶✹✸✮
−12

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✷✽ ✭♣✳ ✶✹✸✮
−24
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✸✵ ✭♣✳ ✶✹✸✮
✶✶
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✸✷ ✭♣✳ ✶✹✸✮
✽
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✸✹ ✭♣✳ ✶✹✸✮
✷
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✸✻ ✭♣✳ ✶✹✸✮
−15
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✸✽ ✭♣✳ ✶✹✸✮
✽
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✹✵ ✭♣✳ ✶✹✸✮
−8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✹✷ ✭♣✳ ✶✹✹✮
−15
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✹✹ ✭♣✳ ✶✹✹✮
−25
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✹✻ ✭♣✳ ✶✹✹✮
−12
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✹✽ ✭♣✳ ✶✹✹✮
✷✹
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✺✵ ✭♣✳ ✶✹✹✮
−21
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✺✷ ✭♣✳ ✶✹✹✮
✵
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✺✹ ✭♣✳ ✶✹✹✮
✵
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✺✻ ✭♣✳ ✶✹✹✮
✷✸
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✺✽ ✭♣✳ ✶✹✹✮
✸✷✽
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✻✵ ✭♣✳ ✶✹✹✮
✽✼✻
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✻✷ ✭♣✳ ✶✹✹✮
−1265
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✻✹ ✭♣✳ ✶✹✺✮
−6.084
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✻✻ ✭♣✳ ✶✹✺✮
−20
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✻✽ ✭♣✳ ✶✹✺✮
−17
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✼✵ ✭♣✳ ✶✹✺✮
−18
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✼✷ ✭♣✳ ✶✹✺✮
✶✹
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✼✹ ✭♣✳ ✶✹✺✮
✶✻
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✼✻ ✭♣✳ ✶✹✺✮
✹

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✾✸

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✼✽ ✭♣✳ ✶✹✺✮
−$28.50
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✽✵ ✭♣✳ ✶✹✺✮
$3.00
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✽✷ ✭♣✳ ✶✹✻✮
5a6c
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✹✳✽✹ ✭♣✳ ✶✹✻✮
✽
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✺✳✶ ✭♣✳ ✶✹✽✮
✸
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✺✳✷ ✭♣✳ ✶✹✽✮
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−3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✻✳✼✶ ✭♣✳ ✶✺✾✮
✹
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✻✳✼✸ ✭♣✳ ✶✺✾✮
−4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✻✳✼✺ ✭♣✳ ✶✺✾✮
✶✺
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✻✳✼✼ ✭♣✳ ✶✺✾✮
✷
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✻✳✼✾ ✭♣✳ ✶✺✾✮
−2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✻✳✽✶ ✭♣✳ ✶✻✵✮
−3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✻✳✽✸ ✭♣✳ ✶✻✵✮
✶✹✺✽
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✻✳✽✺ ✭♣✳ ✶✻✵✮
−120
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✻✳✽✼ ✭♣✳ ✶✻✵✮
✹✵

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✾✼

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✻✳✽✾ ✭♣✳ ✶✻✵✮

(x + 2y)
2
(3x − 1)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✻✳✾✶ ✭♣✳ ✶✻✵✮
−11
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶ ✭♣✳ ✶✻✷✮

1
y5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✷ ✭♣✳ ✶✻✷✮
1

m2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✸ ✭♣✳ ✶✻✷✮
1
9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✹ ✭♣✳ ✶✻✷✮
1
5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✺ ✭♣✳ ✶✻✷✮

1
16
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✻ ✭♣✳ ✶✻✷✮

1
(xy)4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✼ ✭♣✳ ✶✻✷✮
1

(a+2b)12

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✽ ✭♣✳ ✶✻✷✮

(m − n)
4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✾ ✭♣✳ ✶✻✸✮
y7

x4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶✵ ✭♣✳ ✶✻✸✮
a2b4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶✶ ✭♣✳ ✶✻✸✮
x3y4z8

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶✷ ✭♣✳ ✶✻✸✮
6k

7m3n2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶✸ ✭♣✳ ✶✻✸✮
a2b6c8

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶✹ ✭♣✳ ✶✻✸✮
3a

5b(a−5b)2(a−4b)5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶✺ ✭♣✳ ✶✻✹✮
4x10b8

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶✻ ✭♣✳ ✶✻✹✮
64m−3n7x−5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶✼ ✭♣✳ ✶✻✹✮
✺✷
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶✽ ✭♣✳ ✶✻✺✮
1
x2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✷✵ ✭♣✳ ✶✻✺✮
1
x7

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✷✷ ✭♣✳ ✶✻✺✮
1

a10

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✷✹ ✭♣✳ ✶✻✺✮
1

b14

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✷✻ ✭♣✳ ✶✻✺✮
1
y5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✷✽ ✭♣✳ ✶✻✺✮
1

(x−5)3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✸✵ ✭♣✳ ✶✻✺✮
1

(a+9)10

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✸✷ ✭♣✳ ✶✻✺✮
1

(a−1)12

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✸✹ ✭♣✳ ✶✻✺✮
x7

y5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✸✻ ✭♣✳ ✶✻✺✮
a7

b8

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✸✽ ✭♣✳ ✶✻✺✮
x3y2

z6

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✹✵ ✭♣✳ ✶✻✻✮
a7zw3

b9

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✹✷ ✭♣✳ ✶✻✻✮
x5

y5z2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✹✹ ✭♣✳ ✶✻✻✮
d4

a4b6c
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✹✻ ✭♣✳ ✶✻✻✮
4y2

x6

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✹✽ ✭♣✳ ✶✻✻✮
7b2c2

a2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✺✵ ✭♣✳ ✶✻✻✮
7a2(a−4)3

b6c7

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✺✷ ✭♣✳ ✶✻✻✮
7(w+1)3

(w+2)2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✺✹ ✭♣✳ ✶✻✻✮
(x2+3)

3

(x2−1)4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✺✻ ✭♣✳ ✶✻✻✮
1

(3x2−4x−8)9(2x+11)3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✺✽ ✭♣✳ ✶✻✻✮
7a

(a2−4)2(b2−1)2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✻✵ ✭♣✳ ✶✻✻✮
5y3

(y3+1)z4w2(y3−1)2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✻✷ ✭♣✳ ✶✻✼✮
27x
y3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✻✹ ✭♣✳ ✶✻✼✮
4
a3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✻✻ ✭♣✳ ✶✻✼✮
✶
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✻✽ ✭♣✳ ✶✻✼✮

1
(x+5)4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✼✵ ✭♣✳ ✶✻✼✮
8

(b+2)9

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✼✷ ✭♣✳ ✶✻✼✮
−8a5b2

c2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✼✹ ✭♣✳ ✶✻✼✮
−5

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✶✾✾

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✼✻ ✭♣✳ ✶✻✼✮
✶
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✼✽ ✭♣✳ ✶✻✼✮
a4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✽✵ ✭♣✳ ✶✻✼✮
4x6

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✽✷ ✭♣✳ ✶✻✼✮
23y
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✽✹ ✭♣✳ ✶✻✽✮
3b3c5

a3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✽✻ ✭♣✳ ✶✻✽✮
4bc9y2

a2d3z8

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✽✽ ✭♣✳ ✶✻✽✮
4a3

b2c
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✾✵ ✭♣✳ ✶✻✽✮
3x3

y2z4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✾✷ ✭♣✳ ✶✻✽✮
3

a7b5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✾✹ ✭♣✳ ✶✻✽✮
128
a7bx
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✾✻ ✭♣✳ ✶✻✽✮
4x3

y7

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✾✽ ✭♣✳ ✶✻✽✮
23a4b5x6

c2y5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶✵✵ ✭♣✳ ✶✻✽✮
10

3x2y7z2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶✵✷ ✭♣✳ ✶✻✽✮
224b3

c12(a2+21)4(a+6)3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶✵✹ ✭♣✳ ✶✻✽✮
1
7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶✵✻ ✭♣✳ ✶✻✾✮
1
32
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶✵✽ ✭♣✳ ✶✻✾✮
2
9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶✶✵ ✭♣✳ ✶✻✾✮
✷
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶✶✷ ✭♣✳ ✶✻✾✮
1
24
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶✶✹ ✭♣✳ ✶✻✾✮
1
9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶✶✻ ✭♣✳ ✶✻✾✮
✷✹
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶✶✽ ✭♣✳ ✶✻✾✮
✸✻
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶✷✵ ✭♣✳ ✶✻✾✮
✻✸
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶✷✷ ✭♣✳ ✶✻✾✮
1

a15

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶✷✹ ✭♣✳ ✶✻✾✮
1

x32

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶✷✻ ✭♣✳ ✶✻✾✮
b4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶✷✽ ✭♣✳ ✶✼✵✮
y27

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶✸✵ ✭♣✳ ✶✼✵✮
b
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶✸✷ ✭♣✳ ✶✼✵✮
✶
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶✸✹ ✭♣✳ ✶✼✵✮
x12y12

z2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶✸✻ ✭♣✳ ✶✼✵✮
x20y15

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶✸✽ ✭♣✳ ✶✼✵✮
16a4

b12

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶✹✵ ✭♣✳ ✶✼✵✮
a6x4

25b12y18

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶✹✷ ✭♣✳ ✶✼✵✮
n28s16

m32r20

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶✹✹ ✭♣✳ ✶✼✶✮
64x15y9

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶✹✻ ✭♣✳ ✶✼✶✮
✷✵
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✼✳✶✹✽ ✭♣✳ ✶✼✶✮
✶
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✶ ✭♣✳ ✶✼✷✮
3.46 × 102

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✷ ✭♣✳ ✶✼✷✮
7.233 × 10
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✸ ✭♣✳ ✶✼✷✮
5.3877965 × 103

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✹ ✭♣✳ ✶✼✷✮
8.7 × 107

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✺ ✭♣✳ ✶✼✷✮
1.79 × 1020

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✻ ✭♣✳ ✶✼✷✮
1.0 × 105

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✼ ✭♣✳ ✶✼✸✮
1.0 × 106

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✽ ✭♣✳ ✶✼✸✮
8.6 × 10−3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✾ ✭♣✳ ✶✼✸✮
9.8001 × 10−5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✶✵ ✭♣✳ ✶✼✸✮
5.4 × 10−17

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✶✶ ✭♣✳ ✶✼✸✮
1.0 × 10−7

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✶✷ ✭♣✳ ✶✼✸✮
1.0 × 10−8

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✶✸ ✭♣✳ ✶✼✹✮
✾✷✺

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✵✶

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✶✹ ✭♣✳ ✶✼✹✮
✹✵✶✵✵✵
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✶✺ ✭♣✳ ✶✼✹✮
0.12
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✶✻ ✭♣✳ ✶✼✹✮
0.0000888
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✶✼ ✭♣✳ ✶✼✺✮
6 × 1017

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✶✽ ✭♣✳ ✶✼✺✮
6 × 1020

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✶✾ ✭♣✳ ✶✼✺✮
1.5 × 1025

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✷✵ ✭♣✳ ✶✼✺✮
6.3 × 10−20

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✷✶ ✭♣✳ ✶✼✻✮
5.89 × 103

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✷✸ ✭♣✳ ✶✼✻✮
2.5 × 1023

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✷✺ ✭♣✳ ✶✼✻✮
2 × 10−4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✷✼ ✭♣✳ ✶✼✻✮
5.7 × 104

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✷✾ ✭♣✳ ✶✼✻✮
2.8 × 1012, 2.463 × 1025

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✸✶ ✭♣✳ ✶✼✻✮
3.36 × 103

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✸✸ ✭♣✳ ✶✼✻✮
8 × 106

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✸✺ ✭♣✳ ✶✼✻✮
1.5 × 1062

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✸✼ ✭♣✳ ✶✼✼✮
8 × 10−9

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✸✾ ✭♣✳ ✶✼✼✮
1.03 × 10−18

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✹✶ ✭♣✳ ✶✼✼✮
3.1 × 10−26

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✹✸ ✭♣✳ ✶✼✼✮
3.16 × 102

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✹✺ ✭♣✳ ✶✼✼✮
7.4 × 105

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✹✼ ✭♣✳ ✶✼✼✮
3.16 × 10−5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✹✾ ✭♣✳ ✶✼✼✮
1 × 10−16

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✺✶ ✭♣✳ ✶✼✼✮
100, 000, 000
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✺✸ ✭♣✳ ✶✼✼✮
5, 866, 000, 000, 000
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✺✺ ✭♣✳ ✶✼✼✮
43, 000, 000, 000, 000, 000, 000

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✺✼ ✭♣✳ ✶✼✽✮
60, 000, 000
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✺✾ ✭♣✳ ✶✼✽✮
0.00000000000000000047
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✻✶ ✭♣✳ ✶✼✽✮
0.0125
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✻✸ ✭♣✳ ✶✼✽✮
3.2 × 109

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✻✺ ✭♣✳ ✶✼✽✮
2.4 × 103

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✻✼ ✭♣✳ ✶✼✽✮
9 × 10−16

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✻✾ ✭♣✳ ✶✼✽✮
1.512 × 10−31

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✼✶ ✭♣✳ ✶✼✽✮
3.481 × 1029

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✼✸ ✭♣✳ ✶✼✽✮
7.744 × 10−99

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✼✺ ✭♣✳ ✶✼✽✮
6.687 × 1016

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✼✼ ✭♣✳ ✶✼✾✮
1.47 × 10−5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✼✾ ✭♣✳ ✶✼✾✮
4.5 × 1037

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✽✶ ✭♣✳ ✶✼✾✮
−5, − 4, − 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✽✸ ✭♣✳ ✶✼✾✮
−5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✽✳✽✺ ✭♣✳ ✶✼✾✮

1
(2z+1)2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✶ ✭♣✳ ✶✽✶✮
−27
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✸ ✭♣✳ ✶✽✶✮
8
9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✺ ✭♣✳ ✶✽✶✮
−k
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✼ ✭♣✳ ✶✽✶✮
✸
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✾ ✭♣✳ ✶✽✶✮
✶✷
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✶✶ ✭♣✳ ✶✽✷✮
−2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✶✸ ✭♣✳ ✶✽✷✮
✶✼
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✶✺ ✭♣✳ ✶✽✷✮
✶✽
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✶✼ ✭♣✳ ✶✽✷✮
−12
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✶✾ ✭♣✳ ✶✽✷✮
✶✵

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✵✸

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✷✶ ✭♣✳ ✶✽✷✮
− 18

5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✷✸ ✭♣✳ ✶✽✷✮
−7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✷✺ ✭♣✳ ✶✽✷✮
−48
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✷✼ ✭♣✳ ✶✽✷✮
−1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✷✾ ✭♣✳ ✶✽✸✮
1
a
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✸✶ ✭♣✳ ✶✽✸✮
a3

b2c5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✸✸ ✭♣✳ ✶✽✸✮
x3y2

(x−3)7

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✸✺ ✭♣✳ ✶✽✸✮
1
2x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✸✼ ✭♣✳ ✶✽✸✮
1
−2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✸✾ ✭♣✳ ✶✽✸✮
7xy3z2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✹✶ ✭♣✳ ✶✽✸✮
c2y4z

9a5b9x2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✹✸ ✭♣✳ ✶✽✸✮
−8a2b3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✹✺ ✭♣✳ ✶✽✸✮
1
64
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✹✼ ✭♣✳ ✶✽✸✮
1
32
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✹✾ ✭♣✳ ✶✽✸✮

1
a6b3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✺✶ ✭♣✳ ✶✽✹✮
c4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✺✸ ✭♣✳ ✶✽✹✮
y24z12

x18

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✺✺ ✭♣✳ ✶✽✹✮
b28c32y12z4

16d16x8

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✺✼ ✭♣✳ ✶✽✹✮
7.3567 × 104

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✺✾ ✭♣✳ ✶✽✹✮
7.46 × 105

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✻✶ ✭♣✳ ✶✽✹✮
3.87 × 10−2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✻✸ ✭♣✳ ✶✽✹✮
3.76 × 10−1

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✻✺ ✭♣✳ ✶✽✹✮
5.37 × 10−13

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✻✼ ✭♣✳ ✶✽✹✮
387, 000
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✻✾ ✭♣✳ ✶✽✹✮
60, 090, 000

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✵✹ ❈❍❆P❚❊❘ ✸✳ ❇❆❙■❈ ❖P❊❘❆❚■❖◆❙ ❲■❚❍ ❘❊❆▲ ◆❯▼❇❊❘❙

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✼✶ ✭♣✳ ✶✽✺✮
0.0000388
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✼✸ ✭♣✳ ✶✽✺✮
0.000000000008002
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✼✺ ✭♣✳ ✶✽✺✮
2, 101, 000, 000, 000, 000
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✼✼ ✭♣✳ ✶✽✺✮
1, 000, 000
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✼✾ ✭♣✳ ✶✽✺✮
1, 000, 000, 000
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✽✶ ✭♣✳ ✶✽✺✮
2.1 × 1014

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✽✸ ✭♣✳ ✶✽✺✮
2.7 × 1078

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✽✺ ✭♣✳ ✶✽✺✮
2.4 × 10−8

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✽✼ ✭♣✳ ✶✽✺✮
2.1 × 101

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✵✳✽✾ ✭♣✳ ✶✽✺✮
2.9839 × 10−28

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✶✳✶ ✭♣✳ ✶✽✻✮
−6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✶✳✷ ✭♣✳ ✶✽✻✮
−15
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✶✳✸ ✭♣✳ ✶✽✻✮
−4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✶✳✹ ✭♣✳ ✶✽✻✮
−7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✶✳✺ ✭♣✳ ✶✽✻✮
−7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✶✳✻ ✭♣✳ ✶✽✻✮
−7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✶✳✼ ✭♣✳ ✶✽✻✮
✸
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✶✳✽ ✭♣✳ ✶✽✻✮
✺
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✶✳✾ ✭♣✳ ✶✽✻✮
−3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✶✳✶✵ ✭♣✳ ✶✽✻✮
✶✷✺
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✶✳✶✶ ✭♣✳ ✶✽✻✮
5x3z4

y2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✶✳✶✷ ✭♣✳ ✶✽✻✮
m6

4(n−4)3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✶✳✶✸ ✭♣✳ ✶✽✻✮
8

a11

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✶✳✶✹ ✭♣✳ ✶✽✻✮
1
6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✶✳✶✺ ✭♣✳ ✶✽✻✮

1
(k−6)5

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✵✺

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✶✳✶✻ ✭♣✳ ✶✽✻✮
(y−3)12

(y+1)2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✶✳✶✼ ✭♣✳ ✶✽✻✮
✶
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✶✳✶✽ ✭♣✳ ✶✽✻✮
1

a12

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✶✳✶✾ ✭♣✳ ✶✽✻✮
n16s8

m20r24

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✶✳✷✵ ✭♣✳ ✶✽✼✮
✶
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✶✳✷✶ ✭♣✳ ✶✽✼✮
2.71 × 10−4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✶✳✷✷ ✭♣✳ ✶✽✼✮
890, 000
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✶✳✷✸ ✭♣✳ ✶✽✼✮
6000
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✶✳✷✹ ✭♣✳ ✶✽✼✮
1.6 × 10−31

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✸✳✶✶✳✷✺ ✭♣✳ ✶✽✼✮
❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✵✻ ❈❍❆P❚❊❘ ✸✳ ❇❆❙■❈ ❖P❊❘❆❚■❖◆❙ ❲■❚❍ ❘❊❆▲ ◆❯▼❇❊❘❙

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



❈❤❛♣t❡r ✹

❆❧❣❡❜r❛✐❝ ❊①♣r❡ss✐♦♥s ❛♥❞ ❊q✉❛t✐♦♥s

✹✳✶ ❖❜❥❡❝t✐✈❡s✶

❆❢t❡r ❝♦♠♣❧❡t✐♥❣ t❤✐s ❝❤❛♣t❡r✱ ②♦✉ s❤♦✉❧❞

❆❧❣❡❜r❛✐❝ ❊①♣r❡ss✐♦♥s ✭❙❡❝t✐♦♥ ✹✳✷✮

• ❜❡ ❢❛♠✐❧✐❛r ✇✐t❤ ❛❧❣❡❜r❛✐❝ ❡①♣r❡ss✐♦♥s
• ✉♥❞❡rst❛♥❞ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❛ t❡r♠ ❛♥❞ ❛ ❢❛❝t♦r
• ❜❡ ❢❛♠✐❧✐❛r ✇✐t❤ t❤❡ ❝♦♥❝❡♣t ♦❢ ❝♦♠♠♦♥ ❢❛❝t♦rs
• ❦♥♦✇ t❤❡ ❢✉♥❝t✐♦♥ ♦❢ ❛ ❝♦❡✣❝✐❡♥t

❊q✉❛t✐♦♥s ✭❙❡❝t✐♦♥ ✹✳✸✮

• ✉♥❞❡rst❛♥❞ t❤❡ ♠❡❛♥✐♥❣ ♦❢ ❛♥ ❡q✉❛t✐♦♥
• ❜❡ ❛❜❧❡ t♦ ♣❡r❢♦r♠ ♥✉♠❡r✐❝❛❧ ❡✈❛❧✉❛t✐♦♥s

❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❊①♣r❡ss✐♦♥s ❛♥❞ ❊q✉❛t✐♦♥s ✭❙❡❝t✐♦♥ ✹✳✹✮

• ❜❡ ❢❛♠✐❧✐❛r ✇✐t❤ ♣♦❧②♥♦♠✐❛❧s
• ❜❡ ❛❜❧❡ t♦ ❝❧❛ss✐❢② ♣♦❧②♥♦♠✐❛❧s ❛♥❞ ♣♦❧②♥♦♠✐❛❧ ❡q✉❛t✐♦♥s

❈♦♠❜✐♥✐♥❣ P♦❧②♥♦♠✐❛❧s ❯s✐♥❣ ❆❞❞✐t✐♦♥ ❛♥❞ ❙✉❜tr❛❝t✐♦♥ ✭❙❡❝t✐♦♥ ✹✳✺✮

• ✉♥❞❡rst❛♥❞ t❤❡ ❝♦♥❝❡♣t ♦❢ ❧✐❦❡ t❡r♠s
• ❜❡ ❛❜❧❡ t♦ ❝♦♠❜✐♥❡ ❧✐❦❡ t❡r♠s
• ❜❡ ❛❜❧❡ t♦ s✐♠♣❧✐❢② ❡①♣r❡ss✐♦♥s ❝♦♥t❛✐♥✐♥❣ ♣❛r❡♥t❤❡s❡s

❈♦♠❜✐♥✐♥❣ P♦❧②♥♦♠✐❛❧s ❯s✐♥❣ ▼✉❧t✐♣❧✐❝❛t✐♦♥ ✭❙❡❝t✐♦♥ ✹✳✻✮

• ❜❡ ❛❜❧❡ t♦ ♠✉❧t✐♣❧② ❛ ♣♦❧②♥♦♠✐❛❧ ❜② ❛ ♠♦♥♦♠✐❛❧
• ❜❡ ❛❜❧❡ t♦ s✐♠♣❧✐❢② + (a + b) ❛♥❞ − (a + b)
• ❜❡ ❛❜❧❡ t♦ ♠✉❧t✐♣❧② ❛ ♣♦❧②♥♦♠✐❛❧ ❜② ❛ ♣♦❧②♥♦♠✐❛❧

❙♣❡❝✐❛❧ ❇✐♥♦♠✐❛❧ Pr♦❞✉❝ts ✭❙❡❝t✐♦♥ ✹✳✼✮

• ❜❡ ❛❜❧❡ t♦ ❡①♣❛♥❞ (a + b)
2
✱ (a − b)

2
✱ ❛♥❞ (a + b) (a + b)

❚❡r♠✐♥♦❧♦❣② ❆ss♦❝✐❛t❡❞ ✇✐t❤ ❊q✉❛t✐♦♥s ✭❙❡❝t✐♦♥ ✹✳✽✮

• ❜❡ ❛❜❧❡ t♦ ✐❞❡♥t✐❢② t❤❡ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s ♦❢ ❛♥ ❡q✉❛t✐♦♥
• ❜❡ ❛❜❧❡ t♦ s♣❡❝✐❢② t❤❡ ❞♦♠❛✐♥ ♦❢ ❛♥ ❡q✉❛t✐♦♥

✶❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✷✽✵✷✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃

✷✵✼
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✹✳✷ ❆❧❣❡❜r❛✐❝ ❊①♣r❡ss✐♦♥s ✷

✹✳✷✳✶ ❖✈❡r✈✐❡✇

• ❆❧❣❡❜r❛✐❝ ❊①♣r❡ss✐♦♥s
• ❚❡r♠s ❛♥❞ ❋❛❝t♦rs
• ❈♦♠♠♦♥ ❋❛❝t♦rs
• ❈♦❡✣❝✐❡♥ts

✹✳✷✳✷ ❆❧❣❡❜r❛✐❝ ❊①♣r❡ss✐♦♥s

❆❧❣❡❜r❛✐❝ ❊①♣r❡ss✐♦♥
❆♥ ❛❧❣❡❜r❛✐❝ ❡①♣r❡ss✐♦♥ ✐s ❛ ♥✉♠❜❡r✱ ❛ ❧❡tt❡r✱ ♦r ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♥✉♠❜❡rs ❛♥❞ ❧❡tt❡rs ❛❧♦♥❣ ✇✐t❤ ♠❡❛♥✐♥❣❢✉❧
s✐❣♥s ♦❢ ♦♣❡r❛t✐♦♥✳
❊①♣r❡ss✐♦♥s
❆❧❣❡❜r❛✐❝ ❡①♣r❡ss✐♦♥s ❛r❡ ♦❢t❡♥ r❡❢❡rr❡❞ t♦ s✐♠♣❧② ❛s ❡①♣r❡ss✐♦♥s✱ ❛s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡s✿

❊①❛♠♣❧❡ ✹✳✶
x + 4 ✐s ❛♥ ❡①♣r❡ss✐♦♥✳

❊①❛♠♣❧❡ ✹✳✷
7y ✐s ❛♥ ❡①♣r❡ss✐♦♥✳

❊①❛♠♣❧❡ ✹✳✸
x−3x2y
7+9x ✐s ❛♥ ❡①♣r❡ss✐♦♥✳

❊①❛♠♣❧❡ ✹✳✹
❚❤❡ ♥✉♠❜❡r ✽ ✐s ❛♥ ❡①♣r❡ss✐♦♥✳ ✽ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✇✐t❤ ❡①♣❧✐❝✐t s✐❣♥s ♦❢ ♦♣❡r❛t✐♦♥ ❜② ✇r✐t✐♥❣ ✐t ❛s

8 + 0 ♦r 8 · 1✳
3x2 + 6 = 4x − 1 ✐s ♥♦t ❛♥ ❡①♣r❡ss✐♦♥✱ ✐t ✐s ❛♥ ❡q✉❛t✐♦♥✳ ❲❡ ✇✐❧❧ st✉❞② ❡q✉❛t✐♦♥s ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳

✹✳✷✳✸ ❚❡r♠s ❛♥❞ ❋❛❝t♦rs

❚❡r♠s
■♥ ❛♥ ❛❧❣❡❜r❛✐❝ ❡①♣r❡ss✐♦♥✱ t❤❡ q✉❛♥t✐t✐❡s ❥♦✐♥❡❞ ❜② ” + ” s✐❣♥s ❛r❡ ❝❛❧❧❡❞ t❡r♠s✳

■♥ s♦♠❡ ❡①♣r❡ss✐♦♥s ✐t ✇✐❧❧ ❛♣♣❡❛r t❤❛t t❡r♠s ❛r❡ ❥♦✐♥❡❞ ❜② ” − ” s✐❣♥s✳ ❲❡ ♠✉st ❦❡❡♣ ✐♥ ♠✐♥❞ t❤❛t
s✉❜tr❛❝t✐♦♥ ✐s ❛❞❞✐t✐♦♥ ♦❢ t❤❡ ♥❡❣❛t✐✈❡✱ t❤❛t ✐s✱ a − b = a + (−b)✳

❆♥ ✐♠♣♦rt❛♥t ❝♦♥❝❡♣t t❤❛t ❛❧❧ st✉❞❡♥ts ♦❢ ❛❧❣❡❜r❛ ♠✉st ❜❡ ❛✇❛r❡ ♦❢ ✐s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❡r♠s ❛♥❞
❢❛❝t♦rs✳
❋❛❝t♦rs
❆♥② ♥✉♠❜❡rs ♦r s②♠❜♦❧s t❤❛t ❛r❡ ♠✉❧t✐♣❧✐❡❞ t♦❣❡t❤❡r ❛r❡ ❢❛❝t♦rs ♦❢ t❤❡✐r ♣r♦❞✉❝t✳

❚❡r♠s ❛r❡ ♣❛rts ♦❢ s✉♠s ❛♥❞ ❛r❡ t❤❡r❡❢♦r❡ ❥♦✐♥❡❞ ❜② ❛❞❞✐t✐♦♥ ✭♦r s✉❜tr❛❝t✐♦♥✮ s✐❣♥s✳
❋❛❝t♦rs ❛r❡ ♣❛rts ♦❢ ♣r♦❞✉❝ts ❛♥❞ ❛r❡ t❤❡r❡❢♦r❡ ❥♦✐♥❡❞ ❜② ♠✉❧t✐♣❧✐❝❛t✐♦♥ s✐❣♥s✳

✹✳✷✳✹ ❙❛♠♣❧❡ ❙❡t ❆

■❞❡♥t✐❢② t❤❡ t❡r♠s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥s✳

❊①❛♠♣❧❡ ✹✳✺
3x4 + 6x2 + 5x + 8✳

❚❤✐s ❡①♣r❡ss✐♦♥ ❤❛s ❢♦✉r t❡r♠s✿ 3x4, 6x2, 5x, ❛♥❞ ✽✳

✷❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✶✽✽✼✺✴✶✳✻✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✵✾

❊①❛♠♣❧❡ ✹✳✻
15y8✳

■♥ t❤✐s ❡①♣r❡ss✐♦♥ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ t❡r♠✳ ❚❤❡ t❡r♠ ✐s 15y8✳

❊①❛♠♣❧❡ ✹✳✼
14x5y + (a + 3)

2
✳

■♥ t❤✐s ❡①♣r❡ss✐♦♥ t❤❡r❡ ❛r❡ t✇♦ t❡r♠s✿ t❤❡ t❡r♠s ❛r❡ 14x5y ❛♥❞ (a + 3)
2
✳ ◆♦t✐❝❡ t❤❛t t❤❡ t❡r♠

(a + 3)
2
✐s ✐ts❡❧❢ ❝♦♠♣♦s❡❞ ♦❢ t✇♦ ❧✐❦❡ ❢❛❝t♦rs✱ ❡❛❝❤ ♦❢ ✇❤✐❝❤ ✐s ❝♦♠♣♦s❡❞ ♦❢ t❤❡ t✇♦ t❡r♠s✱ a ❛♥❞ ✸✳

❊①❛♠♣❧❡ ✹✳✽
m3 − 3✳

❯s✐♥❣ ♦✉r ❞❡✜♥✐t✐♦♥ ♦❢ s✉❜tr❛❝t✐♦♥✱ t❤✐s ❡①♣r❡ss✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠ m3 + (−3)✳ ◆♦✇
✇❡ ❝❛♥ s❡❡ t❤❛t t❤❡ t❡r♠s ❛r❡ m3 ❛♥❞ −3✳

❘❛t❤❡r t❤❛♥ r❡✇r✐t✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ✇❤❡♥ ❛ s✉❜tr❛❝t✐♦♥ ♦❝❝✉rs✱ ✇❡ ❝❛♥ ✐❞❡♥t✐❢② t❡r♠s ♠♦r❡
q✉✐❝❦❧② ❜② ❛ss♦❝✐❛t✐♥❣ t❤❡ + ♦r − s✐❣♥ ✇✐t❤ t❤❡ ✐♥❞✐✈✐❞✉❛❧ q✉❛♥t✐t②✳

❊①❛♠♣❧❡ ✹✳✾
p4 − 7p3 − 2p − 11✳

❆ss♦❝✐❛t✐♥❣ t❤❡ s✐❣♥ ✇✐t❤ t❤❡ ✐♥❞✐✈✐❞✉❛❧ q✉❛♥t✐t✐❡s ✇❡ s❡❡ t❤❛t t❤❡ t❡r♠s ♦❢ t❤✐s ❡①♣r❡ss✐♦♥ ❛r❡
p4, − 7p3, − 2p, ❛♥❞ −11✳

✹✳✷✳✺ Pr❛❝t✐❝❡ ❙❡t ❆

❊①❡r❝✐s❡ ✹✳✷✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✸✳✮

▲❡t✬s s❛② ✐t ❛❣❛✐♥✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❡r♠s ❛♥❞ ❢❛❝t♦rs ✐s t❤❛t t❡r♠s ❛r❡ ❥♦✐♥❡❞ ❜②
s✐❣♥s ❛♥❞ ❢❛❝t♦rs ❛r❡ ❥♦✐♥❡❞ ❜② s✐❣♥s✳

▲✐st t❤❡ t❡r♠s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥s✳

❊①❡r❝✐s❡ ✹✳✷✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✸✳✮

4x2 − 8x + 7

❊①❡r❝✐s❡ ✹✳✷✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✸✳✮

2xy + 6x2 + (x − y)
4

❊①❡r❝✐s❡ ✹✳✷✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✸✳✮

5x2 + 3x − 3xy7 + (x − y)
(
x3 − 6

)

✹✳✷✳✻ ❙❛♠♣❧❡ ❙❡t ❇

■❞❡♥t✐❢② t❤❡ ❢❛❝t♦rs ✐♥ ❡❛❝❤ t❡r♠✳

❊①❛♠♣❧❡ ✹✳✶✵
9a2 − 6a − 12 ❝♦♥t❛✐♥s t❤r❡❡ t❡r♠s✳ ❙♦♠❡ ♦❢ t❤❡ ❢❛❝t♦rs ✐♥ ❡❛❝❤ t❡r♠ ❛r❡

✜rst t❡r♠✿ 9 ❛♥❞ a2, ♦r, 9 ❛♥❞ a ❛♥❞ a

s❡❝♦♥❞ t❡r♠✿ −6 ❛♥❞ a

t❤✐r❞ t❡r♠✿ −12 ❛♥❞ 1, ♦r, 12 ❛♥❞ − 1

❊①❛♠♣❧❡ ✹✳✶✶
14x5y + (a + 3)

2
❝♦♥t❛✐♥s t✇♦ t❡r♠s✳ ❙♦♠❡ ♦❢ t❤❡ ❢❛❝t♦rs ♦❢ t❤❡s❡ t❡r♠s ❛r❡

✜rst t❡r♠✿ 14, x5, y

s❡❝♦♥❞ t❡r♠✿ (a + 3) ❛♥❞ (a + 3)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✹✳✷✳✼ Pr❛❝t✐❝❡ ❙❡t ❇

❊①❡r❝✐s❡ ✹✳✷✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✸✳✮

■♥ t❤❡ ❡①♣r❡ss✐♦♥ 8x2 − 5x + 6✱ ❧✐st t❤❡ ❢❛❝t♦rs ♦❢ t❤❡
✜rst t❡r♠✿
s❡❝♦♥❞ t❡r♠✿
t❤✐r❞ t❡r♠✿

❊①❡r❝✐s❡ ✹✳✷✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✸✳✮

■♥ t❤❡ ❡①♣r❡ss✐♦♥ 10 + 2 (b + 6) (b − 18)
2
✱ ❧✐st t❤❡ ❢❛❝t♦rs ♦❢ t❤❡

✜rst t❡r♠✿
s❡❝♦♥❞ t❡r♠✿

✹✳✷✳✽ ❈♦♠♠♦♥ ❋❛❝t♦rs

❈♦♠♠♦♥ ❋❛❝t♦rs
❙♦♠❡t✐♠❡s✱ ✇❤❡♥ ✇❡ ♦❜s❡r✈❡ ❛♥ ❡①♣r❡ss✐♦♥ ❝❛r❡❢✉❧❧②✱ ✇❡ ✇✐❧❧ ♥♦t✐❝❡ t❤❛t s♦♠❡ ♣❛rt✐❝✉❧❛r ❢❛❝t♦r ❛♣♣❡❛rs ✐♥
❡✈❡r② t❡r♠✳ ❲❤❡♥ ✇❡ ♦❜s❡r✈❡ t❤✐s✱ ✇❡ s❛② ✇❡ ❛r❡ ♦❜s❡r✈✐♥❣ ❝♦♠♠♦♥ ❢❛❝t♦rs✳ ❲❡ ✉s❡ t❤❡ ♣❤r❛s❡ ❝♦♠♠♦♥
❢❛❝t♦rs s✐♥❝❡ t❤❡ ♣❛rt✐❝✉❧❛r ❢❛❝t♦r ✇❡ ♦❜s❡r✈❡ ✐s ❝♦♠♠♦♥ t♦ ❛❧❧ t❤❡ t❡r♠s ✐♥ t❤❡ ❡①♣r❡ss✐♦♥✳ ❚❤❡ ❢❛❝t♦r
❛♣♣❡❛rs ✐♥ ❡❛❝❤ ❛♥❞ ❡✈❡r② t❡r♠ ✐♥ t❤❡ ❡①♣r❡ss✐♦♥✳

✹✳✷✳✾ ❙❛♠♣❧❡ ❙❡t ❈

◆❛♠❡ t❤❡ ❝♦♠♠♦♥ ❢❛❝t♦rs ✐♥ ❡❛❝❤ ❡①♣r❡ss✐♦♥✳

❊①❛♠♣❧❡ ✹✳✶✷
5x3 − 7x3 + 14x3✳

❚❤❡ ❢❛❝t♦r x3 ❛♣♣❡❛rs ✐♥ ❡❛❝❤ ❛♥❞ ❡✈❡r② t❡r♠✳ ❚❤❡ ❡①♣r❡ss✐♦♥ x3 ✐s ❛ ❝♦♠♠♦♥ ❢❛❝t♦r✳

❊①❛♠♣❧❡ ✹✳✶✸
4x2 + 7x✳

❚❤❡ ❢❛❝t♦r x ❛♣♣❡❛rs ✐♥ ❡❛❝❤ t❡r♠✳ ❚❤❡ t❡r♠ 4x2 ✐s ❛❝t✉❛❧❧② 4xx✳ ❚❤✉s✱ x ✐s ❛ ❝♦♠♠♦♥ ❢❛❝t♦r✳

❊①❛♠♣❧❡ ✹✳✶✹
12xy2 − 9xy + 15✳

❚❤❡ ♦♥❧② ❢❛❝t♦r ❝♦♠♠♦♥ t♦ ❛❧❧ t❤r❡❡ t❡r♠s ✐s t❤❡ ♥✉♠❜❡r ✸✳ ✭◆♦t✐❝❡ t❤❛t 12 = 3·4, 9 = 3·3, 15 =
3 · 5✳✮
❊①❛♠♣❧❡ ✹✳✶✺
3 (x + 5) − 8 (x + 5)✳

❚❤❡ ❢❛❝t♦r (x + 5) ❛♣♣❡❛rs ✐♥ ❡❛❝❤ t❡r♠✳ ❙♦✱ (x + 5) ✐s ❛ ❝♦♠♠♦♥ ❢❛❝t♦r✳

❊①❛♠♣❧❡ ✹✳✶✻
45x3(x − 7)

2
+ 15x2 (x − 7) − 20x2(x − 7)

5
✳

❚❤❡ ♥✉♠❜❡r ✺✱ t❤❡ x2✱ ❛♥❞ t❤❡ (x − 7) ❛♣♣❡❛r ✐♥ ❡❛❝❤ t❡r♠✳ ❆❧s♦✱ 5x2 (x − 7) ✐s ❛ ❢❛❝t♦r ✭s✐♥❝❡
❡❛❝❤ ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ q✉❛♥t✐t✐❡s ✐s ❥♦✐♥❡❞ ❜② ❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ s✐❣♥✮✳ ❚❤✉s✱ 5x2 (x − 7) ✐s ❛ ❝♦♠♠♦♥
❢❛❝t♦r✳

❊①❛♠♣❧❡ ✹✳✶✼
10x2 + 9x − 4✳

❚❤❡r❡ ✐s ♥♦ ❢❛❝t♦r t❤❛t ❛♣♣❡❛rs ✐♥ ❡❛❝❤ ❛♥❞ ❡✈❡r② t❡r♠✳ ❍❡♥❝❡✱ t❤❡r❡ ❛r❡ ♥♦ ❝♦♠♠♦♥ ❢❛❝t♦rs ✐♥
t❤✐s ❡①♣r❡ss✐♦♥✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✶✶

✹✳✷✳✶✵ Pr❛❝t✐❝❡ ❙❡t ❈

▲✐st✱ ✐❢ ❛♥② ❛♣♣❡❛r✱ t❤❡ ❝♦♠♠♦♥ ❢❛❝t♦rs ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥s✳

❊①❡r❝✐s❡ ✹✳✷✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✸✳✮

x2 + 5x2 − 9x2

❊①❡r❝✐s❡ ✹✳✷✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✸✳✮

4x2 − 8x3 + 16x4 − 24x5

❊①❡r❝✐s❡ ✹✳✷✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✸✳✮

4(a + 1)
3

+ 10 (a + 1)

❊①❡r❝✐s❡ ✹✳✷✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✸✳✮

9ab (a − 8) − 15a(a − 8)
2

❊①❡r❝✐s❡ ✹✳✷✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✸✳✮

14a2b2c (c − 7) (2c + 5) + 28c (2c + 5)

❊①❡r❝✐s❡ ✹✳✷✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✸✳✮

6
(
x2 − y2

)
+ 19x

(
x2 + y2

)

✹✳✷✳✶✶ ❈♦❡✣❝✐❡♥ts

❈♦❡✣❝✐❡♥t
■♥ ❛❧❣❡❜r❛✱ ❛s ✇❡ ♥♦✇ ❦♥♦✇✱ ❛ ❧❡tt❡r ✐s ♦❢t❡♥ ✉s❡❞ t♦ r❡♣r❡s❡♥t s♦♠❡ q✉❛♥t✐t②✳ ❙✉♣♣♦s❡ ✇❡ r❡♣r❡s❡♥t s♦♠❡
q✉❛♥t✐t② ❜② t❤❡ ❧❡tt❡r x✳ ❚❤❡ ♥♦t❛t✐♦♥ 5x ♠❡❛♥s x + x + x + x + x✳ ❲❡ ❝❛♥ ♥♦✇ s❡❡ t❤❛t ✇❡ ❤❛✈❡ ✜✈❡ ♦❢
t❤❡s❡ q✉❛♥t✐t✐❡s✳ ■♥ t❤❡ ❡①♣r❡ss✐♦♥ 5x✱ t❤❡ ♥✉♠❜❡r ✺ ✐s ❝❛❧❧❡❞ t❤❡ ♥✉♠❡r✐❝❛❧ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ q✉❛♥t✐t②
x✳ ❖❢t❡♥✱ t❤❡ ♥✉♠❡r✐❝❛❧ ❝♦❡✣❝✐❡♥t ✐s ❥✉st ❝❛❧❧❡❞ t❤❡ ❝♦❡✣❝✐❡♥t✳ ❚❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ❛ q✉❛♥t✐t② r❡❝♦r❞s ❤♦✇
♠❛♥② ♦❢ t❤❛t q✉❛♥t✐t② t❤❡r❡ ❛r❡✳

✹✳✷✳✶✷ ❙❛♠♣❧❡ ❙❡t ❉

❊①❛♠♣❧❡ ✹✳✶✽
12x ♠❡❛♥s t❤❡r❡ ❛r❡ 12x✬s✳

❊①❛♠♣❧❡ ✹✳✶✾
4ab ♠❡❛♥s t❤❡r❡ ❛r❡ ❢♦✉r ab✬s✳

❊①❛♠♣❧❡ ✹✳✷✵
10 (x − 3) ♠❡❛♥s t❤❡r❡ ❛r❡ t❡♥ (x − 3) ✬s✳

❊①❛♠♣❧❡ ✹✳✷✶
1y ♠❡❛♥s t❤❡r❡ ✐s ♦♥❡ y✳ ❲❡ ✉s✉❛❧❧② ✇r✐t❡ ❥✉st y r❛t❤❡r t❤❛♥ 1y s✐♥❝❡ ✐t ✐s ❝❧❡❛r ❥✉st ❜② ❧♦♦❦✐♥❣
t❤❛t t❤❡r❡ ✐s ♦♥❧② ♦♥❡ y✳

❊①❛♠♣❧❡ ✹✳✷✷
7a3 ♠❡❛♥s t❤❡r❡ ❛r❡ s❡✈❡♥ a3✬s✳

❊①❛♠♣❧❡ ✹✳✷✸
5ax ♠❡❛♥s t❤❡r❡ ❛r❡ ✜✈❡ ax✬s✳ ■t ❝♦✉❧❞ ❛❧s♦ ♠❡❛♥ t❤❡r❡ ❛r❡ 5ax✬s✳ ❚❤✐s ❡①❛♠♣❧❡ s❤♦✇s ✉s t❤❛t ✐t
✐s ✐♠♣♦rt❛♥t ❢♦r ✉s t♦ ❜❡ ✈❡r② ❝❧❡❛r ❛s t♦ ✇❤✐❝❤ q✉❛♥t✐t② ✇❡ ❛r❡ ✇♦r❦✐♥❣ ✇✐t❤✳ ❲❤❡♥ ✇❡ s❡❡ t❤❡
❡①♣r❡ss✐♦♥ 5ax ✇❡ ♠✉st ❛s❦ ♦✉rs❡❧✈❡s ✧❆r❡ ✇❡ ✇♦r❦✐♥❣ ✇✐t❤ t❤❡ q✉❛♥t✐t② ax ♦r t❤❡ q✉❛♥t✐t② x❄✧✳

❊①❛♠♣❧❡ ✹✳✷✹
6x2y9 ♠❡❛♥s t❤❡r❡ ❛r❡ s✐① x2y9✬s✳ ■t ❝♦✉❧❞ ❛❧s♦ ♠❡❛♥ t❤❡r❡ ❛r❡ 6x2y9✬s✳ ■t ❝♦✉❧❞ ❡✈❡♥ ♠❡❛♥ t❤❡r❡
❛r❡ 6y9x2✬s✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✶✷ ❈❍❆P❚❊❘ ✹✳ ❆▲●❊❇❘❆■❈ ❊❳P❘❊❙❙■❖◆❙ ❆◆❉ ❊◗❯❆❚■❖◆❙

❊①❛♠♣❧❡ ✹✳✷✺
5x3 (y − 7) ♠❡❛♥s t❤❡r❡ ❛r❡ ✜✈❡ x3 (y − 7) ✬s✳ ■t ❝♦✉❧❞ ❛❧s♦ ♠❡❛♥ t❤❡r❡ ❛r❡ 5x3 (x − 7) ✬s✳ ■t ❝♦✉❧❞
❛❧s♦ ♠❡❛♥ t❤❡r❡ ❛r❡ 5 (x − 7) x3✬s✳

✹✳✷✳✶✸ Pr❛❝t✐❝❡ ❙❡t ❉

❊①❡r❝✐s❡ ✹✳✷✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✸✳✮

❲❤❛t ❞♦❡s t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ❛ q✉❛♥t✐t② t❡❧❧ ✉s❄
❚❤❡ ❉✐✛❡r❡♥❝❡ ❇❡t✇❡❡♥ ❈♦❡✣❝✐❡♥ts ❛♥❞ ❊①♣♦♥❡♥ts
■t ✐s ✐♠♣♦rt❛♥t t♦ ❦❡❡♣ ✐♥ ♠✐♥❞ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❝♦❡✣❝✐❡♥ts ❛♥❞ ❡①♣♦♥❡♥ts✳

❈♦❡✣❝✐❡♥ts r❡❝♦r❞ t❤❡ ♥✉♠❜❡r ♦❢ ❧✐❦❡ t❡r♠s ✐♥ ❛♥ ❛❧❣❡❜r❛✐❝ ❡①♣r❡ss✐♦♥✳

x + x + x + x
︸ ︷︷ ︸

4 t❡r♠s

= 4x

❝♦❡✣❝✐❡♥t ✐s 4

❊①♣♦♥❡♥ts r❡❝♦r❞ t❤❡ ♥✉♠❜❡r ♦❢ ❧✐❦❡ ❢❛❝t♦rs ✐♥ ❛ t❡r♠✳

x · x · x · x
︸ ︷︷ ︸

4 ❢❛❝t♦rs

= x4

❡①♣♦♥❡♥t ✐s 4

■♥ ❛ t❡r♠✱ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ❛ ♣❛rt✐❝✉❧❛r ❣r♦✉♣ ♦❢ ❢❛❝t♦rs ✐s t❤❡ r❡♠❛✐♥✐♥❣ ❣r♦✉♣ ♦❢ ❢❛❝t♦rs✳

✹✳✷✳✶✹ ❙❛♠♣❧❡ ❙❡t ❊

❊①❛♠♣❧❡ ✹✳✷✻
3x✳

❚❤❡ ❝♦❡✣❝✐❡♥t ♦❢ x ✐s ✸✳

❊①❛♠♣❧❡ ✹✳✷✼
6a3✳

❚❤❡ ❝♦❡✣❝✐❡♥t ♦❢ a3 ✐s ✻✳

❊①❛♠♣❧❡ ✹✳✷✽
9 (4 − a)✳

❚❤❡ ❝♦❡✣❝✐❡♥t ♦❢ (4 − a) ✐s ✾✳

❊①❛♠♣❧❡ ✹✳✷✾
3
8xy4✳

❚❤❡ ❝♦❡✣❝✐❡♥t ♦❢ xy4 ✐s 3
8 ✳

❊①❛♠♣❧❡ ✹✳✸✵
3x2y✳

❚❤❡ ❝♦❡✣❝✐❡♥t ♦❢ x2y ✐s ✸❀ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ y ✐s 3x2❀ ❛♥❞ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ✸ ✐s x2y✳

❊①❛♠♣❧❡ ✹✳✸✶
4(x + y)

2
✳

❚❤❡ ❝♦❡✣❝✐❡♥t ♦❢ (x + y)
2
✐s ✹❀ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ✹ ✐s (x + y)

2
❀ ❛♥❞ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ (x + y) ✐s

4 (x + y) s✐♥❝❡ 4(x + y)
2
❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s 4 (x + y) (x + y)✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✶✸

✹✳✷✳✶✺ Pr❛❝t✐❝❡ ❙❡t ❊

❊①❡r❝✐s❡ ✹✳✷✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✸✳✮

❉❡t❡r♠✐♥❡ t❤❡ ❝♦❡✣❝✐❡♥ts✳
■♥ t❤❡ t❡r♠ 6x3✱ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢
✭❛✮ x3 ✐s ✳
✭❜✮ ✻ ✐s ✳

❊①❡r❝✐s❡ ✹✳✷✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✸✳✮

■♥ t❤❡ t❡r♠ 3x (y − 1)✱ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢
✭❛✮ x (y − 1) ✐s ✳
✭❜✮ (y − 1) ✐s ✳
✭❝✮ 3 (y − 1) ✐s ✳
✭❞✮ x ✐s ✳
✭❡✮ ✸ ✐s ✳
✭❢✮ ❚❤❡ ♥✉♠❡r✐❝❛❧ ❝♦❡✣❝✐❡♥t ✐s ✳

❊①❡r❝✐s❡ ✹✳✷✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✸✳✮

■♥ t❤❡ t❡r♠ 10ab4✱ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢
✭❛✮ ab4 ✐s ✳
✭❜✮ b4 ✐s ✳
✭❝✮ a ✐s ✳
✭❞✮ ✶✵ ✐s ✳
✭❡✮ 10ab3 ✐s ✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✹✳✷✳✶✻ ❊①❡r❝✐s❡s

❊①❡r❝✐s❡ ✹✳✷✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✸✳✮

❲❤❛t ✐s ❛♥ ❛❧❣❡❜r❛✐❝ ❡①♣r❡ss✐♦♥❄

❊①❡r❝✐s❡ ✹✳✷✳✶✽
❲❤② ✐s t❤❡ ♥✉♠❜❡r ✶✹ ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ❛♥ ❡①♣r❡ss✐♦♥❄

❊①❡r❝✐s❡ ✹✳✷✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✸✳✮

❲❤② ✐s t❤❡ ♥✉♠❜❡r x ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ❛♥ ❡①♣r❡ss✐♦♥❄

❋♦r t❤❡ ❡①♣r❡ss✐♦♥s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✇r✐t❡ t❤❡ ♥✉♠❜❡r ♦❢ t❡r♠s t❤❛t ❛♣♣❡❛r ❛♥❞ t❤❡♥ ❧✐st t❤❡ t❡r♠s✳

❊①❡r❝✐s❡ ✹✳✷✳✷✵
2x + 1

❊①❡r❝✐s❡ ✹✳✷✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✸✳✮

6x − 10

❊①❡r❝✐s❡ ✹✳✷✳✷✷
2x3 + x − 15

❊①❡r❝✐s❡ ✹✳✷✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✸✳✮

5x2 + 6x − 2

❊①❡r❝✐s❡ ✹✳✷✳✷✹
3x

❊①❡r❝✐s❡ ✹✳✷✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✸✳✮

5cz

❊①❡r❝✐s❡ ✹✳✷✳✷✻
✷

❊①❡r❝✐s❡ ✹✳✷✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✸✳✮

✻✶

❊①❡r❝✐s❡ ✹✳✷✳✷✽
x

❊①❡r❝✐s❡ ✹✳✷✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✸✳✮

4y3

❊①❡r❝✐s❡ ✹✳✷✳✸✵
17ab2

❊①❡r❝✐s❡ ✹✳✷✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✸✳✮

a + 1

❊①❡r❝✐s❡ ✹✳✷✳✸✷
(a + 1)

❊①❡r❝✐s❡ ✹✳✷✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✸✳✮

2x + x + 7

❊①❡r❝✐s❡ ✹✳✷✳✸✹
2x + (x + 7)

❊①❡r❝✐s❡ ✹✳✷✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✹✳✮

(a + 1) + (a − 1)

❊①❡r❝✐s❡ ✹✳✷✳✸✻
a + 1 + (a − 1)

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❧✐st✱ ✐❢ ❛♥② s❤♦✉❧❞ ❛♣♣❡❛r✱ t❤❡ ❝♦♠♠♦♥ ❢❛❝t♦rs ✐♥ t❤❡ ❡①♣r❡ss✐♦♥s✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✶✺

❊①❡r❝✐s❡ ✹✳✷✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✹✳✮

x2 + 5x2 − 2x2

❊①❡r❝✐s❡ ✹✳✷✳✸✽
11y3 − 33y3

❊①❡r❝✐s❡ ✹✳✷✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✹✳✮

45ab2 + 9b2

❊①❡r❝✐s❡ ✹✳✷✳✹✵
6x2y3 + 18x2

❊①❡r❝✐s❡ ✹✳✷✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✹✳✮

2 (a + b) − 3 (a + b)

❊①❡r❝✐s❡ ✹✳✷✳✹✷
8a2 (b + 1) − 10a2 (b + 1)

❊①❡r❝✐s❡ ✹✳✷✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✹✳✮

14ab2c2 (c + 8) + 12ab2c2

❊①❡r❝✐s❡ ✹✳✷✳✹✹
4x2y + 5a2b

❊①❡r❝✐s❡ ✹✳✷✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✹✳✮

9a(a − 3)
2

+ 10b (a − 3)

❊①❡r❝✐s❡ ✹✳✷✳✹✻
15x2 − 30xy2

❊①❡r❝✐s❡ ✹✳✷✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✹✳✮

12a3b2c − 7 (b + 1) (c − a)

❊①❡r❝✐s❡ ✹✳✷✳✹✽
0.06ab2 + 0.03a

❊①❡r❝✐s❡ ✹✳✷✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✹✳✮

5.2(a + 7)
2

+ 17.1 (a + 7)

❊①❡r❝✐s❡ ✹✳✷✳✺✵
3
4x2y2z2 + 3

8x2z2

❊①❡r❝✐s❡ ✹✳✷✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✹✳✮
9
16

(
a2 − b2

)
+ 9

32

(
b2 − a2

)

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ♥♦t❡ ❤♦✇ ♠❛♥②✿

❊①❡r❝✐s❡ ✹✳✷✳✺✷
a✬s ✐♥ 4a?

❊①❡r❝✐s❡ ✹✳✷✳✺✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✹✳✮

z✬s ✐♥ 12z?

❊①❡r❝✐s❡ ✹✳✷✳✺✹
x2✬s ✐♥ 5x2?

❊①❡r❝✐s❡ ✹✳✷✳✺✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✹✳✮

y3✬s ✐♥ 6y3?

❊①❡r❝✐s❡ ✹✳✷✳✺✻
xy✬s ✐♥ 9xy?

❊①❡r❝✐s❡ ✹✳✷✳✺✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✹✳✮

a2b✬s ✐♥ 10a2b?

❊①❡r❝✐s❡ ✹✳✷✳✺✽
(a + 1) ✬s ✐♥ 4 (a + 1)?

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✹✳✷✳✺✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✹✳✮

(9 + y) ✬s ✐♥ 8 (9 + y)?

❊①❡r❝✐s❡ ✹✳✷✳✻✵
②2✬s ✐♥ 3x3y2❄

❊①❡r❝✐s❡ ✹✳✷✳✻✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✹✳✮

12x✬s ✐♥ 12x2y5?

❊①❡r❝✐s❡ ✹✳✷✳✻✷
(a + 5) ✬s ✐♥ 2 (a + 5)?

❊①❡r❝✐s❡ ✹✳✷✳✻✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✹✳✮

(x − y) ✬s ✐♥ 5x (x − y)?

❊①❡r❝✐s❡ ✹✳✷✳✻✹
(x + 1) ✬s ✐♥ 8 (x + 1)?

❊①❡r❝✐s❡ ✹✳✷✳✻✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✹✳✮

2✬s ✐♥ 2x2 (x − 7)?

❊①❡r❝✐s❡ ✹✳✷✳✻✻
3 (a + 8) ✬s ✐♥ 6x2(a + 8)

3
(a − 8)?

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❛ t❡r♠ ✇✐❧❧ ❜❡ ❣✐✈❡♥ ❢♦❧❧♦✇❡❞ ❜② ❛ ❣r♦✉♣ ♦❢ ✐ts ❢❛❝t♦rs✳ ▲✐st t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡
❣✐✈❡♥ ❣r♦✉♣ ♦❢ ❢❛❝t♦rs✳

❊①❡r❝✐s❡ ✹✳✷✳✻✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✹✳✮

7y; y

❊①❡r❝✐s❡ ✹✳✷✳✻✽
10x; x

❊①❡r❝✐s❡ ✹✳✷✳✻✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✹✳✮

5a; 5

❊①❡r❝✐s❡ ✹✳✷✳✼✵
12a2b3c2r7; a2c2r7

❊①❡r❝✐s❡ ✹✳✷✳✼✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✹✳✮

6x2b2 (c − 1) ; c − 1

❊①❡r❝✐s❡ ✹✳✷✳✼✷
10x(x + 7)

2
; 10 (x + 7)

❊①❡r❝✐s❡ ✹✳✷✳✼✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✹✳✮

9a2b5; 3ab3

❊①❡r❝✐s❡ ✹✳✷✳✼✹
15x4y4(z + 9a)

3
; (z + 9a)

❊①❡r❝✐s❡ ✹✳✷✳✼✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✹✳✮

(−4) a6b2; ab

❊①❡r❝✐s❡ ✹✳✷✳✼✻
(−11a) (a + 8)

3
(a − 1) ; (a + 8)

2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✶✼

✹✳✷✳✶✼ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✹✳✷✳✼✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✹✳✮

✭❙❡❝t✐♦♥ ✷✳✼✮ ❙✐♠♣❧✐❢②
[

2x8(x−1)5

x4(x−1)2

]4

✳

❊①❡r❝✐s❡ ✹✳✷✳✼✽
✭❙❡❝t✐♦♥ ✸✳✸✮ ❙✉♣♣❧② t❤❡ ♠✐ss✐♥❣ ♣❤r❛s❡✳ ❆❜s♦❧✉t❡ ✈❛❧✉❡ s♣❡❛❦s t♦ t❤❡ q✉❡st✐♦♥ ♦❢ ❛♥❞
♥♦t ✧✇❤✐❝❤ ✇❛②✳✧

❊①❡r❝✐s❡ ✹✳✷✳✼✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✹✳✮

✭❙❡❝t✐♦♥ ✸✳✻✮ ❋✐♥❞ t❤❡ ✈❛❧✉❡ ♦❢ − [−6 (−4 − 2) + 7 (−3 + 5)]✳

❊①❡r❝✐s❡ ✹✳✷✳✽✵
✭❙❡❝t✐♦♥ ✸✳✼✮ ❋✐♥❞ t❤❡ ✈❛❧✉❡ ♦❢ 25−42

3−2 ✳

❊①❡r❝✐s❡ ✹✳✷✳✽✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✹✳✮

✭❙❡❝t✐♦♥ ✸✳✽✮ ❊①♣r❡ss 0.0000152 ✉s✐♥❣ s❝✐❡♥t✐✜❝ ♥♦t❛t✐♦♥✳

✹✳✸ ❊q✉❛t✐♦♥s ✸

✹✳✸✳✶ ❖✈❡r✈✐❡✇

• ❊q✉❛t✐♦♥s
• ◆✉♠❡r✐❝❛❧ ❊✈❛❧✉❛t✐♦♥

✹✳✸✳✷ ❊q✉❛t✐♦♥s

❊q✉❛t✐♦♥
❆♥ ❡q✉❛t✐♦♥ ✐s ❛ st❛t❡♠❡♥t t❤❛t t✇♦ ❛❧❣❡❜r❛✐❝ ❡①♣r❡ss✐♦♥s ❛r❡ ❡q✉❛❧✳

❆♥ ❡q✉❛t✐♦♥ ✐s ❝♦♠♣♦s❡❞ ♦❢ t❤r❡❡ ♣❛rts✳

=

❊❛❝❤ ♦❢ t❤❡ ❜♦①❡s r❡♣r❡s❡♥ts ❛♥ ❛❧❣❡❜r❛✐❝ ❡①♣r❡ss✐♦♥✳ ❆♥ ❡q✉❛t✐♦♥ ❝♦♥s✐sts ♦❢ t✇♦ ❡①♣r❡ss✐♦♥s s❡♣❛r❛t❡❞
❜② ❛♥ ❡q✉❛❧ s✐❣♥✳ ❚❤❡ ❡q✉❛❧ s✐❣♥ ♠❛❦❡s t❤❡ st❛t❡♠❡♥t t❤❛t t❤❡ t✇♦ ❡①♣r❡ss✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✱ t❤❛t ✐s✱ t❤❡②
r❡♣r❡s❡♥t t❤❡ s❛♠❡ ✈❛❧✉❡✳ ❋♦r ❡①❛♠♣❧❡✿

❊①❛♠♣❧❡ ✹✳✸✷
f = 32a✳
❚❤❡ ❡q✉❛t✐♦♥ ❡①♣r❡ss❡s t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ✈❛r✐❛❜❧❡s f ❛♥❞ a✳ ■t st❛t❡s t❤❛t t❤❡ ✈❛❧✉❡ ♦❢
f ✐s ❛❧✇❛②s ✸✷ t✐♠❡s t❤❛t ♦❢ a✳

❊①❛♠♣❧❡ ✹✳✸✸
y = 6x + 8✳
❚❤❡ ❡q✉❛t✐♦♥ ❡①♣r❡ss❡s t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ✈❛r✐❛❜❧❡s x ❛♥❞ y✳ ■t st❛t❡s t❤❛t t❤❡ ✈❛❧✉❡ ♦❢
y ✐s ❛❧✇❛②s ✽ ♠♦r❡ t❤❛♥ ✻ t✐♠❡s t❤❡ ✈❛❧✉❡ ♦❢ x✳

✸❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✽✺✵✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✹✳✸✳✸ ◆✉♠❡r✐❝❛❧ ❊✈❛❧✉❛t✐♦♥

◆✉♠❡r✐❝❛❧ ❡✈❛❧✉❛t✐♦♥
◆✉♠❡r✐❝❛❧ ❡✈❛❧✉❛t✐♦♥ ✐s t❤❡ ♣r♦❝❡ss ♦❢ ❞❡t❡r♠✐♥✐♥❣ ❛ ✈❛❧✉❡ ❜② s✉❜st✐t✉t✐♥❣ ♥✉♠❜❡rs ❢♦r ❧❡tt❡rs✳
❋♦r♠✉❧❛s
■♥ ✈❛r✐♦✉s ❛r❡❛s ✭❜✉s✐♥❡ss✱ st❛t✐st✐❝s✱ ♣❤②s✐❝s✱ ❝❤❡♠✐str②✱ ❛str♦♥♦♠②✱ s♦❝✐♦❧♦❣②✱ ♣s②❝❤♦❧♦❣②✱ ❡t❝✳✮✱ ♣❛rt✐❝✉✲
❧❛r ❡q✉❛t✐♦♥s ♦❝❝✉r q✉✐t❡ ❢r❡q✉❡♥t❧②✳ ❙✉❝❤ ❡q✉❛t✐♦♥s ❛r❡ ❝❛❧❧❡❞ ❢♦r♠✉❧❛s✳ ◆✉♠❡r✐❝❛❧ ❡✈❛❧✉❛t✐♦♥ ✐s ✉s❡❞
❢r❡q✉❡♥t❧② ✇✐t❤ ❢♦r♠✉❧❛s✳

✹✳✸✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❊①❛♠♣❧❡ ✹✳✸✹

f = 32a. ❉❡t❡r♠✐♥❡ t❤❡ ✈❛❧✉❡ ♦❢ f ✐❢ a = 2.

f = 32 (2) ❘❡♣❧❛❝❡ a ❜② 2.

= 64

❊①❛♠♣❧❡ ✹✳✸✺
p = 10,000

v ✳
❚❤✐s ❝❤❡♠✐str② ❡q✉❛t✐♦♥ ❡①♣r❡ss❡s t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ♣r❡ss✉r❡ p ♦❢ ❛ ❣❛s ❛♥❞ t❤❡

✈♦❧✉♠❡ v ♦❢ t❤❡ ❣❛s✳ ❉❡t❡r♠✐♥❡ t❤❡ ✈❛❧✉❡ ♦❢ p ✐❢ v = 500✳

p = 10,000
500 ❘❡♣❧❛❝❡ v ❜② 500.

= 20

❖♥ t❤❡ ❈❛❧❝✉❧❛t♦r

❚②♣❡ 10000

Pr❡ss ÷
❚②♣❡ 500

Pr❡ss ❂

❉✐s♣❧❛② r❡❛❞s✿ 20

❊①❛♠♣❧❡ ✹✳✸✻
z = x−u

s ✳
❚❤✐s st❛t✐st✐❝s ❡q✉❛t✐♦♥ ❡①♣r❡ss❡s t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ✈❛r✐❛❜❧❡s z, x, u ❛♥❞ s✳ ❉❡t❡r♠✐♥❡

t❤❡ ✈❛❧✉❡ ♦❢ z ✐❢x = 41, u = 45, ❛♥❞ s = 1.3✳ ❘♦✉♥❞ t♦ t✇♦ ❞❡❝✐♠❛❧ ♣❧❛❝❡s✳

z = 41−45
1.3

= −4
1.3

= −3.08

❖♥ t❤❡ ❈❛❧❝✉❧❛t♦r

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✶✾

❚②♣❡ 41

Pr❡ss ✲

❚②♣❡ 45

Pr❡ss ❂

Pr❡ss ÷
❚②♣❡ 1.3

Pr❡ss ❂

❉✐s♣❧❛② r❡❛❞s✿ −3.076923

❲❡✬❧❧ r♦✉♥❞ t♦ − 3.08

❊①❛♠♣❧❡ ✹✳✸✼
p = 5w3 + w2 − w − 1✳

❚❤✐s ❡q✉❛t✐♦♥ ❡①♣r❡ss❡s t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ p ❛♥❞ w✳ ❉❡t❡r♠✐♥❡ t❤❡ ✈❛❧✉❡ ♦❢ p ✐❢ w = 5✳

p = 5(5)
3

+ (5)
2 − (5) − 1

= 5 (125) + 25 − (5) − 1

= 625 + 25 − 5 − 1

= 644

❖♥ t❤❡ ❈❛❧❝✉❧❛t♦r

❚②♣❡ 5

Pr❡ss ②x

❚②♣❡ 3

Pr❡ss ❂

Pr❡ss ×
❚②♣❡ 5

Pr❡ss ❂

Pr❡ss ✰

❚②♣❡ 5

Pr❡ss ①2

Pr❡ss ✲

❚②♣❡ 5

Pr❡ss ✲

❚②♣❡ 1

Pr❡ss ❂

❉✐s♣❧❛② r❡❛❞s✿ 644

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✹✳✸✳✺ Pr❛❝t✐❝❡ ❙❡t ❆

❊①❡r❝✐s❡ ✹✳✸✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✹✳✮

f = 32a. ❉❡t❡r♠✐♥❡ t❤❡ ✈❛❧✉❡ ♦❢ f ✐❢ a = 6.

❊①❡r❝✐s❡ ✹✳✸✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✺✳✮

p = 10,000
v . ❉❡t❡r♠✐♥❡ t❤❡ ✈❛❧✉❡ ♦❢ p ✐❢ v = 250.

❊①❡r❝✐s❡ ✹✳✸✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✺✳✮

F = 9
5C + 32. ❉❡t❡r♠✐♥❡ t❤❡ ✈❛❧✉❡ ♦❢F ✐❢C = 10.

❊①❡r❝✐s❡ ✹✳✸✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✺✳✮

y = −9x − 14. ❉❡t❡r♠✐♥❡ t❤❡ ✈❛❧✉❡ ♦❢ y ✐❢x = −3.

❊①❡r❝✐s❡ ✹✳✸✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✺✳✮

m = 5p3 − 2p + 7. ❉❡t❡r♠✐♥❡ t❤❡ ✈❛❧✉❡ ♦❢m ✐❢ p = −2.

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✷✶

✹✳✸✳✻ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ♦❜s❡r✈❡ t❤❡ ❡q✉❛t✐♦♥s ❛♥❞ st❛t❡ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡✐♥❣ ❡①♣r❡ss❡❞✳

❊①❡r❝✐s❡ ✹✳✸✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✺✳✮

x = 6y

❊①❡r❝✐s❡ ✹✳✸✳✼
y = x + 4

❊①❡r❝✐s❡ ✹✳✸✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✺✳✮

e = g − 9

❊①❡r❝✐s❡ ✹✳✸✳✾
y = x − 7

❊①❡r❝✐s❡ ✹✳✸✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✺✳✮

3t = 6s

❊①❡r❝✐s❡ ✹✳✸✳✶✶
u = v5

❊①❡r❝✐s❡ ✹✳✸✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✺✳✮

r = 2
9s

❊①❡r❝✐s❡ ✹✳✸✳✶✸
b = 3

4a

❊①❡r❝✐s❡ ✹✳✸✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✺✳✮

f = 0.97k + 55

❊①❡r❝✐s❡ ✹✳✸✳✶✺
w = 4z3 − 21

❊①❡r❝✐s❡ ✹✳✸✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✺✳✮

q2 = 9x8 + 2y

❊①❡r❝✐s❡ ✹✳✸✳✶✼
I = m2qb5 + 3.115p

❯s❡ ♥✉♠❡r✐❝❛❧ ❡✈❛❧✉❛t✐♦♥ ♦♥ t❤❡ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✳

❊①❡r❝✐s❡ ✹✳✸✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✺✳✮

●❡♦♠❡tr② ✭❝✐r❝✉♠❢❡r❡♥❝❡ ♦❢ ❛ ❝✐r❝❧❡✮

C = 2πr. ❋✐♥❞C ✐❢π ✐s ❛♣♣r♦①✐♠❛t❡❞ ❜② 3.14 ❛♥❞ r = 5.

❊①❡r❝✐s❡ ✹✳✸✳✶✾
●❡♦♠❡tr② ✭❛r❡❛ ♦❢ ❛ r❡❝t❛♥❣❧❡✮

A = lw. ❋✐♥❞A ✐❢ l = 15 ❛♥❞w = 9.

❊①❡r❝✐s❡ ✹✳✸✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✺✳✮

❊❧❡❝tr✐❝✐t② ✭❝✉rr❡♥t ✐♥ ❛ ❝✐r❝✉✐t✮

I = E
R . ❋✐♥❞ I ✐❢E = 21 ❛♥❞R = 7.

❊①❡r❝✐s❡ ✹✳✸✳✷✶
❊❧❡❝tr✐❝✐t② ✭❝✉rr❡♥t ✐♥ ❛ ❝✐r❝✉✐t✮

I = E
R . ❋✐♥❞ I ✐❢E = 106 ❛♥❞R = 8.

❊①❡r❝✐s❡ ✹✳✸✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✺✳✮

❇✉s✐♥❡ss ✭s✐♠♣❧❡ ✐♥t❡r❡st✮

I = prt. ❋✐♥❞ I ✐❢ p = 3000, r = .12 ❛♥❞ t = 1.

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✹✳✸✳✷✸
❇✉s✐♥❡ss ✭s✐♠♣❧❡ ✐♥t❡r❡st✮

I = prt. ❋✐♥❞ I ✐❢ p = 250, r = 0.07 ❛♥❞ t = 6.

❊①❡r❝✐s❡ ✹✳✸✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✺✳✮

●❡♦♠❡tr② ✭❛r❡❛ ♦❢ ❛ ♣❛r❛❧❧❡❧♦❣r❛♠✮

A = bh. ❋✐♥❞A ✐❢ b = 16 ❛♥❞h = 6.

❊①❡r❝✐s❡ ✹✳✸✳✷✺
●❡♦♠❡tr② ✭❛r❡❛ ♦❢ ❛ tr✐❛♥❣❧❡✮

A = 1
2bh. ❋✐♥❞A ✐❢ b = 25 ❛♥❞h = 10.

❊①❡r❝✐s❡ ✹✳✸✳✷✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✺✳✮

●❡♦♠❡tr② ✭♣❡r✐♠❡t❡r ♦❢ ❛ r❡❝t❛♥❣❧❡✮

P = 2l + 2w. ❋✐♥❞P ✐❢ l = 3 ❛♥❞w = 1.

❊①❡r❝✐s❡ ✹✳✸✳✷✼
●❡♦♠❡tr② ✭♣❡r✐♠❡t❡r ♦❢ ❛ r❡❝t❛♥❣❧❡✮

P = 2l + 2w. ❋✐♥❞P ✐❢ l = 74 ❛♥❞w = 16.

❊①❡r❝✐s❡ ✹✳✸✳✷✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✺✳✮

●❡♦♠❡tr② ✭♣❡r✐♠❡t❡r ♦❢ ❛ r❡❝t❛♥❣❧❡✮

P = 2l + 2w. ❋✐♥❞P ✐❢ l = 8 1
4 ❛♥❞w = 12 8

9 .

❊①❡r❝✐s❡ ✹✳✸✳✷✾
P❤②s✐❝s ✭❢♦r❝❡✮

F = 32m. ❋✐♥❞F ✐❢m = 6.

❊①❡r❝✐s❡ ✹✳✸✳✸✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✺✳✮

P❤②s✐❝s ✭❢♦r❝❡✮

F = 32m. ❋✐♥❞F ✐❢m = 14.

❊①❡r❝✐s❡ ✹✳✸✳✸✶
P❤②s✐❝s ✭❢♦r❝❡✮

F = 32m. ❋✐♥❞F ✐❢m = 1
16 .

❊①❡r❝✐s❡ ✹✳✸✳✸✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✺✳✮

P❤②s✐❝s ✭❢♦r❝❡✮

F = 32m. ❋✐♥❞F ✐❢m = 6.42.

❊①❡r❝✐s❡ ✹✳✸✳✸✸
P❤②s✐❝s ✭♠♦♠❡♥t✉♠✮

p = mv. ❋✐♥❞ p ✐❢m = 18 ❛♥❞ v = 5.

❊①❡r❝✐s❡ ✹✳✸✳✸✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✺✳✮

P❤②s✐❝s ✭♠♦♠❡♥t✉♠✮

p = mv. ❋✐♥❞ p ✐❢m = 44 ❛♥❞ v = 9.

❊①❡r❝✐s❡ ✹✳✸✳✸✺
P❤②s✐❝s ✭♠♦♠❡♥t✉♠✮

p = mv. ❋✐♥❞ p ✐❢m = 9.18 ❛♥❞ v = 16.5.

❊①❡r❝✐s❡ ✹✳✸✳✸✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✺✳✮

P❤②s✐❝s ✭❡♥❡r❣②✮

E = 1
2mv2. ❋✐♥❞E ✐❢m = 12 ❛♥❞ v = 5.

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✷✸

❊①❡r❝✐s❡ ✹✳✸✳✸✼
P❤②s✐❝s ✭❡♥❡r❣②✮

E = 1
2mv2. ❋✐♥❞E ✐❢m = 8 ❛♥❞ v = 15.

❊①❡r❝✐s❡ ✹✳✸✳✸✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✺✳✮

P❤②s✐❝s ✭❡♥❡r❣②✮

E = 1
2mv2. ❋✐♥❞E ✐❢m = 24.02 ❛♥❞ v = 7.

❊①❡r❝✐s❡ ✹✳✸✳✸✾
❆str♦♥♦♠② ✭❑❡♣❧❡r✬s ❧❛✇ ♦❢ ♣❧❛♥❡t❛r② ♠♦t✐♦♥✮

P 2 = ka3. ❋✐♥❞P 2 ✐❢ k = 1 ❛♥❞ a = 4.

❊①❡r❝✐s❡ ✹✳✸✳✹✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✺✳✮

❆str♦♥♦♠② ✭❑❡♣❧❡r✬s ❧❛✇ ♦❢ ♣❧❛♥❡t❛r② ♠♦t✐♦♥✮

P 2 = ka3. ❋✐♥❞P 2 ✐❢ k = 8 ❛♥❞ a = 31.

❊①❡r❝✐s❡ ✹✳✸✳✹✶

❆str♦♥♦♠② ✭❑❡♣❧❡r✬s ❧❛✇ ♦❢ ♣❧❛♥❡t❛r② ♠♦t✐♦♥✮

P 2 = ka3. ❋✐♥❞P 2 ✐❢ k = 4 ❛♥❞ a = 5.1.

✭❍✐♥t✿ ❖♥ t❤❡ ❝❛❧❝✉❧❛t♦r✱ ❚②♣❡ ✺✳✶✱ Pr❡ss ②x✱ ❚②♣❡ ✸✱ Pr❡ss ❂✱ Pr❡ss ×✱ ❚②♣❡ ✹✱ Pr❡ss ❂✳✮

❊①❡r❝✐s❡ ✹✳✸✳✹✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✺✳✮

❆str♦♥♦♠② ✭❑❡♣❧❡r✬s ❧❛✇ ♦❢ ♣❧❛♥❡t❛r② ♠♦t✐♦♥✮

P 2 = ka3. ❋✐♥❞P 2 ✐❢ k = 53.7 ❛♥❞ a = 0.7.

❊①❡r❝✐s❡ ✹✳✸✳✹✸
❇✉s✐♥❡ss ✭♣r♦✜t✱ r❡✈❡♥✉❡✱ ❛♥❞ ❝♦st✮

P = R − C. ❋✐♥❞P ✐❢R = 3100 ❛♥❞C = 2500.

❊①❡r❝✐s❡ ✹✳✸✳✹✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✺✳✮

❇✉s✐♥❡ss ✭♣r♦✜t✱ r❡✈❡♥✉❡✱ ❛♥❞ ❝♦st✮

P = R − C. ❋✐♥❞P ✐❢R = 4240 ❛♥❞C = 3590.

❊①❡r❝✐s❡ ✹✳✸✳✹✺
●❡♦♠❡tr② ✭❛r❡❛ ♦❢ ❛ ❝✐r❝❧❡✮

A = πr2. ❋✐♥❞A ✐❢π ✐s ❛♣♣r♦①✐♠❛t❡❧② 3.14 ❛♥❞ r = 3.

❊①❡r❝✐s❡ ✹✳✸✳✹✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✺✳✮

●❡♦♠❡tr② ✭❛r❡❛ ♦❢ ❛ ❝✐r❝❧❡✮

A = πr2. ❋✐♥❞A ✐❢π ✐s ❛♣♣r♦①✐♠❛t❡❧② 3.14 ❛♥❞ r = 11.

❊①❡r❝✐s❡ ✹✳✸✳✹✼

t = 21x + 6. ❋✐♥❞ t ✐❢x = 3.

❊①❡r❝✐s❡ ✹✳✸✳✹✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✻✳✮

t = 21x + 6. ❋✐♥❞ t ✐❢x = 97.

❊①❡r❝✐s❡ ✹✳✸✳✹✾

E = mc2. ❋✐♥❞E ✐❢m = 2 ❛♥❞ c = 186, 000.

✭❍✐♥t✿ ❚❤❡ ♥✉♠❜❡r ✶✵ t❤❛t ♦❝❝✉rs ♦♥ t❤❡ ❞✐s♣❧❛② ❛ ❢❡✇ s♣❛❝❡s ❛✇❛② ❢r♦♠ t❤❡ ♦t❤❡r ♥✉♠❜❡r ♦♥ t❤❡
❞✐s♣❧❛② ✐s t❤❡ ❡①♣♦♥❡♥t ♦❢ ✶✵ ✐♥ t❤❡ s❝✐❡♥t✐✜❝ ♥♦t❛t✐♦♥ ❢♦r♠ ♦❢ t❤❡ ♥✉♠❜❡r✳✮

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✹✳✸✳✺✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✻✳✮

E = mc2. ❋✐♥❞E ✐❢m = 5 ❛♥❞ c = 186, 000.

❊①❡r❝✐s❡ ✹✳✸✳✺✶
❆♥ ♦❜❥❡❝t tr❛✈❡❧s ♦♥ ❛ ❤♦r✐③♦♥t❛❧ ❧✐♥❡✳ ❚❤❡ ❞✐st❛♥❝❡ ✐t tr❛✈❡❧s ✐s r❡♣r❡s❡♥t❡❞ ❜② d ❛♥❞ ✐s ♠❡❛s✉r❡❞
✐♥ ♠❡t❡rs✳ ❚❤❡ ❡q✉❛t✐♦♥ r❡❧❛t✐♥❣ t✐♠❡ ♦❢ tr❛✈❡❧✱ t✱ ❛♥❞ ❞✐st❛♥❝❡ ♦❢ tr❛✈❡❧✱ d✱ ✐s
d = t2 − 4t + 20
❉❡t❡r♠✐♥❡ t❤❡ ❞✐st❛♥❝❡ tr❛✈❡❧❡❞ ❜② t❤❡ ♦❜❥❡❝t ✐❢ ✐t ❤❛s ❜❡❡♥ ✐♥ ♠♦t✐♦♥ ❢♦r ✻ s❡❝♦♥❞s✳

❊①❡r❝✐s❡ ✹✳✸✳✺✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✻✳✮

■♥ ♠❡❞✐❝✐♥❡✱ t❤❡r❡ ❛r❡ s❡✈❡r❛❧ r✉❧❡s ♦❢ t❤✉♠❜ ✉s❡❞ ❜② ♣❤②s✐❝✐❛♥s t♦ ❞❡t❡r♠✐♥❡ ❛ ❝❤✐❧❞✬s ❞♦s❡✱ Dc✱ ♦❢
❛ ♣❛rt✐❝✉❧❛r ❞r✉❣✳ ❖♥❡ s✉❝❤ r✉❧❡✱ ❨♦✉♥❣✬s ❘✉❧❡✱ r❡❧❛t❡s ❛ ❝❤✐❧❞✬s ❞♦s❡ ♦❢ ❛ ❞r✉❣ t♦ ❛♥ ❛❞✉❧t✬s ❞♦s❡
♦❢ t❤❛t ❞r✉❣✱ Da✳ ❨♦✉♥❣✬s ❘✉❧❡ ✐s
Dc = t

t+12 · Da

✇❤❡r❡ t ✐s t❤❡ ❝❤✐❧❞✬s ❛❣❡ ✐♥ ②❡❛rs✳ ❲❤❛t ❞♦s❡ s❤♦✉❧❞ ❜❡ ❣✐✈❡♥ t♦ ❛ ❝❤✐❧❞ ✽ ②❡❛rs ♦❧❞ ✐❢ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❛❞✉❧t ❞♦s❛❣❡ ✐s ✶✺ ✉♥✐ts❄

❊①❡r❝✐s❡ ✹✳✸✳✺✸
❆ ❤❡♠✐s♣❤❡r✐❝❛❧ ✇❛t❡r t❛♥❦ ♦❢ r❛❞✐✉s ✻ ❢❡❡t ❤❛s ✇❛t❡r ❞r✐♣♣✐♥❣ ✐♥t♦ ✐t✳ ❚❤❡ ❡q✉❛t✐♦♥ r❡❧❛t✐♥❣ t❤❡
✈♦❧✉♠❡✱ V ✱ ♦❢ ✇❛t❡r ✐♥ t❤❡ t❛♥❦ ❛t ❛♥② t✐♠❡ ✐s V = 6πh2 − π

3 h3✱✇❤❡r❡ h r❡♣r❡s❡♥ts t❤❡ ❞❡♣t❤ ♦❢
t❤❡ ✇❛t❡r✳ ❯s✐♥❣ 3.14 t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ✐rr❛t✐♦♥❛❧ ♥✉♠❜❡r π✱ ❞❡t❡r♠✐♥❡ t❤❡ ✈♦❧✉♠❡ ♦❢ ✇❛t❡r ✐♥
t❤❡ t❛♥❦ ✇❤❡♥ t❤❡ ❞❡♣t❤ ♦❢ t❤❡ ✇❛t❡r ✐s ✸ ❢❡❡t✳

❊①❡r❝✐s❡ ✹✳✸✳✺✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✻✳✮

❚❤❡ ❡q✉❛t✐♦♥ W = 3.51L− 192 ❤❛s ❜❡❡♥ ❡st❛❜❧✐s❤❡❞ ❜② t❤❡ ■♥t❡r♥❛t✐♦♥❛❧ ❲❤❛❧✐♥❣ ❈♦♠♠✐ss✐♦♥ t♦
r❡❧❛t❡ t❤❡ ✇❡✐❣❤t✱ W ✭✐♥ ❧♦♥❣ t♦♥s✮✱ ♦❢ ❛ ♠❛t✉r❡ ❜❧✉❡ ✇❤❛❧❡ t♦ ✐ts ❧❡♥❣t❤✱ L ✭✐♥ ❢❡❡t✮✳ ❚❤❡ ❡q✉❛t✐♦♥
✐s ♦♥❧② ✉s❡❞ ✇❤❡♥ L ≥ 70✳ ❲❤❡♥
0 < L < 70
❜❧✉❡ ✇❤❛❧❡s ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♠♠❛t✉r❡✳ ❆t ❜✐rt❤✱ ❛ ❜❧✉❡ ✇❤❛❧❡ ✐s ❛♣♣r♦①✐♠❛t❡❧② ✷✹ ❢❡❡t ❧♦♥❣✳ ❉❡t❡r✲
♠✐♥❡ t❤❡ ✇❡✐❣❤t ♦❢ ❛ ❜❧✉❡ ✇❤❛❧❡ t❤❛t ♠❡❛s✉r❡s ✽✸ ❢❡❡t ✐♥ ❧❡♥❣t❤✳

❊①❡r❝✐s❡ ✹✳✸✳✺✺
❆ r❡❧❛t✐♦♥s❤✐♣ ❡①✐sts ❜❡t✇❡❡♥ t❤❡ ❧❡♥❣t❤ ♦❢ ❛ ❝❛♥t✐❧❡✈❡r ❜❡❛♠ ❛♥❞ t❤❡ ❛♠♦✉♥t ✐t ✐s ❞❡✢❡❝t❡❞ ✇❤❡♥
❛ ✇❡✐❣❤t ✐s ❛tt❛❝❤❡❞ t♦ ✐ts ❡♥❞✳ ■❢ ❛ ❝❛♥t✐❧❡✈❡r ❜❡❛♠ ✷✵ ❢❡❡t ❧♦♥❣ ❤❛s ❛ ✻✵✵ ♣♦✉♥❞ ✇❡✐❣❤t ❛tt❛❝❤❡❞
t♦ ✐ts ❡♥❞✱ t❤❡ ❡q✉❛t✐♦♥ r❡❧❛t✐♥❣ ❜❡❛♠ ❧❡♥❣t❤ ❛♥❞ ❛♠♦✉♥t ♦❢ ❞❡✢❡❝t✐♦♥ ✐s

d = 60x2−x3

16,000
✇❤❡r❡ d ✐s t❤❡ ❛♠♦✉♥t ♦❢ ❞❡✢❡❝t✐♦♥ ♠❡❛s✉r❡❞ ✐♥ ✐♥❝❤❡s ❛♥❞ x ✐s t❤❡ ❧❡♥❣t❤ ❢r♦♠ t❤❡ s✉♣♣♦rt❡❞
♣❛rt ♦❢ t❤❡ ❜❡❛♠ t♦ s♦♠❡ ♣♦✐♥t ♦♥ t❤❡ ❜❡❛♠ ❛t ✇❤✐❝❤ t❤❡ ❛♠♦✉♥t ♦❢ ❞❡✢❡❝t✐♦♥ ✐s ♠❡❛s✉r❡❞✳ ❋✐♥❞
t❤❡ ❛♠♦✉♥t ♦❢ ❞❡✢❡❝t✐♦♥ ♦❢ t❤❡ ❜❡❛♠ ✶✼ ❢❡❡t ❢r♦♠ t❤❡ s✉♣♣♦rt❡❞ ❡♥❞✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✷✺

❊①❡r❝✐s❡ ✹✳✸✳✺✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✻✳✮

❚❤❡r❡ ✐s ❛ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ❧❡♥❣t❤ ♦❢ ❛ s✉s♣❡♥s✐♦♥ ❜r✐❞❣❡ ❝❛❜❧❡ t❤❛t ✐s s❡❝✉r❡❞ ❜❡t✇❡❡♥
t✇♦ ✈❡rt✐❝❛❧ s✉♣♣♦rts ❛♥❞ t❤❡ ❛♠♦✉♥t ♦❢ s❛❣ ♦❢ t❤❡ ❝❛❜❧❡✳ ■❢ ✇❡ r❡♣r❡s❡♥t t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❝❛❜❧❡
❜② c✱ t❤❡ ❤♦r✐③♦♥t❛❧ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✈❡rt✐❝❛❧ s✉♣♣♦rts ❜② d✱ ❛♥❞ t❤❡ ❛♠♦✉♥t ♦❢ s❛❣ ❜② s✱ t❤❡

❡q✉❛t✐♦♥ ✐s c = d + 8s2

3d − 32s4

5d3 ✳ ■❢ t❤❡ ❤♦r✐③♦♥t❛❧ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ✈❡rt✐❝❛❧ s✉♣♣♦rts ✐s ✶✾✵
❢❡❡t ❛♥❞ t❤❡ ❛♠♦✉♥t ♦❢ s❛❣ ✐♥ ❛ ❝❛❜❧❡ t❤❛t ✐s s✉s♣❡♥❞❡❞ ❜❡t✇❡❡♥ t❤❡ t✇♦ s✉♣♣♦rts ✐s ✷✵ ❢❡❡t✱ ✇❤❛t
✐s t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❝❛❜❧❡❄

✹✳✸✳✼ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✹✳✸✳✺✼
✭❙❡❝t✐♦♥ ✷✳✻✮ s✐♠♣❧✐❢②

(
4x3y8

) (
3x2y

)
✳

❊①❡r❝✐s❡ ✹✳✸✳✺✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✻✳✮

✭❙❡❝t✐♦♥ ✸✳✸✮ s✐♠♣❧✐❢② −| − 8|✳
❊①❡r❝✐s❡ ✹✳✸✳✺✾
✭❙❡❝t✐♦♥ ✸✳✼✮ ❋✐♥❞ t❤❡ ✈❛❧✉❡ ♦❢ 4−2 · 82 − 32✳

❊①❡r❝✐s❡ ✹✳✸✳✻✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✻✳✮

✭❙❡❝t✐♦♥ ✹✳✷✮ ❋♦r t❤❡ ❡①♣r❡ss✐♦♥ 5 (a + b)+2x2✱ ✇r✐t❡ t❤❡ ♥✉♠❜❡r ♦❢ t❡r♠s t❤❛t ❛♣♣❡❛r ❛♥❞ t❤❡♥
✇r✐t❡ t❤❡ t❡r♠s t❤❡♠s❡❧✈❡s✳

❊①❡r❝✐s❡ ✹✳✸✳✻✶
✭❙❡❝t✐♦♥ ✹✳✷✮ ❍♦✇ ♠❛♥② xy3✬s ❛r❡ t❤❡r❡ ✐♥ 5x2y5❄

✹✳✹ ❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❊①♣r❡ss✐♦♥s ❛♥❞ ❊q✉❛t✐♦♥s ✹

✹✳✹✳✶ ❖✈❡r✈✐❡✇

• P♦❧②♥♦♠✐❛❧s
• ❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ P♦❧②♥♦♠✐❛❧s
• ❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ P♦❧②♥♦♠✐❛❧ ❊q✉❛t✐♦♥s

✹❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✽✹✽✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✷✻ ❈❍❆P❚❊❘ ✹✳ ❆▲●❊❇❘❆■❈ ❊❳P❘❊❙❙■❖◆❙ ❆◆❉ ❊◗❯❆❚■❖◆❙

✹✳✹✳✷ P♦❧②♥♦♠✐❛❧s

P♦❧②♥♦♠✐❛❧s
▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ ❛❧❣❡❜r❛✐❝ ❡①♣r❡ss✐♦♥s t❤❛t ❞♦ ♥♦t ❝♦♥t❛✐♥ ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ❞❡♥♦♠✐♥❛t♦rs ♦❢
❢r❛❝t✐♦♥s ❛♥❞ ✇❤❡r❡ ❛❧❧ ❡①♣♦♥❡♥ts ♦♥ t❤❡ ✈❛r✐❛❜❧❡ q✉❛♥t✐t✐❡s ❛r❡ ✇❤♦❧❡ ♥✉♠❜❡rs✳ ❊①♣r❡ss✐♦♥s ✐♥ t❤✐s ❝♦❧❧❡❝t✐♦♥
❛r❡ ❝❛❧❧❡❞ ♣♦❧②♥♦♠✐❛❧s✳

❙♦♠❡ ❡①♣r❡ss✐♦♥s t❤❛t ❛r❡ ♣♦❧②♥♦♠✐❛❧s ❛r❡

❊①❛♠♣❧❡ ✹✳✸✽
3x4

❊①❛♠♣❧❡ ✹✳✸✾
2
5x2y6✳

❆ ❢r❛❝t✐♦♥ ♦❝❝✉rs✱ ❜✉t ♥♦ ✈❛r✐❛❜❧❡ ❛♣♣❡❛rs ✐♥ t❤❡ ❞❡♥♦♠✐♥❛t♦r✳

❊①❛♠♣❧❡ ✹✳✹✵
5x3 + 3x2 − 2x + 1

❙♦♠❡ ❡①♣r❡ss✐♦♥s t❤❛t ❛r❡ ♥♦t ♣♦❧②♥♦♠✐❛❧s ❛r❡

❊①❛♠♣❧❡ ✹✳✹✶
3
x − 16✳

❆ ✈❛r✐❛❜❧❡ ❛♣♣❡❛rs ✐♥ t❤❡ ❞❡♥♦♠✐♥❛t♦r✳

❊①❛♠♣❧❡ ✹✳✹✷
4x2 − 5x + x−3✳

❆ ♥❡❣❛t✐✈❡ ❡①♣♦♥❡♥t ❛♣♣❡❛rs ♦♥ ❛ ✈❛r✐❛❜❧❡✳

✹✳✹✳✸ ❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ P♦❧②♥♦♠✐❛❧s

P♦❧②♥♦♠✐❛❧s ❝❛♥ ❜❡ ❝❧❛ss✐✜❡❞ ✉s✐♥❣ t✇♦ ❝r✐t❡r✐❛✿ t❤❡ ♥✉♠❜❡r ♦❢ t❡r♠s ❛♥❞ ❞❡❣r❡❡ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧✳

◆✉♠❜❡r ♦❢ ❚❡r♠s ◆❛♠❡ ❊①❛♠♣❧❡ ❈♦♠♠❡♥t

❖♥❡ ▼♦♥♦♠✐❛❧ 4x2 ♠♦♥♦ ♠❡❛♥s ✏♦♥❡✑ ✐♥ ●r❡❡❦✳

❚✇♦ ❇✐♥♦♠✐❛❧ 4x2 − 7x ❜✐ ♠❡❛♥s ✏t✇♦✑ ✐♥ ▲❛t✐♥✳

❚❤r❡❡ ❚r✐♥♦♠✐❛❧ 4x2 − 7x + 3 tr✐ ♠❡❛♥s ✏t❤r❡❡✑ ✐♥ ●r❡❡❦✳

❋♦✉r ♦r ♠♦r❡ P♦❧②♥♦♠✐❛❧ 4x3 − 7x2 + 3x − 1 ♣♦❧② ♠❡❛♥s ✏♠❛♥②✑ ✐♥ ●r❡❡❦✳

❚❛❜❧❡ ✹✳✶

❉❡❣r❡❡ ♦❢ ❛ ❚❡r♠ ❈♦♥t❛✐♥✐♥❣ ❖♥❡ ❱❛r✐❛❜❧❡
❚❤❡ ❞❡❣r❡❡ ♦❢ ❛ t❡r♠ ❝♦♥t❛✐♥✐♥❣ ♦♥❧② ♦♥❡ ✈❛r✐❛❜❧❡ ✐s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❡①♣♦♥❡♥t ♦❢ t❤❡ ✈❛r✐❛❜❧❡✳ ❊①♣♦♥❡♥ts
❛♣♣❡❛r✐♥❣ ♦♥ ♥✉♠❜❡rs ❞♦ ♥♦t ❛✛❡❝t t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ t❡r♠✳ ❲❡ ❝♦♥s✐❞❡r ♦♥❧② t❤❡ ❡①♣♦♥❡♥t ♦❢ t❤❡ ✈❛r✐❛❜❧❡✳
❋♦r ❡①❛♠♣❧❡✿

❊①❛♠♣❧❡ ✹✳✹✸
5x3 ✐s ❛ ♠♦♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ ✸✳

❊①❛♠♣❧❡ ✹✳✹✹
60a5 ✐s ❛ ♠♦♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ ✺✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✷✼

❊①❛♠♣❧❡ ✹✳✹✺
21b2 ✐s ❛ ♠♦♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ ✷✳

❊①❛♠♣❧❡ ✹✳✹✻
✽ ✐s ❛ ♠♦♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ ✵✳ ❲❡ s❛② t❤❛t ❛ ♥♦♥③❡r♦ ♥✉♠❜❡r ✐s ❛ t❡r♠ ♦❢ ✵ ❞❡❣r❡❡ s✐♥❝❡ ✐t ❝♦✉❧❞ ❜❡
✇r✐tt❡♥ ❛s 8x0✳ ❙✐♥❝❡ x0 = 1 (x 6= 0)✱ 8x0 = 8✳ ❚❤❡ ❡①♣♦♥❡♥t ♦♥ t❤❡ ✈❛r✐❛❜❧❡ ✐s ✵ s♦ ✐t ♠✉st ❜❡ ♦❢
❞❡❣r❡❡ ✵✳ ✭❇② ❝♦♥✈❡♥t✐♦♥✱ t❤❡ ♥✉♠❜❡r ✵ ❤❛s ♥♦ ❞❡❣r❡❡✳✮

❊①❛♠♣❧❡ ✹✳✹✼
4x ✐s ❛ ♠♦♥♦♠✐❛❧ ♦❢ t❤❡ ✜rst ❞❡❣r❡❡✳ 4x❝♦✉❧❞ ❜❡ ✇r✐tt❡♥ ❛s 4x1✳ ❚❤❡ ❡①♣♦♥❡♥t ♦♥ t❤❡ ✈❛r✐❛❜❧❡ ✐s ✶
s♦ ✐t ♠✉st ❜❡ ♦❢ t❤❡ ✜rst ❞❡❣r❡❡✳

❉❡❣r❡❡ ♦❢ ❛ ❚❡r♠ ❈♦♥t❛✐♥✐♥❣ ❙❡✈❡r❛❧ ❱❛r✐❛❜❧❡s
❚❤❡ ❞❡❣r❡❡ ♦❢ ❛ t❡r♠ ❝♦♥t❛✐♥✐♥❣ ♠♦r❡ t❤❛♥ ♦♥❡ ✈❛r✐❛❜❧❡ ✐s t❤❡ s✉♠ ♦❢ t❤❡ ❡①♣♦♥❡♥ts ♦❢ t❤❡ ✈❛r✐❛❜❧❡s✱ ❛s
s❤♦✇♥ ❜❡❧♦✇✳

❊①❛♠♣❧❡ ✹✳✹✽
4x2y5 ✐s ❛ ♠♦♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ 2 + 5 = 7✳ ❚❤✐s ✐s ❛ ✼t❤ ❞❡❣r❡❡ ♠♦♥♦♠✐❛❧✳

❊①❛♠♣❧❡ ✹✳✹✾
37ab2c6d3 ✐s ❛ ♠♦♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ 1 + 2 + 6 + 3 = 12✳ ❚❤✐s ✐s ❛ ✶✷t❤ ❞❡❣r❡❡ ♠♦♥♦♠✐❛❧✳

❊①❛♠♣❧❡ ✹✳✺✵
5xy ✐s ❛ ♠♦♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ 1 + 1 = 2✳ ❚❤✐s ✐s ❛ ✷♥❞ ❞❡❣r❡❡ ♠♦♥♦♠✐❛❧✳

❉❡❣r❡❡ ♦❢ ❛ P♦❧②♥♦♠✐❛❧
❚❤❡ ❞❡❣r❡❡ ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧ ✐s t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ t❡r♠ ♦❢ ❤✐❣❤❡st ❞❡❣r❡❡❀ ❢♦r ❡①❛♠♣❧❡✿

❊①❛♠♣❧❡ ✹✳✺✶
2x3 + 6x − 1 ✐s ❛ tr✐♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ ✸✳ ❚❤❡ ✜rst t❡r♠✱ 2x3✱ ✐s t❤❡ t❡r♠ ♦❢ t❤❡ ❤✐❣❤❡st ❞❡❣r❡❡✳
❚❤❡r❡❢♦r❡✱ ✐ts ❞❡❣r❡❡ ✐s t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧✳

❊①❛♠♣❧❡ ✹✳✺✷
7y − 10y4 ✐s ❛ ❜✐♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ ✹✳

❊①❛♠♣❧❡ ✹✳✺✸
a − 4 + 5a2 ✐s ❛ tr✐♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ ✷✳

❊①❛♠♣❧❡ ✹✳✺✹
2x6 + 9x4 − x7 − 8x3 + x − 9 ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ ✼✳

❊①❛♠♣❧❡ ✹✳✺✺
4x3y5 − 2xy3 ✐s ❛ ❜✐♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ ✽✳ ❚❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ ✜rst t❡r♠ ✐s ✽✳

❊①❛♠♣❧❡ ✹✳✺✻
3x + 10 ✐s ❛ ❜✐♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ ✶✳

▲✐♥❡❛r ◗✉❛❞r❛t✐❝ ❈✉❜✐❝
P♦❧②♥♦♠✐❛❧s ♦❢ t❤❡ ✜rst ❞❡❣r❡❡ ❛r❡ ❝❛❧❧❡❞ ❧✐♥❡❛r ♣♦❧②♥♦♠✐❛❧s✳
P♦❧②♥♦♠✐❛❧s ♦❢ t❤❡ s❡❝♦♥❞ ❞❡❣r❡❡ ❛r❡ ❝❛❧❧❡❞ q✉❛❞r❛t✐❝ ♣♦❧②♥♦♠✐❛❧s✳
P♦❧②♥♦♠✐❛❧s ♦❢ t❤❡ t❤✐r❞ ❞❡❣r❡❡ ❛r❡ ❝❛❧❧❡❞ ❝✉❜✐❝ ♣♦❧②♥♦♠✐❛❧s✳
P♦❧②♥♦♠✐❛❧s ♦❢ t❤❡ ❢♦✉rt❤ ❞❡❣r❡❡ ❛r❡ ❝❛❧❧❡❞ ❢♦✉rt❤ ❞❡❣r❡❡ ♣♦❧②♥♦♠✐❛❧s✳
P♦❧②♥♦♠✐❛❧s ♦❢ t❤❡ nt❤ ❞❡❣r❡❡ ❛r❡ ❝❛❧❧❡❞ nt❤ ❞❡❣r❡❡ ♣♦❧②♥♦♠✐❛❧s✳
◆♦♥③❡r♦ ❝♦♥st❛♥ts ❛r❡ ♣♦❧②♥♦♠✐❛❧s ♦❢ t❤❡ ✵t❤ ❞❡❣r❡❡✳

❙♦♠❡ ❡①❛♠♣❧❡s ♦❢ t❤❡s❡ ♣♦❧②♥♦♠✐❛❧s ❢♦❧❧♦✇✿

❊①❛♠♣❧❡ ✹✳✺✼
4x − 9 ✐s ❛ ❧✐♥❡❛r ♣♦❧②♥♦♠✐❛❧✳

❊①❛♠♣❧❡ ✹✳✺✽
3x2 + 5x − 7 ✐s ❛ q✉❛❞r❛t✐❝ ♣♦❧②♥♦♠✐❛❧✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✷✽ ❈❍❆P❚❊❘ ✹✳ ❆▲●❊❇❘❆■❈ ❊❳P❘❊❙❙■❖◆❙ ❆◆❉ ❊◗❯❆❚■❖◆❙

❊①❛♠♣❧❡ ✹✳✺✾
8y − 2x3 ✐s ❛ ❝✉❜✐❝ ♣♦❧②♥♦♠✐❛❧✳

❊①❛♠♣❧❡ ✹✳✻✵
16a2 − 32a5 − 64 ✐s ❛ ✺t❤ ❞❡❣r❡❡ ♣♦❧②♥♦♠✐❛❧✳

❊①❛♠♣❧❡ ✹✳✻✶
x12 − y12 ✐s ❛ ✶✷t❤ ❞❡❣r❡❡ ♣♦❧②♥♦♠✐❛❧✳

❊①❛♠♣❧❡ ✹✳✻✷
7x5y7z3 − 2x4y7z + x3y7 ✐s ❛ ✶✺t❤ ❞❡❣r❡❡ ♣♦❧②♥♦♠✐❛❧✳ ❚❤❡ ✜rst t❡r♠ ✐s ♦❢ ❞❡❣r❡❡ 5 + 7 + 3 = 15✳

❊①❛♠♣❧❡ ✹✳✻✸
✹✸ ✐s ❛ ✵t❤ ❞❡❣r❡❡ ♣♦❧②♥♦♠✐❛❧✳

✹✳✹✳✹ ❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ P♦❧②♥♦♠✐❛❧ ❊q✉❛t✐♦♥s

❆s ✇❡ ❦♥♦✇✱ ❛♥ ❡q✉❛t✐♦♥ ✐s ❝♦♠♣♦s❡❞ ♦❢ t✇♦ ❛❧❣❡❜r❛✐❝ ❡①♣r❡ss✐♦♥s s❡♣❛r❛t❡❞ ❜② ❛♥ ❡q✉❛❧ s✐❣♥✳ ■❢ t❤❡ t✇♦
❡①♣r❡ss✐♦♥s ❤❛♣♣❡♥ t♦ ❜❡ ♣♦❧②♥♦♠✐❛❧ ❡①♣r❡ss✐♦♥s✱ t❤❡♥ ✇❡ ❝❛♥ ❝❧❛ss✐❢② t❤❡ ❡q✉❛t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦ ✐ts ❞❡❣r❡❡✳
❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❡q✉❛t✐♦♥s ❜② ❞❡❣r❡❡ ✐s ✉s❡❢✉❧ s✐♥❝❡ ❡q✉❛t✐♦♥s ♦❢ t❤❡ s❛♠❡ ❞❡❣r❡❡ ❤❛✈❡ t❤❡ s❛♠❡ t②♣❡ ♦❢ ❣r❛♣❤✳
✭❲❡ ✇✐❧❧ st✉❞② ❣r❛♣❤s ♦❢ ❡q✉❛t✐♦♥s ✐♥ ❈❤❛♣t❡r ✻✳✮

❚❤❡ ❞❡❣r❡❡ ♦❢ ❛♥ ❡q✉❛t✐♦♥ ✐s t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ ❤✐❣❤❡st ❞❡❣r❡❡ ❡①♣r❡ss✐♦♥✳

✹✳✹✳✺ ❙❛♠♣❧❡ ❙❡t ❆

❊①❛♠♣❧❡ ✹✳✻✹
x + 7 = 15✳

❚❤✐s ✐s ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥ s✐♥❝❡ ✐t ✐s ♦❢ ❞❡❣r❡❡ ✶✱ t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥ ♦♥ t❤❡ ❧❡❢t ♦❢
t❤❡ ” = ”s✐❣♥✳

❊①❛♠♣❧❡ ✹✳✻✺
5x2 + 2x − 7 = 4 ✐s ❛ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥ s✐♥❝❡ ✐t ✐s ♦❢ ❞❡❣r❡❡ ✷✳

❊①❛♠♣❧❡ ✹✳✻✻
9x3 − 8 = 5x2 + 1 ✐s ❛ ❝✉❜✐❝ ❡q✉❛t✐♦♥ s✐♥❝❡ ✐t ✐s ♦❢ ❞❡❣r❡❡ ✸✳ ❚❤❡ ❡①♣r❡ss✐♦♥ ♦♥ t❤❡ ❧❡❢t ♦❢ t❤❡
” = ”s✐❣♥ ✐s ♦❢ ❞❡❣r❡❡ ✸✳

❊①❛♠♣❧❡ ✹✳✻✼
y4 − x4 = 0 ✐s ❛ ✹t❤ ❞❡❣r❡❡ ❡q✉❛t✐♦♥✳

❊①❛♠♣❧❡ ✹✳✻✽
a5 − 3a4 = −a3 + 6a4 − 7 ✐s ❛ ✺t❤ ❞❡❣r❡❡ ❡q✉❛t✐♦♥✳

❊①❛♠♣❧❡ ✹✳✻✾
y = 2

3x + 3 ✐s ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥✳

❊①❛♠♣❧❡ ✹✳✼✵
y = 3x2 − 1 ✐s ❛ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥✳

❊①❛♠♣❧❡ ✹✳✼✶
x2y2 − 4 = 0 ✐s ❛ ✹t❤ ❞❡❣r❡❡ ❡q✉❛t✐♦♥✳ ❚❤❡ ❞❡❣r❡❡ ♦❢ x2y2 − 4✐s 2 + 2 = 4✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✷✾

✹✳✹✳✻ Pr❛❝t✐❝❡ ❙❡t ❆

❈❧❛ss✐❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s ✐♥ t❡r♠s ♦❢ t❤❡✐r ❞❡❣r❡❡✳

❊①❡r❝✐s❡ ✹✳✹✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✻✳✮

3x + 6 = 0

❊①❡r❝✐s❡ ✹✳✹✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✻✳✮

9x2 + 5x − 6 = 3

❊①❡r❝✐s❡ ✹✳✹✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✻✳✮

25y3 + y = 9y2 − 17y + 4

❊①❡r❝✐s❡ ✹✳✹✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✻✳✮

x = 9

❊①❡r❝✐s❡ ✹✳✹✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✻✳✮

y = 2x + 1

❊①❡r❝✐s❡ ✹✳✹✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✻✳✮

3y = 9x2

❊①❡r❝✐s❡ ✹✳✹✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✻✳✮

x2 − 9 = 0

❊①❡r❝✐s❡ ✹✳✹✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✻✳✮

y = x

❊①❡r❝✐s❡ ✹✳✹✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✻✳✮

5x7 = 3x5 − 2x8 + 11x − 9

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✹✳✹✳✼ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❝❧❛ss✐❢② ❡❛❝❤ ♣♦❧②♥♦♠✐❛❧ ❛s ❛ ♠♦♥♦♠✐❛❧✱ ❜✐♥♦♠✐❛❧✱ ♦r tr✐♥♦♠✐❛❧✳ ❙t❛t❡ t❤❡ ❞❡❣r❡❡
♦❢ ❡❛❝❤ ♣♦❧②♥♦♠✐❛❧ ❛♥❞ ✇r✐t❡ t❤❡ ♥✉♠❡r✐❝❛❧ ❝♦❡✣❝✐❡♥t ♦❢ ❡❛❝❤ t❡r♠✳

❊①❡r❝✐s❡ ✹✳✹✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✻✳✮

5x + 7

❊①❡r❝✐s❡ ✹✳✹✳✶✶
16x + 21

❊①❡r❝✐s❡ ✹✳✹✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✻✳✮

4x2 + 9

❊①❡r❝✐s❡ ✹✳✹✳✶✸
7y3 + 8

❊①❡r❝✐s❡ ✹✳✹✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✻✳✮

a4 + 1

❊①❡r❝✐s❡ ✹✳✹✳✶✺
2b5 − 8

❊①❡r❝✐s❡ ✹✳✹✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✻✳✮

5x

❊①❡r❝✐s❡ ✹✳✹✳✶✼
7a

❊①❡r❝✐s❡ ✹✳✹✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✻✳✮

5x3 + 2x + 3

❊①❡r❝✐s❡ ✹✳✹✳✶✾
17y4 + y5 − 9

❊①❡r❝✐s❡ ✹✳✹✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✻✳✮

41a3 + 22a2 + a

❊①❡r❝✐s❡ ✹✳✹✳✷✶
6y2 + 9

❊①❡r❝✐s❡ ✹✳✹✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✻✳✮

2c6 + 0

❊①❡r❝✐s❡ ✹✳✹✳✷✸
8x2 − 0

❊①❡r❝✐s❡ ✹✳✹✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✻✳✮

9g

❊①❡r❝✐s❡ ✹✳✹✳✷✺
5xy + 3x

❊①❡r❝✐s❡ ✹✳✹✳✷✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✼✳✮

3yz − 6y + 11

❊①❡r❝✐s❡ ✹✳✹✳✷✼
7ab2c2 + 2a2b3c5 + a14

❊①❡r❝✐s❡ ✹✳✹✳✷✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✼✳✮

x4y3z2 + 9z

❊①❡r❝✐s❡ ✹✳✹✳✷✾
5a3b

❊①❡r❝✐s❡ ✹✳✹✳✸✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✼✳✮

6 + 3x2y5b

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✹✳✹✳✸✶
−9 + 3x2 + 2xy6z2

❊①❡r❝✐s❡ ✹✳✹✳✸✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✼✳✮

✺

❊①❡r❝✐s❡ ✹✳✹✳✸✸
3x2y0z4 + 12z3, y 6= 0

❊①❡r❝✐s❡ ✹✳✹✳✸✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✼✳✮

4xy3z5w0, w 6= 0

❈❧❛ss✐❢② ❡❛❝❤ ♦❢ t❤❡ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s ❜② ❞❡❣r❡❡✳ ■❢ t❤❡ t❡r♠ ❧✐♥❡❛r✱ q✉❛❞r❛t✐❝✱ ♦r ❝✉❜✐❝
❛♣♣❧✐❡s✱ st❛t❡ ✐t✳

❊①❡r❝✐s❡ ✹✳✹✳✸✺
4x + 7 = 0

❊①❡r❝✐s❡ ✹✳✹✳✸✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✼✳✮

3y − 15 = 9

❊①❡r❝✐s❡ ✹✳✹✳✸✼
y = 5s + 6

❊①❡r❝✐s❡ ✹✳✹✳✸✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✼✳✮

y = x2 + 2

❊①❡r❝✐s❡ ✹✳✹✳✸✾
4y = 8x + 24

❊①❡r❝✐s❡ ✹✳✹✳✹✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✼✳✮

9z = 12x − 18

❊①❡r❝✐s❡ ✹✳✹✳✹✶
y2 + 3 = 2y − 6

❊①❡r❝✐s❡ ✹✳✹✳✹✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✼✳✮

y − 5 + y3 = 3y2 + 2

❊①❡r❝✐s❡ ✹✳✹✳✹✸
x2 + x − 4 = 7x2 − 2x + 9

❊①❡r❝✐s❡ ✹✳✹✳✹✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✼✳✮

2y + 5x − 3 + 4xy = 5xy + 2y

❊①❡r❝✐s❡ ✹✳✹✳✹✺
3x − 7y = 9

❊①❡r❝✐s❡ ✹✳✹✳✹✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✼✳✮

8a + 2b = 4b − 8

❊①❡r❝✐s❡ ✹✳✹✳✹✼
2x5 − 8x2 + 9x + 4 = 12x4 + 3x3 + 4x2 + 1

❊①❡r❝✐s❡ ✹✳✹✳✹✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✼✳✮

x − y = 0

❊①❡r❝✐s❡ ✹✳✹✳✹✾
x2 − 25 = 0

❊①❡r❝✐s❡ ✹✳✹✳✺✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✼✳✮

x3 − 64 = 0

❊①❡r❝✐s❡ ✹✳✹✳✺✶
x12 − y12 = 0

❊①❡r❝✐s❡ ✹✳✹✳✺✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✼✳✮

x + 3x5 = x + 2x5

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✹✳✹✳✺✸
3x2y4 + 2x − 8y = 14

❊①❡r❝✐s❡ ✹✳✹✳✺✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✼✳✮

10a2b3c6d0e4 + 27a3b2b4b3b2c5 = 1, d 6= 0

❊①❡r❝✐s❡ ✹✳✹✳✺✺
❚❤❡ ❡①♣r❡ss✐♦♥ 4x3

9x−7 ✐s ♥♦t ❛ ♣♦❧②♥♦♠✐❛❧ ❜❡❝❛✉s❡

❊①❡r❝✐s❡ ✹✳✹✳✺✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✼✳✮

❚❤❡ ❡①♣r❡ss✐♦♥ a4

7−a ✐s ♥♦t ❛ ♣♦❧②♥♦♠✐❛❧ ❜❡❝❛✉s❡

❊①❡r❝✐s❡ ✹✳✹✳✺✼
■s ❡✈❡r② ❛❧❣❡❜r❛✐❝ ❡①♣r❡ss✐♦♥ ❛ ♣♦❧②♥♦♠✐❛❧ ❡①♣r❡ss✐♦♥❄ ■❢ ♥♦t✱ ❣✐✈❡ ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛♥ ❛❧❣❡❜r❛✐❝
❡①♣r❡ss✐♦♥ t❤❛t ✐s ♥♦t ❛ ♣♦❧②♥♦♠✐❛❧ ❡①♣r❡ss✐♦♥✳

❊①❡r❝✐s❡ ✹✳✹✳✺✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✼✳✮

■s ❡✈❡r② ♣♦❧②♥♦♠✐❛❧ ❡①♣r❡ss✐♦♥ ❛♥ ❛❧❣❡❜r❛✐❝ ❡①♣r❡ss✐♦♥❄ ■❢ ♥♦t✱ ❣✐✈❡ ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧
❡①♣r❡ss✐♦♥ t❤❛t ✐s ♥♦t ❛♥ ❛❧❣❡❜r❛✐❝ ❡①♣r❡ss✐♦♥✳

❊①❡r❝✐s❡ ✹✳✹✳✺✾
❍♦✇ ❞♦ ✇❡ ✜♥❞ t❤❡ ❞❡❣r❡❡ ♦❢ ❛ t❡r♠ t❤❛t ❝♦♥t❛✐♥s ♠♦r❡ t❤❛♥ ♦♥❡ ✈❛r✐❛❜❧❡❄

✹✳✹✳✽ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✹✳✹✳✻✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✼✳✮

✭❙❡❝t✐♦♥ ✷✳✷✮ ❯s❡ ❛❧❣❡❜r❛✐❝ ♥♦t❛t✐♦♥ t♦ ✇r✐t❡ ✏❡❧❡✈❡♥ ♠✐♥✉s t❤r❡❡ t✐♠❡s ❛ ♥✉♠❜❡r ✐s ✜✈❡✳✑

❊①❡r❝✐s❡ ✹✳✹✳✻✶
✭❙❡❝t✐♦♥ ✷✳✼✮ ❙✐♠♣❧✐❢②

(
x4y2z3

)5
✳

❊①❡r❝✐s❡ ✹✳✹✳✻✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✼✳✮

✭❙❡❝t✐♦♥ ✸✳✻✮ ❋✐♥❞ t❤❡ ✈❛❧✉❡ ♦❢ z✐❢ z = x−u
s ❛♥❞ x = 55, u = 49,❛♥❞ s = 3✳

❊①❡r❝✐s❡ ✹✳✹✳✻✸
✭❙❡❝t✐♦♥ ✹✳✷✮ ▲✐st✱ ✐❢ ❛♥② s❤♦✉❧❞ ❛♣♣❡❛r✱ t❤❡ ❝♦♠♠♦♥ ❢❛❝t♦rs ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ 3x4 + 6x3 − 18x2✳

❊①❡r❝✐s❡ ✹✳✹✳✻✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✼✳✮

✭❙❡❝t✐♦♥ ✹✳✸✮ ❙t❛t❡ ✭❜② ✇r✐t✐♥❣ ✐t✮ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡✐♥❣ ❡①♣r❡ss❡❞ ❜② t❤❡ ❡q✉❛t✐♦♥ y = 3x + 5✳

✹✳✺ ❈♦♠❜✐♥✐♥❣ P♦❧②♥♦♠✐❛❧s ❯s✐♥❣ ❆❞❞✐t✐♦♥ ❛♥❞ ❙✉❜tr❛❝t✐♦♥ ✺

✹✳✺✳✶ ❖✈❡r✈✐❡✇

• ▲✐❦❡ ❚❡r♠s
• ❈♦♠❜✐♥✐♥❣ ▲✐❦❡ ❚❡r♠s
• ❙✐♠♣❧✐❢②✐♥❣ ❊①♣r❡ss✐♦♥s ❈♦♥t❛✐♥✐♥❣ P❛r❡♥t❤❡s❡s

✺❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✽✺✹✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✸✸

✹✳✺✳✷ ▲✐❦❡ ❚❡r♠s

▲✐❦❡ ❚❡r♠s
❚❡r♠s ✇❤♦s❡ ✈❛r✐❛❜❧❡ ♣❛rts✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ❡①♣♦♥❡♥ts✱ ❛r❡ ✐❞❡♥t✐❝❛❧ ❛r❡ ❝❛❧❧❡❞ ❧✐❦❡ t❡r♠s✳ ▲✐❦❡ t❡r♠s ✐s
❛♥ ❛♣♣r♦♣r✐❛t❡ ♥❛♠❡ s✐♥❝❡ t❡r♠s ✇✐t❤ ✐❞❡♥t✐❝❛❧ ✈❛r✐❛❜❧❡ ♣❛rts ❛♥❞ ❞✐✛❡r❡♥t ♥✉♠❡r✐❝❛❧ ❝♦❡✣❝✐❡♥ts r❡♣r❡s❡♥t
❞✐✛❡r❡♥t ❛♠♦✉♥ts ♦❢ t❤❡ s❛♠❡ q✉❛♥t✐t②✳ ❆s ❧♦♥❣ ❛s ✇❡ ❛r❡ ❞❡❛❧✐♥❣ ✇✐t❤ q✉❛♥t✐t✐❡s ♦❢ t❤❡ s❛♠❡ t②♣❡ ✇❡ ❝❛♥
❝♦♠❜✐♥❡ t❤❡♠ ✉s✐♥❣ ❛❞❞✐t✐♦♥ ❛♥❞ s✉❜tr❛❝t✐♦♥✳
❙✐♠♣❧✐❢②✐♥❣ ❛♥ ❆❧❣❡❜r❛✐❝ ❊①♣r❡ss✐♦♥
❆♥ ❛❧❣❡❜r❛✐❝ ❡①♣r❡ss✐♦♥ ❝❛♥ ❜❡ s✐♠♣❧✐✜❡❞ ❜② ❝♦♠❜✐♥✐♥❣ ❧✐❦❡ t❡r♠s✳

✹✳✺✳✸ ❙❛♠♣❧❡ ❙❡t ❆

❈♦♠❜✐♥❡ t❤❡ ❧✐❦❡ t❡r♠s✳

❊①❛♠♣❧❡ ✹✳✼✷
6 ❤♦✉s❡s + 4 ❤♦✉s❡s = 10 ❤♦✉s❡s✳ ✻ ❛♥❞ ✹ ♦❢ t❤❡ s❛♠❡ t②♣❡ ❣✐✈❡ ✶✵ ♦❢ t❤❛t t②♣❡✳

❊①❛♠♣❧❡ ✹✳✼✸
6 ❤♦✉s❡s + 4 ❤♦✉s❡s + 2♠♦t❡❧s = 10 ❤♦✉s❡s + 2♠♦t❡❧s ✳ ✻ ❛♥❞ ✹ ♦❢ t❤❡ s❛♠❡ t②♣❡ ❣✐✈❡ ✶✵ ♦❢ t❤❛t
t②♣❡✳ ❚❤✉s✱ ✇❡ ❤❛✈❡ ✶✵ ♦❢ ♦♥❡ t②♣❡ ❛♥❞ ✷ ♦❢ ❛♥♦t❤❡r t②♣❡✳

❊①❛♠♣❧❡ ✹✳✼✹
❙✉♣♣♦s❡ ✇❡ ❧❡t t❤❡ ❧❡tt❡r x r❡♣r❡s❡♥t ✧❤♦✉s❡✳✧ ❚❤❡♥✱ 6x + 4x = 10x ✳ ✻ ❛♥❞ ✹ ♦❢ t❤❡ s❛♠❡ t②♣❡
❣✐✈❡ ✶✵ ♦❢ t❤❛t t②♣❡✳

❊①❛♠♣❧❡ ✹✳✼✺
❙✉♣♣♦s❡ ✇❡ ❧❡t x r❡♣r❡s❡♥t ✧❤♦✉s❡✧ ❛♥❞ y r❡♣r❡s❡♥t ✧♠♦t❡❧✳✧

6x + 4x + 2y = 10x + 2y ✭✹✳✶✮

✹✳✺✳✹ Pr❛❝t✐❝❡ ❙❡t ❆

▲✐❦❡ t❡r♠s ✇✐t❤ t❤❡ s❛♠❡ ♥✉♠❡r✐❝❛❧ ❝♦❡✣❝✐❡♥t r❡♣r❡s❡♥t ❡q✉❛❧ ❛♠♦✉♥ts ♦❢ t❤❡ s❛♠❡ q✉❛♥t✐t②✳

❊①❡r❝✐s❡ ✹✳✺✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✼✳✮

▲✐❦❡ t❡r♠s ✇✐t❤ ❞✐✛❡r❡♥t ♥✉♠❡r✐❝❛❧ ❝♦❡✣❝✐❡♥ts r❡♣r❡s❡♥t ✳

✹✳✺✳✺ ❈♦♠❜✐♥✐♥❣ ▲✐❦❡ ❚❡r♠s

❙✐♥❝❡ ❧✐❦❡ t❡r♠s r❡♣r❡s❡♥t ❛♠♦✉♥ts ♦❢ t❤❡ s❛♠❡ q✉❛♥t✐t②✱ t❤❡② ♠❛② ❜❡ ❝♦♠❜✐♥❡❞✱ t❤❛t ✐s✱ ❧✐❦❡ t❡r♠s ♠❛② ❜❡
❛❞❞❡❞ t♦❣❡t❤❡r✳

✹✳✺✳✻ ❙❛♠♣❧❡ ❙❡t ❇

❙✐♠♣❧✐❢② ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦❧②♥♦♠✐❛❧s ❜② ❝♦♠❜✐♥✐♥❣ ❧✐❦❡ t❡r♠s✳

❊①❛♠♣❧❡ ✹✳✼✻
2x + 5x + 3x✳
❚❤❡r❡ ❛r❡ 2x✬s✱ t❤❡♥ ✺ ♠♦r❡✱ t❤❡♥ ✸ ♠♦r❡✳ ❚❤✐s ♠❛❦❡s ❛ t♦t❛❧ ♦❢ 10x✬s✳

2x + 5x + 3x = 10x

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✸✹ ❈❍❆P❚❊❘ ✹✳ ❆▲●❊❇❘❆■❈ ❊❳P❘❊❙❙■❖◆❙ ❆◆❉ ❊◗❯❆❚■❖◆❙

❊①❛♠♣❧❡ ✹✳✼✼
7x + 8y − 3x✳
❋r♦♠ 7x✬s✱ ✇❡ ❧♦s❡ 3x✬s✳ ❚❤✐s ♠❛❦❡s 4x✬s✳ ❚❤❡ 8y✬s r❡♣r❡s❡♥t ❛ q✉❛♥t✐t② ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ x✬s ❛♥❞
t❤❡r❡❢♦r❡ ✇✐❧❧ ♥♦t ❝♦♠❜✐♥❡ ✇✐t❤ t❤❡♠✳

7x + 8y − 3x = 4x + 8y

❊①❛♠♣❧❡ ✹✳✼✽
4a3 − 2a2 + 8a3 + a2 − 2a3✳
4a3, 8a3, ❛♥❞ −2a3 r❡♣r❡s❡♥t q✉❛♥t✐t✐❡s ♦❢ t❤❡ s❛♠❡ t②♣❡✳

4a3 + 8a3 − 2a3 = 10a3

−2a2 ❛♥❞ a2 r❡♣r❡s❡♥t q✉❛♥t✐t✐❡s ♦❢ t❤❡ s❛♠❡ t②♣❡✳
−2a2 + a2 = −a2

❚❤✉s✱
4a3 − 2a2 + 8a3 + a2 − 2a3 = 10a3 − a2

✹✳✺✳✼ Pr❛❝t✐❝❡ ❙❡t ❇

❙✐♠♣❧✐❢② ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥s✳

❊①❡r❝✐s❡ ✹✳✺✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✼✳✮

4y + 7y

❊①❡r❝✐s❡ ✹✳✺✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✼✳✮

3x + 6x + 11x

❊①❡r❝✐s❡ ✹✳✺✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✼✳✮

5a + 2b + 4a − b − 7b

❊①❡r❝✐s❡ ✹✳✺✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✽✳✮

10x3 − 4x3 + 3x2 − 12x3 + 5x2 + 2x + x3 + 8x

❊①❡r❝✐s❡ ✹✳✺✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✽✳✮

2a5 − a5 + 1 − 4ab − 9 + 9ab − 2 − 3 − a5

✹✳✺✳✽ ❙✐♠♣❧✐❢②✐♥❣ ❊①♣r❡ss✐♦♥s ❈♦♥t❛✐♥✐♥❣ P❛r❡♥t❤❡s❡s

❙✐♠♣❧✐❢②✐♥❣ ❊①♣r❡ss✐♦♥s ❈♦♥t❛✐♥✐♥❣ P❛r❡♥t❤❡s❡s
❲❤❡♥ ♣❛r❡♥t❤❡s❡s ♦❝❝✉r ✐♥ ❡①♣r❡ss✐♦♥s✱ t❤❡② ♠✉st ❜❡ r❡♠♦✈❡❞ ❜❡❢♦r❡ t❤❡ ❡①♣r❡ss✐♦♥ ❝❛♥ ❜❡ s✐♠♣❧✐✜❡❞✳
P❛r❡♥t❤❡s❡s ❝❛♥ ❜❡ r❡♠♦✈❡❞ ✉s✐♥❣ t❤❡ ❞✐str✐❜✉t✐✈❡ ♣r♦♣❡rt②✳
❉✐str✐❜✉t✐✈❡ Pr♦♣❡rt②

✹✳✺✳✾ ❙❛♠♣❧❡ ❙❡t ❈

❙✐♠♣❧✐❢② ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥s ❜② ✉s✐♥❣ t❤❡ ❞✐str✐❜✉t✐✈❡ ♣r♦♣❡rt② ❛♥❞ ❝♦♠❜✐♥✐♥❣ ❧✐❦❡ t❡r♠s✳
❊①❛♠♣❧❡ ✹✳✼✾

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✸✺

❊①❛♠♣❧❡ ✹✳✽✵

4x + 9
(
x2 − 6x − 2

)
+ 5 ❘❡♠♦✈❡ ♣❛r❡♥t❤❡s❡s✳

4x + 9x2 − 54x − 18 + 5 ❈♦♠❜✐♥❡ ❧✐❦❡ t❡r♠s✳

−50x + 9x2 − 13

❇② ❝♦♥✈❡♥t✐♦♥✱ t❤❡ t❡r♠s ✐♥ ❛♥ ❡①♣r❡ss✐♦♥ ❛r❡ ♣❧❛❝❡❞ ✐♥ ❞❡s❝❡♥❞✐♥❣ ♦r❞❡r ✇✐t❤ t❤❡ ❤✐❣❤❡st
❞❡❣r❡❡ t❡r♠ ❛♣♣❡❛r✐♥❣ ✜rst✳ ◆✉♠❡r✐❝❛❧ t❡r♠s ❛r❡ ♣❧❛❝❡❞ ❛t t❤❡ r✐❣❤t ❡♥❞ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥✳ ❚❤❡
❝♦♠♠✉t❛t✐✈❡ ♣r♦♣❡rt② ♦❢ ❛❞❞✐t✐♦♥ ❛❧❧♦✇s ✉s t♦ ❝❤❛♥❣❡ t❤❡ ♦r❞❡r ♦❢ t❤❡ t❡r♠s✳

9x2 − 50x − 13

❊①❛♠♣❧❡ ✹✳✽✶
2 + 2 [5 + 4 (1 + a)]
❊❧✐♠✐♥❛t❡ t❤❡ ✐♥♥❡r♠♦st s❡t ♦❢ ♣❛r❡♥t❤❡s❡s ✜rst✳

2 + 2 [5 + 4 + 4a]
❇② t❤❡ ♦r❞❡r ♦❢ ♦♣❡r❛t✐♦♥s✱ s✐♠♣❧✐❢② ✐♥s✐❞❡ t❤❡ ♣❛r❡♥t❤❡s❡s ❜❡❢♦r❡ ♠✉❧t✐♣❧②✐♥❣ ✭❜② t❤❡ ✷✮✳

2 + 2 [9 + 4a] ❘❡♠♦✈❡ t❤✐s s❡t ♦❢ ♣❛r❡♥t❤❡s❡s✳

2 + 18 + 8a ❈♦♠❜✐♥❡ ❧✐❦❡ t❡r♠s✳

20 + 8a ❲r✐t❡ ✐♥ ❞❡s❝❡♥❞✐♥❣ ♦r❞❡r✳

8a + 20

❊①❛♠♣❧❡ ✹✳✽✷
x (x − 3) + 6x (2x + 3)
❯s❡ t❤❡ r✉❧❡ ❢♦r ♠✉❧t✐♣❧②✐♥❣ ♣♦✇❡rs ✇✐t❤ t❤❡ s❛♠❡ ❜❛s❡✳

x2 − 3x + 12x2 + 18x ❈♦♠❜✐♥❡ ❧✐❦❡ t❡r♠s✳

13x2 + 15x

✹✳✺✳✶✵ Pr❛❝t✐❝❡ ❙❡t ❈

❙✐♠♣❧✐❢② ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥s ❜② ✉s✐♥❣ t❤❡ ❞✐str✐❜✉t✐✈❡ ♣r♦♣❡rt② ❛♥❞ ❝♦♠❜✐♥✐♥❣ ❧✐❦❡ t❡r♠s✳

❊①❡r❝✐s❡ ✹✳✺✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✽✳✮

4 (x + 6) + 3
(
2 + x + 3x2

)
− 2x2

❊①❡r❝✐s❡ ✹✳✺✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✽✳✮

7
(
x + x3

)
− 4x3 − x + 1 + 4

(
x2 − 2x3 + 7

)

❊①❡r❝✐s❡ ✹✳✺✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✽✳✮

5 (a + 2) + 6a − 7 + (8 + 4) (a + 3a + 2)

❊①❡r❝✐s❡ ✹✳✺✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✽✳✮

x (x + 3) + 4x2 + 2x

❊①❡r❝✐s❡ ✹✳✺✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✽✳✮

a3
(
a2 + a + 5

)
+ a

(
a4 + 3a2 + 4

)
+ 1

❊①❡r❝✐s❡ ✹✳✺✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✽✳✮

2 [8 − 3 (x − 3)]

❊①❡r❝✐s❡ ✹✳✺✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✽✳✮

x2 + 3x + 7
[
x + 4x2 + 3

(
x + x2

)]

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✹✳✺✳✶✶ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s✐♠♣❧✐❢② ❡❛❝❤ ♦❢ t❤❡ ❛❧❣❡❜r❛✐❝ ❡①♣r❡ss✐♦♥s✳

❊①❡r❝✐s❡ ✹✳✺✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✽✳✮

x + 3x

❊①❡r❝✐s❡ ✹✳✺✳✶✺
4x + 7x

❊①❡r❝✐s❡ ✹✳✺✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✽✳✮

9a + 12a

❊①❡r❝✐s❡ ✹✳✺✳✶✼
5m − 3m

❊①❡r❝✐s❡ ✹✳✺✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✽✳✮

10x − 7x

❊①❡r❝✐s❡ ✹✳✺✳✶✾
7y − 9y

❊①❡r❝✐s❡ ✹✳✺✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✽✳✮

6k − 11k

❊①❡r❝✐s❡ ✹✳✺✳✷✶
3a + 5a + 2a

❊①❡r❝✐s❡ ✹✳✺✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✽✳✮

9y + 10y + 2y

❊①❡r❝✐s❡ ✹✳✺✳✷✸
5m − 7m − 2m

❊①❡r❝✐s❡ ✹✳✺✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✽✳✮

h − 3h − 5h

❊①❡r❝✐s❡ ✹✳✺✳✷✺
a + 8a + 3a

❊①❡r❝✐s❡ ✹✳✺✳✷✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✽✳✮

7ab + 4ab

❊①❡r❝✐s❡ ✹✳✺✳✷✼
8ax + 2ax + 6ax

❊①❡r❝✐s❡ ✹✳✺✳✷✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✽✳✮

3a2 + 6a2 + 2a2

❊①❡r❝✐s❡ ✹✳✺✳✷✾
14a2b + 4a2b + 19a2b

❊①❡r❝✐s❡ ✹✳✺✳✸✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✽✳✮

10y − 15y

❊①❡r❝✐s❡ ✹✳✺✳✸✶
7ab − 9ab + 4ab

❊①❡r❝✐s❡ ✹✳✺✳✸✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✽✳✮

210ab4 + 412ab4 + 100a4b (▲♦♦❦ ❝❧♦s❡❧② ❛t t❤❡ ❡①♣♦♥❡♥ts✳)

❊①❡r❝✐s❡ ✹✳✺✳✸✸

5x2y0 + 3x2y + 2x2y + 1, y 6= 0 (▲♦♦❦ ❝❧♦s❡❧② ❛t t❤❡ ❡①♣♦♥❡♥ts✳)

❊①❡r❝✐s❡ ✹✳✺✳✸✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✽✳✮

8w2 − 12w2 − 3w2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✸✼

❊①❡r❝✐s❡ ✹✳✺✳✸✺
6xy − 3xy + 7xy − 18xy

❊①❡r❝✐s❡ ✹✳✺✳✸✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✽✳✮

7x3 − 2x2 − 10x + 1 − 5x2 − 3x3 − 12 + x

❊①❡r❝✐s❡ ✹✳✺✳✸✼
21y − 15x + 40xy − 6 − 11y + 7 − 12x − xy

❊①❡r❝✐s❡ ✹✳✺✳✸✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✽✳✮

1x + 1y − 1x − 1y + x − y

❊①❡r❝✐s❡ ✹✳✺✳✸✾
5x2 − 3x − 7 + 2x2 − x

❊①❡r❝✐s❡ ✹✳✺✳✹✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✽✳✮

−2z3 + 15z + 4z3 + z2 − 6z2 + z

❊①❡r❝✐s❡ ✹✳✺✳✹✶
18x2y − 14x2y − 20x2y

❊①❡r❝✐s❡ ✹✳✺✳✹✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✽✳✮

−9w5 − 9w4 − 9w5 + 10w4

❊①❡r❝✐s❡ ✹✳✺✳✹✸
2x4 + 4x3 − 8x2 + 12x − 1 − 7x3 − 1x4 − 6x + 2

❊①❡r❝✐s❡ ✹✳✺✳✹✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✽✳✮

17d3r + 3d3r − 5d3r + 6d2r + d3r − 30d2r + 3 − 7 + 2

❊①❡r❝✐s❡ ✹✳✺✳✹✺

a0 + 2a0 − 4a0, a 6= 0

❊①❡r❝✐s❡ ✹✳✺✳✹✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✾✳✮

4x0 + 3x0 − 5x0 + 7x0 − x0, x 6= 0

❊①❡r❝✐s❡ ✹✳✺✳✹✼

2a3b2c + 3a2b2c0 + 4a2b2 − a3b2c, c 6= 0

❊①❡r❝✐s❡ ✹✳✺✳✹✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✾✳✮

3z − 6z + 8z

❊①❡r❝✐s❡ ✹✳✺✳✹✾
3z2 − z + 3z3

❊①❡r❝✐s❡ ✹✳✺✳✺✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✾✳✮

6x3 + 12x + 5

❊①❡r❝✐s❡ ✹✳✺✳✺✶
3 (x + 5) + 2x

❊①❡r❝✐s❡ ✹✳✺✳✺✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✾✳✮

7 (a + 2) + 4

❊①❡r❝✐s❡ ✹✳✺✳✺✸
y + 5 (y + 6)

❊①❡r❝✐s❡ ✹✳✺✳✺✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✾✳✮

2b + 6 (3 − 5b)

❊①❡r❝✐s❡ ✹✳✺✳✺✺
5a − 7c + 3 (a − c)

❊①❡r❝✐s❡ ✹✳✺✳✺✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✾✳✮

8x − 3x + 4 (2x + 5) + 3 (6x − 4)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✹✳✺✳✺✼
2z + 4ab + 5z − ab + 12 (1 − ab − z)

❊①❡r❝✐s❡ ✹✳✺✳✺✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✾✳✮

(a + 5) 4 + 6a − 20

❊①❡r❝✐s❡ ✹✳✺✳✺✾
(4a + 5b − 2) 3 + 3 (4a + 5b − 2)

❊①❡r❝✐s❡ ✹✳✺✳✻✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✾✳✮
(
10x + 3y2

)
4 + 4

(
10x + 3y2

)

❊①❡r❝✐s❡ ✹✳✺✳✻✶
2 (x − 6) + 5

❊①❡r❝✐s❡ ✹✳✺✳✻✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✾✳✮

1 (3x + 15) + 2x − 12

❊①❡r❝✐s❡ ✹✳✺✳✻✸
1

(
2 + 9a + 4a2

)
+ a2 − 11a

❊①❡r❝✐s❡ ✹✳✺✳✻✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✾✳✮

1
(
2x − 6b + 6a2b + 8b2

)
+ 1

(
5x + 2b − 3a2b

)

❊①❡r❝✐s❡ ✹✳✺✳✻✺
❆❢t❡r ♦❜s❡r✈✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❝❛♥ ②♦✉ ♠❛❦❡ ❛ ❝♦♥❥❡❝t✉r❡ ❛❜♦✉t 1 (a + b)❄

1 (a + b) =

❊①❡r❝✐s❡ ✹✳✺✳✻✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✾✳✮

❯s✐♥❣ t❤❡ r❡s✉❧t ♦❢ ♣r♦❜❧❡♠ ✺✷✱ ✐s ✐t ❝♦rr❡❝t t♦ ✇r✐t❡
(a + b) = a + b?

❊①❡r❝✐s❡ ✹✳✺✳✻✼
3

(
2a + 2a2

)
+ 8

(
3a + 3a2

)

❊①❡r❝✐s❡ ✹✳✺✳✻✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✾✳✮

x (x + 2) + 2
(
x2 + 3x − 4

)

❊①❡r❝✐s❡ ✹✳✺✳✻✾
A (A + 7) + 4

(
A2 + 3a + 1

)

❊①❡r❝✐s❡ ✹✳✺✳✼✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✾✳✮

b
(
2b3 + 5b2 + b + 6

)
− 6b2 − 4b + 2

❊①❡r❝✐s❡ ✹✳✺✳✼✶
4a − a (a + 5)

❊①❡r❝✐s❡ ✹✳✺✳✼✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✾✳✮

x − 3x
(
x2 − 7x − 1

)

❊①❡r❝✐s❡ ✹✳✺✳✼✸
ab (a − 5) − 4a2b + 2ab − 2

❊①❡r❝✐s❡ ✹✳✺✳✼✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✾✳✮

xy (3xy + 2x − 5y) − 2x2y2 − 5x2y + 4xy2

❊①❡r❝✐s❡ ✹✳✺✳✼✺
3h [2h + 5 (h + 2)]

❊①❡r❝✐s❡ ✹✳✺✳✼✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✾✳✮

2k [5k + 3 (1 + 7k)]

❊①❡r❝✐s❡ ✹✳✺✳✼✼
8a [2a − 4ab + 9 (a − 5 − ab)]

❊①❡r❝✐s❡ ✹✳✺✳✼✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✾✳✮

6{m + 5n [n + 3 (n − 1)] + 2n2} − 4n2 − 9m

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✸✾

❊①❡r❝✐s❡ ✹✳✺✳✼✾
5 [4 (r − 2s) − 3r − 5s] + 12s

❊①❡r❝✐s❡ ✹✳✺✳✽✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✾✳✮

8{9
[
b − 2a + 6c (c + 4) − 4c2

]
+ 4a + b} − 3b

❊①❡r❝✐s❡ ✹✳✺✳✽✶
5 [4 (6x − 3) + x] − 2x − 25x + 4

❊①❡r❝✐s❡ ✹✳✺✳✽✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✾✳✮

3xy2 (4xy + 5y) + 2xy3 + 6x2y3 + 4y3 − 12xy3

❊①❡r❝✐s❡ ✹✳✺✳✽✸
9a3b7

(
a3b5 − 2a2b2 + 6

)
− 2a

(
a2b7 − 5a5b12 + 3a4b9

)
− a3b7

❊①❡r❝✐s❡ ✹✳✺✳✽✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✾✳✮

−8 (3a + 2)

❊①❡r❝✐s❡ ✹✳✺✳✽✺
−4 (2x − 3y)

❊①❡r❝✐s❡ ✹✳✺✳✽✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✾✳✮

−4xy2
[
7xy − 6

(
5 − xy2

)
+ 3 (−xy + 1) + 1

]

✹✳✺✳✶✷ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✹✳✺✳✽✼

✭❙❡❝t✐♦♥ ✷✳✻✮ ❙✐♠♣❧✐❢②
(

x10y8z2

x2y6

)3

✳

❊①❡r❝✐s❡ ✹✳✺✳✽✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✾✳✮

✭❙❡❝t✐♦♥ ✸✳✻✮ ❋✐♥❞ t❤❡ ✈❛❧✉❡ ♦❢ −3(4−9)−6(−3)−1
23 ✳

❊①❡r❝✐s❡ ✹✳✺✳✽✾
✭❙❡❝t✐♦♥ ✸✳✼✮ ❲r✐t❡ t❤❡ ❡①♣r❡ss✐♦♥ 42x2y5z3

21x4y7 s♦ t❤❛t ♥♦ ❞❡♥♦♠✐♥❛t♦r ❛♣♣❡❛rs✳

❊①❡r❝✐s❡ ✹✳✺✳✾✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✾✳✮

✭❙❡❝t✐♦♥ ✹✳✷✮ ❍♦✇ ♠❛♥② (2a + 5) ✬s ❛r❡ t❤❡r❡ ✐♥ 3x (2a + 5)❄

❊①❡r❝✐s❡ ✹✳✺✳✾✶
✭❙❡❝t✐♦♥ ✹✳✹✮ ❙✐♠♣❧✐❢② 3

(
5n + 6m2

)
− 2

(
3n + 4m2

)
✳

✹✳✻ ❈♦♠❜✐♥✐♥❣ P♦❧②♥♦♠✐❛❧s ❯s✐♥❣ ▼✉❧t✐♣❧✐❝❛t✐♦♥ ✻

✹✳✻✳✶ ❖✈❡r✈✐❡✇

• ▼✉❧t✐♣❧②✐♥❣ ❛ P♦❧②♥♦♠✐❛❧ ❜② ❛ ▼♦♥♦♠✐❛❧
• ❙✐♠♣❧✐❢②✐♥❣ + (a + b) ❛♥❞ − (a + b)
• ▼✉❧t✐♣❧②✐♥❣ ❛ P♦❧②♥♦♠✐❛❧ ❜② ❛ P♦❧②♥♦♠✐❛❧

✻❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✽✺✷✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✹✳✻✳✷ ▼✉❧t✐♣❧②✐♥❣ ❛ P♦❧②♥♦♠✐❛❧ ❜② ❛ ▼♦♥♦♠✐❛❧

▼✉❧t✐♣❧②✐♥❣ ❛ ♣♦❧②♥♦♠✐❛❧ ❜② ❛ ♠♦♥♦♠✐❛❧ ✐s ❛ ❞✐r❡❝t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❞✐str✐❜✉t✐✈❡ ♣r♦♣❡rt②✳
❉✐str✐❜✉t✐✈❡ Pr♦♣❡rt②

❚❤❡ ❞✐str✐❜✉t✐✈❡ ♣r♦♣❡rt② s✉❣❣❡sts t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡✳
▼✉❧t✐♣❧②✐♥❣ ❛ P♦❧②♥♦♠✐❛❧ ❜② ❛ ▼♦♥♦♠✐❛❧
❚♦ ♠✉❧t✐♣❧② ❛ ♣♦❧②♥♦♠✐❛❧ ❜② ❛ ♠♦♥♦♠✐❛❧✱ ♠✉❧t✐♣❧② ❡✈❡r② t❡r♠ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❜② t❤❡ ♠♦♥♦♠✐❛❧ ❛♥❞ t❤❡♥
❛❞❞ t❤❡ r❡s✉❧t✐♥❣ ♣r♦❞✉❝ts t♦❣❡t❤❡r✳

✹✳✻✳✸ ❙❛♠♣❧❡ ❙❡t ❆

❊①❛♠♣❧❡ ✹✳✽✸

❊①❛♠♣❧❡ ✹✳✽✹

❊①❛♠♣❧❡ ✹✳✽✺

❊①❛♠♣❧❡ ✹✳✽✻

❊①❛♠♣❧❡ ✹✳✽✼

❊①❛♠♣❧❡ ✹✳✽✽
10ab2c

(
125a2

)
= 1250a3b2c

❊①❛♠♣❧❡ ✹✳✽✾

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✹✶

✹✳✻✳✹ Pr❛❝t✐❝❡ ❙❡t ❆

❉❡t❡r♠✐♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❞✉❝ts✳

❊①❡r❝✐s❡ ✹✳✻✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✾✳✮

3 (x + 8)

❊①❡r❝✐s❡ ✹✳✻✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✼✾✳✮

(2 + a) 4

❊①❡r❝✐s❡ ✹✳✻✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✵✳✮
(
a2 − 2b + 6

)
2a

❊①❡r❝✐s❡ ✹✳✻✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✵✳✮

8a2b3 (2a + 7b + 3)

❊①❡r❝✐s❡ ✹✳✻✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✵✳✮

4x
(
2x5 + 6x4 − 8x3 − x2 + 9x − 11

)

❊①❡r❝✐s❡ ✹✳✻✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✵✳✮
(
3a2b

) (
2ab2 + 4b3

)

❊①❡r❝✐s❡ ✹✳✻✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✵✳✮

5mn
(
m2n2 + m + n0

)
, n 6= 0

❊①❡r❝✐s❡ ✹✳✻✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✵✳✮

6.03
(
2.11a3 + 8.00a2b

)

✹✳✻✳✺ ❙✐♠♣❧✐❢②✐♥❣ + (a + b) ❛♥❞ − (a + b)

+ (a + b) ❛♥❞ − (a + b)
❖❢t❡♥t✐♠❡s✱ ✇❡ ✇✐❧❧ ❡♥❝♦✉♥t❡r ♠✉❧t✐♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ❢♦r♠

+1 (a + b)♦r−1 (a + b)

❚❤❡s❡ t❡r♠s ✇✐❧❧ ❛❝t✉❛❧❧② ❛♣♣❡❛r ❛s

+ (a + b) ❛♥❞ − (a + b)

❯s✐♥❣ t❤❡ ❞✐str✐❜✉t✐✈❡ ♣r♦♣❡rt②✱ ✇❡ ❝❛♥ r❡♠♦✈❡ t❤❡ ♣❛r❡♥t❤❡s❡s✳

❚❤❡ ♣❛r❡♥t❤❡s❡s ❤❛✈❡ ❜❡❡♥ r❡♠♦✈❡❞ ❛♥❞ t❤❡ s✐❣♥ ♦❢ ❡❛❝❤ t❡r♠ ❤❛s r❡♠❛✐♥❡❞ t❤❡ s❛♠❡✳

❚❤❡ ♣❛r❡♥t❤❡s❡s ❤❛✈❡ ❜❡❡♥ r❡♠♦✈❡❞ ❛♥❞ t❤❡ s✐❣♥ ♦❢ ❡❛❝❤ t❡r♠ ❤❛s ❜❡❡♥ ❝❤❛♥❣❡❞ t♦ ✐ts ♦♣♣♦s✐t❡✳

✶✳ ❚♦ r❡♠♦✈❡ ❛ s❡t ♦❢ ♣❛r❡♥t❤❡s❡s ♣r❡❝❡❞❡❞ ❜② ❛ ✧+✧ s✐❣♥✱ s✐♠♣❧② r❡♠♦✈❡ t❤❡ ♣❛r❡♥t❤❡s❡s ❛♥❞ ❧❡❛✈❡ t❤❡
s✐❣♥ ♦❢ ❡❛❝❤ t❡r♠ t❤❡ s❛♠❡✳

✷✳ ❚♦ r❡♠♦✈❡ ❛ s❡t ♦❢ ♣❛r❡♥t❤❡s❡s ♣r❡❝❡❞❡❞ ❜② ❛ ✏−✑ s✐❣♥✱ r❡♠♦✈❡ t❤❡ ♣❛r❡♥t❤❡s❡s ❛♥❞ ❝❤❛♥❣❡ t❤❡ s✐❣♥ ♦❢
❡❛❝❤ t❡r♠ t♦ ✐ts ♦♣♣♦s✐t❡ s✐❣♥✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✹✳✻✳✻ ❙❛♠♣❧❡ ❙❡t ❇

❙✐♠♣❧✐❢② t❤❡ ❡①♣r❡ss✐♦♥s✳

❊①❛♠♣❧❡ ✹✳✾✵
(6x − 1)✳

❚❤✐s s❡t ♦❢ ♣❛r❡♥t❤❡s❡s ✐s ♣r❡❝❡❞❡❞ ❜② ❛ ✏+✑ s✐❣♥ ✭✐♠♣❧✐❡❞✮✳ ❲❡ s✐♠♣❧② ❞r♦♣ t❤❡ ♣❛r❡♥t❤❡✲
s❡s✳

(6x − 1) = 6x − 1

❊①❛♠♣❧❡ ✹✳✾✶
(
14a2b3 − 6a3b2 + ab4

)
= 14a2b3 − 6a3b2 + ab4

❊①❛♠♣❧❡ ✹✳✾✷
−

(
21a2 + 7a − 18

)
✳

❚❤✐s s❡t ♦❢ ♣❛r❡♥t❤❡s❡s ✐s ♣r❡❝❡❞❡❞ ❜② ❛ ✏−✑ s✐❣♥✳ ❲❡ ❝❛♥ ❞r♦♣ t❤❡ ♣❛r❡♥t❤❡s❡s ❛s ❧♦♥❣ ❛s
✇❡ ❝❤❛♥❣❡ t❤❡ s✐❣♥ ♦❢ ❡✈❡r② t❡r♠ ✐♥s✐❞❡ t❤❡ ♣❛r❡♥t❤❡s❡s t♦ ✐ts ♦♣♣♦s✐t❡ s✐❣♥✳

−
(
21a2 + 7a − 18

)
= −21a2 − 7a + 18

❊①❛♠♣❧❡ ✹✳✾✸
−

(
7y3 − 2y2 + 9y + 1

)
= −7y3 + 2y2 − 9y − 1

✹✳✻✳✼ Pr❛❝t✐❝❡ ❙❡t ❇

❙✐♠♣❧✐❢② ❜② r❡♠♦✈✐♥❣ t❤❡ ♣❛r❡♥t❤❡s❡s✳

❊①❡r❝✐s❡ ✹✳✻✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✵✳✮

(2a + 3b)

❊①❡r❝✐s❡ ✹✳✻✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✵✳✮
(
a2 − 6a + 10

)

❊①❡r❝✐s❡ ✹✳✻✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✵✳✮

− (x + 2y)

❊①❡r❝✐s❡ ✹✳✻✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✵✳✮

− (5m − 2n)

❊①❡r❝✐s❡ ✹✳✻✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✵✳✮

−
(
−3s2 − 7s + 9

)

✹✳✻✳✽ ▼✉❧t✐♣❧②✐♥❣ ❛ P♦❧②♥♦♠✐❛❧ ❜② ❛ P♦❧②♥♦♠✐❛❧

❙✐♥❝❡ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ❛♥ ❡①♣r❡ss✐♦♥ ❡♥❝❧♦s❡❞ ✇✐t❤✐♥ ♣❛r❡♥t❤❡s❡s ❛s ❛ s✐♥❣❧❡ q✉❛♥t✐t②✱ ✇❡ ❤❛✈❡✱ ❜② t❤❡
❞✐str✐❜✉t✐✈❡ ♣r♦♣❡rt②✱

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✹✸

❋♦r ❝♦♥✈❡♥✐❡♥❝❡ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ♣r♦♣❡rt② ♦❢ ❛❞❞✐t✐♦♥ t♦ ✇r✐t❡ t❤✐s ❡①♣r❡ss✐♦♥ s♦ t❤❛t t❤❡
✜rst t✇♦ t❡r♠s ❝♦♥t❛✐♥ a ❛♥❞ t❤❡ s❡❝♦♥❞ t✇♦ ❝♦♥t❛✐♥ b✳

(a + b) (c + d) = ac + ad + bc + bd
❚❤✐s ♠❡t❤♦❞ ✐s ❝♦♠♠♦♥❧② ❝❛❧❧❡❞ t❤❡ ❋❖■▲ ♠❡t❤♦❞✳

❋ ❋✐rst t❡r♠s
❖ ❖✉t❡r t❡r♠s
■ ■♥♥❡r t❡r♠s
▲ ▲❛st t❡r♠s

(a + b) (2 + 3) = (a + b) + (a + b)
︸ ︷︷ ︸

2 t❡r♠s

+ (a + b) + (a + b) + (a + b)
︸ ︷︷ ︸

3 t❡r♠s

❘❡❛rr❛♥❣✐♥❣✱

= a + a + b + b + a + a + a + b + b + b

= 2a + 2b + 3a + 3b

❈♦♠❜✐♥✐♥❣ ❧✐❦❡ t❡r♠s✱

= 5a + 5b

❚❤✐s ✉s❡ ♦❢ t❤❡ ❞✐str✐❜✉t✐✈❡ ♣r♦♣❡rt② s✉❣❣❡sts t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡✳
▼✉❧t✐♣❧②✐♥❣ ❛ P♦❧②♥♦♠✐❛❧ ❜② ❛ P♦❧②♥♦♠✐❛❧
❚♦ ♠✉❧t✐♣❧② t✇♦ ♣♦❧②♥♦♠✐❛❧s t♦❣❡t❤❡r✱ ♠✉❧t✐♣❧② ❡✈❡r② t❡r♠ ♦❢ ♦♥❡ ♣♦❧②♥♦♠✐❛❧ ❜② ❡✈❡r② t❡r♠ ♦❢ t❤❡ ♦t❤❡r
♣♦❧②♥♦♠✐❛❧✳

✹✳✻✳✾ ❙❛♠♣❧❡ ❙❡t ❈

P❡r❢♦r♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠✉❧t✐♣❧✐❝❛t✐♦♥s ❛♥❞ s✐♠♣❧✐❢②✳
❊①❛♠♣❧❡ ✹✳✾✹

❲✐t❤ s♦♠❡ ♣r❛❝t✐❝❡✱ t❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ t❡r♠s ❝❛♥ ❜❡ ❝♦♠❜✐♥❡❞ ♠❡♥t❛❧❧②✳
❊①❛♠♣❧❡ ✹✳✾✺

❊①❛♠♣❧❡ ✹✳✾✻

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❛♠♣❧❡ ✹✳✾✼

❊①❛♠♣❧❡ ✹✳✾✽

(m − 3)
2

= (m − 3) (m − 3)

= m · m + m (−3) − 3 · m − 3 (−3)

= m2 − 3m − 3m + 9

= m2 − 6m + 9

❊①❛♠♣❧❡ ✹✳✾✾

(x + 5)
3

= (x + 5) (x + 5) (x + 5) ❆ss♦❝✐❛t❡ t❤❡ ✜rst t✇♦ ❢❛❝t♦rs✳

= [(x + 5) (x + 5)] (x + 5)

=
[
x2 + 5x + 5x + 25

]
(x + 5)

=
[
x2 + 10x + 25

]
(x + 5)

= x2 · x + x2 · 5 + 10x · x + 10x · 5 + 25 · x + 25 · 5
= x3 + 5x2 + 10x2 + 50x + 25x + 125

= x3 + 15x2 + 75x + 125

✹✳✻✳✶✵ Pr❛❝t✐❝❡ ❙❡t ❈

❋✐♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❞✉❝ts ❛♥❞ s✐♠♣❧✐❢②✳

❊①❡r❝✐s❡ ✹✳✻✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✵✳✮

(a + 1) (a + 4)

❊①❡r❝✐s❡ ✹✳✻✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✵✳✮

(m − 9) (m − 2)

❊①❡r❝✐s❡ ✹✳✻✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✵✳✮

(2x + 4) (x + 5)

❊①❡r❝✐s❡ ✹✳✻✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✵✳✮

(x + y) (2x − 3y)

❊①❡r❝✐s❡ ✹✳✻✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✵✳✮
(
3a2 − 1

) (
5a2 + a

)

❊①❡r❝✐s❡ ✹✳✻✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✵✳✮
(
2x2y3 + xy2

) (
5x3y2 + x2y

)

❊①❡r❝✐s❡ ✹✳✻✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✵✳✮

(a + 3)
(
a2 + 3a + 6

)

❊①❡r❝✐s❡ ✹✳✻✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✵✳✮

(a + 4) (a + 4)

❊①❡r❝✐s❡ ✹✳✻✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✵✳✮

(r − 7) (r − 7)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✹✺

❊①❡r❝✐s❡ ✹✳✻✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✵✳✮

(x + 6)
2

❊①❡r❝✐s❡ ✹✳✻✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✵✳✮

(y − 8)
2

✹✳✻✳✶✶ ❙❛♠♣❧❡ ❙❡t ❉

P❡r❢♦r♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❞❞✐t✐♦♥s ❛♥❞ s✉❜tr❛❝t✐♦♥s✳

❊①❛♠♣❧❡ ✹✳✶✵✵

3x + 7 + (x − 3) . ❲❡♠✉st ✜rst r❡♠♦✈❡ t❤❡ ♣❛r❡♥t❤❡s❡s✳ ❚❤❡② ❛r❡ ♣r❡❝❡❞❡❞ ❜②

❛ ” + ” s✐❣♥✱ s♦✇❡ r❡♠♦✈❡ t❤❡♠❛♥❞ ❧❡❛✈❡ t❤❡ s✐❣♥ ♦❢ ❡❛❝❤

t❡r♠ t❤❡ s❛♠❡✳

3x + 7 + x − 3 ❈♦♠❜✐♥❡ ❧✐❦❡ t❡r♠s✳

4x + 4

❊①❛♠♣❧❡ ✹✳✶✵✶

5y3 + 11 −
(
12y3 − 2

)
. ❲❡✜rst r❡♠♦✈❡ t❤❡ ♣❛r❡♥t❤❡s❡s✳ ❚❤❡② ❛r❡ ♣r❡❝❡❞❡❞ ❜② ❛

✧✲✧ s✐❣♥✱ s♦✇❡ r❡♠♦✈❡ t❤❡♠❛♥❞ ❝❤❛♥❣❡ t❤❡ s✐❣♥ ♦❢ ❡❛❝❤

t❡r♠ ✐♥s✐❞❡ t❤❡♠✳

5y3 + 11 − 12y3 + 2 ❈♦♠❜✐♥❡ ❧✐❦❡ t❡r♠s✳

−7y3 + 13

❊①❛♠♣❧❡ ✹✳✶✵✷
❆❞❞ 4x2 + 2x − 8 t♦ 3x2 − 7x − 10✳

(
4x2 + 2x − 8

)
+

(
3x2 − 7x − 10

)

4x2 + 2x − 8 + 3x2 − 7x − 10

7x2 − 5x − 18

❊①❛♠♣❧❡ ✹✳✶✵✸
❙✉❜tr❛❝t 8x2 − 5x + 2 ❢r♦♠ 3x2 + x − 12✳

(
3x2 + x − 12

)
−

(
8x2 − 5x + 2

)

3x2 + x − 12 − 8x2 + 5x − 2

−5x2 + 6x − 14

❇❡ ✈❡r② ❝❛r❡❢✉❧ ♥♦t t♦ ✇r✐t❡ t❤✐s ♣r♦❜❧❡♠ ❛s

3x2 + x − 12 − 8x2 − 5x + 2

❚❤✐s ❢♦r♠ ❤❛s ✉s s✉❜tr❛❝t✐♥❣ ♦♥❧② t❤❡ ✈❡r② ✜rst t❡r♠✱ 8x2✱ r❛t❤❡r t❤❛♥ t❤❡ ❡♥t✐r❡ ❡①♣r❡ss✐♦♥✳
❯s❡ ♣❛r❡♥t❤❡s❡s✳
❆♥♦t❤❡r ✐♥❝♦rr❡❝t ❢♦r♠ ✐s

8x2 − 5x + 2 −
(
3x2 + x − 12

)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❚❤✐s ❢♦r♠ ❤❛s ✉s ♣❡r❢♦r♠✐♥❣ t❤❡ s✉❜tr❛❝t✐♦♥ ✐♥ t❤❡ ✇r♦♥❣ ♦r❞❡r✳

✹✳✻✳✶✷ Pr❛❝t✐❝❡ ❙❡t ❉

P❡r❢♦r♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❞❞✐t✐♦♥s ❛♥❞ s✉❜tr❛❝t✐♦♥s✳

❊①❡r❝✐s❡ ✹✳✻✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✵✳✮

6y2 + 2y − 1 +
(
5y2 − 18

)

❊①❡r❝✐s❡ ✹✳✻✳✷✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✵✳✮

(9m − n) − (10m + 12n)

❊①❡r❝✐s❡ ✹✳✻✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✵✳✮

❆❞❞ 2r2 + 4r − 1 t♦ 3r2 − r − 7✳

❊①❡r❝✐s❡ ✹✳✻✳✷✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✶✳✮

❙✉❜tr❛❝t 4s − 3 ❢r♦♠ 7s + 8✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✹✼

✹✳✻✳✶✸ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ♣❡r❢♦r♠ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥s ❛♥❞ ❝♦♠❜✐♥❡ ❛♥② ❧✐❦❡ t❡r♠s✳

❊①❡r❝✐s❡ ✹✳✻✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✶✳✮

7 (x + 6)

❊①❡r❝✐s❡ ✹✳✻✳✸✵
4 (y + 3)

❊①❡r❝✐s❡ ✹✳✻✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✶✳✮

6 (y + 4)

❊①❡r❝✐s❡ ✹✳✻✳✸✷
8 (m + 7)

❊①❡r❝✐s❡ ✹✳✻✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✶✳✮

5 (a − 6)

❊①❡r❝✐s❡ ✹✳✻✳✸✹
2 (x − 10)

❊①❡r❝✐s❡ ✹✳✻✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✶✳✮

3 (4x + 2)

❊①❡r❝✐s❡ ✹✳✻✳✸✻
6 (3x + 4)

❊①❡r❝✐s❡ ✹✳✻✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✶✳✮

9 (4y − 3)

❊①❡r❝✐s❡ ✹✳✻✳✸✽
5 (8m − 6)

❊①❡r❝✐s❡ ✹✳✻✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✶✳✮

−9 (a + 7)

❊①❡r❝✐s❡ ✹✳✻✳✹✵
−3 (b + 8)

❊①❡r❝✐s❡ ✹✳✻✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✶✳✮

−4 (x + 2)

❊①❡r❝✐s❡ ✹✳✻✳✹✷
−6 (y + 7)

❊①❡r❝✐s❡ ✹✳✻✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✶✳✮

−3 (a − 6)

❊①❡r❝✐s❡ ✹✳✻✳✹✹
−9 (k − 7)

❊①❡r❝✐s❡ ✹✳✻✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✶✳✮

−5 (2a + 1)

❊①❡r❝✐s❡ ✹✳✻✳✹✻
−7 (4x + 2)

❊①❡r❝✐s❡ ✹✳✻✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✶✳✮

−3 (10y − 6)

❊①❡r❝✐s❡ ✹✳✻✳✹✽
−8 (4y − 11)

❊①❡r❝✐s❡ ✹✳✻✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✶✳✮

x (x + 6)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✹✳✻✳✺✵
y (y + 7)

❊①❡r❝✐s❡ ✹✳✻✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✶✳✮

m (m − 4)

❊①❡r❝✐s❡ ✹✳✻✳✺✷
k (k − 11)

❊①❡r❝✐s❡ ✹✳✻✳✺✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✶✳✮

3x (x + 2)

❊①❡r❝✐s❡ ✹✳✻✳✺✹
4y (y + 7)

❊①❡r❝✐s❡ ✹✳✻✳✺✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✶✳✮

6a (a − 5)

❊①❡r❝✐s❡ ✹✳✻✳✺✻
9x (x − 3)

❊①❡r❝✐s❡ ✹✳✻✳✺✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✶✳✮

3x (5x + 4)

❊①❡r❝✐s❡ ✹✳✻✳✺✽
4m (2m + 7)

❊①❡r❝✐s❡ ✹✳✻✳✺✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✶✳✮

2b (b − 1)

❊①❡r❝✐s❡ ✹✳✻✳✻✵
7a (a − 4)

❊①❡r❝✐s❡ ✹✳✻✳✻✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✶✳✮

3x2
(
5x2 + 4

)

❊①❡r❝✐s❡ ✹✳✻✳✻✷
9y3

(
3y2 + 2

)

❊①❡r❝✐s❡ ✹✳✻✳✻✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✶✳✮

4a4
(
5a3 + 3a2 + 2a

)

❊①❡r❝✐s❡ ✹✳✻✳✻✹
2x4

(
6x3 − 5x2 − 2x + 3

)

❊①❡r❝✐s❡ ✹✳✻✳✻✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✶✳✮

−5x2 (x + 2)

❊①❡r❝✐s❡ ✹✳✻✳✻✻
−6y3 (y + 5)

❊①❡r❝✐s❡ ✹✳✻✳✻✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✶✳✮

2x2y
(
3x2y2 − 6x

)

❊①❡r❝✐s❡ ✹✳✻✳✻✽
8a3b2c

(
2ab3 + 3b

)

❊①❡r❝✐s❡ ✹✳✻✳✻✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✶✳✮

b5x2 (2bx − 11)

❊①❡r❝✐s❡ ✹✳✻✳✼✵
4x

(
3x2 − 6x + 10

)

❊①❡r❝✐s❡ ✹✳✻✳✼✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✶✳✮

9y3
(
2y4 − 3y3 + 8y2 + y − 6

)

❊①❡r❝✐s❡ ✹✳✻✳✼✷
−a2b3

(
6ab4 + 5ab3 − 8b2 + 7b − 2

)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✹✾

❊①❡r❝✐s❡ ✹✳✻✳✼✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✶✳✮

(a + 4) (a + 2)

❊①❡r❝✐s❡ ✹✳✻✳✼✹
(x + 1) (x + 7)

❊①❡r❝✐s❡ ✹✳✻✳✼✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✶✳✮

(y + 6) (y − 3)

❊①❡r❝✐s❡ ✹✳✻✳✼✻
(t + 8) (t − 2)

❊①❡r❝✐s❡ ✹✳✻✳✼✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✷✳✮

(i − 3) (i + 5)

❊①❡r❝✐s❡ ✹✳✻✳✼✽
(x − y) (2x + y)

❊①❡r❝✐s❡ ✹✳✻✳✼✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✷✳✮

(3a − 1) (2a − 6)

❊①❡r❝✐s❡ ✹✳✻✳✽✵
(5a − 2) (6a − 8)

❊①❡r❝✐s❡ ✹✳✻✳✽✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✷✳✮

(6y + 11) (3y + 10)

❊①❡r❝✐s❡ ✹✳✻✳✽✷
(2t + 6) (3t + 4)

❊①❡r❝✐s❡ ✹✳✻✳✽✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✷✳✮

(4 + x) (3 − x)

❊①❡r❝✐s❡ ✹✳✻✳✽✹
(6 + a) (4 + a)

❊①❡r❝✐s❡ ✹✳✻✳✽✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✷✳✮
(
x2 + 2

)
(x + 1)

❊①❡r❝✐s❡ ✹✳✻✳✽✻
(
x2 + 5

)
(x + 4)

❊①❡r❝✐s❡ ✹✳✻✳✽✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✷✳✮
(
3x2 − 5

) (
2x2 + 1

)

❊①❡r❝✐s❡ ✹✳✻✳✽✽
(
4a2b3 − 2a

) (
5a2b − 3b

)

❊①❡r❝✐s❡ ✹✳✻✳✽✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✷✳✮
(
6x3y4 + 6x

) (
2x2y3 + 5y

)

❊①❡r❝✐s❡ ✹✳✻✳✾✵
5 (x − 7) (x − 3)

❊①❡r❝✐s❡ ✹✳✻✳✾✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✷✳✮

4 (a + 1) (a − 8)

❊①❡r❝✐s❡ ✹✳✻✳✾✷
a (a − 3) (a + 5)

❊①❡r❝✐s❡ ✹✳✻✳✾✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✷✳✮

x (x + 1) (x + 4)

❊①❡r❝✐s❡ ✹✳✻✳✾✹
x2 (x + 5) (x + 7)

❊①❡r❝✐s❡ ✹✳✻✳✾✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✷✳✮

y3 (y − 3) (y − 2)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✹✳✻✳✾✻
2a2 (a + 4) (a + 3)

❊①❡r❝✐s❡ ✹✳✻✳✾✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✷✳✮

5y6 (y + 7) (y + 1)

❊①❡r❝✐s❡ ✹✳✻✳✾✽
ab2

(
a2 − 2b

) (
a + b4

)

❊①❡r❝✐s❡ ✹✳✻✳✾✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✷✳✮

x3y2
(
5x2y2 − 3

)
(2xy − 1)

❊①❡r❝✐s❡ ✹✳✻✳✶✵✵
6

(
a2 + 5a + 3

)

❊①❡r❝✐s❡ ✹✳✻✳✶✵✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✷✳✮

8
(
c3 + 5c + 11

)

❊①❡r❝✐s❡ ✹✳✻✳✶✵✷
3a2

(
2a3 − 10a2 − 4a + 9

)

❊①❡r❝✐s❡ ✹✳✻✳✶✵✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✷✳✮

6a3b3
(
4a2b6 + 7ab8 + 2b10 + 14

)

❊①❡r❝✐s❡ ✹✳✻✳✶✵✹
(a − 4)

(
a2 + a − 5

)

❊①❡r❝✐s❡ ✹✳✻✳✶✵✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✷✳✮

(x − 7)
(
x2 + x − 3

)

❊①❡r❝✐s❡ ✹✳✻✳✶✵✻
(2x + 1)

(
5x3 + 6x2 + 8

)

❊①❡r❝✐s❡ ✹✳✻✳✶✵✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✷✳✮
(
7a2 + 2

) (
3a5 − 4a3 − a − 1

)

❊①❡r❝✐s❡ ✹✳✻✳✶✵✽
(x + y)

(
2x2 + 3xy + 5y2

)

❊①❡r❝✐s❡ ✹✳✻✳✶✵✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✷✳✮

(2a + b)
(
5a2 + 4a2b − b − 4

)

❊①❡r❝✐s❡ ✹✳✻✳✶✶✵
(x + 3)

2

❊①❡r❝✐s❡ ✹✳✻✳✶✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✷✳✮

(x + 1)
2

❊①❡r❝✐s❡ ✹✳✻✳✶✶✷
(x − 5)

2

❊①❡r❝✐s❡ ✹✳✻✳✶✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✷✳✮

(a + 2)
2

❊①❡r❝✐s❡ ✹✳✻✳✶✶✹
(a − 9)

2

❊①❡r❝✐s❡ ✹✳✻✳✶✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✷✳✮

−(3x − 5)
2

❊①❡r❝✐s❡ ✹✳✻✳✶✶✻
−(8t + 7)

2

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ♣❡r❢♦r♠ t❤❡ ✐♥❞✐❝❛t❡❞ ♦♣❡r❛t✐♦♥s ❛♥❞ ❝♦♠❜✐♥❡ ❧✐❦❡ t❡r♠s✳

❊①❡r❝✐s❡ ✹✳✻✳✶✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✷✳✮

3x2 + 5x − 2 +
(
4x2 − 10x − 5

)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✺✶

❊①❡r❝✐s❡ ✹✳✻✳✶✶✽
−2x3 + 4x2 + 5x − 8 +

(
x3 − 3x2 − 11x + 1

)

❊①❡r❝✐s❡ ✹✳✻✳✶✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✷✳✮

−5x − 12xy + 4y2 +
(
−7x + 7xy − 2y2

)

❊①❡r❝✐s❡ ✹✳✻✳✶✷✵
(
6a2 − 3a + 7

)
− 4a2 + 2a − 8

❊①❡r❝✐s❡ ✹✳✻✳✶✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✷✳✮
(
5x2 − 24x − 15

)
+ x2 − 9x + 14

❊①❡r❝✐s❡ ✹✳✻✳✶✷✷
(
3x3 − 7x2 + 2

)
+

(
x3 + 6

)

❊①❡r❝✐s❡ ✹✳✻✳✶✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✷✳✮
(
9a2b − 3ab + 12ab2

)
+ ab2 + 2ab

❊①❡r❝✐s❡ ✹✳✻✳✶✷✹
6x2 − 12x +

(
4x2 − 3x − 1

)
+ 4x2 − 10x − 4

❊①❡r❝✐s❡ ✹✳✻✳✶✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✷✳✮

5a3 − 2a − 26 +
(
4a3 − 11a2 + 2a

)
− 7a + 8a3 + 20

❊①❡r❝✐s❡ ✹✳✻✳✶✷✻
2xy − 15 − (5xy + 4)

❊①❡r❝✐s❡ ✹✳✻✳✶✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✸✳✮

❆❞❞ 4x + 6 t♦ 8x − 15✳

❊①❡r❝✐s❡ ✹✳✻✳✶✷✽
❆❞❞ 5y2 − 5y + 1 t♦ −9y2 + 4y − 2✳

❊①❡r❝✐s❡ ✹✳✻✳✶✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✸✳✮

❆❞❞ 3 (x + 6) t♦ 4 (x − 7)✳

❊①❡r❝✐s❡ ✹✳✻✳✶✸✵
❆❞❞ −2

(
x2 − 4

)
t♦ 5

(
x2 + 3x − 1

)
✳

❊①❡r❝✐s❡ ✹✳✻✳✶✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✸✳✮

❆❞❞ ❢♦✉r t✐♠❡s 5x + 2 t♦ t❤r❡❡ t✐♠❡s 2x − 1✳

❊①❡r❝✐s❡ ✹✳✻✳✶✸✷
❆❞❞ ✜✈❡ t✐♠❡s −3x + 2 t♦ s❡✈❡♥ t✐♠❡s 4x + 3✳

❊①❡r❝✐s❡ ✹✳✻✳✶✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✸✳✮

❆❞❞ −4 t✐♠❡s 9x + 6 t♦ −2 t✐♠❡s −8x − 3✳

❊①❡r❝✐s❡ ✹✳✻✳✶✸✹
❙✉❜tr❛❝t 6x2 − 10x + 4 ❢r♦♠ 3x2 − 2x + 5✳

❊①❡r❝✐s❡ ✹✳✻✳✶✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✸✳✮

❙✉❜str❛❝t a2 − 16 ❢r♦♠ a2 − 16✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✹✳✻✳✶✹ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✹✳✻✳✶✸✻

✭❙❡❝t✐♦♥ ✷✳✼✮ ❙✐♠♣❧✐❢②
(

15x2y6

5xy2

)4

✳

❊①❡r❝✐s❡ ✹✳✻✳✶✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✸✳✮

✭❙❡❝t✐♦♥ ✸✳✽✮ ❊①♣r❡ss t❤❡ ♥✉♠❜❡r ✶✾✽✱✵✵✵ ✉s✐♥❣ s❝✐❡♥t✐✜❝ ♥♦t❛t✐♦♥✳

❊①❡r❝✐s❡ ✹✳✻✳✶✸✽
✭❙❡❝t✐♦♥ ✹✳✷✮ ❍♦✇ ♠❛♥② 4a2x3✬s ❛r❡ t❤❡r❡ ✐♥ −16a4x5❄

❊①❡r❝✐s❡ ✹✳✻✳✶✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✸✳✮

✭❙❡❝t✐♦♥ ✹✳✹✮ ❙t❛t❡ t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ 4xy3 + 3x5y − 5x3y3✱ ❛♥❞ ✇r✐t❡ t❤❡ ♥✉♠❡r✐❝❛❧
❝♦❡✣❝✐❡♥t ♦❢ ❡❛❝❤ t❡r♠✳

❊①❡r❝✐s❡ ✹✳✻✳✶✹✵
✭❙❡❝t✐♦♥ ✹✳✺✮ ❙✐♠♣❧✐❢② 3 (4x − 5) + 2 (5x − 2) − (x − 3)✳

✹✳✼ ❙♣❡❝✐❛❧ ❇✐♥♦♠✐❛❧ Pr♦❞✉❝ts ✼

✹✳✼✳✶ ❖✈❡r✈✐❡✇

• ❊①♣❛♥❞✐♥❣ (a + b)
2
❛♥❞ (a − b)

2

• ❊①♣❛♥❞✐♥❣ (a + b) (a − b)

❚❤r❡❡ ❜✐♥♦♠✐❛❧ ♣r♦❞✉❝ts ♦❝❝✉r s♦ ❢r❡q✉❡♥t❧② ✐♥ ❛❧❣❡❜r❛ t❤❛t ✇❡ ❞❡s✐❣♥❛t❡ t❤❡♠ ❛s s♣❡❝✐❛❧ ❜✐♥♦♠✐❛❧ ♣r♦❞✲
✉❝ts✳ ❲❡ ❤❛✈❡ s❡❡♥ t❤❡♠ ❜❡❢♦r❡ ✭❙❡❝t✐♦♥s ❙❡❝t✐♦♥ ✸✳✽ ❛♥❞ ❙❡❝t✐♦♥ ✹✳✻✮✱ ❜✉t ✇❡ ✇✐❧❧ st✉❞② t❤❡♠ ❛❣❛✐♥ ❜❡❝❛✉s❡
♦❢ t❤❡✐r ✐♠♣♦rt❛♥❝❡ ❛s t✐♠❡ s❛✈✐♥❣ ❞❡✈✐❝❡s ❛♥❞ ✐♥ s♦❧✈✐♥❣ ❡q✉❛t✐♦♥s ✭✇❤✐❝❤ ✇❡ ✇✐❧❧ st✉❞② ✐♥ ❛ ❧❛t❡r ❝❤❛♣t❡r✮✳

❚❤❡s❡ s♣❡❝✐❛❧ ♣r♦❞✉❝ts ❝❛♥ ❜❡ s❤♦✇♥ ❛s t❤❡ sq✉❛r❡s ♦❢ ❛ ❜✐♥♦♠✐❛❧
(a + b)

2
❛♥❞ (a − b)

2

❛♥❞ ❛s t❤❡ s✉♠ ❛♥❞ ❞✐✛❡r❡♥❝❡ ♦❢ t✇♦ t❡r♠s✳
(a + b) (a − b)
❚❤❡r❡ ❛r❡ t✇♦ s✐♠♣❧❡ r✉❧❡s t❤❛t ❛❧❧♦✇ ✉s t♦ ❡❛s✐❧② ❡①♣❛♥❞ ✭♠✉❧t✐♣❧② ♦✉t✮ t❤❡s❡ ❜✐♥♦♠✐❛❧s✳ ❚❤❡② ❛r❡ ✇❡❧❧

✇♦rt❤ ♠❡♠♦r✐③✐♥❣✱ ❛s t❤❡② ✇✐❧❧ s❛✈❡ ❛ ❧♦t ♦❢ t✐♠❡ ✐♥ t❤❡ ❢✉t✉r❡✳

✹✳✼✳✷ ❊①♣❛♥❞✐♥❣ (a + b)2 ❛♥❞ (a − b)2

❙q✉❛r✐♥❣ ❛ ❇✐♥♦♠✐❛❧
❚♦ sq✉❛r❡ ❛ ❜✐♥♦♠✐❛❧✿∗

✶✳ ❙q✉❛r❡ t❤❡ ✜rst t❡r♠✳
✷✳ ❚❛❦❡ t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ t✇♦ t❡r♠s ❛♥❞ ❞♦✉❜❧❡ ✐t✳
✸✳ ❙q✉❛r❡ t❤❡ ❧❛st t❡r♠✳
✹✳ ❆❞❞ t❤❡ t❤r❡❡ r❡s✉❧ts t♦❣❡t❤❡r✳

(a + b)
2

= a2 + 2ab + b2

(a − b)
2

= a2 − 2ab + b2

✼❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✽✺✽✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✺✸

✹✳✼✳✸ ❊①♣❛♥❞✐♥❣ (a + b) (a − b)

❙✉♠ ❛♥❞ ❉✐✛❡r❡♥❝❡ ♦❢ ❚✇♦ ❚❡r♠s
❚♦ ❡①♣❛♥❞ t❤❡ s✉♠ ❛♥❞ ❞✐✛❡r❡♥❝❡ ♦❢ t✇♦ t❡r♠s✿†

✶✳ ❙q✉❛r❡ t❤❡ ✜rst t❡r♠ ❛♥❞ sq✉❛r❡ t❤❡ s❡❝♦♥❞ t❡r♠✳
✷✳ ❙✉❜tr❛❝t t❤❡ sq✉❛r❡ ♦❢ t❤❡ s❡❝♦♥❞ t❡r♠ ❢r♦♠ t❤❡ sq✉❛r❡ ♦❢ t❤❡ ✜rst t❡r♠✳

(a + b) (a − b) = a2 − b2

∗ ❙❡❡ ♣r♦❜❧❡♠s ✺✻ ❛♥❞ ✺✼ ❛t t❤❡ ❡♥❞ ♦❢ t❤✐s s❡❝t✐♦♥✳
† ❙❡❡ ♣r♦❜❧❡♠ ✺✽✳

✹✳✼✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❊①❛♠♣❧❡ ✹✳✶✵✹

(x + 4)
2

❙q✉❛r❡ t❤❡ ✜rst t❡r♠✿ x2.

❚❤❡ ♣r♦❞✉❝t ♦❢ ❜♦t❤ t❡r♠s ✐s 4x.❉♦✉❜❧❡ ✐t✿ 8x.

❙q✉❛r❡ t❤❡ ❧❛st t❡r♠✿ ✶✻.

❆❞❞ t❤❡♠ t♦❣❡t❤❡r✿ x2 + 8x + 16.

(x + 4)
2

= x2 + 8x + 16

◆♦t❡ t❤❛t (x + 4)
2 6= x2 + 42✳ ❚❤❡ 8x t❡r♠ ✐s ♠✐ss✐♥❣✦

❊①❛♠♣❧❡ ✹✳✶✵✺

(a − 8)
2

❙q✉❛r❡ t❤❡ ✜rst t❡r♠✿ a2.

❚❤❡ ♣r♦❞✉❝t ♦❢ ❜♦t❤ t❡r♠s ✐s− 8a.❉♦✉❜❧❡ ✐t✿ − 16a.

❙q✉❛r❡ t❤❡ ❧❛st t❡r♠✿ 64.

❆❞❞ t❤❡♠ t♦❣❡t❤❡r✿ a2 + (−16a) + 64.

(a − 8)
2

= a2 − 16a + 64

◆♦t✐❝❡ t❤❛t t❤❡ s✐❣♥ ♦❢ t❤❡ ❧❛st t❡r♠ ✐♥ t❤✐s ❡①♣r❡ss✐♦♥ ✐s ✏+✳✑ ❚❤✐s ✇✐❧❧ ❛❧✇❛②s ❤❛♣♣❡♥ s✐♥❝❡
t❤❡ ❧❛st t❡r♠ r❡s✉❧ts ❢r♦♠ ❛ ♥✉♠❜❡r ❜❡✐♥❣ sq✉❛r❡❞✳ ❆♥② ♥♦♥③❡r♦ ♥✉♠❜❡r t✐♠❡s ✐ts❡❧❢ ✐s ❛❧✇❛②s
♣♦s✐t✐✈❡✳

(+) (+) = + ❛♥❞ (−) (−) = +
❚❤❡ s✐❣♥ ♦❢ t❤❡ s❡❝♦♥❞ t❡r♠ ✐♥ t❤❡ tr✐♥♦♠✐❛❧ ✇✐❧❧ ❛❧✇❛②s ❜❡ t❤❡ s✐❣♥ t❤❛t ♦❝❝✉rs ✐♥s✐❞❡ t❤❡

♣❛r❡♥t❤❡s❡s✳

❊①❛♠♣❧❡ ✹✳✶✵✻

(y − 1)
2

❙q✉❛r❡ t❤❡ ✜rst t❡r♠✿ y2.

❚❤❡ ♣r♦❞✉❝t ♦❢ ❜♦t❤ t❡r♠s ✐s− y.❉♦✉❜❧❡ ✐t✿ − 2y.

❙q✉❛r❡ t❤❡ ❧❛st t❡r♠✿ + 1.

❆❞❞ t❤❡♠ t♦❣❡t❤❡r✿ y2 + (−2y) + 1.

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❛♠♣❧❡ ✹✳✶✵✼

(5x + 3)
2

❙q✉❛r❡ t❤❡ ✜rst t❡r♠✿ 25x2.

❚❤❡ ♣r♦❞✉❝t ♦❢ ❜♦t❤ t❡r♠s ✐s15x.❉♦✉❜❧❡ ✐t✿ 30x.

❙q✉❛r❡ t❤❡ ❧❛st t❡r♠✿ ✾.

❆❞❞ t❤❡♠ t♦❣❡t❤❡r✿ 25x2 + 30x + 9.

❊①❛♠♣❧❡ ✹✳✶✵✽

(7b − 2)
2

❙q✉❛r❡ t❤❡ ✜rst t❡r♠✿ 49b2.

❚❤❡ ♣r♦❞✉❝t ♦❢ ❜♦t❤ t❡r♠s ✐s − 14b.❉♦✉❜❧❡ ✐t✿ − 28b.

❙q✉❛r❡ t❤❡ ❧❛st t❡r♠✿ ✹.

❆❞❞ t❤❡♠ t♦❣❡t❤❡r✿ 49b2 + (−28b) + 4.

❊①❛♠♣❧❡ ✹✳✶✵✾

(x + 6) (x − 6) ❙q✉❛r❡ t❤❡ ✜rst t❡r♠✿ x2.

❙✉❜tr❛❝t t❤❡ sq✉❛r❡ ♦❢ t❤❡ s❡❝♦♥❞ t❡r♠ (36) ❢r♦♠

t❤❡ sq✉❛r❡ ♦❢ t❤❡ ✜rst t❡r♠✿ x2 − 36.

(x + 6) (x − 6) = x2 − 36

❊①❛♠♣❧❡ ✹✳✶✶✵

(4a − 12) (4a + 12) ❙q✉❛r❡ t❤❡ ✜rst t❡r♠✿ 16a2.

❙✉❜tr❛❝t t❤❡ sq✉❛r❡ ♦❢ t❤❡ s❡❝♦♥❞ t❡r♠ (144) ❢r♦♠

t❤❡ sq✉❛r❡ ♦❢ t❤❡ ✜rst t❡r♠✿ 16a2 − 144.

(4a − 12) (4a + 12) = 16a2 − 144

❊①❛♠♣❧❡ ✹✳✶✶✶

(6x + 8y) (6x − 8y) ❙q✉❛r❡ t❤❡ ✜rst t❡r♠✿ 36x2.

❙✉❜tr❛❝t t❤❡ sq✉❛r❡ ♦❢ t❤❡ s❡❝♦♥❞ t❡r♠
(
64y2

)
❢r♦♠

t❤❡ sq✉❛r❡ ♦❢ t❤❡ ✜rst t❡r♠✿ 36x2 − 64y2.

(6x + 8y) (6x − 8y) = 36x2 − 64y2

✹✳✼✳✺ Pr❛❝t✐❝❡ ❙❡t ❆

❋✐♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❞✉❝ts✳

❊①❡r❝✐s❡ ✹✳✼✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✸✳✮

(x + 5)
2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✹✳✼✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✸✳✮

(x + 7)
2

❊①❡r❝✐s❡ ✹✳✼✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✸✳✮

(y − 6)
2

❊①❡r❝✐s❡ ✹✳✼✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✸✳✮

(3a + b)
2

❊①❡r❝✐s❡ ✹✳✼✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✸✳✮

(9m − n)
2

❊①❡r❝✐s❡ ✹✳✼✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✸✳✮

(10x − 2y)
2

❊①❡r❝✐s❡ ✹✳✼✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✸✳✮

(12a − 7b)
2

❊①❡r❝✐s❡ ✹✳✼✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✸✳✮

(5h − 15k)
2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✹✳✼✳✻ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✜♥❞ t❤❡ ♣r♦❞✉❝ts✳

❊①❡r❝✐s❡ ✹✳✼✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✸✳✮

(x + 3)
2

❊①❡r❝✐s❡ ✹✳✼✳✶✵
(x + 5)

2

❊①❡r❝✐s❡ ✹✳✼✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✸✳✮

(x + 8)
2

❊①❡r❝✐s❡ ✹✳✼✳✶✷
(x + 6)

2

❊①❡r❝✐s❡ ✹✳✼✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✸✳✮

(y + 9)
2

❊①❡r❝✐s❡ ✹✳✼✳✶✹
(y + 1)

2

❊①❡r❝✐s❡ ✹✳✼✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✸✳✮

(a − 4)
2

❊①❡r❝✐s❡ ✹✳✼✳✶✻
(a − 6)

2

❊①❡r❝✐s❡ ✹✳✼✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✸✳✮

(a − 7)
2

❊①❡r❝✐s❡ ✹✳✼✳✶✽
(b + 10)

2

❊①❡r❝✐s❡ ✹✳✼✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✸✳✮

(b + 15)
2

❊①❡r❝✐s❡ ✹✳✼✳✷✵
(a − 10)

2

❊①❡r❝✐s❡ ✹✳✼✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✸✳✮

(x − 12)
2

❊①❡r❝✐s❡ ✹✳✼✳✷✷
(x + 20)

2

❊①❡r❝✐s❡ ✹✳✼✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✸✳✮

(y − 20)
2

❊①❡r❝✐s❡ ✹✳✼✳✷✹
(3x + 5)

2

❊①❡r❝✐s❡ ✹✳✼✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✸✳✮

(4x + 2)
2

❊①❡r❝✐s❡ ✹✳✼✳✷✻
(6x − 2)

2

❊①❡r❝✐s❡ ✹✳✼✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✸✳✮

(7x − 2)
2

❊①❡r❝✐s❡ ✹✳✼✳✷✽
(5a − 6)

2

❊①❡r❝✐s❡ ✹✳✼✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✹✳✮

(3a − 9)
2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✺✼

❊①❡r❝✐s❡ ✹✳✼✳✸✵
(3w − 2z)

2

❊①❡r❝✐s❡ ✹✳✼✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✹✳✮

(5a − 3b)
2

❊①❡r❝✐s❡ ✹✳✼✳✸✷
(6t − 7s)

2

❊①❡r❝✐s❡ ✹✳✼✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✹✳✮

(2h − 8k)
2

❊①❡r❝✐s❡ ✹✳✼✳✸✹
(
a + 1

2

)2

❊①❡r❝✐s❡ ✹✳✼✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✹✳✮
(
a + 1

3

)2

❊①❡r❝✐s❡ ✹✳✼✳✸✻
(
x + 3

4

)2

❊①❡r❝✐s❡ ✹✳✼✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✹✳✮
(
x + 2

5

)2

❊①❡r❝✐s❡ ✹✳✼✳✸✽
(
x − 2

3

)2

❊①❡r❝✐s❡ ✹✳✼✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✹✳✮
(
y − 5

6

)2

❊①❡r❝✐s❡ ✹✳✼✳✹✵
(
y + 2

3

)2

❊①❡r❝✐s❡ ✹✳✼✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✹✳✮

(x + 1.3)
2

❊①❡r❝✐s❡ ✹✳✼✳✹✷
(x + 5.2)

2

❊①❡r❝✐s❡ ✹✳✼✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✹✳✮

(a + 0.5)
2

❊①❡r❝✐s❡ ✹✳✼✳✹✹
(a + 0.08)

2

❊①❡r❝✐s❡ ✹✳✼✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✹✳✮

(x − 3.1)
2

❊①❡r❝✐s❡ ✹✳✼✳✹✻
(y − 7.2)

2

❊①❡r❝✐s❡ ✹✳✼✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✹✳✮

(b − 0.04)
2

❊①❡r❝✐s❡ ✹✳✼✳✹✽
(f − 1.006)

2

❊①❡r❝✐s❡ ✹✳✼✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✹✳✮

(x + 5) (x − 5)

❊①❡r❝✐s❡ ✹✳✼✳✺✵
(x + 6) (x − 6)

❊①❡r❝✐s❡ ✹✳✼✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✹✳✮

(x + 1) (x − 1)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✹✳✼✳✺✷
(t − 1) (t + 1)

❊①❡r❝✐s❡ ✹✳✼✳✺✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✹✳✮

(f + 9) (f − 9)

❊①❡r❝✐s❡ ✹✳✼✳✺✹
(y − 7) (y + 7)

❊①❡r❝✐s❡ ✹✳✼✳✺✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✹✳✮

(2y + 3) (2y − 3)

❊①❡r❝✐s❡ ✹✳✼✳✺✻
(5x + 6) (5x − 6)

❊①❡r❝✐s❡ ✹✳✼✳✺✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✹✳✮

(2a − 7b) (2a + 7b)

❊①❡r❝✐s❡ ✹✳✼✳✺✽
(7x + 3t) (7x − 3t)

❊①❡r❝✐s❡ ✹✳✼✳✺✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✹✳✮

(5h − 2k) (5h + 2k)

❊①❡r❝✐s❡ ✹✳✼✳✻✵
(
x + 1

3

) (
x − 1

3

)

❊①❡r❝✐s❡ ✹✳✼✳✻✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✹✳✮
(
a + 2

9

) (
a − 2

9

)

❊①❡r❝✐s❡ ✹✳✼✳✻✷
(
x + 7

3

) (
x − 7

3

)

❊①❡r❝✐s❡ ✹✳✼✳✻✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✹✳✮
(
2b + 6

7

) (
2b − 6

7

)

❊①❡r❝✐s❡ ✹✳✼✳✻✹
❊①♣❛♥❞ (a + b)

2
t♦ ♣r♦✈❡ ✐t ✐s ❡q✉❛❧ t♦ a2 + 2ab + b2✳

❊①❡r❝✐s❡ ✹✳✼✳✻✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✹✳✮

❊①♣❛♥❞ (a − b)
2
t♦ ♣r♦✈❡ ✐t ✐s ❡q✉❛❧ t♦ a2 − 2ab + b2✳

❊①❡r❝✐s❡ ✹✳✼✳✻✻
❊①♣❛♥❞ (a + b) (a − b) t♦ ♣r♦✈❡ ✐t ✐s ❡q✉❛❧ t♦ a2 − b2✳

❊①❡r❝✐s❡ ✹✳✼✳✻✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✹✳✮

❋✐❧❧ ✐♥ t❤❡ ♠✐ss✐♥❣ ❧❛❜❡❧ ✐♥ t❤❡ ❡q✉❛t✐♦♥ ❜❡❧♦✇✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✺✾

❊①❡r❝✐s❡ ✹✳✼✳✻✽
▲❛❜❡❧ t❤❡ ♣❛rts ♦❢ t❤❡ ❡q✉❛t✐♦♥ ❜❡❧♦✇✳

❊①❡r❝✐s❡ ✹✳✼✳✻✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✹✳✮

▲❛❜❡❧ t❤❡ ♣❛rts ♦❢ t❤❡ ❡q✉❛t✐♦♥ ❜❡❧♦✇✳

✹✳✼✳✼ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✹✳✼✳✼✵
✭❙❡❝t✐♦♥ ✷✳✻✮ ❙✐♠♣❧✐❢②

(
x3y0z4

)5
✳

❊①❡r❝✐s❡ ✹✳✼✳✼✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✹✳✮

✭❙❡❝t✐♦♥ ✸✳✼✮ ❋✐♥❞ t❤❡ ✈❛❧✉❡ ♦❢ 10−1 · 2−3✳

❊①❡r❝✐s❡ ✹✳✼✳✼✷
✭❙❡❝t✐♦♥ ✹✳✻✮ ❋✐♥❞ t❤❡ ♣r♦❞✉❝t✳ (x + 6) (x − 7)✳

❊①❡r❝✐s❡ ✹✳✼✳✼✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✹✳✮

✭❙❡❝t✐♦♥ ✹✳✻✮ ❋✐♥❞ t❤❡ ♣r♦❞✉❝t✳ (5m − 3) (2m + 3)✳

❊①❡r❝✐s❡ ✹✳✼✳✼✹
✭❙❡❝t✐♦♥ ✹✳✻✮ ❋✐♥❞ t❤❡ ♣r♦❞✉❝t✳ (a + 4)

(
a2 − 2a + 3

)
✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✹✳✽ ❚❡r♠✐♥♦❧♦❣② ❆ss♦❝✐❛t❡❞ ✇✐t❤ ❊q✉❛t✐♦♥s ✽

✹✳✽✳✶ ❖✈❡r✈✐❡✇

• ■♥❞❡♣❡♥❞❡♥t ❛♥❞ ❉❡♣❡♥❞❡♥t ❱❛r✐❛❜❧❡s
• ❚❤❡ ❉♦♠❛✐♥ ♦❢ ❛♥ ❊q✉❛t✐♦♥

✹✳✽✳✷ ■♥❞❡♣❡♥❞❡♥t ❛♥❞ ❉❡♣❡♥❞❡♥t ❱❛r✐❛❜❧❡s

■♥❞❡♣❡♥❞❡♥t ❛♥❞ ❉❡♣❡♥❞❡♥t ❱❛r✐❛❜❧❡s
■♥ ❛♥ ❡q✉❛t✐♦♥✱ ❛♥② ✈❛r✐❛❜❧❡ ✇❤♦s❡ ✈❛❧✉❡ ❝❛♥ ❜❡ ❢r❡❡❧② ❛ss✐❣♥❡❞ ✐s s❛✐❞ t♦ ❜❡ ❛♥ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✳
❆♥② ✈❛r✐❛❜❧❡ ✇❤♦s❡ ✈❛❧✉❡ ✐s ❞❡t❡r♠✐♥❡❞ ♦♥❝❡ t❤❡ ♦t❤❡r ✈❛❧✉❡s ❤❛✈❡ ❜❡❡♥ ❛ss✐❣♥❡❞ ✐s s❛✐❞ t♦ ❜❡ ❛ ❞❡♣❡♥❞❡♥t
✈❛r✐❛❜❧❡✳ ❚✇♦ ❡①❛♠♣❧❡s ✇✐❧❧ ❤❡❧♣ ✐❧❧✉str❛t❡ t❤❡s❡ ❝♦♥❝❡♣ts✳

✶✳ ❈♦♥s✐❞❡r t❤❡ ❡q✉❛t✐♦♥ y = 2x − 7✳ ■❢ ✇❡ ❛r❡ ❢r❡❡ t♦ ❝❤♦♦s❡ ✈❛❧✉❡s ❢♦r x✱ t❤❡♥ x ✇♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞
t❤❡ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✳ ❙✐♥❝❡ t❤❡ ✈❛❧✉❡ ♦❢ y ❞❡♣❡♥❞s ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ x✱ y ✇♦✉❧❞ ❜❡ t❤❡ ❞❡♣❡♥❞❡♥t
✈❛r✐❛❜❧❡✳

✷✳ ❈♦♥s✐❞❡r t❤❡ ❡q✉❛t✐♦♥ m = −4gk2✳ ■❢ ✇❡ ❛r❡ ❢r❡❡ t♦ ❝❤♦♦s❡ ✈❛❧✉❡s ❢♦r ❜♦t❤ g ❛♥❞ k✱ t❤❡♥ g ❛♥❞ k
✇♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s✳ ❙✐♥❝❡ t❤❡ ✈❛❧✉❡ ♦❢ m ❞❡♣❡♥❞s ♦♥ t❤❡ ✈❛❧✉❡s ❝❤♦s❡♥ ❢♦r g
❛♥❞ k✱ m ✇♦✉❧❞ ❜❡ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✳

✹✳✽✳✸ ❚❤❡ ❉♦♠❛✐♥ ♦❢ ❛♥ ❊q✉❛t✐♦♥

❉♦♠❛✐♥
❚❤❡ ♣r♦❝❡ss ♦❢ r❡♣❧❛❝✐♥❣ ❧❡tt❡rs ✇✐t❤ ♥✉♠❜❡rs ✐s ❝❛❧❧❡❞ ♥✉♠❡r✐❝❛❧ ❡✈❛❧✉❛t✐♦♥✳ ❚❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♥✉♠❜❡rs t❤❛t
❝❛♥ r❡♣❧❛❝❡ t❤❡ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐♥ ❛♥ ❡q✉❛t✐♦♥ ❛♥❞ ②✐❡❧❞ ❛ ♠❡❛♥✐♥❣❢✉❧ r❡s✉❧t ✐s ❝❛❧❧❡❞ t❤❡ ❞♦♠❛✐♥ ♦❢
t❤❡ ❡q✉❛t✐♦♥✳ ❚❤❡ ❞♦♠❛✐♥ ♦❢ ❛♥ ❡q✉❛t✐♦♥ ♠❛② ❜❡ t❤❡ ❡♥t✐r❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ r❡❛❧ ♥✉♠❜❡rs ♦r ♠❛② ❜❡ r❡str✐❝t❡❞
t♦ s♦♠❡ s✉❜❝♦❧❧❡❝t✐♦♥ ♦❢ t❤❡ r❡❛❧ ♥✉♠❜❡rs✳ ❚❤❡ r❡str✐❝t✐♦♥s ♠❛② ❜❡ ❞✉❡ t♦ ♣❛rt✐❝✉❧❛r ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡
❡q✉❛t✐♦♥ ♦r t♦ ♣r♦❜❧❡♠s ♦❢ ❝♦♠♣✉t❛❜✐❧✐t②✳

✹✳✽✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❋✐♥❞ t❤❡ ❞♦♠❛✐♥ ♦❢ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s✳

❊①❛♠♣❧❡ ✹✳✶✶✷
y = 2

x ✱ ✇❤❡r❡ x ✐s t❤❡ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✳
❆♥② ♥✉♠❜❡r ❡①❝❡♣t ✵ ❝❛♥ ❜❡ s✉❜st✐t✉t❡❞ ❢♦r x ❛♥❞ ②✐❡❧❞ ❛ ♠❡❛♥✐♥❣❢✉❧ r❡s✉❧t✳ ❍❡♥❝❡✱ t❤❡ ❞♦♠❛✐♥

✐s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ r❡❛❧ ♥✉♠❜❡rs ❡①❝❡♣t ✵✳

❊①❛♠♣❧❡ ✹✳✶✶✸
d = 55t✱ ✇❤❡r❡ t ✐s t❤❡ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ❛♥❞ t❤❡ ❡q✉❛t✐♦♥ r❡❧❛t❡s t✐♠❡✱ t✱ ❛♥❞ ❞✐st❛♥❝❡✱ d✳

■t ♠❛❦❡s ❧✐tt❧❡ s❡♥s❡ t♦ r❡♣❧❛❝❡ t ❜② ❛ ♥❡❣❛t✐✈❡ ♥✉♠❜❡r✱ s♦ t❤❡ ❞♦♠❛✐♥ ✐s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ r❡❛❧
♥✉♠❜❡rs ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ ✵✳

❊①❛♠♣❧❡ ✹✳✶✶✹
k = 2w

w−4 ✱ ✇❤❡r❡ t❤❡ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s w✳
❚❤❡ ❧❡tt❡r w ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜② ❛♥② r❡❛❧ ♥✉♠❜❡r ❡①❝❡♣t ✹ s✐♥❝❡ t❤❛t ✇✐❧❧ ♣r♦❞✉❝❡ ❛ ❞✐✈✐s✐♦♥ ❜②

✵✳ ❍❡♥❝❡✱ t❤❡ ❞♦♠❛✐♥ ✐s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ r❡❛❧ ♥✉♠❜❡rs ❡①❝❡♣t ✹✳

❊①❛♠♣❧❡ ✹✳✶✶✺
a = 5b2 + 2b − 6✱ ✇❤❡r❡ t❤❡ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s b✳

✽❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✽✹✾✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✻✶

❲❡ ❝❛♥ r❡♣❧❛❝❡ b ❜② ❛♥② r❡❛❧ ♥✉♠❜❡r ❛♥❞ t❤❡ ❡①♣r❡ss✐♦♥ 5b2 + 2b− 6 ✐s ❝♦♠♣✉t❛❜❧❡✳ ❍❡♥❝❡✱ t❤❡
❞♦♠❛✐♥ ✐s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ r❡❛❧ ♥✉♠❜❡rs✳

✹✳✽✳✺ Pr❛❝t✐❝❡ ❙❡t ❆

❋✐♥❞ t❤❡ ❞♦♠❛✐♥ ♦❢ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s✳ ❆ss✉♠❡ t❤❛t t❤❡ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s t❤❡ ✈❛r✐❛❜❧❡
t❤❛t ❛♣♣❡❛rs ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦♥ t❤❡ r✐❣❤t s✐❞❡ ♦❢ t❤❡ ✧=✧ s✐❣♥✳

❊①❡r❝✐s❡ ✹✳✽✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✹✳✮

y = 5x + 10

❊①❡r❝✐s❡ ✹✳✽✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✹✳✮

y = 5
x

❊①❡r❝✐s❡ ✹✳✽✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✺✳✮

y = 3+x
x

❊①❡r❝✐s❡ ✹✳✽✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✺✳✮

y = 9
x−6

❊①❡r❝✐s❡ ✹✳✽✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✺✳✮

m = 1
n+2

❊①❡r❝✐s❡ ✹✳✽✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✺✳✮

s = 4
9 t2✱ ✇❤❡r❡ t❤✐s ❡q✉❛t✐♦♥ r❡❧❛t❡s t❤❡ ❞✐st❛♥❝❡ ❛♥ ♦❜❥❡❝t ❢❛❧❧s✱ s✱ t♦ t❤❡ t✐♠❡✱ t✱ ✐t ❤❛s ❤❛❞ t♦

❢❛❧❧✳

❊①❡r❝✐s❡ ✹✳✽✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✺✳✮

g = 4h−7
21

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✹✳✽✳✻ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✜♥❞ t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s✳ ❆ss✉♠❡ t❤❛t t❤❡ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s t❤❡
✈❛r✐❛❜❧❡ t❤❛t ❛♣♣❡❛rs ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ t♦ t❤❡ r✐❣❤t ♦❢ t❤❡ ❡q✉❛❧ s✐❣♥✳

❊①❡r❝✐s❡ ✹✳✽✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✺✳✮

y = 4x + 7

❊①❡r❝✐s❡ ✹✳✽✳✾
y = 3x − 5

❊①❡r❝✐s❡ ✹✳✽✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✺✳✮

y = x2 + 2x − 9

❊①❡r❝✐s❡ ✹✳✽✳✶✶
y = 8x3 − 6

❊①❡r❝✐s❡ ✹✳✽✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✺✳✮

y = 11x

❊①❡r❝✐s❡ ✹✳✽✳✶✸
s = 7t

❊①❡r❝✐s❡ ✹✳✽✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✺✳✮

y = 3
x

❊①❡r❝✐s❡ ✹✳✽✳✶✺
y = 2

x

❊①❡r❝✐s❡ ✹✳✽✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✺✳✮

m = −16
h

❊①❡r❝✐s❡ ✹✳✽✳✶✼
k = 4t2

t−1

❊①❡r❝✐s❡ ✹✳✽✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✺✳✮

t = 5
s−6

❊①❡r❝✐s❡ ✹✳✽✳✶✾
y = 12

x+7

✹✳✽✳✼ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✹✳✽✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✺✳✮

✭❙❡❝t✐♦♥ ✷✳✹✮ ◆❛♠❡ t❤❡ ♣r♦♣❡rt② ♦❢ r❡❛❧ ♥✉♠❜❡rs t❤❛t ♠❛❦❡s 4yx2 = 4x2y ❛ tr✉❡ st❛t❡♠❡♥t✳

❊①❡r❝✐s❡ ✹✳✽✳✷✶
✭❙❡❝t✐♦♥ ✷✳✻✮ ❙✐♠♣❧✐❢② x5n+6

x4 ✳

❊①❡r❝✐s❡ ✹✳✽✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✺✳✮

✭❙❡❝t✐♦♥ ✸✳✸✮ ❙✉♣♣❧② t❤❡ ♠✐ss✐♥❣ ♣❤r❛s❡✳ ❆❜s♦❧✉t❡ ✈❛❧✉❡ s♣❡❛❦s t♦ t❤❡ q✉❡st✐♦♥ ♦❢ ❛♥❞
♥♦t ✧✇❤✐❝❤ ✇❛②✳✧

❊①❡r❝✐s❡ ✹✳✽✳✷✸
✭❙❡❝t✐♦♥ ✹✳✼✮ ❋✐♥❞ t❤❡ ♣r♦❞✉❝t✳ (x − 8)

2
✳

❊①❡r❝✐s❡ ✹✳✽✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✺✳✮

✭❙❡❝t✐♦♥ ✹✳✼✮ ❋✐♥❞ t❤❡ ♣r♦❞✉❝t✳ (4x + 3) (4x − 3)✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✻✸

✹✳✾ ❙✉♠♠❛r② ♦❢ ❑❡② ❈♦♥❝❡♣ts ✾

✹✳✾✳✶ ❙✉♠♠❛r② ♦❢ ❑❡② ❈♦♥❝❡♣ts

❆❧❣❡❜r❛✐❝ ❊①♣r❡ss✐♦♥s ✭❙❡❝t✐♦♥ ✹✳✷✮
❆♥ ❛❧❣❡❜r❛✐❝ ❡①♣r❡ss✐♦♥ ✭♦❢t❡♥ ❝❛❧❧❡❞ s✐♠♣❧② ❛♥ ❡①♣r❡ss✐♦♥✮ ✐s ❛ ♥✉♠❜❡r✱ ❛ ❧❡tt❡r✱ ♦r ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♥✉♠❜❡rs
❛♥❞ ❧❡tt❡rs ❛❧♦♥❣ ✇✐t❤ ♠❡❛♥✐♥❣❢✉❧ s✐❣♥s ♦❢ ♦♣❡r❛t✐♦♥✳ ✭5 ÷ 0 ✐s ♥♦t ♠❡❛♥✐♥❣❢✉❧✳✮
❚❡r♠s ✭❙❡❝t✐♦♥ ✹✳✷✮
■♥ ❛♥ ❛❧❣❡❜r❛✐❝ ❡①♣r❡ss✐♦♥✱ t❤❡ q✉❛♥t✐t✐❡s ❥♦✐♥❡❞ ❜② ✧+✧ s✐❣♥s ❛r❡ t❡r♠s✳
❉✐st✐♥❝t✐♦♥ ❇❡t✇❡❡♥ ❚❡r♠s ❛♥❞ ❋❛❝t♦rs ✭❙❡❝t✐♦♥ ✹✳✷ ✮
❚❡r♠s ❛r❡ ♣❛rts ♦❢ s✉♠s ❛♥❞ ❛r❡ t❤❡r❡❢♦r❡ s❡♣❛r❛t❡❞ ❜② ❛❞❞✐t✐♦♥ s✐❣♥s✳ ❋❛❝t♦rs ❛r❡ ♣❛rts ♦❢ ♣r♦❞✉❝ts ❛♥❞
❛r❡ t❤❡r❡❢♦r❡ s❡♣❛r❛t❡❞ ❜② ♠✉❧t✐♣❧✐❝❛t✐♦♥ s✐❣♥s✳
❈♦♠♠♦♥ ❋❛❝t♦rs ✭❙❡❝t✐♦♥ ✹✳✷✮
■♥ ❛♥ ❛❧❣❡❜r❛✐❝ ❡①♣r❡ss✐♦♥✱ ❛ ❢❛❝t♦r t❤❛t ❛♣♣❡❛rs ✐♥ ❡✈❡r② t❡r♠✱ t❤❛t ✐s✱ ❛ ❢❛❝t♦r t❤❛t ✐s ❝♦♠♠♦♥ t♦ ❡❛❝❤
t❡r♠✱ ✐s ❝❛❧❧❡❞ ❛ ❝♦♠♠♦♥ ❢❛❝t♦r✳
❈♦❡✣❝✐❡♥ts ✭❙❡❝t✐♦♥ ✹✳✷✮
❚❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ❛ q✉❛♥t✐t② r❡❝♦r❞s ❤♦✇ ♠❛♥② ♦❢ t❤❛t q✉❛♥t✐t② t❤❡r❡ ❛r❡✳ ❚❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ❛ ❣r♦✉♣ ♦❢
❢❛❝t♦rs ✐s t❤❡ r❡♠❛✐♥✐♥❣ ❣r♦✉♣ ♦❢ ❢❛❝t♦rs✳
❉✐st✐♥❝t✐♦♥ ❇❡t✇❡❡♥ ❈♦❡✣❝✐❡♥ts ❛♥❞ ❊①♣♦♥❡♥ts ✭❙❡❝t✐♦♥ ✹✳✷✮
❈♦❡✣❝✐❡♥ts r❡❝♦r❞ t❤❡ ♥✉♠❜❡r ♦❢ ❧✐❦❡ t❡r♠s ✐♥ ❛♥ ❡①♣r❡ss✐♦♥✳

x + x + x
︸ ︷︷ ︸

3 t❡r♠s

= 3x
❝♦❡✣❝✐❡♥t ✐s 3

❊①♣♦♥❡♥ts r❡❝♦r❞ t❤❡ ♥✉♠❜❡r ♦❢ ❧✐❦❡ ❢❛❝t♦rs ✐♥ ❛♥ ❡①♣r❡ss✐♦♥

x · x · x
︸ ︷︷ ︸

3 ❢❛❝t♦rs

= x3

❡①♣♦♥❡♥t ✐s 3

❊q✉❛t✐♦♥ ✭❙❡❝t✐♦♥ ✹✳✸✮
❆♥ ❡q✉❛t✐♦♥ ✐s ❛ st❛t❡♠❡♥t t❤❛t t✇♦ ❡①♣r❡ss✐♦♥s ❛r❡ ❡q✉❛❧✳
◆✉♠❡r✐❝❛❧ ❊✈❛❧✉❛t✐♦♥ ✭❙❡❝t✐♦♥ ✹✳✸✮
◆✉♠❡r✐❝❛❧ ❡✈❛❧✉❛t✐♦♥ ✐s t❤❡ ♣r♦❝❡ss ♦❢ ❞❡t❡r♠✐♥✐♥❣ ❛ ✈❛❧✉❡ ❜② s✉❜st✐t✉t✐♥❣ ♥✉♠❜❡rs ❢♦r ❧❡tt❡rs✳
P♦❧②♥♦♠✐❛❧s ✭❙❡❝t✐♦♥ ✹✳✹✮
❆ ♣♦❧②♥♦♠✐❛❧ ✐s ❛♥ ❛❧❣❡❜r❛✐❝ ❡①♣r❡ss✐♦♥ t❤❛t ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ❞❡♥♦♠✐♥❛t♦rs ♦❢ ❢r❛❝t✐♦♥s
❛♥❞ ✐♥ ✇❤✐❝❤ ❛❧❧ ❡①♣♦♥❡♥ts ♦♥ ✈❛r✐❛❜❧❡ q✉❛♥t✐t✐❡s ❛r❡ ✇❤♦❧❡ ♥✉♠❜❡rs✳

❆ ♠♦♥♦♠✐❛❧ ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ❝♦♥s✐st✐♥❣ ♦❢ ♦♥❧② ♦♥❡ t❡r♠✳
❆ ❜✐♥♦♠✐❛❧ ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ❝♦♥s✐st✐♥❣ ♦❢ t✇♦ t❡r♠s✳
❆ tr✐♥♦♠✐❛❧ ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ❝♦♥s✐st✐♥❣ ♦❢ t❤r❡❡ t❡r♠s✳
❉❡❣r❡❡ ♦❢ ❛ P♦❧②♥♦♠✐❛❧ ✭❙❡❝t✐♦♥ ✹✳✹✮
❚❤❡ ❞❡❣r❡❡ ♦❢ ❛ t❡r♠ ❝♦♥t❛✐♥✐♥❣ ♦♥❡ ✈❛r✐❛❜❧❡ ✐s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❡①♣♦♥❡♥t ♦♥ t❤❡ ✈❛r✐❛❜❧❡✳
❚❤❡ ❞❡❣r❡❡ ♦❢ ❛ t❡r♠ ❝♦♥t❛✐♥✐♥❣ ♠♦r❡ t❤❛♥ ♦♥❡ ✈❛r✐❛❜❧❡ ✐s t❤❡ s✉♠ ♦❢ t❤❡ ❡①♣♦♥❡♥ts ♦♥ t❤❡ ✈❛r✐❛❜❧❡s✳
❚❤❡ ❞❡❣r❡❡ ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧ ✐s t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ t❡r♠ ♦❢ t❤❡ ❤✐❣❤❡st ❞❡❣r❡❡✳
▲✐♥❡❛r ◗✉❛❞r❛t✐❝ ❈✉❜✐❝ P♦❧②♥♦♠✐❛❧s ✭❙❡❝t✐♦♥ ✹✳✹✮
P♦❧②♥♦♠✐❛❧s ♦❢ t❤❡ ✜rst ❞❡❣r❡❡ ❛r❡ ❧✐♥❡❛r ♣♦❧②♥♦♠✐❛❧s✳
P♦❧②♥♦♠✐❛❧s ♦❢ t❤❡ s❡❝♦♥❞ ❞❡❣r❡❡ ❛r❡ q✉❛❞r❛t✐❝ ♣♦❧②♥♦♠✐❛❧s✳
P♦❧②♥♦♠✐❛❧s ♦❢ t❤❡ t❤✐r❞ ❞❡❣r❡❡ ❛r❡ ❝✉❜✐❝ ♣♦❧②♥♦♠✐❛❧s✳
▲✐❦❡ ❚❡r♠s ✭❙❡❝t✐♦♥ ✹✳✺✮
▲✐❦❡ t❡r♠s ❛r❡ t❡r♠s ✐♥ ✇❤✐❝❤ t❤❡ ✈❛r✐❛❜❧❡ ♣❛rts✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ❡①♣♦♥❡♥ts✱ ❛r❡ ✐❞❡♥t✐❝❛❧✳

✾❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✽✺✶✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✻✹ ❈❍❆P❚❊❘ ✹✳ ❆▲●❊❇❘❆■❈ ❊❳P❘❊❙❙■❖◆❙ ❆◆❉ ❊◗❯❆❚■❖◆❙

❉❡s❝❡♥❞✐♥❣ ❖r❞❡r ✭❙❡❝t✐♦♥ ✹✳✺✮
❇② ❝♦♥✈❡♥t✐♦♥✱ ❛♥❞ ✇❤❡♥ ♣♦ss✐❜❧❡✱ t❤❡ t❡r♠s ♦❢ ❛♥ ❡①♣r❡ss✐♦♥ ❛r❡ ♣❧❛❝❡❞ ✐♥ ❞❡s❝❡♥❞✐♥❣ ♦r❞❡r ✇✐t❤ t❤❡ ❤✐❣❤❡st
❞❡❣r❡❡ t❡r♠ ❛♣♣❡❛r✐♥❣ ✜rst✳ 5x3 − 2x2 + 10x − 15 ✐s ✐♥ ❞❡s❝❡♥❞✐♥❣ ♦r❞❡r✳
▼✉❧t✐♣❧②✐♥❣ ❛ P♦❧②♥♦♠✐❛❧ ❜② ❛ ▼♦♥♦♠✐❛❧ ✭❙❡❝t✐♦♥ ✹✳✻✮
❚♦ ♠✉❧t✐♣❧② ❛ ♣♦❧②♥♦♠✐❛❧ ❜② ❛ ♠♦♥♦♠✐❛❧✱ ♠✉❧t✐♣❧② ❡✈❡r② t❡r♠ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❜② t❤❡ ♠♦♥♦♠✐❛❧ ❛♥❞ t❤❡♥
❛❞❞ t❤❡ r❡s✉❧t✐♥❣ ♣r♦❞✉❝ts t♦❣❡t❤❡r✳

7 (x − 3) = 7x − 7 · 3 = 7x − 21

❙✐♠♣❧✐❢②✐♥❣ + (a + b) ❛♥❞ − (a + b) ✭❙❡❝t✐♦♥ ✹✳✻✮

+ (a + b) = a + b

− (a + b) = −a − b

▼✉❧t✐♣❧②✐♥❣ ❛ P♦❧②♥♦♠✐❛❧ ❜② ❛ P♦❧②♥♦♠✐❛❧ ✭❙❡❝t✐♦♥ ✹✳✻✮
❚♦ ♠✉❧t✐♣❧② ♣♦❧②♥♦♠✐❛❧s t♦❣❡t❤❡r✱ ♠✉❧t✐♣❧② ❡✈❡r② t❡r♠ ♦❢ ♦♥❡ ♣♦❧②♥♦♠✐❛❧ ❜② ❡✈❡r② t❡r♠ ♦❢ t❤❡ ♦t❤❡r ♣♦❧②✲
♥♦♠✐❛❧✳

(x + 3) (x − 4) = x2 − 4x + 3x − 12

= x2 − x − 12

❙♣❡❝✐❛❧ Pr♦❞✉❝ts ✭❙❡❝t✐♦♥ ✹✳✼✮

(a + b)
2

= a2 + 2ab + b2 Note : (a + b)
2 6= a2 + b2

(a − b)
2

= a2 − 2ab + b2 (a − b)
2 6= a2 − b2

(a + b) (a − b) = a2 − b2

■♥❞❡♣❡♥❞❡♥t ❛♥❞ ❉❡♣❡♥❞❡♥t ❱❛r✐❛❜❧❡s ✭❙❡❝t✐♦♥ ✹✳✽✮
■♥ ❛♥ ❡q✉❛t✐♦♥✱ ❛♥② ✈❛r✐❛❜❧❡ ✇❤♦s❡ ✈❛❧✉❡ ❝❛♥ ❜❡ ❢r❡❡❧② ❛ss✐❣♥❡❞ ✐s s❛✐❞ t♦ ❜❡ ❛♥ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✳
❆♥② ✈❛r✐❛❜❧❡ ✇❤♦s❡ ✈❛❧✉❡ ✐s ❞❡t❡r♠✐♥❡❞ ♦♥❝❡ t❤❡ ♦t❤❡r ✈❛❧✉❡s ❤❛✈❡ ❜❡❡♥ ❛ss✐❣♥❡❞ ✐s s❛✐❞ t♦ ❜❡ ❛ ❞❡♣❡♥❞❡♥t
✈❛r✐❛❜❧❡✳
❉♦♠❛✐♥ ✭❙❡❝t✐♦♥ ✹✳✽✮
❚❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♥✉♠❜❡rs t❤❛t ❝❛♥ ❜❡ ✉s❡❞ ❛s r❡♣❧❛❝❡♠❡♥ts ❢♦r t❤❡ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐♥ ❛♥ ❡①♣r❡ss✐♦♥ ♦r
❡q✉❛t✐♦♥ ❛♥❞ ②✐❡❧❞ ❛ ♠❡❛♥✐♥❣❢✉❧ r❡s✉❧t ✐s ❝❛❧❧❡❞ t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥ ♦r ❡q✉❛t✐♦♥✳

✹✳✶✵ ❊①❡r❝✐s❡ ❙✉♣♣❧❡♠❡♥t ✶✵

✹✳✶✵✳✶ ❊①❡r❝✐s❡ ❙✉♣♣❧❡♠❡♥t

✹✳✶✵✳✶✳✶ ❆❧❣❡❜r❛✐❝ ❊①♣r❡ss✐♦♥s ✭❙❡❝t✐♦♥ ✹✳✷✮

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✇r✐t❡ t❤❡ ♥✉♠❜❡r ♦❢ t❡r♠s t❤❛t ❛♣♣❡❛r✱ t❤❡♥ ✇r✐t❡ t❤❡ t❡r♠s✳

❊①❡r❝✐s❡ ✹✳✶✵✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✺✳✮

4x2 + 7x + 12

❊①❡r❝✐s❡ ✹✳✶✵✳✷
14y6

❊①❡r❝✐s❡ ✹✳✶✵✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✺✳✮

c + 8

❊①❡r❝✐s❡ ✹✳✶✵✳✹
8

✶✵❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✽✺✾✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✻✺

▲✐st✱ ✐❢ ❛♥② s❤♦✉❧❞ ❛♣♣❡❛r✱ t❤❡ ❝♦♠♠♦♥ ❢❛❝t♦rs ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✳

❊①❡r❝✐s❡ ✹✳✶✵✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✺✳✮

a2 + 4a2 + 6a2

❊①❡r❝✐s❡ ✹✳✶✵✳✻
9y4 − 18y4

❊①❡r❝✐s❡ ✹✳✶✵✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✺✳✮

12x2y3 + 36y3

❊①❡r❝✐s❡ ✹✳✶✵✳✽
6 (a + 4) + 12 (a + 4)

❊①❡r❝✐s❡ ✹✳✶✵✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✺✳✮

4 (a + 2b) + 6 (a + 2b)

❊①❡r❝✐s❡ ✹✳✶✵✳✶✵
17x2y (z + 4) + 51y (z + 4)

❊①❡r❝✐s❡ ✹✳✶✵✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✺✳✮

6a2b3c + 5x2y

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❛♥s✇❡r t❤❡ q✉❡st✐♦♥ ♦❢ ❤♦✇ ♠❛♥②✳

❊①❡r❝✐s❡ ✹✳✶✵✳✶✷
x✬s ✐♥ 9x?

❊①❡r❝✐s❡ ✹✳✶✵✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✺✳✮

(a + b) ✬s ✐♥ ✶✷ (a + b)?

❊①❡r❝✐s❡ ✹✳✶✵✳✶✹
a4✬s ✐♥ 6a4?

❊①❡r❝✐s❡ ✹✳✶✵✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✺✳✮

c3✬s ✐♥ 2a2bc3?

❊①❡r❝✐s❡ ✹✳✶✵✳✶✻
(2x + 3y)

2
✬s ✐♥ 5 (x + 2y) (2x + 3y)

3
?

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❛ t❡r♠ ✇✐❧❧ ❜❡ ❣✐✈❡♥ ❢♦❧❧♦✇❡❞ ❜② ❛ ❣r♦✉♣ ♦❢ ✐ts ❢❛❝t♦rs✳ ▲✐st t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡
❣✐✈❡♥ ❣r♦✉♣ ♦❢ ❢❛❝t♦rs✳

❊①❡r❝✐s❡ ✹✳✶✵✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✺✳✮

8z, z

❊①❡r❝✐s❡ ✹✳✶✵✳✶✽
16a3b2c4, c4

❊①❡r❝✐s❡ ✹✳✶✵✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✺✳✮

7y (y + 3) , 7y

❊①❡r❝✐s❡ ✹✳✶✵✳✷✵
(−5) a5b5c5, bc

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✹✳✶✵✳✶✳✷ ❊q✉❛t✐♦♥s ✭❙❡❝t✐♦♥ ✹✳✸✮

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ♦❜s❡r✈❡ t❤❡ ❡q✉❛t✐♦♥s ❛♥❞ ✇r✐t❡ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡✐♥❣ ❡①♣r❡ss❡❞✳

❊①❡r❝✐s❡ ✹✳✶✵✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✺✳✮

a = 3b

❊①❡r❝✐s❡ ✹✳✶✵✳✷✷
r = 4t + 11

❊①❡r❝✐s❡ ✹✳✶✵✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✻✳✮

f = 1
2m2 + 6g

❊①❡r❝✐s❡ ✹✳✶✵✳✷✹
x = 5y3 + 2y + 6

❊①❡r❝✐s❡ ✹✳✶✵✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✻✳✮

P 2 = ka3

❯s❡ ♥✉♠❡r✐❝❛❧ ❡✈❛❧✉❛t✐♦♥ t♦ ❡✈❛❧✉❛t❡ t❤❡ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✳

❊①❡r❝✐s❡ ✹✳✶✵✳✷✻

C = 2πr. ❋✐♥❞C ✐❢π ✐s ❛♣♣r♦①✐♠❛t❡❞ ❜②

3.14 ❛♥❞ r = 6.

❊①❡r❝✐s❡ ✹✳✶✵✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✻✳✮

I = E
R . ❋✐♥❞ I ✐❢E = 20 ❛♥❞R = 2.

❊①❡r❝✐s❡ ✹✳✶✵✳✷✽

I = prt. ❋✐♥❞ I ✐❢ p = 1000, r = 0.06, ❛♥❞ t = 3.

❊①❡r❝✐s❡ ✹✳✶✵✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✻✳✮

E = mc2. ❋✐♥❞E ✐❢m = 120 ❛♥❞ c = 186, 000.

❊①❡r❝✐s❡ ✹✳✶✵✳✸✵

z = x−u
s . ❋✐♥❞ z ✐❢x = 42, u = 30, ❛♥❞

s = 12.

❊①❡r❝✐s❡ ✹✳✶✵✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✻✳✮

R = 24C
P (n+1) . ❋✐♥❞R ✐❢C = 35, P = 300, ❛♥❞

n = 19.

✹✳✶✵✳✶✳✸ ❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❊①♣r❡ss✐♦♥s ❛♥❞ ❊q✉❛t✐♦♥s ✭❙❡❝t✐♦♥ ✹✳✹✮

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❝❧❛ss✐❢② ❡❛❝❤ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧s ❛s ❛ ♠♦♥♦♠✐❛❧✱ ❜✐♥♦♠✐❛❧✱ ♦r tr✐♥♦♠✐❛❧✳ ❙t❛t❡
t❤❡ ❞❡❣r❡❡ ♦❢ ❡❛❝❤ ♣♦❧②♥♦♠✐❛❧ ❛♥❞ ✇r✐t❡ t❤❡ ♥✉♠❡r✐❝❛❧ ❝♦❡✣❝✐❡♥t ♦❢ ❡❛❝❤ t❡r♠✳

❊①❡r❝✐s❡ ✹✳✶✵✳✸✷
2a + 9

❊①❡r❝✐s❡ ✹✳✶✵✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✻✳✮

4y3 + 3y + 1

❊①❡r❝✐s❡ ✹✳✶✵✳✸✹
10a4

❊①❡r❝✐s❡ ✹✳✶✵✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✻✳✮

147

❊①❡r❝✐s❡ ✹✳✶✵✳✸✻
4xy + 2yz2 + 6x

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✻✼

❊①❡r❝✐s❡ ✹✳✶✵✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✻✳✮

9ab2c2 + 10a3b2c5

❊①❡r❝✐s❡ ✹✳✶✵✳✸✽
(
2xy3

)0
, xy3 6= 0

❊①❡r❝✐s❡ ✹✳✶✵✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✻✳✮

❲❤② ✐s t❤❡ ❡①♣r❡ss✐♦♥ 4x
3x−7 ♥♦t ❛ ♣♦❧②♥♦♠✐❛❧❄

❊①❡r❝✐s❡ ✹✳✶✵✳✹✵
❲❤② ✐s t❤❡ ❡①♣r❡ss✐♦♥ 5a3/4 ♥♦t ❛ ♣♦❧②♥♦♠✐❛❧❄

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❝❧❛ss✐❢② ❡❛❝❤ ♦❢ t❤❡ ❡q✉❛t✐♦♥s ❜② ❞❡❣r❡❡✳ ■❢ t❤❡ t❡r♠ ❧✐♥❡❛r✱ q✉❛❞r❛t✐❝✱ ♦r ❝✉❜✐❝
❛♣♣❧✐❡s✱ ✉s❡ ✐t✳

❊①❡r❝✐s❡ ✹✳✶✵✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✻✳✮

3y + 2x = 1

❊①❡r❝✐s❡ ✹✳✶✵✳✹✷
4a2 − 5a + 8 = 0

❊①❡r❝✐s❡ ✹✳✶✵✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✻✳✮

y − x − z + 4w = 21

❊①❡r❝✐s❡ ✹✳✶✵✳✹✹
5x2 + 2x2 − 3x + 1 = 19

❊①❡r❝✐s❡ ✹✳✶✵✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✻✳✮
(
6x3

)0
+ 5x2 = 7

✹✳✶✵✳✶✳✹ ❈♦♠❜✐♥✐♥❣ P♦❧②♥♦♠✐❛❧s ❯s✐♥❣ ❆❞❞✐t✐♦♥ ❛♥❞ ❙✉❜tr❛❝t✐♦♥ ✭❙❡❝t✐♦♥ ✹✳✺✮ ✲ ❙♣❡❝✐❛❧ ❇✐♥♦✲
♠✐❛❧ Pr♦❞✉❝ts ✭❙❡❝t✐♦♥ ✹✳✼✮

❙✐♠♣❧✐❢② t❤❡ ❛❧❣❡❜r❛✐❝ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✳

❊①❡r❝✐s❡ ✹✳✶✵✳✹✻
4a2b + 8a2b − a2b

❊①❡r❝✐s❡ ✹✳✶✵✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✻✳✮

21x2y3 + 3xy + x2y3 + 6

❊①❡r❝✐s❡ ✹✳✶✵✳✹✽
7 (x + 1) + 2x − 6

❊①❡r❝✐s❡ ✹✳✶✵✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✻✳✮

2
(
3y2 + 4y + 4

)
+ 5y2 + 3 (10y + 2)

❊①❡r❝✐s❡ ✹✳✶✵✳✺✵
5

[
3x + 7

(
2x2 + 3x + 2

)
+ 5

]
− 10x2 + 4

(
3x2 + x

)

❊①❡r❝✐s❡ ✹✳✶✵✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✻✳✮

8{3
[
4y3 + y + 2

]
+ 6

(
y3 + 2y2

)
} − 24y3 − 10y2 − 3

❊①❡r❝✐s❡ ✹✳✶✵✳✺✷
4a2bc3 + 5abc3 + 9abc3 + 7a2bc2

❊①❡r❝✐s❡ ✹✳✶✵✳✺✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✻✳✮

x (2x + 5) + 3x2 − 3x + 3

❊①❡r❝✐s❡ ✹✳✶✵✳✺✹
4k

(
3k2 + 2k + 6

)
+ k

(
5k2 + k

)
+ 16

❊①❡r❝✐s❡ ✹✳✶✵✳✺✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✻✳✮

2{5
[
6

(
b + 2a + c2

)]
}

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✹✳✶✵✳✺✻
9x2y (3xy + 4x) − 7x3y2 − 30x3y + 5y

(
x3y + 2x

)

❊①❡r❝✐s❡ ✹✳✶✵✳✺✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✻✳✮

3m
[
5 + 2m

(
m + 6m2

)]
+ m

(
m2 + 4m + 1

)

❊①❡r❝✐s❡ ✹✳✶✵✳✺✽
2r [4 (r + 5) − 2r − 10] + 6r (r + 2)

❊①❡r❝✐s❡ ✹✳✶✵✳✺✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✻✳✮

abc (3abc + c + b) + 6a
(
2bc + bc2

)

❊①❡r❝✐s❡ ✹✳✶✵✳✻✵
s10

(
2s5 + 3s4 + 4s3 + 5s2 + 2s + 2

)
− s15 + 2s14 + 3s

(
s12 + 4s11

)
− s10

❊①❡r❝✐s❡ ✹✳✶✵✳✻✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✻✳✮

6a4
(
a2 + 5

)

❊①❡r❝✐s❡ ✹✳✶✵✳✻✷
2x2y4

(
3x2y + 4xy + 3y

)

❊①❡r❝✐s❡ ✹✳✶✵✳✻✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✻✳✮

5m6
(
2m7 + 3m4 + m2 + m + 1

)

❊①❡r❝✐s❡ ✹✳✶✵✳✻✹
a3b3c4

(
4a + 2b + 3c + ab + ac + bc2

)

❊①❡r❝✐s❡ ✹✳✶✵✳✻✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✻✳✮

(x + 2) (x + 3)

❊①❡r❝✐s❡ ✹✳✶✵✳✻✻
(y + 4) (y + 5)

❊①❡r❝✐s❡ ✹✳✶✵✳✻✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✻✳✮

(a + 1) (a + 3)

❊①❡r❝✐s❡ ✹✳✶✵✳✻✽
(3x + 4) (2x + 6)

❊①❡r❝✐s❡ ✹✳✶✵✳✻✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✻✳✮

4xy − 10xy

❊①❡r❝✐s❡ ✹✳✶✵✳✼✵
5ab2 − 3

(
2ab2 + 4

)

❊①❡r❝✐s❡ ✹✳✶✵✳✼✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✻✳✮

7x4 − 15x4

❊①❡r❝✐s❡ ✹✳✶✵✳✼✷
5x2 + 2x − 3 − 7x2 − 3x − 4 − 2x2 − 11

❊①❡r❝✐s❡ ✹✳✶✵✳✼✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✼✳✮

4 (x − 8)

❊①❡r❝✐s❡ ✹✳✶✵✳✼✹
7x

(
x2 − x + 3

)

❊①❡r❝✐s❡ ✹✳✶✵✳✼✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✼✳✮

−3a (5a − 6)

❊①❡r❝✐s❡ ✹✳✶✵✳✼✻
4x2y2 (2x − 3y − 5) − 16x3y2 − 3x2y3

❊①❡r❝✐s❡ ✹✳✶✵✳✼✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✼✳✮

−5y
(
y2 − 3y − 6

)
− 2y

(
3y2 + 7

)
+ (−2) (−5)

❊①❡r❝✐s❡ ✹✳✶✵✳✼✽
− [− (−4)]

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✻✾

❊①❡r❝✐s❡ ✹✳✶✵✳✼✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✼✳✮

− [− (−{− [− (5)]})]
❊①❡r❝✐s❡ ✹✳✶✵✳✽✵
x2 + 3x − 4 − 4x2 − 5x − 9 + 2x2 − 6

❊①❡r❝✐s❡ ✹✳✶✵✳✽✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✼✳✮

4a2b − 3b2 − 5b2 − 8q2b − 10a2b − b2

❊①❡r❝✐s❡ ✹✳✶✵✳✽✷
2x2 − x −

(
3x2 − 4x − 5

)

❊①❡r❝✐s❡ ✹✳✶✵✳✽✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✼✳✮

3 (a − 1) − 4 (a + 6)

❊①❡r❝✐s❡ ✹✳✶✵✳✽✹
−6 (a + 2) − 7 (a − 4) + 6 (a − 1)

❊①❡r❝✐s❡ ✹✳✶✵✳✽✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✼✳✮

❆❞❞ −3x + 4 t♦ 5x − 8✳

❊①❡r❝✐s❡ ✹✳✶✵✳✽✻
❆❞❞ 4

(
x2 − 2x − 3

)
t♦ −6

(
x2 − 5

)
✳

❊①❡r❝✐s❡ ✹✳✶✵✳✽✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✼✳✮

❙✉❜tr❛❝t ✸ t✐♠❡s (2x − 1) ❢r♦♠ ✽ t✐♠❡s (x − 4)✳

❊①❡r❝✐s❡ ✹✳✶✵✳✽✽
(x + 4) (x − 6)

❊①❡r❝✐s❡ ✹✳✶✵✳✽✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✼✳✮

(x − 3) (x − 8)

❊①❡r❝✐s❡ ✹✳✶✵✳✾✵
(2a − 5) (5a − 1)

❊①❡r❝✐s❡ ✹✳✶✵✳✾✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✼✳✮

(8b + 2c) (2b − c)

❊①❡r❝✐s❡ ✹✳✶✵✳✾✷
(a − 3)

2

❊①❡r❝✐s❡ ✹✳✶✵✳✾✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✼✳✮

(3 − a)
2

❊①❡r❝✐s❡ ✹✳✶✵✳✾✹
(x − y)

2

❊①❡r❝✐s❡ ✹✳✶✵✳✾✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✼✳✮

(6x − 4)
2

❊①❡r❝✐s❡ ✹✳✶✵✳✾✻
(3a − 5b)

2

❊①❡r❝✐s❡ ✹✳✶✵✳✾✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✼✳✮

(−x − y)
2

❊①❡r❝✐s❡ ✹✳✶✵✳✾✽
(k + 6) (k − 6)

❊①❡r❝✐s❡ ✹✳✶✵✳✾✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✼✳✮

(m + 1) (m − 1)

❊①❡r❝✐s❡ ✹✳✶✵✳✶✵✵
(a − 2) (a + 2)

❊①❡r❝✐s❡ ✹✳✶✵✳✶✵✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✼✳✮

(3c + 10) (3c − 10)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✹✳✶✵✳✶✵✷
(4a + 3b) (4a − 3b)

❊①❡r❝✐s❡ ✹✳✶✵✳✶✵✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✼✳✮

(5 + 2b) (5 − 2b)

❊①❡r❝✐s❡ ✹✳✶✵✳✶✵✹
(2y + 5) (4y + 5)

❊①❡r❝✐s❡ ✹✳✶✵✳✶✵✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✼✳✮

(y + 3a) (2y + a)

❊①❡r❝✐s❡ ✹✳✶✵✳✶✵✻
(6 + a) (6 − 3a)

❊①❡r❝✐s❡ ✹✳✶✵✳✶✵✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✼✳✮
(
x2 + 2

) (
x2 − 3

)

❊①❡r❝✐s❡ ✹✳✶✵✳✶✵✽
6 (a − 3) (a + 8)

❊①❡r❝✐s❡ ✹✳✶✵✳✶✵✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✼✳✮

8 (2y − 4) (3y + 8)

❊①❡r❝✐s❡ ✹✳✶✵✳✶✶✵
x (x − 7) (x + 4)

❊①❡r❝✐s❡ ✹✳✶✵✳✶✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✼✳✮

m2n (m + n) (m + 2n)

❊①❡r❝✐s❡ ✹✳✶✵✳✶✶✷
(b + 2)

(
b2 − 2b + 3

)

❊①❡r❝✐s❡ ✹✳✶✵✳✶✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✼✳✮

3p
(
p2 + 5p + 4

) (
p2 + 2p + 7

)

❊①❡r❝✐s❡ ✹✳✶✵✳✶✶✹
(a + 6)

2

❊①❡r❝✐s❡ ✹✳✶✵✳✶✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✼✳✮

(x − 2)
2

❊①❡r❝✐s❡ ✹✳✶✵✳✶✶✻
(2x − 3)

2

❊①❡r❝✐s❡ ✹✳✶✵✳✶✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✼✳✮
(
x2 + y

)2

❊①❡r❝✐s❡ ✹✳✶✵✳✶✶✽
(2m − 5n)

2

❊①❡r❝✐s❡ ✹✳✶✵✳✶✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✼✳✮
(
3x2y3 − 4x4y

)2

❊①❡r❝✐s❡ ✹✳✶✵✳✶✷✵
(a − 2)

4

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✼✶

✹✳✶✵✳✶✳✺ ❚❡r♠✐♥♦❧♦❣② ❆ss♦❝✐❛t❡❞ ✇✐t❤ ❊q✉❛t✐♦♥s ✭❙❡❝t✐♦♥ ✹✳✽✮

❋✐♥❞ t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✳

❊①❡r❝✐s❡ ✹✳✶✵✳✶✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✼✳✮

y = 8x + 7

❊①❡r❝✐s❡ ✹✳✶✵✳✶✷✷
y = 5x2 − 2x + 6

❊①❡r❝✐s❡ ✹✳✶✵✳✶✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✽✳✮

y = 4
x−2

❊①❡r❝✐s❡ ✹✳✶✵✳✶✷✹
m = −2x

h

❊①❡r❝✐s❡ ✹✳✶✵✳✶✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✽✳✮

z = 4x+5
y+10

✹✳✶✶ Pr♦✜❝✐❡♥❝② ❊①❛♠ ✶✶

✹✳✶✶✳✶ Pr♦✜❝✐❡♥❝② ❊①❛♠

❊①❡r❝✐s❡ ✹✳✶✶✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✽✳✮

✭❙❡❝t✐♦♥ ✹✳✷✮ ■♥ t❤❡ ❡①♣r❡ss✐♦♥ ❜❡❧♦✇✱ s♣❡❝✐❢② t❤❡ ♥✉♠❜❡r ♦❢ t❡r♠s t❤❛t ❛r❡ ♣r❡s❡♥t✱ t❤❡♥ ❧✐st
t❤❡♠✳
3a (a + 1) − (a + 2) (a − 3)

❊①❡r❝✐s❡ ✹✳✶✶✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✽✳✮

✭❙❡❝t✐♦♥ ✹✳✷✮ ▲✐st✱ ✐❢ t❤❡r❡ ❛r❡ ❛♥②✱ t❤❡ ❝♦♠♠♦♥ ❢❛❝t♦rs ♦❢
20x3y2 + 15x3y2z2 + 10x3z2

❊①❡r❝✐s❡ ✹✳✶✶✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✽✳✮

✭❙❡❝t✐♦♥ ✹✳✷✮ ❍♦✇ ♠❛♥② y2 (b + 2) ✬s ✐♥ 8xy2 (b + 2) (b − 6)❄

❊①❡r❝✐s❡ ✹✳✶✶✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✽✳✮

✭❙❡❝t✐♦♥ ✹✳✷✮ ❲r✐t❡ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ x3 ✐♥ 8x3y3z✳

❊①❡r❝✐s❡ ✹✳✶✶✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✽✳✮

✭❙❡❝t✐♦♥ ✹✳✸✮ ❋✐♥❞ t❤❡ ✈❛❧✉❡ ♦❢ P 2 ✐❢ k = 4 ❛♥❞ a = 3✳
P 2 = ka3

❊①❡r❝✐s❡ ✹✳✶✶✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✽✳✮

✭❙❡❝t✐♦♥ ✹✳✹✮ ❈❧❛ss✐❢② t❤❡ ♣♦❧②♥♦♠✐❛❧ ❣✐✈❡♥ ❜❡❧♦✇ ❛s ❛ ♠♦♥♦♠✐❛❧✱ ❜✐♥♦♠✐❛❧✱ tr✐♥♦♠✐❛❧✱ ♦r ♥♦♥❡
♦❢ t❤❡s❡✳ ❙♣❡❝✐❢② t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❛♥❞ ✇r✐t❡ t❤❡ ♥✉♠❡r✐❝❛❧ ❝♦❡✣❝✐❡♥t ♦❢ ❡❛❝❤ t❡r♠✳
3x3y + 4xy4 + 8x2y2z0w, z 6= 0

❙✐♠♣❧✐❢② t❤❡ ❛❧❣❡❜r❛✐❝ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✳

❊①❡r❝✐s❡ ✹✳✶✶✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✽✳✮

✭❙❡❝t✐♦♥ ✹✳✺✮ 4x2 + 3x + 2x + 11x2 − 3

❊①❡r❝✐s❡ ✹✳✶✶✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✽✳✮

✭❙❡❝t✐♦♥ ✹✳✺✮ 3a [2 (a + 1) + 4] − 18a

❊①❡r❝✐s❡ ✹✳✶✶✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✽✳✮

✭❙❡❝t✐♦♥ ✹✳✻✮ (x + 2) (x + 4)

❊①❡r❝✐s❡ ✹✳✶✶✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✽✳✮

✭❙❡❝t✐♦♥ ✹✳✻✮ (3a − 7) (2a + 10)

✶✶❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✽✺✸✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✹✳✶✶✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✽✳✮

✭❙❡❝t✐♦♥ ✹✳✼✮ (y + 3)
2

❊①❡r❝✐s❡ ✹✳✶✶✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✽✳✮

✭❙❡❝t✐♦♥ ✹✳✼✮ (6a + 7y)
2

❊①❡r❝✐s❡ ✹✳✶✶✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✽✳✮

✭❙❡❝t✐♦♥ ✹✳✼✮ (4x − 9y)
2

❊①❡r❝✐s❡ ✹✳✶✶✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✽✳✮

✭❙❡❝t✐♦♥ ✹✳✺✲❙❡❝t✐♦♥ ✹✳✼✮ 3x2 (2x + 5) (3x + 1)

❊①❡r❝✐s❡ ✹✳✶✶✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✽✳✮

✭❙❡❝t✐♦♥ ✹✳✺✲❙❡❝t✐♦♥ ✹✳✼✮ (3a − b) (4a − 3b)

❊①❡r❝✐s❡ ✹✳✶✶✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✽✳✮

✭❙❡❝t✐♦♥ ✹✳✺✲❙❡❝t✐♦♥ ✹✳✼✮ −6y2
(
2y + 3y2 − 4

)

❊①❡r❝✐s❡ ✹✳✶✶✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✽✳✮

✭❙❡❝t✐♦♥ ✹✳✺✲❙❡❝t✐♦♥ ✹✳✼✮ −4b3
(
b2 − 1

)2

❊①❡r❝✐s❡ ✹✳✶✶✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✽✳✮

✭❙❡❝t✐♦♥ ✹✳✺✲❙❡❝t✐♦♥ ✹✳✼✮
(
2a3 + 3b2

)2

❊①❡r❝✐s❡ ✹✳✶✶✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✽✳✮

✭❙❡❝t✐♦♥ ✹✳✺✲❙❡❝t✐♦♥ ✹✳✼✮ 6a (a − 2) −
(
2a2 + a − 11

)

❊①❡r❝✐s❡ ✹✳✶✶✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✽✳✮

✭❙❡❝t✐♦♥ ✹✳✺✲❙❡❝t✐♦♥ ✹✳✼✮ (5h + 2k) (5h − 2k)

❊①❡r❝✐s❡ ✹✳✶✶✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✽✳✮

✭❙❡❝t✐♦♥ ✹✳✺✲❙❡❝t✐♦♥ ✹✳✼✮ ❙✉❜tr❛❝t 4a2 − 10 ❢r♦♠ 2a2 + 6a + 1✳

❊①❡r❝✐s❡ ✹✳✶✶✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✽✳✮

✭❙❡❝t✐♦♥ ✹✳✺✲❙❡❝t✐♦♥ ✹✳✼✮ ❆❞❞ t❤r❡❡ t✐♠❡s 6x − 1 t♦ t✇♦ t✐♠❡s −4x + 5✳

❊①❡r❝✐s❡ ✹✳✶✶✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✽✳✮

✭❙❡❝t✐♦♥ ✹✳✺✲❙❡❝t✐♦♥ ✹✳✼✮ ❊✈❛❧✉❛t❡ 6k2 + 2k − 7 ✐❢ k = −1✳

❊①❡r❝✐s❡ ✹✳✶✶✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✾✳✮

✭❙❡❝t✐♦♥ ✹✳✺✲❙❡❝t✐♦♥ ✹✳✼✮ ❊✈❛❧✉❛t❡ −2m(m − 3)
2
✐❢ m = −4✳

❊①❡r❝✐s❡ ✹✳✶✶✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✷✽✾✳✮

✭❙❡❝t✐♦♥ ✹✳✽✮ ❲❤❛t ✐s t❤❡ ❞♦♠❛✐♥ ♦❢ y = 3x−7
x+3 ❄

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✼✸

❙♦❧✉t✐♦♥s t♦ ❊①❡r❝✐s❡s ✐♥ ❈❤❛♣t❡r ✹

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✶ ✭♣✳ ✷✵✾✮
❛❞❞✐t✐♦♥✱ ♠✉❧t✐♣❧✐❝❛t✐♦♥
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✷ ✭♣✳ ✷✵✾✮
4x2, − 8x, 7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✸ ✭♣✳ ✷✵✾✮

2xy, 6x2, (x − y)
4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✹ ✭♣✳ ✷✵✾✮
5x2, 3x,−3xy7, (x − y)

(
x3 − 6

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✺ ✭♣✳ ✷✶✵✮
✽✱ x✱ x❀ −5✱ x❀ ✻ ❛♥❞ ✶ ♦r ✸ ❛♥❞ ✷
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✻ ✭♣✳ ✷✶✵✮
✶✵ ❛♥❞ ✶ ♦r ✺ ❛♥❞ ✷❀ ✷✱ b + 6✱ b − 18✱ b − 18
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✼ ✭♣✳ ✷✶✶✮
x2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✽ ✭♣✳ ✷✶✶✮
4x2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✾ ✭♣✳ ✷✶✶✮
2 (a + 1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✶✵ ✭♣✳ ✷✶✶✮
3a (a − 8)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✶✶ ✭♣✳ ✷✶✶✮
14c (2c + 5)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✶✷ ✭♣✳ ✷✶✶✮
♥♦ ❝♦♠♠♦♥ ❢❛❝t♦r
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✶✸ ✭♣✳ ✷✶✷✮
❤♦✇ ♠❛♥② ♦❢ t❤❛t q✉❛♥t✐t② t❤❡r❡ ❛r❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✶✹ ✭♣✳ ✷✶✸✮
✭❛✮ ✻ ✭❜✮ x3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✶✺ ✭♣✳ ✷✶✸✮
✭❛✮ ✸ ✭❜✮ 3x ✭❝✮ x ✭❞✮ 3 (y − 1) ✭❡✮ x (y − 1) ✭❢✮ ✸
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✶✻ ✭♣✳ ✷✶✸✮
✭❛✮ ✶✵ ✭❜✮ 10a ✭❝✮ 10b4 ✭❞✮ ab4 ✭❡✮ b
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✶✼ ✭♣✳ ✷✶✹✮
❆♥ ❛❧❣❡❜r❛✐❝ ❡①♣r❡ss✐♦♥ ✐s ❛ ♥✉♠❜❡r✱ ❛ ❧❡tt❡r✱ ♦r ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♥✉♠❜❡rs ❛♥❞ ❧❡tt❡rs ❛❧♦♥❣ ✇✐t❤ ♠❡❛♥✐♥❣❢✉❧
s✐❣♥s ♦❢ ♦♣❡r❛t✐♦♥✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✶✾ ✭♣✳ ✷✶✹✮
x ✐s ❛♥ ❡①♣r❡ss✐♦♥ ❜❡❝❛✉s❡ ✐t ✐s ❛ ❧❡tt❡r ✭s❡❡ t❤❡ ❞❡✜♥✐t✐♦♥✮✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✷✶ ✭♣✳ ✷✶✹✮
t✇♦ : 6x,−10
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✷✸ ✭♣✳ ✷✶✹✮
t❤r❡❡ : 5x2, 6x,−2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✷✺ ✭♣✳ ✷✶✹✮
♦♥❡ : 5cz
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✷✼ ✭♣✳ ✷✶✹✮
♦♥❡ : 61
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✷✾ ✭♣✳ ✷✶✹✮
♦♥❡ : 4y3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✸✶ ✭♣✳ ✷✶✹✮
t✇♦ : a, 1

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✸✸ ✭♣✳ ✷✶✹✮
t❤r❡❡ : 2x, x, 7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✸✺ ✭♣✳ ✷✶✹✮
t✇♦ : (a + b) , (a − 1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✸✼ ✭♣✳ ✷✶✹✮
x2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✸✾ ✭♣✳ ✷✶✺✮
9b2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✹✶ ✭♣✳ ✷✶✺✮
(a + b)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✹✸ ✭♣✳ ✷✶✺✮
2ab2c2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✹✺ ✭♣✳ ✷✶✺✮
(a − 3)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✹✼ ✭♣✳ ✷✶✺✮
♥♦ ❝♦♠♠♦♠ ❢❛❝t♦rs
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✹✾ ✭♣✳ ✷✶✺✮
(a + 7)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✺✶ ✭♣✳ ✷✶✺✮
9
32
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✺✸ ✭♣✳ ✷✶✺✮
✶✷
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✺✺ ✭♣✳ ✷✶✺✮
✻
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✺✼ ✭♣✳ ✷✶✺✮
✶✵
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✺✾ ✭♣✳ ✷✶✺✮
✽
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✻✶ ✭♣✳ ✷✶✻✮
xy5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✻✸ ✭♣✳ ✷✶✻✮
5x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✻✺ ✭♣✳ ✷✶✻✮
x2 (x − 7)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✻✼ ✭♣✳ ✷✶✻✮
✼
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✻✾ ✭♣✳ ✷✶✻✮
a
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✼✶ ✭♣✳ ✷✶✻✮
6x2b2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✼✸ ✭♣✳ ✷✶✻✮
3ab2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✼✺ ✭♣✳ ✷✶✻✮
(−4) a5b
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✼✼ ✭♣✳ ✷✶✼✮

16x16(x − 1)
12

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✼✾ ✭♣✳ ✷✶✼✮
−50
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✷✳✽✶ ✭♣✳ ✷✶✼✮
1.52 × 10−5

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✼✺

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✸✳✶ ✭♣✳ ✷✷✵✮
✶✾✷
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✸✳✷ ✭♣✳ ✷✷✵✮
✹✵
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✸✳✸ ✭♣✳ ✷✷✵✮
✺✵
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✸✳✹ ✭♣✳ ✷✷✵✮
✶✸
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✸✳✺ ✭♣✳ ✷✷✵✮
−29
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✸✳✻ ✭♣✳ ✷✷✶✮
❚❤❡ ✈❛❧✉❡ ♦❢x ✐s ❡q✉❛❧ t♦ s✐① t✐♠❡s t❤❡ ✈❛❧✉❡ ♦❢ y✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✸✳✽ ✭♣✳ ✷✷✶✮
e ✐s ❡q✉❛❧ t♦ ✾ ❧❡ss t❤❡♥ t❤❡ ✈❛❧✉❡ ♦❢ g✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✸✳✶✵ ✭♣✳ ✷✷✶✮
❚❤❡ ✈❛❧✉❡ ♦❢ t❤r❡❡ t✐♠❡s t ✐s ❡q✉❛❧ t♦ s✐① t✐♠❡s s✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✸✳✶✷ ✭♣✳ ✷✷✶✮
❚❤❡ ✈❛❧✉❡ ♦❢ r ✐s ❡q✉❛❧ t♦ t✇♦ ♥✐♥t❤ t✐♠❡s t❤❡ ✈❛❧✉❡ ♦❢ s✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✸✳✶✹ ✭♣✳ ✷✷✶✮
❚❤❡ ✈❛❧✉❡ ♦❢ f ✐s ❡q✉❛❧ t♦ 55♠♦r❡ t❤❡♥ 97

100 t✐♠❡s t❤❡ ✈❛❧✉❡ ♦❢ k✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✸✳✶✻ ✭♣✳ ✷✷✶✮
❚❤❡ ✈❛❧✉❡ ♦❢ q2 ✐s ❡q✉❛❧ t♦ ♥✐♥❡ t✐♠❡s t❤❡ ✈❛❧✉❡ ♦❢x8 ♣❧✉s t✇♦ t✐♠❡s t❤❡ ✈❛❧✉❡ ♦❢ y✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✸✳✶✽ ✭♣✳ ✷✷✶✮
31.4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✸✳✷✵ ✭♣✳ ✷✷✶✮
✸
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✸✳✷✷ ✭♣✳ ✷✷✶✮
✸✻✵
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✸✳✷✹ ✭♣✳ ✷✷✷✮
✾✻
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✸✳✷✻ ✭♣✳ ✷✷✷✮
✽
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✸✳✷✽ ✭♣✳ ✷✷✷✮
✹✷ 5

18
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✸✳✸✵ ✭♣✳ ✷✷✷✮
✹✹✽
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✸✳✸✷ ✭♣✳ ✷✷✷✮
205.44
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✸✳✸✹ ✭♣✳ ✷✷✷✮
✸✾✻
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✸✳✸✻ ✭♣✳ ✷✷✷✮
✶✺✵
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✸✳✸✽ ✭♣✳ ✷✷✸✮
588.49
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✸✳✹✵ ✭♣✳ ✷✷✸✮
238, 328
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✸✳✹✷ ✭♣✳ ✷✷✸✮
18.4191
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✸✳✹✹ ✭♣✳ ✷✷✸✮
✻✺✵

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✸✳✹✻ ✭♣✳ ✷✷✸✮
379.94
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✸✳✹✽ ✭♣✳ ✷✷✸✮
2, 043
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✸✳✺✵ ✭♣✳ ✷✷✹✮
1.7298 × 1011

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✸✳✺✷ ✭♣✳ ✷✷✹✮
✻ ✉♥✐ts
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✸✳✺✹ ✭♣✳ ✷✷✹✮
99.33 t♦♥s
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✸✳✺✻ ✭♣✳ ✷✷✺✮
195.46474 ❢❡❡t
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✸✳✺✽ ✭♣✳ ✷✷✺✮
−8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✸✳✻✵ ✭♣✳ ✷✷✺✮
2; 5 (a + b) , 2x2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✶ ✭♣✳ ✷✷✾✮
✜rst✱ ♦r ❧✐♥❡❛r
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✷ ✭♣✳ ✷✷✾✮
q✉❛❞r❛t✐❝
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✸ ✭♣✳ ✷✷✾✮
❝✉❜✐❝
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✹ ✭♣✳ ✷✷✾✮
❧✐♥❡❛r
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✺ ✭♣✳ ✷✷✾✮
❧✐♥❡❛r
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✻ ✭♣✳ ✷✷✾✮
q✉❛❞r❛t✐❝
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✼ ✭♣✳ ✷✷✾✮
q✉❛❞r❛t✐❝
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✽ ✭♣✳ ✷✷✾✮
❧✐♥❡❛r
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✾ ✭♣✳ ✷✷✾✮
❡✐❣❤t❤ ❞❡❣r❡❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✶✵ ✭♣✳ ✷✸✵✮

❜✐♥♦♠✐❛❧❀ ✜rst ✭❧✐♥❡❛r✮❀ 5, 7

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✶✷ ✭♣✳ ✷✸✵✮

❜✐♥♦♠✐❛❧❀ s❡❝♦♥❞ ✭q✉❛❞r❛t✐❝✮❀ 4, 9

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✶✹ ✭♣✳ ✷✸✵✮

❜✐♥♦♠✐❛❧❀ ❢♦✉rt❤❀ 1, 1

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✶✻ ✭♣✳ ✷✸✵✮

♠♦♥♦♠✐❛❧❀ ✜rst ✭❧✐♥❡❛r✮❀ 5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✶✽ ✭♣✳ ✷✸✵✮

tr✐♥♦♠✐❛❧❀ t❤✐r❞ ✭❝✉❜✐❝✮❀ 5 , 2, 3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✷✵ ✭♣✳ ✷✸✵✮

tr✐♥♦♠✐❛❧❀ t❤✐r❞ ✭❝✉❜✐❝✮❀ 41 , 22, 1

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✷✷ ✭♣✳ ✷✸✵✮

♠♦♥♦♠✐❛❧❀ s✐①t❤❀ 2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✼✼

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✷✹ ✭♣✳ ✷✸✵✮

♠♦♥♦♠✐❛❧❀ ✜rst ✭❧✐♥❡❛r✮❀ 9

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✷✻ ✭♣✳ ✷✸✵✮

tr✐♥♦♠✐❛❧❀ s❡❝♦♥❞ ✭q✉❛❞r❛t✐❝✮❀ 3,−6, 11

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✷✽ ✭♣✳ ✷✸✵✮

❜✐♥♦♠✐❛❧❀ ♥✐♥t❤❀ 1, 9

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✸✵ ✭♣✳ ✷✸✵✮

❜✐♥♦♠✐❛❧❀ ❡✐❣❤t❤❀ 6, 3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✸✷ ✭♣✳ ✷✸✶✮

♠♦♥♦♠✐❛❧❀ ③❡r♦❀ 5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✸✹ ✭♣✳ ✷✸✶✮

♠♦♥♦♠✐❛❧❀ ♥✐♥t❤❀ 4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✸✻ ✭♣✳ ✷✸✶✮
❧✐♥❡❛r
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✸✽ ✭♣✳ ✷✸✶✮
q✉❛❞r❛t✐❝
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✹✵ ✭♣✳ ✷✸✶✮
❧✐♥❡❛r
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✹✷ ✭♣✳ ✷✸✶✮
❝✉❜✐❝
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✹✹ ✭♣✳ ✷✸✶✮
q✉❛❞r❛t✐❝
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✹✻ ✭♣✳ ✷✸✶✮
❧✐♥❡❛r
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✹✽ ✭♣✳ ✷✸✶✮
❧✐♥❡❛r
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✺✵ ✭♣✳ ✷✸✶✮
❝✉❜✐❝
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✺✷ ✭♣✳ ✷✸✶✮
✜❢t❤ ❞❡❣r❡❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✺✹ ✭♣✳ ✷✸✷✮
✶✾t❤ ❞❡❣r❡❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✺✻ ✭♣✳ ✷✸✷✮
✳ ✳ ✳ t❤❡r❡ ✐s ❛ ✈❛r✐❛❜❧❡ ✐♥ t❤❡ ❞❡♥♦♠✐♥❛t♦r
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✺✽ ✭♣✳ ✷✸✷✮
②❡s
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✻✵ ✭♣✳ ✷✸✷✮
11 − 3x = 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✻✷ ✭♣✳ ✷✸✷✮
z = 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✹✳✻✹ ✭♣✳ ✷✸✷✮
❚❤❡ ✈❛❧✉❡ ♦❢ y ✐s ✺♠♦r❡ t❤❡♥ t❤r❡❡ t✐♠❡s t❤❡ ✈❛❧✉❡ ♦❢x✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✶ ✭♣✳ ✷✸✸✮
❞✐✛❡r❡♥t ❛♠♦✉♥ts ♦❢ t❤❡ s❛♠❡ q✉❛♥t✐t②
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✷ ✭♣✳ ✷✸✹✮
11y
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✸ ✭♣✳ ✷✸✹✮
20x

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✹ ✭♣✳ ✷✸✹✮
9a − 6b
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✺ ✭♣✳ ✷✸✹✮
−5x3 + 8x2 + 10x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✻ ✭♣✳ ✷✸✹✮
5ab − 13
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✼ ✭♣✳ ✷✸✺✮
7x2 + 7x + 30
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✽ ✭♣✳ ✷✸✺✮
−5x3 + 4x2 + 6x + 29
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✾ ✭♣✳ ✷✸✺✮
59a + 27
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✶✵ ✭♣✳ ✷✸✺✮
5x2 + 5x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✶✶ ✭♣✳ ✷✸✺✮
2a5 + a4 + 8a3 + 4a + 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✶✷ ✭♣✳ ✷✸✺✮
−6x + 34
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✶✸ ✭♣✳ ✷✸✺✮
50x2 + 31x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✶✹ ✭♣✳ ✷✸✻✮
4x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✶✻ ✭♣✳ ✷✸✻✮
21a
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✶✽ ✭♣✳ ✷✸✻✮
3x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✷✵ ✭♣✳ ✷✸✻✮
−5k
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✷✷ ✭♣✳ ✷✸✻✮
21y
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✷✹ ✭♣✳ ✷✸✻✮
−7h
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✷✻ ✭♣✳ ✷✸✻✮
11ab
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✷✽ ✭♣✳ ✷✸✻✮
11a2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✸✵ ✭♣✳ ✷✸✻✮
−5y
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✸✷ ✭♣✳ ✷✸✻✮
622ab4 + 100a4b
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✸✹ ✭♣✳ ✷✸✻✮
−7w2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✸✻ ✭♣✳ ✷✸✼✮
4x3 − 7x2 − 9x − 11
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✸✽ ✭♣✳ ✷✸✼✮
x − y
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✹✵ ✭♣✳ ✷✸✼✮
2z3 − 5z2 + 16z
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✹✷ ✭♣✳ ✷✸✼✮
−18w5 + w4

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✼✾

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✹✹ ✭♣✳ ✷✸✼✮
16d3r − 24d2r − 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✹✻ ✭♣✳ ✷✸✼✮
✽
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✹✽ ✭♣✳ ✷✸✼✮
5z
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✺✵ ✭♣✳ ✷✸✼✮
6x3 + 12x + 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✺✷ ✭♣✳ ✷✸✼✮
7a + 18
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✺✹ ✭♣✳ ✷✸✼✮
−28b + 18
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✺✻ ✭♣✳ ✷✸✼✮
31x + 8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✺✽ ✭♣✳ ✷✸✽✮
10a
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✻✵ ✭♣✳ ✷✸✽✮
80x + 24y2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✻✷ ✭♣✳ ✷✸✽✮
5x + 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✻✹ ✭♣✳ ✷✸✽✮
3a2b + 8b2 − 4b + 7x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✻✻ ✭♣✳ ✷✸✽✮
②❡s
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✻✽ ✭♣✳ ✷✸✽✮
3x2 + 8x − 8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✼✵ ✭♣✳ ✷✸✽✮
2b4 + 5b3 − 5b2 + 2b + 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✼✷ ✭♣✳ ✷✸✽✮
−3x3 + 21x2 + 4x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✼✹ ✭♣✳ ✷✸✽✮
x2y2 − 3x2y − xy2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✼✻ ✭♣✳ ✷✸✽✮
52k2 + 6k
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✼✽ ✭♣✳ ✷✸✽✮
128n2 − 90n − 3m
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✽✵ ✭♣✳ ✷✸✾✮
144c2 − 112a + 77b + 1728c
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✽✷ ✭♣✳ ✷✸✾✮
18x2y3 + 5xy3 + 4y3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✽✹ ✭♣✳ ✷✸✾✮
−24a − 16
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✽✻ ✭♣✳ ✷✸✾✮
−24x2y4 − 16x2y3 + 104xy2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✽✽ ✭♣✳ ✷✸✾✮
✹
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✺✳✾✵ ✭♣✳ ✷✸✾✮
3x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✶ ✭♣✳ ✷✹✶✮
3x + 24

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✷ ✭♣✳ ✷✹✶✮
4a + 8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✸ ✭♣✳ ✷✹✶✮
2a3 − 4ab + 12a
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✹ ✭♣✳ ✷✹✶✮
16a3b3 + 56a2b4 + 24a2b3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✺ ✭♣✳ ✷✹✶✮
8x6 + 24x5 − 32x4 − 4x3 + 36x2 − 44x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✻ ✭♣✳ ✷✹✶✮
6a3b3 + 12a2b4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✼ ✭♣✳ ✷✹✶✮
5m3n3 + 5m2n + 5mn
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✽ ✭♣✳ ✷✹✶✮
12.7233a3 + 48.24a2b
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✾ ✭♣✳ ✷✹✷✮
2a + 3b
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✶✵ ✭♣✳ ✷✹✷✮
a2 − 6a + 10
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✶✶ ✭♣✳ ✷✹✷✮
−x − 2y
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✶✷ ✭♣✳ ✷✹✷✮
−5m + 2n
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✶✸ ✭♣✳ ✷✹✷✮
3s2 + 7s − 9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✶✹ ✭♣✳ ✷✹✹✮
a2 + 5a + 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✶✺ ✭♣✳ ✷✹✹✮
m2 − 11m + 18
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✶✻ ✭♣✳ ✷✹✹✮
2x2 + 14x + 20
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✶✼ ✭♣✳ ✷✹✹✮
2x2 − xy − 3y2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✶✽ ✭♣✳ ✷✹✹✮
15a4 + 3a3 − 5a2 − a
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✶✾ ✭♣✳ ✷✹✹✮
10x5y5 + 7x4y4 + x3y3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✷✵ ✭♣✳ ✷✹✹✮
a3 + 6a2 + 15a + 18
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✷✶ ✭♣✳ ✷✹✹✮
a2 + 8a + 16
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✷✷ ✭♣✳ ✷✹✹✮
r2 − 14r + 49
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✷✸ ✭♣✳ ✷✹✺✮
x2 + 12x + 36
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✷✹ ✭♣✳ ✷✹✺✮
y2 − 16y + 64
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✷✺ ✭♣✳ ✷✹✻✮
11y2 + 2y − 19
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✷✻ ✭♣✳ ✷✹✻✮
−m − 13n

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✷✼ ✭♣✳ ✷✹✻✮
5r2 + 3r − 8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✷✽ ✭♣✳ ✷✹✻✮
3s + 11
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✷✾ ✭♣✳ ✷✹✼✮
7x + 42
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✸✶ ✭♣✳ ✷✹✼✮
6y + 24
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✸✸ ✭♣✳ ✷✹✼✮
5a − 30
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✸✺ ✭♣✳ ✷✹✼✮
12x + 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✸✼ ✭♣✳ ✷✹✼✮
36y − 27
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✸✾ ✭♣✳ ✷✹✼✮
−9a − 63
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✹✶ ✭♣✳ ✷✹✼✮
−4x − 8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✹✸ ✭♣✳ ✷✹✼✮
−3a + 18
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✹✺ ✭♣✳ ✷✹✼✮
−10a − 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✹✼ ✭♣✳ ✷✹✼✮
−30y + 18
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✹✾ ✭♣✳ ✷✹✼✮
x2 + 6x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✺✶ ✭♣✳ ✷✹✽✮
m2 − 4m
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✺✸ ✭♣✳ ✷✹✽✮
3x2 + 6x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✺✺ ✭♣✳ ✷✹✽✮
6a2 − 30a
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✺✼ ✭♣✳ ✷✹✽✮
15x2 + 12x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✺✾ ✭♣✳ ✷✹✽✮
2b2 − 2b
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✻✶ ✭♣✳ ✷✹✽✮
15x4 + 12x2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✻✸ ✭♣✳ ✷✹✽✮
20a7 + 12a6 + 8a5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✻✺ ✭♣✳ ✷✹✽✮
−5x3 − 10x2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✻✼ ✭♣✳ ✷✹✽✮
6x4y3 − 12x3y
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✻✾ ✭♣✳ ✷✹✽✮
2b6x3 − 11b5x2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✼✶ ✭♣✳ ✷✹✽✮
18y7 − 27y6 + 72y5 + 9y4 − 54y3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✼✸ ✭♣✳ ✷✹✾✮
a2 + 6a + 8

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✼✺ ✭♣✳ ✷✹✾✮
y2 + 3y − 18
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✼✼ ✭♣✳ ✷✹✾✮
i2 + 2i − 15
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✼✾ ✭♣✳ ✷✹✾✮
6a2 − 20a + 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✽✶ ✭♣✳ ✷✹✾✮
18y2 + 93y + 110
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✽✸ ✭♣✳ ✷✹✾✮
−x2 − x + 12
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✽✺ ✭♣✳ ✷✹✾✮
x3 + x2 + 2x + 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✽✼ ✭♣✳ ✷✹✾✮
6x4 − 7x2 − 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✽✾ ✭♣✳ ✷✹✾✮
12x5y7 + 30x3y5 + 12x3y3 + 30xy
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✾✶ ✭♣✳ ✷✹✾✮
4a2 − 28a − 32
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✾✸ ✭♣✳ ✷✹✾✮
x3 + 5x2 + 4x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✾✺ ✭♣✳ ✷✹✾✮
y5 − 5y4 + 6y3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✾✼ ✭♣✳ ✷✺✵✮
5y8 + 40y7 + 35y6

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✾✾ ✭♣✳ ✷✺✵✮
10x6y5 − 5x5y4 − 6x4y3 + 3x3y2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✶✵✶ ✭♣✳ ✷✺✵✮
8c3 + 40c + 88
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✶✵✸ ✭♣✳ ✷✺✵✮
24a5b9 + 42a4b11 + 12a3b13 + 18a3b3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✶✵✺ ✭♣✳ ✷✺✵✮
x3 − 6x2 − 10x + 21
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✶✵✼ ✭♣✳ ✷✺✵✮
21a7 − 22a5 − 15a3 − 7a2 − 2a − 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✶✵✾ ✭♣✳ ✷✺✵✮
10a3 + 8a3b + 4a2b2 + 5a2b − b2 − 8a − 4b − 2ab
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✶✶✶ ✭♣✳ ✷✺✵✮
x2 + 2x + 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✶✶✸ ✭♣✳ ✷✺✵✮
a2 + 4a + 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✶✶✺ ✭♣✳ ✷✺✵✮
−9x2 + 30x − 25
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✶✶✼ ✭♣✳ ✷✺✵✮
7x2 − 5x − 7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✶✶✾ ✭♣✳ ✷✺✶✮
2y2 − 5xy − 12x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✶✷✶ ✭♣✳ ✷✺✶✮
6x2 − 33x − 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✶✷✸ ✭♣✳ ✷✺✶✮
9a2b + 13ab2 − ab

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✶✷✺ ✭♣✳ ✷✺✶✮
17a3 − 11a2 − 7a − 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✶✷✼ ✭♣✳ ✷✺✶✮
12x − 9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✶✷✾ ✭♣✳ ✷✺✶✮
7x − 10
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✶✸✶ ✭♣✳ ✷✺✶✮
26x + 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✶✸✸ ✭♣✳ ✷✺✶✮
−20x − 18
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✶✸✺ ✭♣✳ ✷✺✶✮
✵
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✶✸✼ ✭♣✳ ✷✺✷✮
1.98 × 105

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✻✳✶✸✾ ✭♣✳ ✷✺✷✮
❞❡❣r❡❡ ✐s 6; 4, 3,−5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✶ ✭♣✳ ✷✺✹✮
x2 + 10x + 25
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✷ ✭♣✳ ✷✺✹✮
x2 + 14x + 49
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✸ ✭♣✳ ✷✺✺✮
y2 − 12y + 36
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✹ ✭♣✳ ✷✺✺✮
9a2 + 6ab + b2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✺ ✭♣✳ ✷✺✺✮
81m2 − 18mn + n2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✻ ✭♣✳ ✷✺✺✮
100x2 − 40xy + 4y2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✼ ✭♣✳ ✷✺✺✮
144a2 − 168ab + 49b2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✽ ✭♣✳ ✷✺✺✮
25h2 − 150hk + 225k2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✾ ✭♣✳ ✷✺✻✮
x2 + 6x + 9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✶✶ ✭♣✳ ✷✺✻✮
x2 + 16x + 64
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✶✸ ✭♣✳ ✷✺✻✮
y2 + 18y + 81
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✶✺ ✭♣✳ ✷✺✻✮
a2 − 8a + 16
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✶✼ ✭♣✳ ✷✺✻✮
a2 − 14a + 49
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✶✾ ✭♣✳ ✷✺✻✮
b2 + 30b + 225
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✷✶ ✭♣✳ ✷✺✻✮
x2 − 24x + 144
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✷✸ ✭♣✳ ✷✺✻✮
y2 − 40y + 400
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✷✺ ✭♣✳ ✷✺✻✮
16x2 + 16x + 4

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✷✼ ✭♣✳ ✷✺✻✮
49x2 − 28x + 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✷✾ ✭♣✳ ✷✺✻✮
9a2 − 54a + 81
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✸✶ ✭♣✳ ✷✺✼✮
25a2 − 30ab + 9b2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✸✸ ✭♣✳ ✷✺✼✮
4h2 − 32hk + 64k2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✸✺ ✭♣✳ ✷✺✼✮
a2 + 2

3a + 1
9

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✸✼ ✭♣✳ ✷✺✼✮
x2 + 4

5x + 4
25

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✸✾ ✭♣✳ ✷✺✼✮
y2 − 5

3y + 25
36

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✹✶ ✭♣✳ ✷✺✼✮
x2 + 2.6x + 1.69
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✹✸ ✭♣✳ ✷✺✼✮
a2 + a + 0.25
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✹✺ ✭♣✳ ✷✺✼✮
x2 − 6.2x + 9.61
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✹✼ ✭♣✳ ✷✺✼✮
b2 − 0.08b + 0.0016
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✹✾ ✭♣✳ ✷✺✼✮
x2 − 25
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✺✶ ✭♣✳ ✷✺✼✮
x2 − 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✺✸ ✭♣✳ ✷✺✽✮
f2 − 81
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✺✺ ✭♣✳ ✷✺✽✮
4y2 − 9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✺✼ ✭♣✳ ✷✺✽✮
4a2 − 49b2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✺✾ ✭♣✳ ✷✺✽✮
25h2 − 4k2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✻✶ ✭♣✳ ✷✺✽✮
a2 − 4

81
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✻✸ ✭♣✳ ✷✺✽✮
4b2 − 36

49
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✻✺ ✭♣✳ ✷✺✽✮
(a − b) (a − b) = a2 − ab − ab + b2 = a2 − 2ab + b2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✻✼ ✭♣✳ ✷✺✽✮
✜rst t❡r♠ sq✉❛r❡❞
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✻✾ ✭♣✳ ✷✺✾✮
✭❛✮ ❙q✉❛r❡ t❤❡ ✜rst t❡r♠✳
✭❜✮ ❙q✉❛r❡ t❤❡ s❡❝♦♥❞ t❡r♠ ❛♥❞ s✉❜tr❛❝t ✐t ❢r♦♠ t❤❡ ✜rst t❡r♠✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✼✶ ✭♣✳ ✷✺✾✮
1
80
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✼✳✼✸ ✭♣✳ ✷✺✾✮
10m2 + 9m − 9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✽✳✶ ✭♣✳ ✷✻✶✮
❛❧❧ r❡❛❧ ♥✉♠❜❡rs

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✽✺

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✽✳✷ ✭♣✳ ✷✻✶✮
❛❧❧ r❡❛❧ ♥✉♠❜❡rs ❡①❝❡♣t ✵
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✽✳✸ ✭♣✳ ✷✻✶✮
❛❧❧ r❡❛❧ ♥✉♠❜❡rs ❡①❝❡♣t ✵
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✽✳✹ ✭♣✳ ✷✻✶✮
❛❧❧ r❡❛❧ ♥✉♠❜❡rs ❡①❝❡♣t ✻
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✽✳✺ ✭♣✳ ✷✻✶✮
❛❧❧ r❡❛❧ ♥✉♠❜❡rs ❡①❝❡♣t −2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✽✳✻ ✭♣✳ ✷✻✶✮
❛❧❧ r❡❛❧ ♥✉♠❜❡rs ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ ✵
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✽✳✼ ✭♣✳ ✷✻✶✮
❛❧❧ r❡❛❧ ♥✉♠❜❡rs
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✽✳✽ ✭♣✳ ✷✻✷✮
x = ❛❧❧ r❡❛❧ ♥✉♠❜❡rs
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✽✳✶✵ ✭♣✳ ✷✻✷✮
x = ❛❧❧ r❡❛❧ ♥✉♠❜❡rs
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✽✳✶✷ ✭♣✳ ✷✻✷✮
x = ❛❧❧ r❡❛❧ ♥✉♠❜❡rs
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✽✳✶✹ ✭♣✳ ✷✻✷✮
x = ❛❧❧ r❡❛❧ ♥✉♠❜❡rs ❡①❝❡♣t ③❡r♦
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✽✳✶✻ ✭♣✳ ✷✻✷✮
h = ❛❧❧ r❡❛❧ ♥✉♠❜❡rs ❡①❝❡♣t ③❡r♦
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✽✳✶✽ ✭♣✳ ✷✻✷✮
s = ❛❧❧ r❡❛❧ ♥✉♠❜❡rs ❡①❝❡♣t ✻
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✽✳✷✵ ✭♣✳ ✷✻✷✮
❝♦♠♠✉t❛t✐✈❡ ♣r♦♣❡rt② ♦❢ ♠✉❧t✐♣❧✐❝❛t✐♦♥
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✽✳✷✷ ✭♣✳ ✷✻✷✮
✧❤♦✇ ❢❛r✧
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✽✳✷✹ ✭♣✳ ✷✻✷✮
16x2 − 9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✶ ✭♣✳ ✷✻✹✮
t❤r❡❡✿ 4x2, 7x, 12
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✸ ✭♣✳ ✷✻✹✮
t✇♦✿ c, 8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✺ ✭♣✳ ✷✻✺✮
a2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✼ ✭♣✳ ✷✻✺✮
12y3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✾ ✭♣✳ ✷✻✺✮
2 (a + 2b)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✶✶ ✭♣✳ ✷✻✺✮
♥♦ ❝♦♠♠♦♥ ❢❛❝t♦rs
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✶✸ ✭♣✳ ✷✻✺✮
✶✷
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✶✺ ✭♣✳ ✷✻✺✮
2a2b
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✶✼ ✭♣✳ ✷✻✺✮
✽
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✶✾ ✭♣✳ ✷✻✺✮
(y + 3)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✷✶ ✭♣✳ ✷✻✻✮
❚❤❡ ✈❛❧✉❡ ♦❢ a ✐s ❡q✉❛❧ t♦ t❤r❡❡ t✐♠❡ t❤❡ ✈❛❧✉❡ ♦❢ b✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✷✸ ✭♣✳ ✷✻✻✮
❚❤❡ ✈❛❧✉❡ ♦❢ f ✐s ❡q✉❛❧ t♦ s✐① t✐♠❡s g ♠♦r❡ t❤❡♥ ♦♥❡ ❤❛❧❢ t✐♠❡ t❤❡ ✈❛❧✉❡ ♦❢m sq✉❛r❡❞✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✷✺ ✭♣✳ ✷✻✻✮
❚❤❡ ✈❛❧✉❡ ♦❢P sq✉❛r❡❞ ✐s ❡q✉❛❧ t♦ t❤❡ ✈❛❧✉❡ ♦❢ a ❝✉❜❡❞ t✐♠❡s k✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✷✼ ✭♣✳ ✷✻✻✮
✶✵
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✷✾ ✭♣✳ ✷✻✻✮
✹✳✶✺✶✺× ✶✵12

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✸✶ ✭♣✳ ✷✻✻✮
7
50 ♦r 0.14
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✸✸ ✭♣✳ ✷✻✻✮
tr✐♥♦♠✐❛❧❀ ❝✉❜✐❝❀ ✹✱ ✸✱ ✶
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✸✺ ✭♣✳ ✷✻✻✮
♠♦♥♦♠✐❛❧❀ ③❡r♦❀ ✶✹✼
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✸✼ ✭♣✳ ✷✻✻✮
❜✐♥♦♠✐❛❧❀ t❡♥t❤❀ ✾✱ ✶✵
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✸✾ ✭♣✳ ✷✻✼✮
✳ ✳ ✳ ❜❡❝❛✉s❡ t❤❡r❡ ✐s ❛ ✈❛r✐❛❜❧❡ ✐♥ t❤❡ ❞❡♥♦♠✐♥❛t♦r
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✹✶ ✭♣✳ ✷✻✼✮
❧✐♥❡❛r
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✹✸ ✭♣✳ ✷✻✼✮
❧✐♥❡❛r
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✹✺ ✭♣✳ ✷✻✼✮
q✉❛❞r❛t✐❝
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✹✼ ✭♣✳ ✷✻✼✮
22x2y3 + 3xy + 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✹✾ ✭♣✳ ✷✻✼✮
11y2 + 38y + 14
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✺✶ ✭♣✳ ✷✻✼✮
120y3 + 86y2 + 24y + 45
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✺✸ ✭♣✳ ✷✻✼✮
5x2 + 2x + 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✺✺ ✭♣✳ ✷✻✼✮
60c2 + 120a + 60b
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✺✼ ✭♣✳ ✷✻✽✮
36m4 + 7m3 + 4m2 + 16m
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✺✾ ✭♣✳ ✷✻✽✮
3a2b2c2 + 7abc2 + ab2c + 12abc
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✻✶ ✭♣✳ ✷✻✽✮
6a6 + 30a4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✻✸ ✭♣✳ ✷✻✽✮
10m13 + 15m10 + 5m8 + 5m7 + 5m6

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✻✺ ✭♣✳ ✷✻✽✮
x2 + 5x + 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✻✼ ✭♣✳ ✷✻✽✮
a2 + 4a + 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✻✾ ✭♣✳ ✷✻✽✮
−6xy

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✽✼

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✼✶ ✭♣✳ ✷✻✽✮
−8x4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✼✸ ✭♣✳ ✷✻✽✮
4x − 32
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✼✺ ✭♣✳ ✷✻✽✮
−15a2 + 18a
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✼✼ ✭♣✳ ✷✻✽✮
−11y3 + 15y2 + 16y + 10
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✼✾ ✭♣✳ ✷✻✾✮
−5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✽✶ ✭♣✳ ✷✻✾✮
−6a2b − 8q2b − 9b2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✽✸ ✭♣✳ ✷✻✾✮
−a − 27
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✽✺ ✭♣✳ ✷✻✾✮
2x − 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✽✼ ✭♣✳ ✷✻✾✮
2x − 29
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✽✾ ✭♣✳ ✷✻✾✮
x2 − 11x + 24
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✾✶ ✭♣✳ ✷✻✾✮
16b2 − 4bc − 2c2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✾✸ ✭♣✳ ✷✻✾✮
a2 − 6a + 9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✾✺ ✭♣✳ ✷✻✾✮
36x2 − 48x + 16
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✾✼ ✭♣✳ ✷✻✾✮
x2 + 2xy + y2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✾✾ ✭♣✳ ✷✻✾✮
m2 − 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✶✵✶ ✭♣✳ ✷✻✾✮
9c2 − 100
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✶✵✸ ✭♣✳ ✷✼✵✮
25 − 4b2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✶✵✺ ✭♣✳ ✷✼✵✮
2y2 + 7ay + 3a2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✶✵✼ ✭♣✳ ✷✼✵✮
x4 − x2 − 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✶✵✾ ✭♣✳ ✷✼✵✮
48y2 + 32y − 256
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✶✶✶ ✭♣✳ ✷✼✵✮
m4n + 3m3n2 + 2m2n3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✶✶✸ ✭♣✳ ✷✼✵✮
3p5 + 21p4 + 63p3 + 129p2 + 84p
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✶✶✺ ✭♣✳ ✷✼✵✮
x2 − 4x + 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✶✶✼ ✭♣✳ ✷✼✵✮
x4 + 2x2y + y2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✶✶✾ ✭♣✳ ✷✼✵✮
9x4y6 − 24x6y4 + 16x8y2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✶✷✶ ✭♣✳ ✷✼✶✮
❛❧❧ r❡❛❧ ♥✉♠❜❡rs
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✶✷✸ ✭♣✳ ✷✼✶✮
❛❧❧ r❡❛❧ ♥✉♠❜❡rs ❡①❝❡♣t ✷
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✵✳✶✷✺ ✭♣✳ ✷✼✶✮
x ❝❛♥ ❡q✉❛❧ ❛♥② r❡❛❧ ♥✉♠❜❡r❀ y ❝❛♥ ❡q✉❛❧ ❛♥② ♥✉♠❜❡r ❡①❝❡♣t− 10
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✶✳✶ ✭♣✳ ✷✼✶✮
t✇♦✿ 3a (a + 1) ,− (a + 2) (a − 3)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✶✳✷ ✭♣✳ ✷✼✶✮
5x3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✶✳✸ ✭♣✳ ✷✼✶✮
8x (b − 6)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✶✳✹ ✭♣✳ ✷✼✶✮
8y3z
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✶✳✺ ✭♣✳ ✷✼✶✮
✶✵✽
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✶✳✻ ✭♣✳ ✷✼✶✮
tr✐♥♦♠✐❛❧❀ ✺t❤ ❞❡❣r❡❡❀
♥✉♠❜❡r✐❝❛❧ ❝♦❡✣❝✐❡♥ts✿ ✸✱ ✹✱ ✽
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✶✳✼ ✭♣✳ ✷✼✶✮
15x2 + 5x − 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✶✳✽ ✭♣✳ ✷✼✶✮
6a2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✶✳✾ ✭♣✳ ✷✼✶✮
x2 + 6x + 8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✶✳✶✵ ✭♣✳ ✷✼✶✮
6a2 + 16a − 70
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✶✳✶✶ ✭♣✳ ✷✼✶✮
y2 + 6y + 9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✶✳✶✷ ✭♣✳ ✷✼✷✮
36a2 + 84ay + 49y2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✶✳✶✸ ✭♣✳ ✷✼✷✮
16x2 − 72xy + 81y2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✶✳✶✹ ✭♣✳ ✷✼✷✮
18x4 + 51x3 + 15x2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✶✳✶✺ ✭♣✳ ✷✼✷✮
12a2 − 13ab + 3b2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✶✳✶✻ ✭♣✳ ✷✼✷✮
−18y4 − 12y3 + 24y2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✶✳✶✼ ✭♣✳ ✷✼✷✮
−4b7 + 8b5 − 4b3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✶✳✶✽ ✭♣✳ ✷✼✷✮
4a6 + 12a3b2 + 9b4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✶✳✶✾ ✭♣✳ ✷✼✷✮
4a2 − 13a + 11
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✶✳✷✵ ✭♣✳ ✷✼✷✮
25h2 − 4k2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✶✳✷✶ ✭♣✳ ✷✼✷✮
−2a2 + 6a + 11
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✶✳✷✷ ✭♣✳ ✷✼✷✮
10x + 7

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✽✾

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✶✳✷✸ ✭♣✳ ✷✼✷✮
−3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✶✳✷✹ ✭♣✳ ✷✼✷✮
✸✾✷
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✹✳✶✶✳✷✺ ✭♣✳ ✷✼✷✮
❛❧❧ r❡❛❧ ♥✉♠❜❡rs ❡①❝❡♣t (−3)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



❈❤❛♣t❡r ✺

❙♦❧✈✐♥❣ ▲✐♥❡❛r ❊q✉❛t✐♦♥s ❛♥❞

■♥❡q✉❛❧✐t✐❡s

✺✳✶ ❖❜❥❡❝t✐✈❡s✶

❆❢t❡r ❝♦♠♣❧❡t✐♥❣ t❤✐s ❝❤❛♣t❡r✱ ②♦✉ s❤♦✉❧❞

❙♦❧✈✐♥❣ ❊q✉❛t✐♦♥s ✭❙❡❝t✐♦♥ ✺✳✷✮

• ❜❡ ❛❜❧❡ t♦ ✐❞❡♥t✐❢② ✈❛r✐♦✉s t②♣❡s ♦❢ ❡q✉❛t✐♦♥s
• ✉♥❞❡rst❛♥❞ t❤❡ ♠❡❛♥✐♥❣ ♦❢ s♦❧✉t✐♦♥s ❛♥❞ ❡q✉✐✈❛❧❡♥t ❡q✉❛t✐♦♥s
• ❜❡ ❛❜❧❡ t♦ s♦❧✈❡ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ❢♦r♠ x + a = b ❛♥❞ x − a = b✳
• ❜❡ ❢❛♠✐❧✐❛r ✇✐t❤ ❛♥❞ ❛❜❧❡ t♦ s♦❧✈❡ ❧✐t❡r❛❧ ❡q✉❛t✐♦♥

❙♦❧✈✐♥❣ ❊q✉❛t✐♦♥s ♦❢ t❤❡ ❋♦r♠ ax = b ❛♥❞ x
a = b✭❙❡❝t✐♦♥ ✺✳✸✮

• ✉♥❞❡rst❛♥❞ t❤❡ ❡q✉❛❧✐t② ♣r♦♣❡rt② ♦❢ ❛❞❞✐t✐♦♥ ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥
• ❜❡ ❛❜❧❡ t♦ s♦❧✈❡ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ❢♦r♠ax = b ❛♥❞ x

a = b

❋✉rt❤❡r ❚❡❝❤♥✐q✉❡s ✐♥ ❊q✉❛t✐♦♥ ❙♦❧✈✐♥❣ ✭❙❡❝t✐♦♥ ✺✳✹✮

• ❜❡ ❝♦♠❢♦rt❛❜❧❡ ✇✐t❤ ❝♦♠❜✐♥✐♥❣ t❡❝❤♥✐q✉❡s ✐♥ ❡q✉❛t✐♦♥ s♦❧✈✐♥❣
• ❜❡ ❛❜❧❡ t♦ r❡❝♦❣♥✐③❡ ✐❞❡♥t✐t✐❡s ❛♥❞ ❝♦♥tr❛❞✐❝t✐♦♥s

❆♣♣❧✐❝❛t✐♦♥s ■ ✲ ❚r❛♥s❧❛t✐♥❣ ❢r♦♠ ❱❡r❜❛❧ t♦ ▼❛t❤❡♠❛t✐❝❛❧ ❊①♣r❡ss✐♦♥s ✭❙❡❝t✐♦♥ ✺✳✺✮

• ❜❡ ❛❜❧❡ t♦ tr❛♥s❧❛t❡ ❢r♦♠ ✈❡r❜❛❧ t♦ ♠❛t❤❡♠❛t✐❝❛❧ ❡①♣r❡ss✐♦♥s

❆♣♣❧✐❝❛t✐♦♥s ■■ ✲ ❙♦❧✈✐♥❣ Pr♦❜❧❡♠s ✭❙❡❝t✐♦♥ ✺✳✻✮

• ❜❡ ❛❜❧❡ t♦ s♦❧✈❡ ✈❛r✐♦✉s ❛♣♣❧✐❡❞ ♣r♦❜❧❡♠s

▲✐♥❡❛r ■♥❡q✉❛❧✐t✐❡s ✐♥ ❖♥❡ ❱❛r✐❛❜❧❡ ✭❙❡❝t✐♦♥ ✺✳✼✮

• ✉♥❞❡rst❛♥❞ t❤❡ ♠❡❛♥✐♥❣ ♦❢ ✐♥❡q✉❛❧✐t✐❡s
• ❜❡ ❛❜❧❡ t♦ r❡❝♦❣♥✐③❡ ❧✐♥❡❛r ✐♥❡q✉❛❧✐t✐❡s
• ❦♥♦✇✱ ❛♥❞ ❜❡ ❛❜❧❡ t♦ ✇♦r❦ ✇✐t❤✱ t❤❡ ❛❧❣❡❜r❛ ♦❢ ❧✐♥❡❛r ✐♥❡q✉❛❧✐t✐❡s ❛♥❞ ✇✐t❤ ❝♦♠♣♦✉♥❞ ✐♥❡q✉❛❧✐t✐❡s

▲✐♥❡❛r ■♥❡q✉❛❧✐t✐❡s ✐♥ ❚✇♦ ❱❛r✐❛❜❧❡s ✭❙❡❝t✐♦♥ ✺✳✽✮

• ❜❡ ❛❜❧❡ t♦ ✐❞❡♥t✐❢② t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✐♥ t✇♦ ✈❛r✐❛❜❧❡s
• ❦♥♦✇ t❤❛t s♦❧✉t✐♦♥s t♦ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ♦r❞❡r❡❞ ♣❛✐rs

✶❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✷✽✵✶✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃

✷✾✶
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✺✳✷ ❙♦❧✈✐♥❣ ❊q✉❛t✐♦♥s ✷

✺✳✷✳✶ ❖✈❡r✈✐❡✇

• ❚②♣❡s ♦❢ ❊q✉❛t✐♦♥s
• ❙♦❧✉t✐♦♥s ❛♥❞ ❊q✉✐✈❛❧❡♥t ❊q✉❛t✐♦♥s
• ▲✐t❡r❛❧ ❊q✉❛t✐♦♥s
• ❙♦❧✈✐♥❣ ❊q✉❛t✐♦♥s ♦❢ t❤❡ ❋♦r♠ x + a = b ❛♥❞ x − a = b

✺✳✷✳✷ ❚②♣❡s ♦❢ ❊q✉❛t✐♦♥s

■❞❡♥t✐t②
❙♦♠❡ ❡q✉❛t✐♦♥s ❛r❡ ❛❧✇❛②s tr✉❡✳ ❚❤❡s❡ ❡q✉❛t✐♦♥s ❛r❡ ❝❛❧❧❡❞ ✐❞❡♥t✐t✐❡s✳ ■❞❡♥t✐t✐❡s ❛r❡ ❡q✉❛t✐♦♥s t❤❛t ❛r❡
tr✉❡ ❢♦r ❛❧❧ ❛❝❝❡♣t❛❜❧❡ ✈❛❧✉❡s ♦❢ t❤❡ ✈❛r✐❛❜❧❡✱ t❤❛t ✐s✱ ❢♦r ❛❧❧ ✈❛❧✉❡s ✐♥ t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥✳

5x = 5x ✐s tr✉❡ ❢♦r ❛❧❧ ❛❝❝❡♣t❛❜❧❡ ✈❛❧✉❡s ♦❢ x✳
y + 1 = y + 1 ✐s tr✉❡ ❢♦r ❛❧❧ ❛❝❝❡♣t❛❜❧❡ ✈❛❧✉❡s ♦❢ y✳
2 + 5 = 7 ✐s tr✉❡✱ ❛♥❞ ♥♦ s✉❜st✐t✉t✐♦♥s ❛r❡ ♥❡❝❡ss❛r②✳
❈♦♥tr❛❞✐❝t✐♦♥
❙♦♠❡ ❡q✉❛t✐♦♥s ❛r❡ ♥❡✈❡r tr✉❡✳ ❚❤❡s❡ ❡q✉❛t✐♦♥s ❛r❡ ❝❛❧❧❡❞ ❝♦♥tr❛❞✐❝t✐♦♥s✳ ❈♦♥tr❛❞✐❝t✐♦♥s ❛r❡ ❡q✉❛t✐♦♥s
t❤❛t ❛r❡ ♥❡✈❡r tr✉❡ r❡❣❛r❞❧❡ss ♦❢ t❤❡ ✈❛❧✉❡ s✉❜st✐t✉t❡❞ ❢♦r t❤❡ ✈❛r✐❛❜❧❡✳

x = x + 1 ✐s ♥❡✈❡r tr✉❡ ❢♦r ❛♥② ❛❝❝❡♣t❛❜❧❡ ✈❛❧✉❡ ♦❢ x✳
0 · k = 14 ✐s ♥❡✈❡r tr✉❡ ❢♦r ❛♥② ❛❝❝❡♣t❛❜❧❡ ✈❛❧✉❡ ♦❢ k✳
2 = 1 ✐s ♥❡✈❡r tr✉❡✳
❈♦♥❞✐t✐♦♥❛❧ ❊q✉❛t✐♦♥
❚❤❡ tr✉t❤ ♦❢ s♦♠❡ ❡q✉❛t✐♦♥s ✐s ❝♦♥❞✐t✐♦♥❛❧ ✉♣♦♥ t❤❡ ✈❛❧✉❡ ❝❤♦s❡♥ ❢♦r t❤❡ ✈❛r✐❛❜❧❡✳ ❙✉❝❤ ❡q✉❛t✐♦♥s ❛r❡ ❝❛❧❧❡❞
❝♦♥❞✐t✐♦♥❛❧ ❡q✉❛t✐♦♥s✳ ❈♦♥❞✐t✐♦♥❛❧ ❡q✉❛t✐♦♥s ❛r❡ ❡q✉❛t✐♦♥s t❤❛t ❛r❡ tr✉❡ ❢♦r ❛t ❧❡❛st ♦♥❡ r❡♣❧❛❝❡♠❡♥t ♦❢
t❤❡ ✈❛r✐❛❜❧❡ ❛♥❞ ❢❛❧s❡ ❢♦r ❛t ❧❡❛st ♦♥❡ r❡♣❧❛❝❡♠❡♥t ♦❢ t❤❡ ✈❛r✐❛❜❧❡✳

x + 6 = 11 ✐s tr✉❡ ♦♥❧② ♦♥ t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t x = 5✳
y − 7 = −1 ✐s tr✉❡ ♦♥❧② ♦♥ t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t y = 6✳

✺✳✷✳✸ ❙♦❧✉t✐♦♥s ❛♥❞ ❊q✉✐✈❛❧❡♥t ❊q✉❛t✐♦♥s

❙♦❧✉t✐♦♥s ❛♥❞ ❙♦❧✈✐♥❣ ❛♥ ❊q✉❛t✐♦♥
❚❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ✈❛❧✉❡s t❤❛t ♠❛❦❡ ❛♥ ❡q✉❛t✐♦♥ tr✉❡ ❛r❡ ❝❛❧❧❡❞ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❡q✉❛t✐♦♥✳ ❆♥ ❡q✉❛t✐♦♥ ✐s
s♦❧✈❡❞ ✇❤❡♥ ❛❧❧ ✐ts s♦❧✉t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❢♦✉♥❞✳
❊q✉✐✈❛❧❡♥t ❊q✉❛t✐♦♥s
❙♦♠❡ ❡q✉❛t✐♦♥s ❤❛✈❡ ♣r❡❝✐s❡❧② t❤❡ s❛♠❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ s♦❧✉t✐♦♥s✳ ❙✉❝❤ ❡q✉❛t✐♦♥s ❛r❡ ❝❛❧❧❡❞ ❡q✉✐✈❛❧❡♥t ❡q✉❛✲
t✐♦♥s✳ ❚❤❡ ❡q✉❛t✐♦♥s

2x + 1 = 7, 2x = 6 ❛♥❞ x = 3

❛r❡ ❡q✉✐✈❛❧❡♥t ❡q✉❛t✐♦♥s ❜❡❝❛✉s❡ t❤❡ ♦♥❧② ✈❛❧✉❡ t❤❛t ♠❛❦❡s ❡❛❝❤ ♦♥❡ tr✉❡ ✐s ✸✳

✺✳✷✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❚❡❧❧ ✇❤② ❡❛❝❤ ❡q✉❛t✐♦♥ ✐s ❛♥ ✐❞❡♥t✐t②✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱ ♦r ❝♦♥❞✐t✐♦♥❛❧✳

❊①❛♠♣❧❡ ✺✳✶
❚❤❡ ❡q✉❛t✐♦♥ x − 4 = 6 ✐s ❛ ❝♦♥❞✐t✐♦♥❛❧ ❡q✉❛t✐♦♥ s✐♥❝❡ ✐t ✇✐❧❧ ❜❡ tr✉❡ ♦♥❧② ♦♥ t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t
x = 10✳

✷❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✶✽✽✼✻✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❛♠♣❧❡ ✺✳✷
❚❤❡ ❡q✉❛t✐♦♥ x − 2 = x − 2 ✐s ❛♥ ✐❞❡♥t✐t② s✐♥❝❡ ✐t ✐s tr✉❡ ❢♦r ❛❧❧ ✈❛❧✉❡s ♦❢ x✳ ❋♦r ❡①❛♠♣❧❡✱

✐❢x = 5, 5 − 2 = 5 − 2 ✐s tr✉❡

x = −7, −7 − 2 = −7 − 2 ✐s tr✉❡

❊①❛♠♣❧❡ ✺✳✸
❚❤❡ ❡q✉❛t✐♦♥ a+5 = a+1 ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ s✐♥❝❡ ❡✈❡r② ✈❛❧✉❡ ♦❢ a ♣r♦❞✉❝❡s ❛ ❢❛❧s❡ st❛t❡♠❡♥t✳ ❋♦r
❡①❛♠♣❧❡✱

✐❢ a = 8, 8 + 5 = 8 + 1 ✐s ❢❛❧s❡

✐❢ a = −2, −2 + 5 = −2 + 1 ✐s ❢❛❧s❡

✺✳✷✳✺ Pr❛❝t✐❝❡ ❙❡t ❆

❋♦r ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s✱ ✇r✐t❡ ✧✐❞❡♥t✐t②✱✧ ✧❝♦♥tr❛❞✐❝t✐♦♥✱✧ ♦r ✧❝♦♥❞✐t✐♦♥❛❧✳✧ ■❢ ②♦✉ ❝❛♥✱ ✜♥❞ t❤❡
s♦❧✉t✐♦♥ ❜② ♠❛❦✐♥❣ ❛♥ ❡❞✉❝❛t❡❞ ❣✉❡ss ❜❛s❡❞ ♦♥ ②♦✉r ❦♥♦✇❧❡❞❣❡ ♦❢ ❛r✐t❤♠❡t✐❝✳

❊①❡r❝✐s❡ ✺✳✷✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✹✳✮

x + 1 = 10

❊①❡r❝✐s❡ ✺✳✷✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✹✳✮

y − 4 = 7

❊①❡r❝✐s❡ ✺✳✷✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✹✳✮

5a = 25

❊①❡r❝✐s❡ ✺✳✷✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✹✳✮
x
4 = 9

❊①❡r❝✐s❡ ✺✳✷✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✹✳✮
18
b = 6

❊①❡r❝✐s❡ ✺✳✷✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✹✳✮

y − 2 = y − 2

❊①❡r❝✐s❡ ✺✳✷✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✹✳✮

x + 4 = x − 3

❊①❡r❝✐s❡ ✺✳✷✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✹✳✮

x + x + x = 3x

❊①❡r❝✐s❡ ✺✳✷✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✹✳✮

8x = 0

❊①❡r❝✐s❡ ✺✳✷✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✹✳✮

m − 7 = −5

✺✳✷✳✻ ▲✐t❡r❛❧ ❊q✉❛t✐♦♥s

▲✐t❡r❛❧ ❊q✉❛t✐♦♥s
❙♦♠❡ ❡q✉❛t✐♦♥s ✐♥✈♦❧✈❡ ♠♦r❡ t❤❛♥ ♦♥❡ ✈❛r✐❛❜❧❡✳ ❙✉❝❤ ❡q✉❛t✐♦♥s ❛r❡ ❝❛❧❧❡❞ ❧✐t❡r❛❧ ❡q✉❛t✐♦♥s✳

❆♥ ❡q✉❛t✐♦♥ ✐s s♦❧✈❡❞ ❢♦r ❛ ♣❛rt✐❝✉❧❛r ✈❛r✐❛❜❧❡ ✐❢ t❤❛t ✈❛r✐❛❜❧❡ ❛❧♦♥❡ ❡q✉❛❧s ❛♥ ❡①♣r❡ss✐♦♥ t❤❛t ❞♦❡s ♥♦t
❝♦♥t❛✐♥ t❤❛t ♣❛rt✐❝✉❧❛r ✈❛r✐❛❜❧❡✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s ❛r❡ ❡①❛♠♣❧❡s ♦❢ ❧✐t❡r❛❧ ❡q✉❛t✐♦♥s✳

✶✳ y = 2x + 7✳ ■t ✐s s♦❧✈❡❞ ❢♦r y✳
✷✳ d = rt✳ ■t ✐s s♦❧✈❡❞ ❢♦r d✳
✸✳ I = prt✳ ■t ✐s s♦❧✈❡❞ ❢♦r I✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✹✳ z = x−u
s ✳ ■t ✐s s♦❧✈❡❞ ❢♦r z✳

✺✳ y + 1 = x + 4✳ ❚❤✐s ❡q✉❛t✐♦♥ ✐s ♥♦t s♦❧✈❡❞ ❢♦r ❛♥② ♣❛rt✐❝✉❧❛r ✈❛r✐❛❜❧❡ s✐♥❝❡ ♥♦ ✈❛r✐❛❜❧❡ ✐s ✐s♦❧❛t❡❞✳

✺✳✷✳✼ ❙♦❧✈✐♥❣ ❊q✉❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠ x + a = b ❛♥❞ x − a = b

❘❡❝❛❧❧ t❤❛t t❤❡ ❡q✉❛❧ s✐❣♥ ♦❢ ❛♥ ❡q✉❛t✐♦♥ ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ♥✉♠❜❡r r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❡①♣r❡ss✐♦♥ ♦♥ t❤❡ ❧❡❢t
s✐❞❡ ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♥✉♠❜❡r r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❡①♣r❡ss✐♦♥ ♦♥ t❤❡ r✐❣❤t s✐❞❡✳

❚❤✐s ✐s t❤❡ t❤✐s

♥✉♠❜❡r s❛♠❡ ❛s ♥✉♠❜❡r

↓ ↓ ↓
x = 6

x + 2 = 8

x − 1 = 5

❚❤✐s s✉❣❣❡sts t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❝❡❞✉r❡s✿

✶✳ ❲❡ ❝❛♥ ♦❜t❛✐♥ ❛♥ ❡q✉✐✈❛❧❡♥t ❡q✉❛t✐♦♥ ✭❛♥ ❡q✉❛t✐♦♥ ❤❛✈✐♥❣ t❤❡ s❛♠❡ s♦❧✉t✐♦♥s ❛s t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥✮
❜② ❛❞❞✐♥❣ t❤❡ s❛♠❡ ♥✉♠❜❡r t♦ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❡q✉❛t✐♦♥✳

✷✳ ❲❡ ❝❛♥ ♦❜t❛✐♥ ❛♥ ❡q✉✐✈❛❧❡♥t ❡q✉❛t✐♦♥ ❜② s✉❜tr❛❝t✐♥❣ t❤❡ s❛♠❡ ♥✉♠❜❡r ❢r♦♠ ❜♦t❤ s✐❞❡s ♦❢ t❤❡
❡q✉❛t✐♦♥✳

❲❡ ❝❛♥ ✉s❡ t❤❡s❡ r❡s✉❧ts t♦ ✐s♦❧❛t❡ x✱ t❤✉s s♦❧✈✐♥❣ ❢♦r x✳

❊①❛♠♣❧❡ ✺✳✹✿ ❙♦❧✈✐♥❣ x + a = b ❢♦r x

x + a = b ❚❤❡ a ✐s ❛ss♦❝✐❛t❡❞✇✐t❤x ❜② ❛❞❞✐t✐♦♥✳ ❯♥❞♦ t❤❡ ❛ss♦❝✐❛t✐♦♥

x + a − a = b − a ❜② s✉❜tr❛❝t✐♥❣ a ❢r♦♠ both s✐❞❡s✳

x + 0 = b − a a − a = 0 ❛♥❞ 0 ✐s t❤❡ ❛❞❞✐t✐✈❡ ✐❞❡♥t✐t②✳x + 0 = x.

x = b − a ❚❤✐s ❡q✉❛t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ✜rst ❡q✉❛t✐♦♥✱ ❛♥❞ ✐t ✐s

s♦❧✈❡❞ ❢♦rx.

❊①❛♠♣❧❡ ✺✳✺✿ ❙♦❧✈✐♥❣ x − a = b ❢♦r x

x − a = b ❚❤❡ a ✐s ❛ss♦❝✐❛t❡❞✇✐t❤x ❜② s✉❜tr❛❝t✐♦♥✳❯♥❞♦ t❤❡ ❛ss♦❝✐❛t✐♦♥

x − a + a = b + a ❜② ❛❞❞✐♥❣ a t♦ both s✐❞❡s✳

x + 0 = b + a −a + a = 0 ❛♥❞ 0 ✐s t❤❡ ❛❞❞✐t✐✈❡ ✐❞❡♥t✐t②✳x + 0 = x.

x = b + a ❚❤✐s ❡q✉❛t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ✜rst ❡q✉❛t✐♦♥✱ ❛♥❞ ✐t ✐s

s♦❧✈❡❞ ❢♦rx.

❊①❛♠♣❧❡ ✺✳✻✿ ▼❡t❤♦❞ ❢♦r ❙♦❧✈✐♥❣ x + a = b ❛♥❞ x − a = b ❢♦r x
❚♦ s♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥ x + a = b ❢♦r x✱ s✉❜tr❛❝t a ❢r♦♠ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❡q✉❛t✐♦♥✳
❚♦ s♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥ x − a = b ❢♦r x✱ ❛❞❞ a t♦ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❡q✉❛t✐♦♥✳

✺✳✷✳✽ ❙❛♠♣❧❡ ❙❡t ❇

❊①❛♠♣❧❡ ✺✳✼
❙♦❧✈❡ x + 7 = 10 ❢♦r x✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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x + 7 = 10 7 ✐s ❛ss♦❝✐❛t❡❞✇✐t❤x ❜② ❛❞❞✐t✐♦♥✳ ❯♥❞♦ t❤❡ ❛ss♦❝✐❛t✐♦♥

x + 7 − 7 = 10 − 7 ❜② s✉❜tr❛❝t✐♥❣ 7 ❢r♦♠ both s✐❞❡s✳

x + 0 = 3 7 − 7 = 0 ❛♥❞ 0 ✐s t❤❡ ❛❞❞✐t✐✈❡ ✐❞❡♥t✐t②. x + 0 = x.

x = 3 x ✐s ✐s♦❧❛t❡❞✱ ❛♥❞ t❤❡ ❡q✉❛t✐♦♥x = 3 ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡

♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥x + 7 = 10. ❚❤❡r❡❢♦r❡✱ t❤❡s❡ t✇♦

❡q✉❛t✐♦♥ ❤❛✈❡ t❤❡ s❛♠❡ s♦❧✉t✐♦♥✳ ❚❤❡ s♦❧✉t✐♦♥ t♦x = 3

✐s ❝❧❡❛r❧② 3.❚❤✉s✱ t❤❡ s♦❧✉t✐♦♥ t♦x + 7 = 10 ✐s ❛❧s♦ 3.

❈❤❡❝❦✿ ❙✉❜st✐t✉t❡ ✸ ❢♦r x ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥✳

x + 7 ❂ 10

3 + 7 ❂ 10 ■s t❤✐s ❝♦rr❡❝t❄

10 ❂ 10 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❊①❛♠♣❧❡ ✺✳✽
❙♦❧✈❡ m − 2 = −9 ❢♦r m✳

m − 2 = −9 2 ✐s ❛ss♦❝✐❛t❡❞✇✐t❤m ❜② s✉❜tr❛❝t✐♦♥✳❯♥❞♦ t❤❡ ❛ss♦❝✐❛t✐♦♥

m − 2 + 2 = −9 + 2 ❜② ❛❞❞✐♥❣ 2 ❢r♦♠ both s✐❞❡s✳

m + 0 = −7 −2 + 2 = 0 ❛♥❞ 0 ✐s t❤❡ ❛❞❞✐t✐✈❡ ✐❞❡♥t✐t②. m + 0 = m.

m = −7

❈❤❡❝❦✿ ❙✉❜st✐t✉t❡ −7 ❢♦r m ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥✳

m − 2 ❂ −9

−7 − 2 ❂ −9 ■s t❤✐s ❝♦rr❡❝t❄

−9 ❂ −9 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❊①❛♠♣❧❡ ✺✳✾

❙♦❧✈❡ y − 2.181 = −16.915 ❢♦r y✳

y − 2.181 = −16.915

y − 2.181 + 2.181 = −16.915 + 2.181

y = −14.734

❖♥ t❤❡ ❈❛❧❝✉❧❛t♦r

❚②♣❡ 16.915

Pr❡ss ✰✴✲

Pr❡ss ✰

❚②♣❡ 2.181

Pr❡ss ❂

❉✐s♣❧❛② r❡❛❞s✿ −14.734

❊①❛♠♣❧❡ ✺✳✶✵
❙♦❧✈❡ y + m = s ❢♦r y✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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y + m = s m ✐s ❛ss♦❝✐❛t❡❞✇✐t❤ y ❜② ❛❞❞✐t✐♦♥✳ ❯♥❞♦ t❤❡ ❛ss♦❝✐❛t✐♦♥

y + m − m = s − m ❜② s✉❜tr❛❝t✐♥❣m ❢r♦♠ both s✐❞❡s✳

y + 0 = s − m m − m = 0 ❛♥❞ 0 ✐s t❤❡ ❛❞❞✐t✐✈❡ ✐❞❡♥t✐t②. y + 0 = y.

y = s − m

❈❤❡❝❦✿ ❙✉❜st✐t✉t❡ s − m ❢♦r y ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥✳

y + m ❂ s

s − m + m ❂ s ■s t❤✐s ❝♦rr❡❝t❄

s ❂ s ❚r✉❡ ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❊①❛♠♣❧❡ ✺✳✶✶
❙♦❧✈❡ k − 3h = −8h + 5 ❢♦r k✳

k − 3h = −8h + 5 3h ✐s ❛ss♦❝✐❛t❡❞✇✐t❤ k ❜② s✉❜tr❛❝t✐♦♥✳❯♥❞♦ t❤❡ ❛ss♦❝✐❛t✐♦♥

k − 3h + 3h = −8h + 5 + 3h ❜② ❛❞❞✐♥❣ 3h t♦ both s✐❞❡s✳

k + 0 = −5h + 5 −3h + 3h = 0 ❛♥❞ 0 ✐s t❤❡ ❛❞❞✐t✐✈❡ ✐❞❡♥t✐t②. k + 0 = k.

k = −5h + 5

✺✳✷✳✾ Pr❛❝t✐❝❡ ❙❡t ❇

❊①❡r❝✐s❡ ✺✳✷✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✹✳✮

❙♦❧✈❡ y − 3 = 8 ❢♦r y.

❊①❡r❝✐s❡ ✺✳✷✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✹✳✮

❙♦❧✈❡ x + 9 = −4 ❢♦rx.

❊①❡r❝✐s❡ ✺✳✷✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✹✳✮

❙♦❧✈❡ m + 6 = 0 ❢♦rm.

❊①❡r❝✐s❡ ✺✳✷✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✹✳✮

❙♦❧✈❡ g − 7.2 = 1.3 ❢♦r g.

❊①❡r❝✐s❡ ✺✳✷✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✹✳✮

s♦❧✈❡ f + 2d = 5d ❢♦r f.

❊①❡r❝✐s❡ ✺✳✷✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✹✳✮

❙♦❧✈❡ x + 8y = 2y − 1 ❢♦rx.

❊①❡r❝✐s❡ ✺✳✷✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✹✳✮

❙♦❧✈❡ y + 4x − 1 = 5x + 8 ❢♦r y.

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✷✾✼

✺✳✷✳✶✵ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❝❧❛ss✐❢② ❡❛❝❤ ♦❢ t❤❡ ❡q✉❛t✐♦♥s ❛s ❛♥ ✐❞❡♥t✐t②✱ ❝♦♥tr❛❞✐❝t✐♦♥✱ ♦r ❝♦♥❞✐t✐♦♥❛❧ ❡q✉❛✲
t✐♦♥✳

❊①❡r❝✐s❡ ✺✳✷✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✹✳✮

m + 6 = 15

❊①❡r❝✐s❡ ✺✳✷✳✶✾
y − 8 = −12

❊①❡r❝✐s❡ ✺✳✷✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✹✳✮

x + 1 = x + 1

❊①❡r❝✐s❡ ✺✳✷✳✷✶
k − 2 = k − 3

❊①❡r❝✐s❡ ✺✳✷✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✹✳✮

g + g + g + g = 4g

❊①❡r❝✐s❡ ✺✳✷✳✷✸
x + 1 = 0

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❞❡t❡r♠✐♥❡ ✇❤✐❝❤ ♦❢ t❤❡ ❧✐t❡r❛❧ ❡q✉❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ s♦❧✈❡❞ ❢♦r ❛ ✈❛r✐❛❜❧❡✳ ❲r✐t❡
✧s♦❧✈❡❞✧ ♦r ✧♥♦t s♦❧✈❡❞✳✧

❊①❡r❝✐s❡ ✺✳✷✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✹✳✮

y = 3x + 7

❊①❡r❝✐s❡ ✺✳✷✳✷✺
m = 2k + n − 1

❊①❡r❝✐s❡ ✺✳✷✳✷✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✹✳✮

4a = y − 6

❊①❡r❝✐s❡ ✺✳✷✳✷✼
hk = 2k + h

❊①❡r❝✐s❡ ✺✳✷✳✷✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✹✳✮

2a = a + 1

❊①❡r❝✐s❡ ✺✳✷✳✷✾
5m = 2m − 7

❊①❡r❝✐s❡ ✺✳✷✳✸✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✹✳✮

m = m

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s♦❧✈❡ ❡❛❝❤ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡q✉❛t✐♦♥s✳

❊①❡r❝✐s❡ ✺✳✷✳✸✶
h − 8 = 14

❊①❡r❝✐s❡ ✺✳✷✳✸✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✹✳✮

k + 10 = 1

❊①❡r❝✐s❡ ✺✳✷✳✸✸
m − 2 = 5

❊①❡r❝✐s❡ ✺✳✷✳✸✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✹✳✮

y + 6 = −11

❊①❡r❝✐s❡ ✺✳✷✳✸✺
y − 8 = −1

❊①❡r❝✐s❡ ✺✳✷✳✸✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✺✳✮

x + 14 = 0

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✺✳✷✳✸✼
m − 12 = 0

❊①❡r❝✐s❡ ✺✳✷✳✸✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✺✳✮

g + 164 = −123

❊①❡r❝✐s❡ ✺✳✷✳✸✾
h − 265 = −547

❊①❡r❝✐s❡ ✺✳✷✳✹✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✺✳✮

x + 17 = −426

❊①❡r❝✐s❡ ✺✳✷✳✹✶
h − 4.82 = −3.56

❊①❡r❝✐s❡ ✺✳✷✳✹✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✺✳✮

y + 17.003 = −1.056

❊①❡r❝✐s❡ ✺✳✷✳✹✸
k + 1.0135 = −6.0032

❊①❡r❝✐s❡ ✺✳✷✳✹✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✺✳✮

❙♦❧✈❡ n + m = 4 ❢♦rn.

❊①❡r❝✐s❡ ✺✳✷✳✹✺
❙♦❧✈❡ P + 3Q − 8 = 0 ❢♦rP.

❊①❡r❝✐s❡ ✺✳✷✳✹✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✺✳✮

❙♦❧✈❡ a + b − 3c = d − 2f ❢♦r b.

❊①❡r❝✐s❡ ✺✳✷✳✹✼
❙♦❧✈❡ x − 3y + 5z + 1 = 2y − 7z + 8 ❢♦rx.

❊①❡r❝✐s❡ ✺✳✷✳✹✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✺✳✮

❙♦❧✈❡ 4a − 2b + c + 11 = 6a − 5b ❢♦r c.

✺✳✷✳✶✶ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✺✳✷✳✹✾
✭❙❡❝t✐♦♥ ✷✳✼✮ ❙✐♠♣❧✐❢②

(
4x5y2

)3
✳

❊①❡r❝✐s❡ ✺✳✷✳✺✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✺✳✮

✭❙❡❝t✐♦♥ ✸✳✼✮ ❲r✐t❡ 20x3y7

5x5y3 s♦ t❤❛t ♦♥❧② ♣♦s✐t✐✈❡ ❡①♣♦♥❡♥ts ❛♣♣❡❛r✳

❊①❡r❝✐s❡ ✺✳✷✳✺✶
✭❙❡❝t✐♦♥ ✹✳✷✮ ❲r✐t❡ t❤❡ ♥✉♠❜❡r ♦❢ t❡r♠s t❤❛t ❛♣♣❡❛r ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ 5x2 + 2x − 6 + (a + b)✱
❛♥❞ t❤❡♥ ❧✐st t❤❡♠✳

❊①❡r❝✐s❡ ✺✳✷✳✺✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✺✳✮

✭❙❡❝t✐♦♥ ✹✳✼✮ ❋✐♥❞ t❤❡ ♣r♦❞✉❝t✳ (3x − 1)
2
✳

❊①❡r❝✐s❡ ✺✳✷✳✺✸
✭❙❡❝t✐♦♥ ✹✳✽✮ ❙♣❡❝✐❢② t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥ y = 5

x−2 ✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✺✳✸ ❙♦❧✈✐♥❣ ❊q✉❛t✐♦♥s ♦❢ t❤❡ ❋♦r♠ ❛①❂❜ ❛♥❞ ①✴❛❂❜ ✸

✺✳✸✳✶ ❖✈❡r✈✐❡✇

• ❊q✉❛❧✐t② Pr♦♣❡rt② ♦❢ ❉✐✈✐s✐♦♥ ❛♥❞ ▼✉❧t✐♣❧✐❝❛t✐♦♥
• ❙♦❧✈✐♥❣ ax = b ❛♥❞ x

a = b ❢♦r x

✺✳✸✳✷ ❊q✉❛❧✐t② Pr♦♣❡rt② ♦❢ ❉✐✈✐s✐♦♥ ❛♥❞ ▼✉❧t✐♣❧✐❝❛t✐♦♥

❘❡❝❛❧❧✐♥❣ t❤❛t t❤❡ ❡q✉❛❧ s✐❣♥ ♦❢ ❛♥ ❡q✉❛t✐♦♥ ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ♥✉♠❜❡r r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❡①♣r❡ss✐♦♥ ♦♥ t❤❡
❧❡❢t s✐❞❡ ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♥✉♠❜❡r r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❡①♣r❡ss✐♦♥ ♦♥ t❤❡ r✐❣❤t s✐❞❡ s✉❣❣❡sts t❤❡ ❡q✉❛❧✐t②
♣r♦♣❡rt② ♦❢ ❞✐✈✐s✐♦♥ ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ ✇❤✐❝❤ st❛t❡s✿

✶✳ ❲❡ ❝❛♥ ♦❜t❛✐♥ ❛♥ ❡q✉✐✈❛❧❡♥t ❡q✉❛t✐♦♥ ❜② ❞✐✈✐❞✐♥❣ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❡q✉❛t✐♦♥ ❜② t❤❡ s❛♠❡ ♥♦♥③❡r♦
♥✉♠❜❡r✱ t❤❛t ✐s✱ ✐❢ c 6= 0, t❤❡♥ a = b ✐s ❡q✉✐✈❛❧❡♥t t♦ a

c = b
c ✳

✷✳ ❲❡ ❝❛♥ ♦❜t❛✐♥ ❛♥ ❡q✉✐✈❛❧❡♥t ❡q✉❛t✐♦♥ ❜②♠✉❧t✐♣❧②✐♥❣ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❡q✉❛t✐♦♥ ❜② t❤❡ s❛♠❡ ♥♦♥③❡r♦
♥✉♠❜❡r✱ t❤❛t ✐s✱ ✐❢ c 6= 0, t❤❡♥ a = b ✐s ❡q✉✐✈❛❧❡♥t t♦ ac = bc✳

❲❡ ❝❛♥ ✉s❡ t❤❡s❡ r❡s✉❧ts t♦ ✐s♦❧❛t❡ x, t❤✉s s♦❧✈✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ❢♦r x✳

❊①❛♠♣❧❡ ✺✳✶✷
❙♦❧✈✐♥❣ ax = b ❢♦r x

ax = b a ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ x ❜② ♠✉❧t✐♣❧✐❝❛t✐♦♥✳

❯♥❞♦ t❤❡ ❛ss♦❝✐❛t✐♦♥ ❜② ❞✐✈✐❞✐♥❣ ❜♦t❤ s✐❞❡s ❜② a✳

ax
a = b

a
)ax
a = b

a

1 · x = b
a

a
a = 1 ❛♥❞ 1 ✐s t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ✐❞❡♥t✐t②✳ ✶ · x❂x

❊①❛♠♣❧❡ ✺✳✶✸
❙♦❧✈✐♥❣ x

a = b ❢♦r x

x = b
a ❚❤✐s ❡q✉❛t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ✜rst ❛♥❞ ✐s s♦❧✈❡❞ ❜②x✳

x
a = b

a ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ x ❜② ❞✐✈✐s✐♦♥✳ ❯♥❞♦ t❤❡ ❛ss♦❝✐❛t✐♦♥

❜② ♠✉❧t✐♣❧②✐♥❣ ❜♦t❤ s✐❞❡s ❜② a✳

a · x
a = a · b

)a · x

)a
= ab

1 · x = ab a
a = 1 ❛♥❞ 1 ✐s t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ✐❞❡♥t✐t②✳ ✶ · x ❂ x

x = ab ❚❤✐s ❡q✉❛t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ✜rst ❛♥❞ ✐s s♦❧✈❡❞ ❢♦r x✳

✺✳✸✳✸ ❙♦❧✈✐♥❣ ax = b ❛♥❞ x

a
= b ❢♦r x

❊①❛♠♣❧❡ ✺✳✶✹
▼❡t❤♦❞ ❢♦r ❙♦❧✈✐♥❣ ax = b ❛♥❞ x

a = b

✸❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✽✶✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❚♦ s♦❧✈❡ ax = b ❢♦r x✱ ❞✐✈✐❞❡ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❡q✉❛t✐♦♥ ❜② a✳
❚♦ s♦❧✈❡ x

a = b ❢♦r x✱ ♠✉❧t✐♣❧② ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❡q✉❛t✐♦♥ ❜② a✳

✺✳✸✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❊①❛♠♣❧❡ ✺✳✶✺
❙♦❧✈❡ 5x = 35 ❢♦r x✳

5x = 35 5 ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ① ❜② ♠✉❧t✐♣❧✐❝❛t✐♦♥✳ ❯♥❞♦ t❤❡

❛ss♦❝✐❛t✐♦♥ ❜② ❞✐✈✐❞✐♥❣ ❜♦t❤ s✐❞❡s ❜② ✺✳

5x
5 = 35

5
)5x

)5
= 7

1 · x = 7 ✺
✺

= 1 ❛♥❞ ✶ ✐s ♠✉❧t✐♣❧✐❝❛t✐✈❡ ✐❞❡♥t✐t②✳ ✶ · x = x.

x = 7

Check : 5 (7) = 35 ■s t❤✐s ❝♦rr❡❝t❄

35 = 35 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❊①❛♠♣❧❡ ✺✳✶✻
❙♦❧✈❡ x

4 = 5 ❢♦r x✳
x
4 = 5 4 ✐s ❛sss♦❝✐❛t❡❞✇✐t❤x ❜② ❞✐✈✐s✐♦♥✳ ❯♥❞♦ t❤❡ ❛ss♦❝✐❛t✐♦♥ ❜②

♠✉❧t✐♣❧②✐♥❣ both s✐❞❡s ❜② 4.

4 · x
4 = 4 · 5

)4 · x

)4
= 4 · 5

1 · x = 20 4
4 = 1 ❛♥❞ 1 ✐s t❤❡♠✉❧t✐♣❧✐❝❛t✐✈❡ ✐❞❡♥t✐t②. 1 · x = x.

x = 20

Check : 20
4 = 5 ■s t❤✐s ❝♦rr❡❝t❄

5 = 5 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❊①❛♠♣❧❡ ✺✳✶✼
❙♦❧✈❡ 2y

9 = 3 ❢♦r y✳
▼❡t❤♦❞ ✭✶✮ ✭❯s❡ ♦❢ ❝❛♥❝❡❧❧✐♥❣✮✿

2y
9 = 3 9 ✐s ❛ss♦❝✐❛t❡❞✇✐t❤ y ❜② ❞✐✈✐s✐♦♥✳ ❯♥❞♦ t❤❡ ❛ss♦❝✐❛t✐♦♥ ❜②

♠✉❧t✐♣❧②✐♥❣ both s✐❞❡s ❜② 9.
(

)9
) (

2y

)9

)

= (9) (3)

2y = 27 2 ✐s ❛ss♦❝✐❛t❡❞✇✐t❤ y ❜②♠✉❧t✐♣❧✐❝❛t✐♦♥✳❯♥❞♦ t❤❡

❛ss♦❝✐❛t✐♦♥ ❜② ❞✐✈✐❞✐♥❣ both s✐❞❡s ❜② 2.
)2y

)2
= 27

2

y = 27
2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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Check :
)2

“

27

)2

”

9 = 3 ■s t❤✐s ❝♦rr❡❝t❄

27
9 = 3 ■s t❤✐s ❝♦rr❡❝t❄

3 = 3 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

▼❡t❤♦❞ ✭✷✮ ✭❯s❡ ♦❢ r❡❝✐♣r♦❝❛❧s✮✿
2y
9 = 3 ❙✐♥❝❡ 2y

9 = 2
9y, 2

9 ✐s ❛ss♦❝✐❛t❡❞✇✐t❤ y ❜②♠✉❧t✐♣❧✐❝❛t✐♦♥✳

❚❤❡♥✱ ❙✐♥❝❡ 9
2 · 2

9 = 1, t❤❡♠✉❧t✐♣❧✐❝❛t✐✈❡ ✐❞❡♥t✐t②✱ ✇❡ ❝❛♥
(

9
2

) (
2y
9

)
=

(
9
2

)
(3) ✉♥❞♦ t❤❡ ❛ss♦❝✐❛t✐✈❡ ❜②♠✉❧t✐♣❧②✐♥❣ both s✐❞❡s ❜② 9

2 .
(

9
2 · 2

9

)
y = 27

2

1 · y = 27
2

y = 27
2

❊①❛♠♣❧❡ ✺✳✶✽
❙♦❧✈❡ t❤❡ ❧✐t❡r❛❧ ❡q✉❛t✐♦♥ 4ax

m = 3b ❢♦r x✳
4ax
m = 3b m ✐s ❛ss♦❝✐❛t❡❞✇✐t❤x ❜② ❞✐✈✐s✐♦♥✳ ❯♥❞♦ t❤❡ ❛ss♦❝✐❛t✐♦♥ ❜②

♠✉❧t✐♣❧②✐♥❣ both s✐❞❡s ❜②m✳

)m
(

4ax

)m

)

= m · 3b

4ax = 3bm 4a ✐s ❛ss♦❝✐❛t❡❞✇✐t❤x ❜②♠✉❧t✐♣❧✐❝❛t✐♦♥✳❯♥❞♦ t❤❡

❛ss♦❝✐❛t✐♦♥ ❜②♠✉❧t✐♣❧②✐♥❣ both s✐❞❡s ❜② 4a.
)4ax

)4a
= 3bm

4a

x = 3bm
4a

Check :
4a( 3bm

4a )
m = 3b ■s t❤✐s ❝♦rr❡❝t❄

)4a
“

3bm

)4a

”

m = 3b ■s t❤✐s ❝♦rr❡❝t❄
3b)m

)m
= 3b ■s t❤✐s ❝♦rr❡❝t❄

3b = 3b ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

✺✳✸✳✺ Pr❛❝t✐❝❡ ❙❡t ❆

❊①❡r❝✐s❡ ✺✳✸✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✺✳✮

❙♦❧✈❡ 6a = 42 ❢♦r a✳

❊①❡r❝✐s❡ ✺✳✸✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✺✳✮

❙♦❧✈❡ −12m = 16 ❢♦r m✳

❊①❡r❝✐s❡ ✺✳✸✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✺✳✮

❙♦❧✈❡ y
8 = −2 ❢♦r y✳

❊①❡r❝✐s❡ ✺✳✸✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✺✳✮

❙♦❧✈❡ 6.42x = 1.09 ❢♦r x✳

❘♦✉♥❞ t❤❡ r❡s✉❧t t♦ t✇♦ ❞❡❝✐♠❛❧ ♣❧❛❝❡s✳

❊①❡r❝✐s❡ ✺✳✸✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✺✳✮

❙♦❧✈❡ 5k
12 = 2 ❢♦r k✳

❊①❡r❝✐s❡ ✺✳✸✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✺✳✮

❙♦❧✈❡ −ab
2c = 4d ❢♦r b✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✺✳✸✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✺✳✮

❙♦❧✈❡ 3xy
4 = 9xh ❢♦r y✳

❊①❡r❝✐s❡ ✺✳✸✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✺✳✮

❙♦❧✈❡ 2k2mn
5pq = −6n ❢♦r m✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✺✳✸✳✻ ❊①❡r❝✐s❡s

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s♦❧✈❡ ❡❛❝❤ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡q✉❛t✐♦♥s✳

❊①❡r❝✐s❡ ✺✳✸✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✺✳✮

3x = 42

❊①❡r❝✐s❡ ✺✳✸✳✶✵
5y = 75

❊①❡r❝✐s❡ ✺✳✸✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✺✳✮

6x = 48

❊①❡r❝✐s❡ ✺✳✸✳✶✷
8x = 56

❊①❡r❝✐s❡ ✺✳✸✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✺✳✮

4x = 56

❊①❡r❝✐s❡ ✺✳✸✳✶✹
3x = 93

❊①❡r❝✐s❡ ✺✳✸✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✺✳✮

5a = − 80

❊①❡r❝✐s❡ ✺✳✸✳✶✻
9m = − 108

❊①❡r❝✐s❡ ✺✳✸✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✺✳✮

6p = − 108

❊①❡r❝✐s❡ ✺✳✸✳✶✽
12q = − 180

❊①❡r❝✐s❡ ✺✳✸✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✺✳✮

−4a = 16

❊①❡r❝✐s❡ ✺✳✸✳✷✵
−20x = 100

❊①❡r❝✐s❡ ✺✳✸✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✺✳✮

−6x = − 42

❊①❡r❝✐s❡ ✺✳✸✳✷✷
−8m = − 40

❊①❡r❝✐s❡ ✺✳✸✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✺✳✮

−3k = 126

❊①❡r❝✐s❡ ✺✳✸✳✷✹
−9y = 126

❊①❡r❝✐s❡ ✺✳✸✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✻✳✮
x
6 = 1

❊①❡r❝✐s❡ ✺✳✸✳✷✻
a
5 = 6

❊①❡r❝✐s❡ ✺✳✸✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✻✳✮
k
7 = 6

❊①❡r❝✐s❡ ✺✳✸✳✷✽
x
3 = 72

❊①❡r❝✐s❡ ✺✳✸✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✻✳✮
x
8 = 96

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✺✳✸✳✸✵
y
−3 = − 4

❊①❡r❝✐s❡ ✺✳✸✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✻✳✮
m
7 = − 8

❊①❡r❝✐s❡ ✺✳✸✳✸✷
k
18 = 47

❊①❡r❝✐s❡ ✺✳✸✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✻✳✮
f

−62 = 103

❊①❡r❝✐s❡ ✺✳✸✳✸✹
3.06m = 12.546

❊①❡r❝✐s❡ ✺✳✸✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✻✳✮

5.012k = 0.30072

❊①❡r❝✐s❡ ✺✳✸✳✸✻
x

2.19 = 5

❊①❡r❝✐s❡ ✺✳✸✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✻✳✮
y

4.11 = 2.3

❊①❡r❝✐s❡ ✺✳✸✳✸✽
4y
7 = 2

❊①❡r❝✐s❡ ✺✳✸✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✻✳✮
3m
10 = − 1

❊①❡r❝✐s❡ ✺✳✸✳✹✵
5k
6 = 8

❊①❡r❝✐s❡ ✺✳✸✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✻✳✮
8h
−7 = − 3

❊①❡r❝✐s❡ ✺✳✸✳✹✷
−16z
21 = − 4

❊①❡r❝✐s❡ ✺✳✸✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✻✳✮

❙♦❧✈❡pq = 7r ❢♦rp✳

❊①❡r❝✐s❡ ✺✳✸✳✹✹
❙♦❧✈❡ m2n = 2s ❢♦r n✳

❊①❡r❝✐s❡ ✺✳✸✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✻✳✮

❙♦❧✈❡ 2.8ab = 5.6d ❢♦r b✳

❊①❡r❝✐s❡ ✺✳✸✳✹✻
❙♦❧✈❡ mnp

2k = 4k ❢♦r p✳

❊①❡r❝✐s❡ ✺✳✸✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✻✳✮

❙♦❧✈❡ −8a2b
3c = − 5a2 ❢♦r b✳

❊①❡r❝✐s❡ ✺✳✸✳✹✽
❙♦❧✈❡ 3pcb

2m = 2b ❢♦r pc✳

❊①❡r❝✐s❡ ✺✳✸✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✻✳✮

❙♦❧✈❡ 8rst
3p = − 2prs ❢♦r t✳

❊①❡r❝✐s❡ ✺✳✸✳✺✵

❙♦❧✈❡ ❢♦r �✳

❊①❡r❝✐s❡ ✺✳✸✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✻✳✮

❙♦❧✈❡ 3�∆∇
2∇ = ∆∇ ❢♦r �✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✵✺

✺✳✸✳✼ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✺✳✸✳✺✷

✭❙❡❝t✐♦♥ ✷✳✼✮ ❙✐♠♣❧✐❢②
(

2x0y0z3

z2

)5

✳

❊①❡r❝✐s❡ ✺✳✸✳✺✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✻✳✮

✭❙❡❝t✐♦♥ ✹✳✹✮ ❈❧❛ss✐❢② 10x3 − 7x ❛s ❛ ♠♦♥♦♠✐❛❧✱ ❜✐♥♦♠✐❛❧✱ ♦r tr✐♥♦♠✐❛❧✳ ❙t❛t❡ ✐ts ❞❡❣r❡❡ ❛♥❞
✇r✐t❡ t❤❡ ♥✉♠❡r✐❝❛❧ ❝♦❡✣❝✐❡♥t ♦❢ ❡❛❝❤ ✐t❡♠✳

❊①❡r❝✐s❡ ✺✳✸✳✺✹
✭❙❡❝t✐♦♥ ✹✳✺✮ ❙✐♠♣❧✐❢② 3a2 − 2a + 4a (a + 2)✳

❊①❡r❝✐s❡ ✺✳✸✳✺✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✻✳✮

✭❙❡❝t✐♦♥ ✹✳✽✮ ❙♣❡❝✐❢② t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥ y = 3
7+x ✳

❊①❡r❝✐s❡ ✺✳✸✳✺✻
✭❙❡❝t✐♦♥ ✺✳✷✮ ❙♦❧✈❡ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡q✉❛t✐♦♥ x + 6 = −2✳

✺✳✹ ❋✉rt❤❡r ❚❡❝❤♥✐q✉❡s ✐♥ ❊q✉❛t✐♦♥ ❙♦❧✈✐♥❣ ✹

✺✳✹✳✶ ❖✈❡r✈✐❡✇

• ❈♦♠❜✐♥✐♥❣ ❚❡❝❤♥✐q✉❡s ✐♥ ❊q✉❛t✐♦♥ ❙♦❧✈✐♥❣
• ❘❡❝♦❣♥✐③✐♥❣ ■❞❡♥t✐t✐❡s ❛♥❞ ❈♦♥tr❞✐❝t✐♦♥s

✺✳✹✳✷ ❈♦♠❜✐♥✐♥❣ ❚❡❝❤♥✐q✉❡s ✐♥ ❊q✉❛t✐♦♥ ❙♦❧✈✐♥❣

■♥ ❙❡❝t✐♦♥s ❙❡❝t✐♦♥ ✺✳✷ ❛♥❞ ❙❡❝t✐♦♥ ✺✳✸ ✇❡ ✇♦r❦❡❞ ✇✐t❤ t❡❝❤♥✐q✉❡s t❤❛t ✐♥✈♦❧✈❡❞ t❤❡ ✉s❡ ♦❢ ❛❞❞✐t✐♦♥✱ s✉❜✲
tr❛❝t✐♦♥✱ ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ ❛♥❞ ❞✐✈✐s✐♦♥ t♦ s♦❧✈❡ ❡q✉❛t✐♦♥s✳ ❲❡ ❝❛♥ ❝♦♠❜✐♥❡ t❤❡s❡ t❡❝❤♥✐q✉❡s t♦ s♦❧✈❡ ♠♦r❡
❝♦♠♣❧✐❝❛t❡❞ ❡q✉❛t✐♦♥s✳ ❚♦ ❞♦ s♦✱ ✐t ✐s ❤❡❧♣❢✉❧ t♦ r❡❝❛❧❧ t❤❛t ❛♥ ❡q✉❛t✐♦♥ ✐s s♦❧✈❡❞ ❢♦r ❛ ♣❛rt✐❝✉❧❛r ✈❛r✐❛❜❧❡
✇❤❡♥ ❛❧❧ ♦t❤❡r ♥✉♠❜❡rs ❛♥❞✴♦r ❧❡tt❡rs ❤❛✈❡ ❜❡❡♥ ❞✐s❛ss♦❝✐❛t❡❞ ❢r♦♠ ✐t ❛♥❞ ✐t ✐s ❛❧♦♥❡ ♦♥ ♦♥❡ s✐❞❡ ♦❢ t❤❡ ❡q✉❛❧
s✐❣♥✳ ❲❡ ✇✐❧❧ ❛❧s♦ ♥♦t❡ t❤❛t

❚♦ ❛ss♦❝✐❛t❡ ♥✉♠❜❡rs ❛♥❞ ❧❡tt❡rs ✇❡ ✉s❡ t❤❡ ♦r❞❡r ♦❢ ♦♣❡r❛t✐♦♥s✳

✶✳ ▼✉❧t✐♣❧②✴❞✐✈✐❞❡
✷✳ ❆❞❞✴s✉❜tr❛❝t

❚♦ ✉♥❞♦ ❛♥ ❛ss♦❝✐❛t✐♦♥ ❜❡t✇❡❡♥ ♥✉♠❜❡rs ❛♥❞ ❧❡tt❡rs ✇❡ ✉s❡ t❤❡ ♦r❞❡r ♦❢ ♦♣❡r❛t✐♦♥s ✐♥ r❡✈❡rs❡✳

✶✳ ❆❞❞✴s✉❜tr❛❝t
✷✳ ▼✉❧t✐♣❧②✴❞✐✈✐❞❡

✹❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✾✷✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✺✳✹✳✸ ❙❛♠♣❧❡ ❙❡t ❆

❊①❛♠♣❧❡ ✺✳✶✾
❙♦❧✈❡ 4x − 7 = 9 ❢♦r x.

4x − 7 = 9 ❋✐rst✱ ✉♥❞♦ t❤❡ ❛ss♦❝✐❛t✐♦♥ ❜❡t✇❡❡♥x ❛♥❞ 7.

❚❤❡ 7 ✐s ❛ss♦❝✐❛t❡❞✇✐t❤x ❜② s✉❜tr❛❝t✐♦♥✳

❯♥❞♦ t❤❡ ❛ss♦❝✐❛t✐♦♥ ❜② ❛❞❞✐♥❣ 7 t♦ both s✐❞❡s✳

4x − 7 + 7 = 9 + 7

4x = 16 ◆♦✇✱ ✉♥❞♦ t❤❡ ❛ss♦❝✐❛t✐♦♥ ❜❡t✇❡❡♥x ❛♥❞ 4.

❚❤❡ 4 ✐s ❛ss♦❝✐❛t❡❞✇✐t❤x ❜②♠✉❧t✐♣❧✐❝❛t✐♦♥.

❯♥❞♦ t❤❡ ❛ss♦❝✐❛t✐♦♥ ❜② ❞✐✈✐❞✐♥❣ both s✐❞❡s ❜② 4.

4x
4 = 16

4

16 − 7 = 9 ■s t❤✐s ❝♦rr❡❝t❄

x = 4

Check : 4 (4) − 7 = 9 ■s t❤✐s ❝♦rr❡❝t❄

9 = 9 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❊①❛♠♣❧❡ ✺✳✷✵
❙♦❧✈❡ 3y

4 − 5 = −11.
3y
4 − 5 = −11 −5 ✐s ❛ss♦❝✐❛t❡❞✇✐t❤ y ❜② s✉❜tr❛❝t✐♦♥✳

❯♥❞♦ t❤❡ ❛ss♦❝✐❛t✐♦♥ ❜② ❛❞❞✐♥❣ 5 t♦ both s✐❞❡s✳
3y
4 − 5 + 5 = −11 + 5

3y
4 = −6 4 ✐s ❛ss♦❝✐❛t❡❞✇✐t❤ y ❜② ❞✐✈✐s✐♦♥✳

❯♥❞♦ t❤❡ ❛ss♦❝✐❛t✐♦♥ ❜②♠✉❧t✐♣❧②✐♥❣ both s✐❞❡s ❜② 4.

4 · 3y
4 = 4 (−6)

4 · 3y
4 = 4 (−6)

3y = −24 3 ✐s ❛ss♦❝✐❛t❡❞✇✐t❤ y ❜②♠✉❧t✐♣❧✐❝❛t✐♦♥✳

❯♥❞♦ t❤❡ ❛ss♦❝✐❛t✐♦♥ ❜② ❞✐✈✐❞✐♥❣ both s✐❞❡s ❜② 3.
3y
3 = −24

3

3y
3 = −8

y = −8

Check : 3(−8)
4 − 5 = −11 ■s t❤✐s ❝♦rr❡❝t❄

−24
4 − 5 = −11 ■s t❤✐s ❝♦rr❡❝t❄

−6 − 5 = −11 ■s t❤✐s ❝♦rr❡❝t❄

−11 = −11 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❊①❛♠♣❧❡ ✺✳✷✶
❙♦❧✈❡ 8a

3b + 2m = 6m − 5 ❢♦r a.

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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8a
3b + 2m = 6m − 5 2m ✐s ❛ss♦❝✐❛t❡❞✇✐t❤ a ❜② ❛❞❞✐t✐♦♥✳ ❯♥❞♦ t❤❡ ❛ss♦❝✐❛t✐♦♥

❜② s✉❜tr❛❝t✐♥❣ 2m ❢r♦♠ both s✐❞❡s.

8a
3b + 2m − 2m = 6m − 5 − 2m

8a
3b = 4m − 5 3b associated with a ❜② ❞✐✈✐s✐♦♥✳ ❯♥❞♦ t❤❡ ❛ss♦❝✐❛t✐♦♥

❜②♠✉❧t✐♣❧②✐♥❣both s✐❞❡s ❜② 3b.

(3b)
(

8a
3b

)
= 3b (4m − 5)

8a = 12bm − 15b 8 ✐s ❛ss♦❝✐❛t❡❞✇✐t❤ a ❜②♠✉❧t✐♣❧✐❝❛t✐♦♥✳❯♥❞♦ t❤❡

♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② ❞✐✈✐❞✐♥❣both s✐❞❡s ❜② 8.

8a
8 = 12bm−15b

8

a = 12bm−15b
8

✺✳✹✳✹ Pr❛❝t✐❝❡ ❙❡t ❆

❊①❡r❝✐s❡ ✺✳✹✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✻✳✮

❙♦❧✈❡ 3y − 1 = 11 ❢♦r y.

❊①❡r❝✐s❡ ✺✳✹✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✻✳✮

❙♦❧✈❡ 5m
2 + 6 = 1 ❢♦r m.

❊①❡r❝✐s❡ ✺✳✹✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✻✳✮

❙♦❧✈❡ 2n + 3m = 4 ❢♦r n.

❊①❡r❝✐s❡ ✺✳✹✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✻✳✮

❙♦❧✈❡ 9k
2h + 5 = p − 2 ❢♦r k.

❙♦♠❡t✐♠❡s ✇❤❡♥ s♦❧✈✐♥❣ ❛♥ ❡q✉❛t✐♦♥ ✐t ✐s ♥❡❝❡ss❛r② t♦ s✐♠♣❧✐❢② t❤❡ ❡①♣r❡ss✐♦♥s ❝♦♠♣♦s✐♥❣ ✐t✳

✺✳✹✳✺ ❙❛♠♣❧❡ ❙❡t ❇

❊①❛♠♣❧❡ ✺✳✷✷
❙♦❧✈❡ 4x + 1 − 3x = (−2) (4) ❢♦r x.

4x + 1 − 3x = (−2) (4)

x + 1 = −8

x = −9

Check : 4 (−9) + 1 − 3 (−9) = −8 ■s t❤✐s ❝♦rr❡❝t❄

−36 + 1 + 27 = −8 ■s t❤✐s ❝♦rr❡❝t❄

−8 = −8 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❊①❛♠♣❧❡ ✺✳✷✸
❙♦❧✈❡ 3 (m − 6) − 2m = −4 + 1 ❢♦r m.

3 (m − 6) − 2m = −4 + 1

3m − 18 − 2m = −3

m − 18 = −3

m = 15

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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Check : 3 (15 − 6) − 2 (15) = −4 + 1 ■s t❤✐s ❝♦rr❡❝t❄

3 (9) − 30 = −3 ■s t❤✐s ❝♦rr❡❝t❄

27 − 30 = −3 ■s t❤✐s ❝♦rr❡❝t❄

−3 = −3 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

✺✳✹✳✻ Pr❛❝t✐❝❡ ❙❡t ❇

❙♦❧✈❡ ❛♥❞ ❝❤❡❝❦ ❡❛❝❤ ❡q✉❛t✐♦♥✳

❊①❡r❝✐s❡ ✺✳✹✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✻✳✮

16x − 3 − 15x = 8 ❢♦r x.

❊①❡r❝✐s❡ ✺✳✹✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✻✳✮

4 (y − 5) − 3y = −1 ❢♦r y.

❊①❡r❝✐s❡ ✺✳✹✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✻✳✮

−2
(
a2 + 3a − 1

)
+ 2a2 + 7a = 0 ❢♦r a.

❊①❡r❝✐s❡ ✺✳✹✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✻✳✮

5m (m − 2a − 1) − 5m2 + 2a (5m + 3) = 10 ❢♦r a.

❖❢t❡♥ t❤❡ ✈❛r✐❛❜❧❡ ✇❡ ✇✐s❤ t♦ s♦❧✈❡ ❢♦r ✇✐❧❧ ❛♣♣❡❛r ♦♥ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❡q✉❛❧ s✐❣♥✳ ❲❡ ❝❛♥ ✐s♦❧❛t❡ t❤❡ ✈❛r✐❛❜❧❡
♦♥ ❡✐t❤❡r t❤❡ ❧❡❢t ♦r r✐❣❤t s✐❞❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ❜② ✉s✐♥❣ t❤❡ t❡❝❤♥✐q✉❡s ♦❢ ❙❡❝t✐♦♥s ❙❡❝t✐♦♥ ✺✳✷ ❛♥❞ ❙❡❝t✐♦♥ ✺✳✸✳

✺✳✹✳✼ ❙❛♠♣❧❡ ❙❡t ❈

❊①❛♠♣❧❡ ✺✳✷✹
❙♦❧✈❡ 6x − 4 = 2x + 8 ❢♦r x.

6x − 4 = 2x + 8 ❚♦ ✐s♦❧❛t❡x ♦♥ t❤❡ ❧❡❢t s✐❞❡✱ s✉❜tr❛❝t 2m ❢r♦♠❜♦t❤ s✐❞❡s.

6x − 4 − 2x = 2x + 8 − 2x

4x − 4 = 8 ❆❞❞ 4 t♦ ❜♦t❤ s✐❞❡s.

4x − 4 + 4 = 8 + 4

4x = 12 ❉✐✈✐❞❡ ❜♦t❤ s✐❞❡s ❜② 4.

4x
4 = 12

4

x = 3

Check : 6 (3) − 4 = 2 (3) + 8 ■s t❤✐s ❝♦rr❡❝t❄

18 − 4 = 6 + 8 ■s t❤✐s ❝♦rr❡❝t❄

14 = 14 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❊①❛♠♣❧❡ ✺✳✷✺
❙♦❧✈❡ 6 (1 − 3x) + 1 = 2x − [3 (x − 7) − 20] ❢♦r x.

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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6 − 18x + 1 = 2x − [3x − 21 − 20]

−18x + 7 = 2x − [3x − 41]

−18x + 7 = 2x − 3x + 41

−18x + 7 = −x + 41 ❚♦ ✐s♦❧❛t❡x ♦♥ t❤❡ r✐❣❤t s✐❞❡✱ ❛❞❞ 18x t♦ ❜♦t❤ s✐❞❡s.

−18x + 7 + 18x = −x + 41 + 18x

7 = 17x + 41 ❙✉❜tr❛❝t 41 ❢r♦♠❜♦t❤ s✐❞❡s.

7 − 41 = 17x + 41 − 41

−34 = 17x ❉✐✈✐❞❡ ❜♦t❤ s✐❞❡s ❜② 17.

−34
17 = 17x

17

−2 = x ❙✐♥❝❡ t❤❡ ❡q✉❛t✐♦♥ − 2 = x ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❡q✉❛t✐♦♥

x = −2, ✇❡ ❝❛♥✇r✐t❡ t❤❡ ❛♥s✇❡r ❛sx = −2.

x = −2

Check : 6 (1 − 3 (−2)) + 1 = 2 (−2) − [3 (−2 − 7) − 20] ■s t❤✐s ❝♦rr❡❝t❄

6 (1 + 6) + 1 = −4 − [3 (−9) − 20] ■s t❤✐s ❝♦rr❡❝t❄

6 (7) + 1 = −4 − [−27 − 20] ■s t❤✐s ❝♦rr❡❝t❄

42 + 1 = −4 − [−47] ■s t❤✐s ❝♦rr❡❝t❄

43 = −4 + 47 ■s t❤✐s ❝♦rr❡❝t❄

43 = 43 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

✺✳✹✳✽ Pr❛❝t✐❝❡ ❙❡t ❈

❊①❡r❝✐s❡ ✺✳✹✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✻✳✮

❙♦❧✈❡ 8a + 5 = 3a − 5 ❢♦r a.

❊①❡r❝✐s❡ ✺✳✹✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✼✳✮

❙♦❧✈❡ 9y + 3 (y + 6) = 15y + 21 ❢♦r y.

❊①❡r❝✐s❡ ✺✳✹✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✼✳✮

❙♦❧✈❡ 3k + 2 [4 (k − 1) + 3] = 63 − 2k ❢♦r k.

✺✳✹✳✾ ❘❡❝♦❣♥✐③✐♥❣ ■❞❡♥t✐t✐❡s ❛♥❞ ❈♦♥tr❛❞✐❝t✐♦♥s

❆s ✇❡ ♥♦t❡❞ ✐♥ ❙❡❝t✐♦♥ ❙❡❝t✐♦♥ ✺✳✷✱ s♦♠❡ ❡q✉❛t✐♦♥s ❛r❡ ✐❞❡♥t✐t✐❡s ❛♥❞ s♦♠❡ ❛r❡ ❝♦♥tr❛❞✐❝t✐♦♥s✳ ❆s t❤❡
♣r♦❜❧❡♠s ♦❢ ❙❛♠♣❧❡ ❙❡t ❉ ✇✐❧❧ s✉❣❣❡st✱

❘❡❝♦❣♥✐③✐♥❣ ❛♥ ■❞❡♥t✐t②

✶✳ ■❢✱ ✇❤❡♥ s♦❧✈✐♥❣ ❛♥ ❡q✉❛t✐♦♥✱ ❛❧❧ t❤❡ ✈❛r✐❛❜❧❡s ❛r❡ ❡❧✐♠✐♥❛t❡❞ ❛♥❞ ❛ tr✉❡ st❛t❡♠❡♥t r❡s✉❧ts✱ t❤❡ ❡q✉❛t✐♦♥
✐s ❛♥ ✐❞❡♥t✐t②✳

❘❡❝♦❣♥✐③✐♥❣ ❛ ❈♦♥tr❛❞✐❝t✐♦♥

✷✳ ■❢✱ ✇❤❡♥ s♦❧✈✐♥❣ ❛♥ ❡q✉❛t✐♦♥✱ ❛❧❧ t❤❡ ✈❛r✐❛❜❧❡s ❛r❡ ❡❧✐♠✐♥❛t❡❞ ❛♥❞ ❛ ❢❛❧s❡ st❛t❡♠❡♥t r❡s✉❧ts✱ t❤❡ ❡q✉❛t✐♦♥
✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✺✳✹✳✶✵ ❙❛♠♣❧❡ ❙❡t ❉

❊①❛♠♣❧❡ ✺✳✷✻
❙♦❧✈❡ 9x + 3 (4 − 3x) = 12 ❢♦r x.

9x + 12 − 9x = 12

12 = 12

❚❤❡ ✈❛r✐❛❜❧❡ ❤❛s ❜❡❡♥ ❡❧✐♠✐♥❛t❡❞ ❛♥❞ t❤❡ r❡s✉❧t ✐s ❛ tr✉❡ st❛t❡♠❡♥t✳ ❚❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥ ✐s
❛♥ ✐❞❡♥t✐t②✳

❊①❛♠♣❧❡ ✺✳✷✼
❙♦❧✈❡ −2 (10 − 2y) − 4y + 1 = −18 ❢♦r y.

−20 + 4y − 4y + 1 = −18

−19 = −18

❚❤❡ ✈❛r✐❛❜❧❡ ❤❛s ❜❡❡♥ ❡❧✐♠✐♥❛t❡❞ ❛♥❞ t❤❡ r❡s✉❧t ✐s ❛ ❢❛❧s❡ st❛t❡♠❡♥t✳ ❚❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥ ✐s ❛
❝♦♥tr❛❞✐❝t✐♦♥✳

✺✳✹✳✶✶ Pr❛❝t✐❝❡ ❙❡t ❉

❈❧❛ss✐❢② ❡❛❝❤ ❡q✉❛t✐♦♥ ❛s ❛♥ ✐❞❡♥t✐t② ♦r ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❊①❡r❝✐s❡ ✺✳✹✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✼✳✮

6x + 3 (1 − 2x) = 3

❊①❡r❝✐s❡ ✺✳✹✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✼✳✮

−8m + 4 (2m − 7) = 28

❊①❡r❝✐s❡ ✺✳✹✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✼✳✮

3 (2x − 4) − 2 (3x + 1) + 14 = 0

❊①❡r❝✐s❡ ✺✳✹✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✼✳✮

−5 (x + 6) + 8 = 3 [4 − (x + 2)] − 2x

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✶✶

✺✳✹✳✶✷ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s♦❧✈❡ ❡❛❝❤ ❝♦♥❞✐t✐♦♥❛❧ ❡q✉❛t✐♦♥✳ ■❢ t❤❡ ❡q✉❛t✐♦♥ ✐s ♥♦t ❝♦♥❞✐t✐♦♥❛❧✱ ✐❞❡♥t✐❢② ✐t ❛s
❛♥ ✐❞❡♥t✐t② ♦r ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❊①❡r❝✐s❡ ✺✳✹✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✼✳✮

3x + 1 = 16

❊①❡r❝✐s❡ ✺✳✹✳✶✼
6y − 4 = 20

❊①❡r❝✐s❡ ✺✳✹✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✼✳✮

4a − 1 = 27

❊①❡r❝✐s❡ ✺✳✹✳✶✾
3x + 4 = 40

❊①❡r❝✐s❡ ✺✳✹✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✼✳✮

2y + 7 = −3

❊①❡r❝✐s❡ ✺✳✹✳✷✶
8k − 7 = −23

❊①❡r❝✐s❡ ✺✳✹✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✼✳✮

5x + 6 = −9

❊①❡r❝✐s❡ ✺✳✹✳✷✸
7a + 2 = −26

❊①❡r❝✐s❡ ✺✳✹✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✼✳✮

10y − 3 = −23

❊①❡r❝✐s❡ ✺✳✹✳✷✺
14x + 1 = −55

❊①❡r❝✐s❡ ✺✳✹✳✷✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✼✳✮
x
9 + 2 = 6

❊①❡r❝✐s❡ ✺✳✹✳✷✼
m
7 − 8 = −11

❊①❡r❝✐s❡ ✺✳✹✳✷✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✼✳✮
y
4 + 6 = 12

❊①❡r❝✐s❡ ✺✳✹✳✷✾
x
8 − 2 = 5

❊①❡r❝✐s❡ ✺✳✹✳✸✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✼✳✮
m
11 − 15 = −19

❊①❡r❝✐s❡ ✺✳✹✳✸✶
k
15 + 20 = 10

❊①❡r❝✐s❡ ✺✳✹✳✸✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✼✳✮

6 + k
5 = 5

❊①❡r❝✐s❡ ✺✳✹✳✸✸
1 − n

2 = 6

❊①❡r❝✐s❡ ✺✳✹✳✸✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✼✳✮
7x
4 + 6 = −8

❊①❡r❝✐s❡ ✺✳✹✳✸✺
−6m

5 + 11 = −13

❊①❡r❝✐s❡ ✺✳✹✳✸✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✼✳✮
3k
14 + 25 = 22

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✺✳✹✳✸✼
3 (x − 6) + 5 = −25

❊①❡r❝✐s❡ ✺✳✹✳✸✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✼✳✮

16 (y − 1) + 11 = −85

❊①❡r❝✐s❡ ✺✳✹✳✸✾
6x + 14 = 5x − 12

❊①❡r❝✐s❡ ✺✳✹✳✹✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✼✳✮

23y − 19 = 22y + 1

❊①❡r❝✐s❡ ✺✳✹✳✹✶
−3m + 1 = 3m − 5

❊①❡r❝✐s❡ ✺✳✹✳✹✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✼✳✮

8k + 7 = 2k + 1

❊①❡r❝✐s❡ ✺✳✹✳✹✸
12n + 5 = 5n − 16

❊①❡r❝✐s❡ ✺✳✹✳✹✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✼✳✮

2 (x − 7) = 2x + 5

❊①❡r❝✐s❡ ✺✳✹✳✹✺
−4 (5y + 3) + 5 (1 + 4y) = 0

❊①❡r❝✐s❡ ✺✳✹✳✹✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✼✳✮

3x + 7 = −3 − (x + 2)

❊①❡r❝✐s❡ ✺✳✹✳✹✼
4 (4y + 2) = 3y + 2 [1 − 3 (1 − 2y)]

❊①❡r❝✐s❡ ✺✳✹✳✹✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✼✳✮

5 (3x − 8) + 11 = 2 − 2x + 3 (x − 4)

❊①❡r❝✐s❡ ✺✳✹✳✹✾
12 − (m − 2) = 2m + 3m − 2m + 3 (5 − 3m)

❊①❡r❝✐s❡ ✺✳✹✳✺✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✼✳✮

−4 · k − (−4 − 3k) = −3k − 2k − (3 − 6k) + 1

❊①❡r❝✐s❡ ✺✳✹✳✺✶
3 [4 − 2 (y + 2)] = 2y − 4 [1 + 2 (1 + y)]

❊①❡r❝✐s❡ ✺✳✹✳✺✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✼✳✮

−5 [2m − (3m − 1)] = 4m − 3m + 2 (5 − 2m) + 1

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s♦❧✈❡ t❤❡ ❧✐t❡r❛❧ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ✐♥❞✐❝❛t❡❞ ✈❛r✐❛❜❧❡✳ ❲❤❡♥ ❞✐r❡❝t❡❞✱ ✜♥❞ t❤❡
✈❛❧✉❡ ♦❢ t❤❛t ✈❛r✐❛❜❧❡ ❢♦r t❤❡ ❣✐✈❡♥ ✈❛❧✉❡s ♦❢ t❤❡ ♦t❤❡r ✈❛r✐❛❜❧❡s✳

❊①❡r❝✐s❡ ✺✳✹✳✺✸
❙♦❧✈❡ I = E

R ❢♦r R. ❋✐♥❞ t❤❡ ✈❛❧✉❡ ♦❢ R✇❤❡♥ I = 0.005❛♥❞ E = 0.0035.

❊①❡r❝✐s❡ ✺✳✹✳✺✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✽✳✮

❙♦❧✈❡ P = R − C❢♦r R. ❋✐♥❞ t❤❡ ✈❛❧✉❡ ♦❢ R✇❤❡♥ P = 27❛♥❞ C = 85.

❊①❡r❝✐s❡ ✺✳✹✳✺✺
❙♦❧✈❡ z = x−x

s ❢♦r x. ❋✐♥❞ t❤❡ ✈❛❧✉❡ ♦❢ x✇❤❡♥ z = 1.96, s = 2.5,❛♥❞ x = 15.

❊①❡r❝✐s❡ ✺✳✹✳✺✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✽✳✮

❙♦❧✈❡ F =
S2

x

S2
y
❢♦r S2

x · S2
xr❡♣r❡s❡♥ts ❛ s✐♥❣❧❡ q✉❛♥t✐t②✳ ❋✐♥❞ t❤❡ ✈❛❧✉❡ ♦❢ S2

x ✇❤❡♥ F = 2.21❛♥❞

S2
y = 3.24.

❊①❡r❝✐s❡ ✺✳✹✳✺✼
❙♦❧✈❡ p = nRT

V ❢♦r R.

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✶✸

❊①❡r❝✐s❡ ✺✳✹✳✺✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✽✳✮

❙♦❧✈❡ x = 4y + 7❢♦r y.

❊①❡r❝✐s❡ ✺✳✹✳✺✾
❙♦❧✈❡ y = 10x + 16❢♦r x.

❊①❡r❝✐s❡ ✺✳✹✳✻✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✽✳✮

❙♦❧✈❡ 2x + 5y = 12❢♦r y.

❊①❡r❝✐s❡ ✺✳✹✳✻✶
❙♦❧✈❡ −9x + 3y + 15 = 0❢♦r y.

❊①❡r❝✐s❡ ✺✳✹✳✻✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✽✳✮

❙♦❧✈❡ m = 2n−h
5 ❢♦r n.

❊①❡r❝✐s❡ ✺✳✹✳✻✸
❙♦❧✈❡ t = Q+6P

8 ❢♦r P.

❊①❡r❝✐s❡ ✺✳✹✳✻✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✽✳✮

❙♦❧✈❡ = � +9j
∆ ❢♦r j✳

❊①❡r❝✐s❡ ✺✳✹✳✻✺

❙♦❧✈❡ ❢♦r ✳

✺✳✹✳✶✸ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✺✳✹✳✻✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✽✳✮

✭❙❡❝t✐♦♥ ✷✳✻✮ ❙✐♠♣❧✐❢② (x + 3)
2
(x − 2)

3
(x − 2)

4
(x + 3) .

❊①❡r❝✐s❡ ✺✳✹✳✻✼
✭❙❡❝t✐♦♥ ✹✳✼✮ ❋✐♥❞ t❤❡ ♣r♦❞✉❝t✳ (x − 7) (x + 7) .

❊①❡r❝✐s❡ ✺✳✹✳✻✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✽✳✮

✭❙❡❝t✐♦♥ ✹✳✼✮ ❋✐♥❞ t❤❡ ♣r♦❞✉❝t✳ (2x − 1)
2
.

❊①❡r❝✐s❡ ✺✳✹✳✻✾
✭❙❡❝t✐♦♥ ✺✳✷✮ ❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥ y − 2 = −2.

❊①❡r❝✐s❡ ✺✳✹✳✼✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✽✳✮

✭❙❡❝t✐♦♥ ✺✳✸✮ ❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥ 4x
5 = −3.

✺✳✺ ❆♣♣❧✐❝❛t✐♦♥ ■ ✲ ❚r❛♥s❧❛t✐♥❣ ❢r♦♠ ❱❡r❜❛❧ t♦ ▼❛t❤❡t✐❝❛❧ ❊①♣r❡s✲
s✐♦♥s ✺

✺✳✺✳✶ ❖✈❡r✈✐❡✇

• ❚r❛♥s❧❛t✐♥❣ ❢r♦♠ ❱❡r❜❛❧ t♦ ▼❛t❤❡♠❛t✐❝❛❧ ❊①♣r❡ss✐♦♥s

✺❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✼✽✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✺✳✺✳✷ ❚r❛♥s❧❛t✐♥❣ ❢r♦♠ ❱❡r❜❛❧ t♦ ▼❛t❤❡♠❛t✐❝❛❧ ❊①♣r❡ss✐♦♥s

❚♦ s♦❧✈❡ ❛ ♣r♦❜❧❡♠ ✉s✐♥❣ ❛❧❣❡❜r❛✱ ✇❡ ♠✉st ✜rst ❡①♣r❡ss t❤❡ ♣r♦❜❧❡♠ ❛❧❣❡❜r❛✐❝❛❧❧②✳ ❚♦ ❡①♣r❡ss ❛ ♣r♦❜❧❡♠
❛❧❣❡❜r❛✐❝❛❧❧②✱ ✇❡ ♠✉st s❝r✉t✐♥✐③❡ t❤❡ ✇♦r❞✐♥❣ ♦❢ t❤❡ ♣r♦❜❧❡♠ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ✈❛r✐❛❜❧❡s ❛♥❞ ❝♦♥st❛♥ts t❤❛t
❛r❡ ♣r❡s❡♥t ❛♥❞ t❤❡ r❡❧❛t✐♦♥s❤✐♣s ❛♠♦♥❣ t❤❡♠✳ ❚❤❡♥ ✇❡ ♠✉st tr❛♥s❧❛t❡ t❤❡ ✈❡r❜❛❧ ♣❤r❛s❡s ❛♥❞ st❛t❡♠❡♥ts
t♦ ❛❧❣❡❜r❛✐❝ ❡①♣r❡ss✐♦♥s ❛♥❞ ❡q✉❛t✐♦♥s✳

❚♦ ❤❡❧♣ ✉s tr❛♥s❧❛t❡ ✈❡r❜❛❧ ❡①♣r❡ss✐♦♥s t♦ ♠❛t❤❡♠❛t✐❝s✱ ✇❡ ❝❛♥ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡ ❛s ❛ ♠❛t❤❡♠❛t✐❝s
❞✐❝t✐♦♥❛r②✳

▼❛t❤❡♠❛t✐❝s ❉✐❝t✐♦♥❛r②

❲♦r❞ ♦r P❤r❛s❡ ▼❛t❤❡♠❛t✐❝❛❧ ❖♣❡r❛t✐♦♥

❙✉♠✱ s✉♠ ♦❢✱ ❛❞❞❡❞ t♦✱ ✐♥❝r❡❛s❡❞ ❜②✱ ♠♦r❡ t❤❛♥✱ ♣❧✉s✱ ❛♥❞ +

❉✐✛❡r❡♥❝❡✱ ♠✐♥✉s✱ s✉❜tr❛❝t❡❞ ❢r♦♠✱ ❞❡❝r❡❛s❡❞ ❜②✱ ❧❡ss✱ ❧❡ss t❤❛♥ −
Pr♦❞✉❝t✱ t❤❡ ♣r♦❞✉❝t ♦❢✱ ♦❢✱ ♠✉✐t✐♣❧✐❡❞ ❜②✱ t✐♠❡s ·
◗✉♦t✐❡♥t✱ ❞✐✈✐❞❡❞ ❜②✱ r❛t✐♦ ÷
❊q✉❛❧s✱ ✐s ❡q✉❛❧ t♦✱ ✐s✱ t❤❡ r❡s✉❧t ✐s✱ ❜❡❝♦♠❡s =

❆ ♥✉♠❜❡r✱ ❛♥ ✉♥❦♥♦✇♥ q✉❛♥t✐t②✱ ❛♥ ✉♥❦♥♦✇♥✱ ❛ q✉❛♥t✐t② x ✭♦r ❛♥② s②♠❜♦❧✮

❚❛❜❧❡ ✺✳✶

✺✳✺✳✸ ❙❛♠♣❧❡ ❙❡t ❆

❚r❛♥s❧❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❤r❛s❡s ♦r s❡♥t❡♥❝❡s ✐♥t♦ ♠❛t❤❡♠❛t✐❝❛❧ ❡①♣r❡ss✐♦♥s ♦r ❡q✉❛t✐♦♥s✳

❊①❛♠♣❧❡ ✺✳✷✽

s✐①
︸︷︷︸

6

♠♦r❡ t❤❛♥
︸ ︷︷ ︸

+

❛ ♥✉♠❜❡r
︸ ︷︷ ︸

x
︸ ︷︷ ︸

6+x

.

❊①❛♠♣❧❡ ✺✳✷✾

❋✐❢t❡❡♥
︸ ︷︷ ︸

15

♠✐♥✉s
︸ ︷︷ ︸

−

❛ ♥✉♠❜❡r
︸ ︷︷ ︸

x
︸ ︷︷ ︸

15−x

.

❊①❛♠♣❧❡ ✺✳✸✵

❆q✉❛♥t✐t②
︸ ︷︷ ︸

y

❧❡ss
︸︷︷︸

−

❡✐❣❤t
︸ ︷︷ ︸

8
︸ ︷︷ ︸

y−8

.

❊①❛♠♣❧❡ ✺✳✸✶

❚✇✐❝❡
︸ ︷︷ ︸

2·

❛ ♥✉♠❜❡r
︸ ︷︷ ︸

x

✐s
︸︷︷︸

=

t❡♥✳
︸︷︷︸

10
︸ ︷︷ ︸

2x=10

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✶✺

❊①❛♠♣❧❡ ✺✳✸✷

❖♥❡ ❤❛❧❢
︸ ︷︷ ︸

✶
✷

♦❢
︸︷︷︸

·

❛ ♥✉♠❜❡r
︸ ︷︷ ︸

③

✐s
︸︷︷︸

❂

t✇❡♥t②✳
︸ ︷︷ ︸

✷✵
︸ ︷︷ ︸

1
2 z=20

❊①❛♠♣❧❡ ✺✳✸✸

❚❤r❡❡
︸ ︷︷ ︸

3

t✐♠❡s
︸ ︷︷ ︸

·

❛ ♥✉♠❜❡r
︸ ︷︷ ︸

y

✐s
︸︷︷︸

=

✜✈❡
︸︷︷︸

5

♠♦r❡ t❤❛♥
︸ ︷︷ ︸

+

t✇✐❝❡
︸ ︷︷ ︸

2·

t❤❡ s❛♠❡ ♥✉♠❜❡r✳
︸ ︷︷ ︸

y
︸ ︷︷ ︸

3y=5+2y

✺✳✺✳✹ Pr❛❝t✐❝❡ ❙❡t ❆

❚r❛♥s❧❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❤r❛s❡s ♦r s❡♥t❡♥❝❡s ✐♥t♦ ♠❛t❤❡♠❛t✐❝❛❧ ❡①♣r❡ss✐♦♥s ♦r ❡q✉❛t✐♦♥s✳

❊①❡r❝✐s❡ ✺✳✺✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✽✳✮

❊❧❡✈❡♥ ♠♦r❡ t❤❛♥ ❛ ♥✉♠❜❡r✳

❊①❡r❝✐s❡ ✺✳✺✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✽✳✮

◆✐♥❡ ♠✐♥✉s ❛ ♥✉♠❜❡r✳

❊①❡r❝✐s❡ ✺✳✺✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✽✳✮

❆ q✉❛♥t✐t② ❧❡ss t✇❡♥t②✳

❊①❡r❝✐s❡ ✺✳✺✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✽✳✮

❋♦✉r t✐♠❡s ❛ ♥✉♠❜❡r ✐s t❤✐rt② t✇♦✳

❊①❡r❝✐s❡ ✺✳✺✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✽✳✮

❖♥❡ t❤✐r❞ ♦❢ ❛ ♥✉♠❜❡r ✐s s✐①✳

❊①❡r❝✐s❡ ✺✳✺✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✽✳✮

❚❡♥ t✐♠❡s ❛ ♥✉♠❜❡r ✐s ❡✐❣❤t ♠♦r❡ t❤❛♥ ✜✈❡ t✐♠❡s t❤❡ s❛♠❡ ♥✉♠❜❡r✳

❙♦♠❡t✐♠❡s t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ s❡♥t❡♥❝❡ ✐♥❞✐❝❛t❡s t❤❡ ✉s❡ ♦❢ ❣r♦✉♣✐♥❣ s②♠❜♦❧s✳

✺✳✺✳✺ ❙❛♠♣❧❡ ❙❡t ❇

❚r❛♥s❧❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❤r❛s❡s ♦r s❡♥t❡♥❝❡s ✐♥t♦ ♠❛t❤❡♠❛t✐❝❛❧ ❡①♣r❡ss✐♦♥s ♦r ❡q✉❛t✐♦♥s✳

❊①❛♠♣❧❡ ✺✳✸✹

❆♥✉♠❜❡r ❞✐✈✐❞❡❞ ❜② ✜✈❡✱
︸ ︷︷ ︸

( x ÷ 5)

♠✐♥✉s
︸ ︷︷ ︸

−

t❡♥✱
︸︷︷︸

10

✐s
︸︷︷︸

=

✜❢t❡❡♥✳
︸ ︷︷ ︸

15

︸ ︷︷ ︸
x
5 −10=15

❈♦♠♠❛s s❡t ♦✛ t❡r♠s✳

❊①❛♠♣❧❡ ✺✳✸✺

❊✐❣❤t
︸ ︷︷ ︸

8

❞✐✈✐❞❡❞ ❜②
︸ ︷︷ ︸

÷

✜✈❡♠♦r❡ t❤❛♥ ❛ ♥✉♠❜❡r
︸ ︷︷ ︸

(5 + x)

✐s
︸︷︷︸

=

t❡♥
︸︷︷︸

10
︸ ︷︷ ︸

❚❤❡✇♦r❞✐♥❣ ✐♥❞✐❝❛t❡s t❤✐s ✐s t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛s✐♥❣❧❡ q✉❛♥t✐t②✳

8

5 + x
= 10

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❛♠♣❧❡ ✺✳✸✻

❆♥✉♠❜❡r
︸ ︷︷ ︸

x

♠✉❧t✐♣❧✐❡❞ ❜②
︸ ︷︷ ︸

·

t❡♥♠♦r❡ t❤❛♥ ✐ts❡❧❢
︸ ︷︷ ︸

(10 + x)

✐s
︸︷︷︸

=

t✇❡♥t②✳
︸ ︷︷ ︸

20
︸ ︷︷ ︸

x(10 + x) = 20

❊①❛♠♣❧❡ ✺✳✸✼
❆ ♥✉♠❜❡r ♣❧✉s ♦♥❡ ✐s ❞✐✈✐❞❡❞ ❜② t❤r❡❡ t✐♠❡s t❤❡ ♥✉♠❜❡r ♠✐♥✉s t✇❡❧✈❡ ❛♥❞ t❤❡ r❡s✉❧t ✐s ❢♦✉r✳

(x + 1) ÷ (3 · x − 12) = 4

x+1
3x−12 = 4

◆♦t✐❝❡ t❤❛t s✐♥❝❡ t❤❡ ♣❤r❛s❡ ✧t❤r❡❡ t✐♠❡s t❤❡ ♥✉♠❜❡r ♠✐♥✉s t✇❡❧✈❡✧ ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛ ❝♦♠♠❛✱ ✇❡
❣❡t t❤❡ ❡①♣r❡ss✐♦♥ 3x− 12✳ ■❢ t❤❡ ♣❤r❛s❡ ❤❛❞ ❛♣♣❡❛r❡❞ ❛s ✧t❤r❡❡ t✐♠❡s t❤❡ ♥✉♠❜❡r✱ ♠✐♥✉s t✇❡❧✈❡✱✧
t❤❡ r❡s✉❧t ✇♦✉❧❞ ❤❛✈❡ ❜❡❡♥

x + 1

3x
− 12 = 4

❊①❛♠♣❧❡ ✺✳✸✽
❙♦♠❡ ♣❤r❛s❡s ❛♥❞ s❡♥t❡♥❝❡s ❞♦ ♥♦t tr❛♥s❧❛t❡ ❞✐r❡❝t❧②✳ ❲❡ ♠✉st ❜❡ ❝❛r❡❢✉❧ t♦ r❡❛❞ t❤❡♠ ♣r♦♣❡r❧②✳
❚❤❡ ✇♦r❞ ❢r♦♠ ♦❢t❡♥ ❛♣♣❡❛rs ✐♥ s✉❝❤ ♣❤r❛s❡s ❛♥❞ s❡♥t❡♥❝❡s✳ ❚❤❡ ✇♦r❞ ❢r♦♠ ♠❡❛♥s ✧❛ ♣♦✐♥t ♦❢
❞❡♣❛rt✉r❡ ❢♦r ♠♦t✐♦♥✳✧ ❚❤❡ ❢♦❧❧♦✇✐♥❣ tr❛♥s❧❛t✐♦♥ ✇✐❧❧ ✐❧❧✉str❛t❡ t❤✐s ✉s❡✳

❚❤❡ ✇♦r❞ ❢r♦♠ ✐♥❞✐❝❛t❡s t❤❡ ♠♦t✐♦♥ ✭s✉❜tr❛❝t✐♦♥✮ ✐s t♦ ❜❡❣✐♥ ❛t t❤❡ ♣♦✐♥t ♦❢ ✧s♦♠❡ q✉❛♥t✐t②✳✧

❊①❛♠♣❧❡ ✺✳✸✾
❊✐❣❤t ❧❡ss t❤❛♥ s♦♠❡ q✉❛♥t✐t②✳ ◆♦t✐❝❡ t❤❛t ❧❡ss t❤❛♥ ❝♦✉❧❞ ❜❡ r❡♣❧❛❝❡❞ ✇✐t❤ ❢r♦♠✳

x − 8

✺✳✺✳✻ Pr❛❝t✐❝❡ ❙❡t ❇

❚r❛♥s❧❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❤r❛s❡s ❛♥❞ s❡♥t❡♥❝❡s ✐♥t♦ ♠❛t❤❡♠❛t✐❝❛❧ ❡①♣r❡ss✐♦♥s ♦r ❡q✉❛t✐♦♥s✳

❊①❡r❝✐s❡ ✺✳✺✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✽✳✮

❆ ♥✉♠❜❡r ❞✐✈✐❞❡❞ ❜② s✐①t❡❡♥✱ ♣❧✉s ♦♥❡✱ ✐s ✜✈❡✳

❊①❡r❝✐s❡ ✺✳✺✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✽✳✮

❙❡✈❡♥ t✐♠❡s t✇♦ ♠♦r❡ t❤❛♥ ❛ ♥✉♠❜❡r ✐s t✇❡♥t②✲♦♥❡✳

❊①❡r❝✐s❡ ✺✳✺✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✽✳✮

❆ ♥✉♠❜❡r ❞✐✈✐❞❡❞ ❜② t✇♦ ♠♦r❡ t❤❛♥ ✐ts❡❧❢ ✐s ③❡r♦✳

❊①❡r❝✐s❡ ✺✳✺✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✽✳✮

❆ ♥✉♠❜❡r ♠✐♥✉s ✜✈❡ ✐s ❞✐✈✐❞❡❞ ❜② t✇✐❝❡ t❤❡ ♥✉♠❜❡r ♣❧✉s t❤r❡❡ ❛♥❞ t❤❡ r❡s✉❧t ✐s s❡✈❡♥t❡❡♥✳

❊①❡r❝✐s❡ ✺✳✺✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✽✳✮

❋✐❢t②✲t✇♦ ✐s s✉❜tr❛❝t❡❞ ❢r♦♠ s♦♠❡ q✉❛♥t✐t②✳

❊①❡r❝✐s❡ ✺✳✺✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✽✳✮

❆♥ ✉♥❦♥♦✇♥ q✉❛♥t✐t② ✐s s✉❜tr❛❝t❡❞ ❢r♦♠ ❡❧❡✈❡♥ ❛♥❞ t❤❡ r❡s✉❧t ✐s ✜✈❡ ❧❡ss t❤❛♥ t❤❡ ✉♥❦♥♦✇♥
q✉❛♥t✐t②✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✶✼

✺✳✺✳✼ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ tr❛♥s❧❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❤r❛s❡s ♦r s❡♥t❡♥❝❡s ✐♥t♦ ♠❛t❤❡♠❛t✐❝❛❧ ❡①♣r❡ss✐♦♥s ♦r
❡q✉❛t✐♦♥s✳

❊①❡r❝✐s❡ ✺✳✺✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✽✳✮

❆ q✉❛♥t✐t② ❧❡ss ❢♦✉r✳

❊①❡r❝✐s❡ ✺✳✺✳✶✹
❊✐❣❤t ♠♦r❡ t❤❛♥ ❛ ♥✉♠❜❡r✳

❊①❡r❝✐s❡ ✺✳✺✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✽✳✮

❆ ♥✉♠❜❡r ♣❧✉s s❡✈❡♥✳

❊①❡r❝✐s❡ ✺✳✺✳✶✻
❆ ♥✉♠❜❡r ♠✐♥✉s t❤r❡❡✳

❊①❡r❝✐s❡ ✺✳✺✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✽✳✮

◆❡❣❛t✐✈❡ ✜✈❡ ♣❧✉s ❛♥ ✉♥❦♥♦✇♥ q✉❛♥t✐t②✳

❊①❡r❝✐s❡ ✺✳✺✳✶✽
◆❡❣❛t✐✈❡ s✐①t❡❡♥ ♠✐♥✉s s♦♠❡ q✉❛♥t✐t②✳

❊①❡r❝✐s❡ ✺✳✺✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✽✳✮

❋♦✉rt❡❡♥ ❛❞❞❡❞ t♦ t✇✐❝❡ ❛ ♥✉♠❜❡r✳

❊①❡r❝✐s❡ ✺✳✺✳✷✵
❚❡♥ ❛❞❞❡❞ t♦ t❤r❡❡ t✐♠❡s s♦♠❡ ♥✉♠❜❡r✳

❊①❡r❝✐s❡ ✺✳✺✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✾✳✮

❖♥❡ t❤✐r❞ ♠✐♥✉s ❛♥ ✉♥❦♥♦✇♥ q✉❛♥t✐t②✳

❊①❡r❝✐s❡ ✺✳✺✳✷✷
❚✇✐❝❡ ❛ ♥✉♠❜❡r ✐s ❡❧❡✈❡♥✳

❊①❡r❝✐s❡ ✺✳✺✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✾✳✮

❋♦✉r ♥✐♥t❤s ♦❢ ❛ ♥✉♠❜❡r ✐s t✇❡♥t②✲♦♥❡✳

❊①❡r❝✐s❡ ✺✳✺✳✷✹
❖♥❡ t❤✐r❞ ♦❢ ❛ ♥✉♠❜❡r ✐s t✇♦ ✜❢t❤s✳

❊①❡r❝✐s❡ ✺✳✺✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✾✳✮

❚❤r❡❡ t✐♠❡s ❛ ♥✉♠❜❡r ✐s ♥✐♥❡ ♠♦r❡ t❤❛♥ t✇✐❝❡ t❤❡ ♥✉♠❜❡r✳

❊①❡r❝✐s❡ ✺✳✺✳✷✻
❋✐✈❡ t✐♠❡s ❛ ♥✉♠❜❡r ✐s t❤❛t ♥✉♠❜❡r ♠✐♥✉s t✇♦✳

❊①❡r❝✐s❡ ✺✳✺✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✾✳✮

❚✇✐❝❡ ❛ ♥✉♠❜❡r ❛❞❞❡❞ t♦ s✐① r❡s✉❧ts ✐♥ t❤✐rt②✳

❊①❡r❝✐s❡ ✺✳✺✳✷✽
❚❡♥ t✐♠❡s ❛ ♥✉♠❜❡r ❧❡ss ❢♦✉r r❡s✉❧ts ✐♥ s✐①t②✲s✐①✳

❊①❡r❝✐s❡ ✺✳✺✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✾✳✮

❆ ♥✉♠❜❡r ❧❡ss t✇❡♥t②✲✜✈❡ ✐s ❡q✉❛❧ t♦ 3.019✳

❊①❡r❝✐s❡ ✺✳✺✳✸✵
❙❡✈❡♥ ♠♦r❡ t❤❛♥ s♦♠❡ ♥✉♠❜❡r ✐s ✜✈❡ ♠♦r❡ t❤❛♥ t✇✐❝❡ t❤❡ ♥✉♠❜❡r✳

❊①❡r❝✐s❡ ✺✳✺✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✾✳✮

❲❤❡♥ ❛ ♥✉♠❜❡r ✐s ❞✐✈✐❞❡❞ ❜② ❢♦✉r✱ t❤❡ r❡s✉❧t ✐s s✐①t②✲❡✐❣❤t✳

❊①❡r❝✐s❡ ✺✳✺✳✸✷
❊❧❡✈❡♥ ✜❢t❡❡♥t❤s ♦❢ t✇♦ ♠♦r❡ t❤❛♥ ❛ ♥✉♠❜❡r ✐s ❡✐❣❤t✳

❊①❡r❝✐s❡ ✺✳✺✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✾✳✮

❖♥❡ t❡♥t❤ ♦❢ ❛ ♥✉♠❜❡r ✐s t❤❛t ♥✉♠❜❡r ❧❡ss ♦♥❡✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✶✽ ❈❍❆P❚❊❘ ✺✳ ❙❖▲❱■◆● ▲■◆❊❆❘ ❊◗❯❆❚■❖◆❙ ❆◆❉ ■◆❊◗❯❆▲■❚■❊❙

❊①❡r❝✐s❡ ✺✳✺✳✸✹
❚✇♦ ♠♦r❡ t❤❛♥ t✇✐❝❡ ❛ ♥✉♠❜❡r ✐s ♦♥❡ ❤❛❧❢ t❤❡ ♥✉♠❜❡r ❧❡ss t❤r❡❡✳

❊①❡r❝✐s❡ ✺✳✺✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✾✳✮

❆ ♥✉♠❜❡r ✐s ❡q✉❛❧ t♦ ✐ts❡❧❢ ♣❧✉s ❢♦✉r t✐♠❡s ✐ts❡❧❢✳

❊①❡r❝✐s❡ ✺✳✺✳✸✻
❚❤r❡❡ ✜❢t❤s ♦❢ ❛ q✉❛♥t✐t② ❛❞❞❡❞ t♦ t❤❡ q✉❛♥t✐t② ✐ts❡❧❢ ✐s t❤✐rt②✲♥✐♥❡✳

❊①❡r❝✐s❡ ✺✳✺✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✾✳✮

❆ ♥✉♠❜❡r ♣❧✉s s❡✈❡♥ ✐s ❞✐✈✐❞❡❞ ❜② t✇♦ ❛♥❞ t❤❡ r❡s✉❧t ✐s t✇❡♥t②✲t✇♦✳

❊①❡r❝✐s❡ ✺✳✺✳✸✽
❚❡♥ t✐♠❡s ❛ ♥✉♠❜❡r ♠✐♥✉s ♦♥❡ ✐s ❞✐✈✐❞❡❞ ❜② ❢♦✉rt❡❡♥ ❛♥❞ t❤❡ r❡s✉❧t ✐s ♦♥❡✳

❊①❡r❝✐s❡ ✺✳✺✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✾✳✮

❆ ♥✉♠❜❡r ✐s ❛❞❞❡❞ t♦ ✐ts❡❧❢ t❤❡♥ ❞✐✈✐❞❡❞ ❜② t❤r❡❡✳ ❚❤✐s r❡s✉❧t ✐s t❤❡♥ ❞✐✈✐❞❡❞ ❜② t❤r❡❡✳ ❚❤❡ ❡♥t✐r❡
r❡s✉❧t ✐s ✜❢t❡❡♥✳

❊①❡r❝✐s❡ ✺✳✺✳✹✵
❚❡♥ ❞✐✈✐❞❡❞ ❜② t✇♦ ♠♦r❡ t❤❛♥ ❛ ♥✉♠❜❡r ✐s t✇❡♥t②✲♦♥❡✳

❊①❡r❝✐s❡ ✺✳✺✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✾✳✮

❋✐✈❡ ❞✐✈✐❞❡❞ ❜② ❛ ♥✉♠❜❡r ♣❧✉s s✐① ✐s ❢♦✉rt❡❡♥✳

❊①❡r❝✐s❡ ✺✳✺✳✹✷
❚✇❡❧✈❡ ❞✐✈✐❞❡❞ ❜② t✇✐❝❡ ❛ ♥✉♠❜❡r ✐s ✜❢t②✲✜✈❡✳

❊①❡r❝✐s❡ ✺✳✺✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✾✳✮

❚✇❡♥t② ❞✐✈✐❞❡❞ ❜② ❡✐❣❤t t✐♠❡s ❛ ♥✉♠❜❡r ❛❞❞❡❞ t♦ ♦♥❡ ✐s ♥✐♥❡✳

❊①❡r❝✐s❡ ✺✳✺✳✹✹
❆ ♥✉♠❜❡r ❞✐✈✐❞❡❞ ❜② ✐ts❡❧❢✱ ♣❧✉s ♦♥❡✱ r❡s✉❧ts ✐♥ s❡✈❡♥✳

❊①❡r❝✐s❡ ✺✳✺✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✾✳✮

❆ ♥✉♠❜❡r ❞✐✈✐❞❡❞ ❜② t❡♥✱ ♣❧✉s ❢♦✉r✱ r❡s✉❧ts ✐♥ t✇❡♥t②✲❢♦✉r✳

❊①❡r❝✐s❡ ✺✳✺✳✹✻
❆ ♥✉♠❜❡r ♣❧✉s s✐①✱ ❞✐✈✐❞❡❞ ❜② t✇♦✱ ✐s s❡✈❡♥t②✲♦♥❡✳

❊①❡r❝✐s❡ ✺✳✺✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✾✳✮

❆ ♥✉♠❜❡r ♣❧✉s s✐①✱ ❞✐✈✐❞❡❞ ❜② t✇♦✱ ♣❧✉s ✜✈❡✱ ✐s ❢♦rt②✲t❤r❡❡✳

❊①❡r❝✐s❡ ✺✳✺✳✹✽
❆ ♥✉♠❜❡r ♠✉❧t✐♣❧✐❡❞ ❜② ✐ts❡❧❢ ❛❞❞❡❞ t♦ ✜✈❡ ✐s t❤✐rt②✲♦♥❡✳

❊①❡r❝✐s❡ ✺✳✺✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✾✳✮

❆ q✉❛♥t✐t② ♠✉❧t✐♣❧✐❡❞ ❜② s❡✈❡♥ ♣❧✉s t✇✐❝❡ ✐ts❡❧❢ ✐s ♥✐♥❡t②✳

❊①❡r❝✐s❡ ✺✳✺✳✺✵
❆ ♥✉♠❜❡r ✐s ✐♥❝r❡❛s❡❞ ❜② ♦♥❡ ❛♥❞ t❤❡♥ ♠✉❧t✐♣❧✐❡❞ ❜② ✜✈❡ t✐♠❡s ✐ts❡❧❢✳ ❚❤❡ r❡s✉❧t ✐s ❡✐❣❤t②✲❢♦✉r✳

❊①❡r❝✐s❡ ✺✳✺✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✾✳✮

❆ ♥✉♠❜❡r ✐s ❛❞❞❡❞ t♦ s✐① ❛♥❞ t❤❛t r❡s✉❧t ✐s ♠✉❧t✐♣❧✐❡❞ ❜② t❤✐rt❡❡♥✳ ❚❤✐s r❡s✉❧t ✐s t❤❡♥ ❞✐✈✐❞❡❞ ❜②
s✐① t✐♠❡s t❤❡ ♥✉♠❜❡r✳ ❚❤❡ ❡♥t✐r❡ r❡s✉❧t ✐s ❡q✉❛❧ t♦ ✜❢t②✲♥✐♥❡✳

❊①❡r❝✐s❡ ✺✳✺✳✺✷
❆ ♥✉♠❜❡r ✐s s✉❜tr❛❝t❡❞ ❢r♦♠ t❡♥ ❛♥❞ t❤❛t r❡s✉❧t ✐s ♠✉❧t✐♣❧✐❡❞ ❜② ❢♦✉r✳ ❚❤✐s r❡s✉❧t ✐s t❤❡♥ ❞✐✈✐❞❡❞
❜② t❤r❡❡ ♠♦r❡ t❤❛♥ t❤❡ ♥✉♠❜❡r✳ ❚❤❡ ❡♥t✐r❡ r❡s✉❧t ✐s ❡q✉❛❧ t♦ s✐①✳

❊①❡r❝✐s❡ ✺✳✺✳✺✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✾✳✮

❆♥ ✉♥❦♥♦✇♥ q✉❛♥t✐t② ✐s ❞❡❝r❡❛s❡❞ ❜② ❡❧❡✈❡♥✳ ❚❤✐s r❡s✉❧t ✐s t❤❡♥ ❞✐✈✐❞❡❞ ❜② ✜❢t❡❡♥✳ ◆♦✇✱ ♦♥❡ ✐s
s✉❜tr❛❝t❡❞ ❢r♦♠ t❤✐s r❡s✉❧t ❛♥❞ ✜✈❡ ✐s ♦❜t❛✐♥❡❞✳

❊①❡r❝✐s❡ ✺✳✺✳✺✹
❚❡♥ ❧❡ss t❤❛♥ s♦♠❡ ♥✉♠❜❡r✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✶✾

❊①❡r❝✐s❡ ✺✳✺✳✺✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✾✳✮

❋✐✈❡ ❧❡ss t❤❛♥ s♦♠❡ ✉♥❦♥♦✇♥ ♥✉♠❜❡r✳

❊①❡r❝✐s❡ ✺✳✺✳✺✻
❚✇❡❧✈❡ ❧❡ss t❤❛♥ ❛ ♥✉♠❜❡r✳

❊①❡r❝✐s❡ ✺✳✺✳✺✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✾✳✮

❖♥❡ ❧❡ss t❤❛♥ ❛♥ ✉♥❦♥♦✇♥ q✉❛♥t✐t②✳

❊①❡r❝✐s❡ ✺✳✺✳✺✽
❙✐①t❡❡♥ ❧❡ss t❤❛♥ s♦♠❡ ♥✉♠❜❡r ✐s ❢♦rt②✲t✇♦✳

❊①❡r❝✐s❡ ✺✳✺✳✺✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✾✳✮

❊✐❣❤t ❧❡ss t❤❛♥ s♦♠❡ ✉♥❦♥♦✇♥ ♥✉♠❜❡r ✐s t❤r❡❡✳

❊①❡r❝✐s❡ ✺✳✺✳✻✵
❙❡✈❡♥ ✐s ❛❞❞❡❞ t♦ t❡♥ ❧❡ss t❤❛♥ s♦♠❡ ♥✉♠❜❡r✳ ❚❤❡ r❡s✉❧t ✐s ♦♥❡✳

❊①❡r❝✐s❡ ✺✳✺✳✻✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✾✳✮

❚✇❡♥t②✲t❤r❡❡ ✐s ❞✐✈✐❞❡❞ ❜② t✇♦ ❧❡ss t❤❛♥ t✇✐❝❡ s♦♠❡ ♥✉♠❜❡r ❛♥❞ t❤❡ r❡s✉❧t ✐s t❤✐rt②✲❢♦✉r✳

❊①❡r❝✐s❡ ✺✳✺✳✻✷
❖♥❡ ❧❡ss t❤❛♥ s♦♠❡ ♥✉♠❜❡r ✐s ♠✉❧t✐♣❧✐❡❞ ❜② t❤r❡❡ ❧❡ss t❤❛♥ ✜✈❡ t✐♠❡s t❤❡ ♥✉♠❜❡r ❛♥❞ t❤❡ ❡♥t✐r❡
r❡s✉❧t ✐s ❞✐✈✐❞❡❞ ❜② s✐① ❧❡ss t❤❛♥ t❤❡ ♥✉♠❜❡r✳ ❚❤❡ r❡s✉❧t ✐s t✇❡♥t②✲s❡✈❡♥ ❧❡ss t❤❛♥ ❡❧❡✈❡♥ t✐♠❡s t❤❡
♥✉♠❜❡r✳

✺✳✺✳✽ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✺✳✺✳✻✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✾✳✮

✭❙❡❝t✐♦♥ ✷✳✸✮ ❙✉♣♣❧② t❤❡ ♠✐ss✐♥❣ ✇♦r❞✳ ❚❤❡ ♣♦✐♥t ♦♥ ❛ ❧✐♥❡ t❤❛t ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ♣❛rt✐❝✉❧❛r
♥✉♠❜❡r ✐s ❝❛❧❧❡❞ t❤❡ ♦❢ t❤❛t ♥✉♠❜❡r✳

❊①❡r❝✐s❡ ✺✳✺✳✻✹
✭❙❡❝t✐♦♥ ✷✳✺✮ ❙✉♣♣❧② t❤❡ ♠✐ss✐♥❣ ✇♦r❞✳ ❆♥ ❡①♣♦♥❡♥t r❡❝♦r❞s t❤❡ ♥✉♠❜❡r ♦❢ ✐❞❡♥t✐❝❛❧ ✐♥
❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥✳

❊①❡r❝✐s❡ ✺✳✺✳✻✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✾✳✮

✭❙❡❝t✐♦♥ ✸✳✸✮ ❲r✐t❡ t❤❡ ❛❧❣❡❜r❛✐❝ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ♥✉♠❜❡r a✳

❊①❡r❝✐s❡ ✺✳✺✳✻✻
✭❙❡❝t✐♦♥ ✺✳✹✮ ❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥ 4y + 5 = −3✳

❊①❡r❝✐s❡ ✺✳✺✳✻✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✺✾✳✮

✭❙❡❝t✐♦♥ ✺✳✹✮ ❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥ 2 (3x + 1) − 5x = 4 (x − 6) + 17✳

✺✳✻ ❆♣♣❧✐❝❛t✐♦♥ ■■ ✲ ❙♦❧✈✐♥❣ Pr♦❜❧❡♠s ✻

✺✳✻✳✶ ❖✈❡r✈✐❡✇

• ❙♦❧✈✐♥❣ ❆♣♣❧✐❡❞ Pr♦❜❧❡♠s

✻❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✽✵✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✷✵ ❈❍❆P❚❊❘ ✺✳ ❙❖▲❱■◆● ▲■◆❊❆❘ ❊◗❯❆❚■❖◆❙ ❆◆❉ ■◆❊◗❯❆▲■❚■❊❙

✺✳✻✳✷ ❙♦❧✈✐♥❣ ❆♣♣❧✐❡❞ Pr♦❜❧❡♠s

▲❡t✬s st✉❞② s♦♠❡ ✐♥t❡r❡st✐♥❣ ♣r♦❜❧❡♠s t❤❛t ✐♥✈♦❧✈❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ✐♥ ♦♥❡ ✈❛r✐❛❜❧❡✳ ■♥ ♦r❞❡r t♦ s♦❧✈❡ s✉❝❤
♣r♦❜❧❡♠s✱ ✇❡ ❛♣♣❧② t❤❡ ❢♦❧❧♦✇✐♥❣ ✜✈❡✲st❡♣ ♠❡t❤♦❞✿
❋✐✈❡✲❙t❡♣ ▼❡t❤♦❞ ❢♦r ❙♦❧✈✐♥❣ ❲♦r❞ Pr♦❜❧❡♠s

✶✳ ▲❡t x ✭♦r s♦♠❡ ♦t❤❡r ❧❡tt❡r✮ r❡♣r❡s❡♥t t❤❡ ✉♥❦♥♦✇♥ q✉❛♥t✐t②✳
✷✳ ❚r❛♥s❧❛t❡ t❤❡ ✇♦r❞s t♦ ♠❛t❤❡♠❛t✐❝❛❧ s②♠❜♦❧s ❛♥❞ ❢♦r♠ ❛♥ ❡q✉❛t✐♦♥✳
✸✳ ❙♦❧✈❡ t❤✐s ❡q✉❛t✐♦♥✳
✹✳ ❆s❦ ②♦✉rs❡❧❢ ✧❉♦❡s t❤✐s r❡s✉❧t s❡❡♠ r❡❛s♦♥❛❜❧❡❄✧ ❈❤❡❝❦ t❤❡ s♦❧✉t✐♦♥ ❜② s✉❜st✐t✉t✐♥❣ t❤❡ r❡s✉❧t ✐♥t♦

t❤❡ ♦r✐❣✐♥❛❧ st❛t❡♠❡♥t ♦❢ t❤❡ ♣r♦❜❧❡♠✳■❢ t❤❡ ❛♥s✇❡r ❞♦❡s♥✬t ❝❤❡❝❦✱ ②♦✉ ❤❛✈❡ ❡✐t❤❡r s♦❧✈❡❞ t❤❡ ❡q✉❛t✐♦♥
✐♥❝♦rr❡❝t❧②✱ ♦r ②♦✉ ❤❛✈❡ ❞❡✈❡❧♦♣❡❞ t❤❡ ✇r♦♥❣ ❡q✉❛t✐♦♥✳ ❈❤❡❝❦ ②♦✉r ♠❡t❤♦❞ ♦❢ s♦❧✉t✐♦♥ ✜rst✳ ■❢ t❤❡
r❡s✉❧t ❞♦❡s ♥♦t ❝❤❡❝❦✱ r❡❝♦♥s✐❞❡r ②♦✉r ❡q✉❛t✐♦♥✳

✺✳ ❲r✐t❡ t❤❡ ❝♦♥❝❧✉s✐♦♥✳

■❢ ✐t ❤❛s ❜❡❡♥ ②♦✉r ❡①♣❡r✐❡♥❝❡ t❤❛t ✇♦r❞ ♣r♦❜❧❡♠s ❛r❡ ❞✐✣❝✉❧t✱ t❤❡♥ ❢♦❧❧♦✇ t❤❡ ✜✈❡✲st❡♣ ♠❡t❤♦❞ ❝❛r❡❢✉❧❧②✳
▼♦st ♣❡♦♣❧❡ ❤❛✈❡ ❞✐✣❝✉❧t② ❜❡❝❛✉s❡ t❤❡② ♥❡❣❧❡❝t st❡♣ ✶✳

❆❧✇❛②s st❛rt ❜② ■◆❚❘❖❉❯❈■◆● ❆ ❱❆❘■❆❇▲❊✦
❑❡❡♣ ✐♥ ♠✐♥❞ ✇❤❛t t❤❡ ✈❛r✐❛❜❧❡ ✐s r❡♣r❡s❡♥t✐♥❣ t❤r♦✉❣❤♦✉t t❤❡ ♣r♦❜❧❡♠✳

✺✳✻✳✸ ❙❛♠♣❧❡ ❙❡t ❆

❊①❛♠♣❧❡ ✺✳✹✵
❚❤✐s ②❡❛r ❛♥ ✐t❡♠ ❝♦sts $44✱ ❛♥ ✐♥❝r❡❛s❡ ♦❢ $3 ♦✈❡r ❧❛st ②❡❛r✬s ♣r✐❝❡✳ ❲❤❛t ✇❛s ❧❛st ②❡❛r✬s ♣r✐❝❡❄

❙t❡♣ 1 : ▲❡tx = ❧❛st ②❡❛r✬s ♣r✐❝❡✳

❙t❡♣ 2 : x + 3 = 44. x + 3 r❡♣r❡s❡♥ts t❤❡ ✩✸ ✐♥❝r❡❛s❡ ✐♥ ♣r✐❝❡✳

❙t❡♣ 3 : x + 3 = 44

x + 3 − 3 = 44 − 3

x = 41

❙t❡♣ 4 : 41 + 3 = ✹✹ ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❙t❡♣ 5 : ▲❛st ②❡❛r✬s ♣r✐❝❡✇❛s $41.

✺✳✻✳✹ Pr❛❝t✐❝❡ ❙❡t ❆

❊①❡r❝✐s❡ ✺✳✻✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✵✳✮

❚❤✐s ②❡❛r ❛♥ ✐t❡♠ ❝♦sts $23✱ ❛♥ ✐♥❝r❡❛s❡ ♦❢ $4 ♦✈❡r ❧❛st ②❡❛r✬s ♣r✐❝❡✳ ❲❤❛t ✇❛s ❧❛st ②❡❛r✬s ♣r✐❝❡❄

❙t❡♣ ✶✿ ▲❡t x =
❙t❡♣ ✷✿
❙t❡♣ ✸✿
❙t❡♣ ✹✿
❙t❡♣ ✺✿ ▲❛st ②❡❛r✬s ♣r✐❝❡ ✇❛s ✳

✺✳✻✳✺ ❙❛♠♣❧❡ ❙❡t ❇

❊①❛♠♣❧❡ ✺✳✹✶
❚❤❡ ♣❡r✐♠❡t❡r ✭❧❡♥❣t❤ ❛r♦✉♥❞✮ ♦❢ ❛ sq✉❛r❡ ✐s ✻✵ ❝♠ ✭❝❡♥t✐♠❡t❡rs✮✳ ❋✐♥❞ t❤❡ ❧❡♥❣t❤ ♦❢ ❛ s✐❞❡✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✷✶

❙t❡♣ ✶✿ ▲❡tx❂ ❧❡♥❣t❤ ♦❢ ❛ s✐❞❡✳

❙t❡♣ ✷✿ ❲❡ ❝❛♥ ❞r❛✇ ❛ ♣✐❝t✉r❡✳

❙t❡♣ 3 : x + x + x + x = 60

4x = 60 ❉✐✈✐❞❡ ❜♦t❤ s✐❞❡s ❜② 4.

x = 15.

❙t❡♣ 4 : 4 (15) = 60. ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❙t❡♣ 5 : ❚❤❡ ❧❡♥❣t❤ ♦❢ ❛ s✐❞❡ ✐s 15 ❝♠✳

✺✳✻✳✻ Pr❛❝t✐❝❡ ❙❡t ❇

❊①❡r❝✐s❡ ✺✳✻✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✵✳✮

❚❤❡ ♣❡r✐♠❡t❡r ♦❢ ❛ tr✐❛♥❣❧❡ ✐s ✺✹ ✐♥❝❤❡s✳ ■❢ ❡❛❝❤ s✐❞❡ ❤❛s t❤❡ s❛♠❡ ❧❡♥❣t❤✱ ✜♥❞ t❤❡ ❧❡♥❣t❤ ♦❢ ❛ s✐❞❡✳

❙t❡♣ ✶✿ ▲❡t x =
❙t❡♣ ✷✿
❙t❡♣ ✸✿
❙t❡♣ ✹✿
❙t❡♣ ✺✿ ❚❤❡ ❧❡♥❣t❤ ♦❢ ❛ s✐❞❡ ✐s ✐♥❝❤❡s✳

✺✳✻✳✼ ❙❛♠♣❧❡ ❙❡t ❈

❊①❛♠♣❧❡ ✺✳✹✷
❙✐① ♣❡r❝❡♥t ♦❢ ❛ ♥✉♠❜❡r ✐s ✺✹✳ ❲❤❛t ✐s t❤❡ ♥✉♠❜❡r❄

❙t❡♣ 1 : ▲❡tx = t❤❡ ♥✉♠❜❡r

❙t❡♣ 2 : ❲❡♠✉st ❝♦♥✈❡rt 6% t♦ ❛ ❞❡❝✐♠❛❧✳

6% = .06

.06x = 54 .06x ♦❝❝✉rs ❜❡❝❛✉s❡✇❡✇❛♥t 6% ♦❢x✳

❙t❡♣ 3 : .06x = 54. ❉✐✈✐❞❡ ❜♦t❤ s✐❞❡s ❜② .06.

x = 54
.06

x = 900

❙t❡♣ 4 : .06 (900) = 54. ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❙t❡♣ 5 : ❚❤❡ ♥✉♠❜❡r ✐s 900.

✺✳✻✳✽ Pr❛❝t✐❝❡ ❙❡t ❈

❊①❡r❝✐s❡ ✺✳✻✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✵✳✮

❊✐❣❤t ♣❡r❝❡♥t ♦❢ ❛ ♥✉♠❜❡r ✐s ✸✻✳ ❲❤❛t ✐s t❤❡ ♥✉♠❜❡r❄

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙t❡♣ ✶✿ ▲❡t x =
❙t❡♣ ✷✿
❙t❡♣ ✸✿
❙t❡♣ ✹✿
❙t❡♣ ✺✿ ❚❤❡ ♥✉♠❜❡r ✐s ✳

✺✳✻✳✾ ❙❛♠♣❧❡ ❙❡t ❉

❊①❛♠♣❧❡ ✺✳✹✸
❆♥ ❛str♦♥♦♠❡r ♥♦t✐❝❡s t❤❛t ♦♥❡ st❛r ❣✐✈❡s ♦✛ ❛❜♦✉t 3.6 t✐♠❡s ❛s ♠✉❝❤ ❡♥❡r❣② ❛s ❛♥♦t❤❡r st❛r✳
❚♦❣❡t❤❡r t❤❡ st❛rs ❣✐✈❡ ♦✛ 55.844 ✉♥✐ts ♦❢ ❡♥❡r❣②✳ ❍♦✇ ♠❛♥② ✉♥✐ts ♦❢ ❡♥❡r❣② ❞♦❡s ❡❛❝❤ st❛r ❡♠✐t❄

❙t❡♣ ✶✿ ■♥ t❤✐s ♣r♦❜❧❡♠ ✇❡ ❤❛✈❡ t✇♦ ✉♥❦♥♦✇♥s ❛♥❞✱ t❤❡r❡❢♦r❡✱ ✇❡ ♠✐❣❤t t❤✐♥❦✱ t✇♦ ✈❛r✐❛❜❧❡s✳ ❍♦✇❡✈❡r✱
♥♦t✐❝❡ t❤❛t t❤❡ ❡♥❡r❣② ❣✐✈❡♥ ♦✛ ❜② ♦♥❡ st❛r ✐s ❣✐✈❡♥ ✐♥ t❡r♠s ♦❢ t❤❡ ♦t❤❡r st❛r✳ ❙♦✱ r❛t❤❡r
t❤❛♥ ✐♥tr♦❞✉❝✐♥❣ t✇♦ ✈❛r✐❛❜❧❡s✱ ✇❡ ✐♥tr♦❞✉❝❡ ♦♥❧② ♦♥❡✳ ❚❤❡ ♦t❤❡r ✉♥❦♥♦✇♥✭s✮ ✐s ❡①♣r❡ss❡❞ ✐♥
t❡r♠s ♦❢ t❤✐s ♦♥❡✳ ✭❲❡ ♠✐❣❤t ❝❛❧❧ t❤✐s q✉❛♥t✐t② t❤❡ ❜❛s❡ q✉❛♥t✐t②✳✮▲❡t x = ♥✉♠❜❡r ♦❢ ✉♥✐ts ♦❢
❡♥❡r❣② ❣✐✈❡♥ ♦✛ ❜② t❤❡ ❧❡ss ❡♥❡r❣❡t✐❝ st❛r✳ ❚❤❡♥✱ 3.6x = ♥✉♠❜❡r ♦❢ ✉♥✐ts ♦❢ ❡♥❡r❣② ❣✐✈❡♥ ♦✛
❜② t❤❡ ♠♦r❡ ❡♥❡r❣❡t✐❝ st❛r✳

❙t❡♣ ✷✿ x + 3.6x ❂ 55.844.

❙t❡♣ ✸✿ x + 3.6x ❂ 55.844

4.6x ❂ 55.844 ❉✐✈✐❞❡ ❜♦t❤ s✐❞❡s ❜② ✹✳✻✳ ❆ ❝❛❧❝✉❧❛t♦r✇♦✉❧❞ ❜❡ ✉s❡❢✉❧ ❛t t❤✐s

♣♦✐♥t✳

x ❂ 55.844
4.6

x ❂ 12.14 ❚❤❡✇♦r❞✐♥❣ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐♠♣❧✐❡s two ♥✉♠❜❡rs ❛r❡ ♥❡❡❞❡❞

❂ ❢♦r ❛ ❝♦♠♣❧❡t❡ s♦❧✉t✐♦♥✳❲❡ ♥❡❡❞ t❤❡ ♥✉♠❜❡r ♦❢ ✉♥✐ts ♦❢

❡♥❡r❣② ❢♦r t❤❡ ♦t❤❡r st❛r✳

3.6x ❂ 3.6 (12.14)

❂ 43.704

❙t❡♣ ✹✿ 12.14 + 43.704 ❂ 55.844. ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❙t❡♣ 5 : ❖♥❡ st❛r ❣✐✈❡s ♦✛ 12.14 ✉♥✐ts ♦❢ ❡♥❡r❣② ❛♥❞ t❤❡ ♦t❤❡r st❛r ❣✐✈❡s ♦✛ 43.704 ✉♥✐ts ♦❢ ❡♥❡r❣②✳

✺✳✻✳✶✵ Pr❛❝t✐❝❡ ❙❡t ❉

❊①❡r❝✐s❡ ✺✳✻✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✵✳✮

●❛r❞❡♥ ❆ ♣r♦❞✉❝❡s 5.8 t✐♠❡s ❛s ♠❛♥② ✈❡❣❡t❛❜❧❡s ❛s ❣❛r❞❡♥ ❇✳ ❚♦❣❡t❤❡r t❤❡ ❣❛r❞❡♥s ♣r♦❞✉❝❡ ✶✵✷
♣♦✉♥❞s ♦❢ ✈❡❣❡t❛❜❧❡s✳ ❍♦✇ ♠❛♥② ♣♦✉♥❞s ♦❢ ✈❡❣❡t❛❜❧❡s ❞♦❡s ❣❛r❞❡♥ ❆ ♣r♦❞✉❝❡❄

❙t❡♣ ✶✿ ▲❡t x =
❙t❡♣ ✷✿
❙t❡♣ ✸✿
❙t❡♣ ✹✿
❙t❡♣ ✺✿

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✷✸

✺✳✻✳✶✶ ❙❛♠♣❧❡ ❙❡t ❊

❊①❛♠♣❧❡ ✺✳✹✹
❚✇♦ ❝♦♥s❡❝✉t✐✈❡ ❡✈❡♥ ♥✉♠❜❡rs s✉♠ t♦ ✹✸✷✳ ❲❤❛t ❛r❡ t❤❡ t✇♦ ♥✉♠❜❡rs❄

❙t❡♣ ✶✿ ▲❡tx = t❤❡ s♠❛❧❧❡r ❡✈❡♥ ♥✉♠❜❡r✳ ❚❤❡♥ x + 2 = t❤❡ ♥❡①t ✭❝♦♥s❡❝✉t✐✈❡✮ ❡✈❡♥ ♥✉♠❜❡r

s✐♥❝❡ ❝♦♥s❡❝✉t✐✈❡ ❡✈❡♥ ♥✉♠❜❡rs ❞✐✛❡r ❜② ✷ ✭❛s ❞♦ ❝♦♥s❡❝✉t✐✈❡ ♦❞❞ ♥✉♠❜❡rs✮✳

❙t❡♣ ✷✿ x + x + 2 = 432.

❙t❡♣ ✸✿ x + x + 2 = 432

2x + 2 = 432

2x = 430

x = 215. ❆❧s♦✱ s✐♥❝❡x = 215, x + 2 = 217.

❙t❡♣ 4 : 215 + 217 = 432, ❜✉t 215 ❛♥❞ 217 ❛r❡ ♦❞❞ ♥✉♠❜❡rs ❛♥❞✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r ❡✈❡♥ ♥✉♠❜❡rs✳

❯♣♦♥ ❝❤❡❝❦✐♥❣ ♦✉r♠❡t❤♦❞ ♦❢ s♦❧✉t✐♦♥ ❛♥❞ r❡❡①❛♠✐♥✐♥❣ ♦✉r ❡q✉❛t✐♦♥, ✇❡✜♥❞ ♥♦

♠✐st❛❦❡s✳

❙t❡♣ 5 : ❲❡♠✉st ❝♦♥❝❧✉❞❡ t❤❛t t❤✐s ♣r♦❜❧❡♠❤❛s ♥♦ s♦❧✉t✐♦♥✳ ❚❤❡r❡ ❛r❡ ♥♦ t✇♦ ❝♦♥s❡❝✉t✐✈❡ even

♥✉♠❜❡rs t❤❛t s✉♠ t♦ ✹✸✷✳

✺✳✻✳✶✷ Pr❛❝t✐❝❡ ❙❡t ❊

❊①❡r❝✐s❡ ✺✳✻✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✵✳✮

❚❤❡ s✉♠ ♦❢ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ❡✈❡♥ ♥✉♠❜❡rs ✐s ✹✾✽✳ ❲❤❛t ❛r❡ t❤❡ t✇♦ ♥✉♠❜❡rs❄

❙t❡♣ ✶✿
❙t❡♣ ✷✿
❙t❡♣ ✸✿
❙t❡♣ ✹✿
❙t❡♣ ✺✿

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✷✹ ❈❍❆P❚❊❘ ✺✳ ❙❖▲❱■◆● ▲■◆❊❆❘ ❊◗❯❆❚■❖◆❙ ❆◆❉ ■◆❊◗❯❆▲■❚■❊❙

✺✳✻✳✶✸ ❊①❡r❝✐s❡s

❙♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✳ ◆♦t❡ t❤❛t s♦♠❡ ♦❢ t❤❡ ♣r♦❜❧❡♠s ♠❛② s❡❡♠ t♦ ❤❛✈❡ ♥♦ ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s
❛♥❞ ♠❛② ♥♦t s❡❡♠ ✈❡r② ✐♥t❡r❡st✐♥❣✳ ❚❤❡②✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ ♦t❤❡r ♣r♦❜❧❡♠s✱ ✇✐❧❧✱ ❤♦✇❡✈❡r✱ ❤❡❧♣ t♦ ❞❡✈❡❧♦♣ ②♦✉r
❧♦❣✐❝ ❛♥❞ ♣r♦❜❧❡♠✲s♦❧✈✐♥❣ ❛❜✐❧✐t②✳

❊①❡r❝✐s❡ ✺✳✻✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✵✳✮

■❢ ❡✐❣❤t❡❡♥ ✐s s✉❜tr❛❝t❡❞ ❢r♦♠ s♦♠❡ ♥✉♠❜❡r t❤❡ r❡s✉❧t ✐s ✜❢t②✲t✇♦✳ ❲❤❛t ✐s t❤❡ ♥✉♠❜❡r❄

❙t❡♣ ✶✿ ▲❡t x =
❙t❡♣ ✷✿ ❚❤❡ ❡q✉❛t✐♦♥ ✐s
❙t❡♣ ✸✿ ✭❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥✳✮
❙t❡♣ ✹✿ ✭❈❤❡❝❦✮
❙t❡♣ ✺✿ ❚❤❡ ♥✉♠❜❡r ✐s ✳

❊①❡r❝✐s❡ ✺✳✻✳✼
■❢ ♥✐♥❡ ♠♦r❡ t❤❛♥ t✇✐❝❡ ❛ ♥✉♠❜❡r ✐s ❢♦rt②✲s✐①✱ ✇❤❛t ✐s t❤❡ ♥✉♠❜❡r❄

❙t❡♣ ✶✿ ▲❡t x =
❙t❡♣ ✷✿ ❚❤❡ ❡q✉❛t✐♦♥ ✐s
❙t❡♣ ✸✿ ✭❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥✳✮
❙t❡♣ ✹✿ ✭❈❤❡❝❦✮
❙t❡♣ ✺✿ ❚❤❡ ♥✉♠❜❡r ✐s ✳

❊①❡r❝✐s❡ ✺✳✻✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✵✳✮

■❢ ♥✐♥❡ ❧❡ss t❤❛♥ t❤r❡❡ ❡✐❣❤t❤s ♦❢ ❛ ♥✉♠❜❡r ✐s t✇♦ ❛♥❞ ♦♥❡ ❢♦✉rt❤✱ ✇❤❛t ✐s t❤❡ ♥✉♠❜❡r❄

❙t❡♣ ✶✿ ▲❡t x =
❙t❡♣ ✷✿
❙t❡♣ ✸✿
❙t❡♣ ✹✿
❙t❡♣ ✺✿ ❚❤❡ ♥✉♠❜❡r ✐s ✳

❊①❡r❝✐s❡ ✺✳✻✳✾
❚✇❡♥t② ♣❡r❝❡♥t ♦❢ ❛ ♥✉♠❜❡r ✐s ✻✽✳ ❲❤❛t ✐s t❤❡ ♥✉♠❜❡r❄

❙t❡♣ ✶✿ ▲❡t x =
❙t❡♣ ✷✿
❙t❡♣ ✸✿
❙t❡♣ ✹✿
❙t❡♣ ✺✿ ❚❤❡ ♥✉♠❜❡r ✐s ✳

❊①❡r❝✐s❡ ✺✳✻✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✵✳✮

❊✐❣❤t ♠♦r❡ t❤❛♥ ❛ q✉❛♥t✐t② ✐s ✸✼✳ ❲❤❛t ✐s t❤❡ ♦r✐❣✐♥❛❧ q✉❛♥t✐t②❄

❙t❡♣ ✶✿ ▲❡t x =
❙t❡♣ ✷✿
❙t❡♣ ✸✿
❙t❡♣ ✹✿
❙t❡♣ ✺✿ ❚❤❡ ♦r✐❣✐♥❛❧ q✉❛♥t✐t② ✐s ✳

❊①❡r❝✐s❡ ✺✳✻✳✶✶
■❢ ❛ q✉❛♥t✐t② ♣❧✉s 85% ♠♦r❡ ♦❢ t❤❡ q✉❛♥t✐t② ✐s 62.9✱ ✇❤❛t ✐s t❤❡ ♦r✐❣✐♥❛❧ q✉❛♥t✐t②❄

❙t❡♣ ✶✿ ▲❡t x = ♦r✐❣✐♥❛❧ q✉❛♥t✐t②✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✷✺

❙t❡♣ ✷✿

x
︸︷︷︸

♦r✐❣✐♥❛❧

q✉❛♥t✐t②

+ .85x
︸︷︷︸

✽✺✪♠♦r❡

= 62.9

❙t❡♣ ✸✿
❙t❡♣ ✹✿
❙t❡♣ ✺✿ ❚❤❡ ♦r✐❣✐♥❛❧ q✉❛♥t✐t② ✐s ✳

❊①❡r❝✐s❡ ✺✳✻✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✵✳✮

❆ ❝♦♠♣❛♥② ♠✉st ✐♥❝r❡❛s❡ ♣r♦❞✉❝t✐♦♥ ❜② 12% ♦✈❡r ❧❛st ②❡❛r✬s ♣r♦❞✉❝t✐♦♥✳ ❚❤❡ ♥❡✇ ♦✉t♣✉t ✇✐❧❧ ❜❡
✺✻ ✐t❡♠s✳ ❲❤❛t ✇❛s ❧❛st ②❡❛r✬s ♦✉t♣✉t❄

❙t❡♣ ✶✿ ▲❡t P =
❙t❡♣ ✷✿
❙t❡♣ ✸✿
❙t❡♣ ✹✿
❙t❡♣ ✺✿ ▲❛st ②❡❛r✬s ♦✉t♣✉t ✇❛s ✐t❡♠s✳

❊①❡r❝✐s❡ ✺✳✻✳✶✸
❆ ❝♦♠♣❛♥② ❤❛s ❞❡t❡r♠✐♥❡❞ t❤❛t ✐t ♠✉st ✐♥❝r❡❛s❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ❛ ❝❡rt❛✐♥ ❧✐♥❡ ♦❢ ❣♦♦❞s ❜② 1 1

2 t✐♠❡s
❧❛st ②❡❛r✬s ♣r♦❞✉❝t✐♦♥✳ ❚❤❡ ♥❡✇ ♦✉t♣✉t ✇✐❧❧ ❜❡ ✷✽✽✺ ✐t❡♠s✳ ❲❤❛t ✇❛s ❧❛st ②❡❛r✬s ♦✉t♣✉t❄

❙t❡♣ ✶✿
❙t❡♣ ✷✿
❙t❡♣ ✸✿
❙t❡♣ ✹✿
❙t❡♣ ✺✿ ▲❛st ②❡❛r✬s ♦✉t♣✉t ✇❛s ✐t❡♠s✳

❊①❡r❝✐s❡ ✺✳✻✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✵✳✮

❆ ♣r♦t♦♥ ✐s ❛❜♦✉t ✶✽✸✼ t✐♠❡s ❛s ❤❡❛✈② ❛s ❛♥ ❡❧❡❝tr♦♥✳ ■❢ ❛♥ ❡❧❡❝tr♦♥ ✇❡✐❣❤s 2.68 ✉♥✐ts✱ ❤♦✇ ♠❛♥②
✉♥✐ts ❞♦❡s ❛ ♣r♦t♦♥ ✇❡✐❣❤❄

❙t❡♣ ✶✿
❙t❡♣ ✷✿
❙t❡♣ ✸✿
❙t❡♣ ✹✿
❙t❡♣ ✺✿ ❆ ♣r♦t♦♥ ✇❡✐❣❤s ✉♥✐ts✳

❊①❡r❝✐s❡ ✺✳✻✳✶✺
◆❡♣t✉♥❡ ✐s ❛❜♦✉t ✸✵ t✐♠❡s ❛s ❢❛r ❢r♦♠ t❤❡ s✉♥ ❛s ✐s t❤❡ ❊❛rt❤✳ ■❢ ✐t t❛❦❡s ❧✐❣❤t ✽ ♠✐♥✉t❡s t♦ tr❛✈❡❧
❢r♦♠ t❤❡ s✉♥ t♦ t❤❡ ❊❛rt❤✱ ❤♦✇ ♠❛♥② ♠✐♥✉t❡s ❞♦❡s ✐t t❛❦❡ t♦ tr❛✈❡❧ t♦ ◆❡♣t✉♥❡❄

❙t❡♣ ✶✿
❙t❡♣ ✷✿
❙t❡♣ ✸✿
❙t❡♣ ✹✿
❙t❡♣ ✺✿ ▲✐❣❤t t❛❦❡s ♠✐♥✉t❡s t♦ r❡❛❝❤ ◆❡♣t✉♥❡✳

❊①❡r❝✐s❡ ✺✳✻✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✵✳✮

❚❤❡ r❛❞✐✉s ♦❢ t❤❡ s✉♥ ✐s ❛❜♦✉t ✻✾✺✱✷✵✷ ❦♠ ✭❦✐❧♦♠❡t❡rs✮✳ ❚❤❛t ✐s ❛❜♦✉t ✶✵✾ t✐♠❡s ❛s ❜✐❣ ❛s t❤❡
r❛❞✐✉s ♦❢ t❤❡ ❊❛rt❤✳ ❲❤❛t ✐s t❤❡ r❛❞✐✉s ♦❢ t❤❡ ❡❛rt❤❄

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✷✻ ❈❍❆P❚❊❘ ✺✳ ❙❖▲❱■◆● ▲■◆❊❆❘ ❊◗❯❆❚■❖◆❙ ❆◆❉ ■◆❊◗❯❆▲■❚■❊❙

❙t❡♣ ✶✿
❙t❡♣ ✷✿
❙t❡♣ ✸✿
❙t❡♣ ✹✿
❙t❡♣ ✺✿ ❚❤❡ r❛❞✐✉s ♦❢ t❤❡ ❡❛rt❤ ✐s ❦♠✳

❊①❡r❝✐s❡ ✺✳✻✳✶✼
❚❤❡ ♣❡r✐♠❡t❡r ♦❢ ❛ tr✐❛♥❣❧❡ ✐s ✶✵✺ ❝♠✳ ■❢ ❡❛❝❤ ♦❢ t❤❡ t✇♦ ❧❡❣s ✐s ❡①❛❝t❧② t✇✐❝❡ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡
❜❛s❡✱ ❤♦✇ ❧♦♥❣ ✐s ❡❛❝❤ ❧❡❣❄

❙t❡♣ ✶✿ ▲❡t x =
❉r❛✇ ❛ ♣✐❝t✉r❡✳

❙t❡♣ ✷✿
❙t❡♣ ✸✿
❙t❡♣ ✹✿
❙t❡♣ ✺✿ ❊❛❝❤ ❧❡❣ ✐s ❝♠ ❧♦♥❣✳ ❚❤❡ ❜❛s❡ ✐s ✳

❊①❡r❝✐s❡ ✺✳✻✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✵✳✮

❆ ❧✉♠❜❡r ❝♦♠♣❛♥② ❤❛s ❝♦♥tr❛❝t❡❞ t♦ ❝✉t ❜♦❛r❞s ✐♥t♦ t✇♦ ♣✐❡❝❡s s♦ t❤❛t ♦♥❡ ♣✐❡❝❡ ✐s t❤r❡❡ t✐♠❡s t❤❡
❧❡♥❣t❤ ♦❢ t❤❡ ♦t❤❡r ♣✐❡❝❡✳ ■❢ ❛ ❜♦❛r❞ ✐s ✶✷ ❢❡❡t ❧♦♥❣✱ ✇❤❛t ✐s t❤❡ ❧❡♥❣t❤ ♦❢ ❡❛❝❤ ♣✐❡❝❡ ❛❢t❡r ❝✉tt✐♥❣❄

❙t❡♣ ✶✿
❙t❡♣ ✷✿
❙t❡♣ ✸✿
❙t❡♣ ✹✿
❙t❡♣ ✺✿ ❚❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ s❤♦rt❡r ♣✐❡❝❡ ✐s ❢❡❡t✱ ❛♥❞ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❧♦♥❣❡r ♣✐❡❝❡ ✐s

❢❡❡t✳

❊①❡r❝✐s❡ ✺✳✻✳✶✾
❆ st✉❞❡♥t ❞♦✐♥❣ ❛ ❝❤❡♠✐str② ❡①♣❡r✐♠❡♥t ❤❛s ❛ ❜❡❛❦❡r t❤❛t ❝♦♥t❛✐♥s ✽✹ ♠❧ ✭♠✐❧❧✐❧✐t❡rs✮ ♦❢ ❛♥ ❛❧❝♦❤♦❧
❛♥❞ ✇❛t❡r s♦❧✉t✐♦♥✳ ❍❡r ❧❛❜ ❞✐r❡❝t✐♦♥s t❡❧❧ ❤❡r t❤❛t t❤❡r❡ ✐s 4.6 t✐♠❡s ❛s ♠✉❝❤ ✇❛t❡r ❛s ❛❧❝♦❤♦❧ ✐♥
t❤❡ s♦❧✉t✐♦♥✳ ❍♦✇ ♠❛♥② ♠✐❧❧✐❧✐t❡rs ♦❢ ❛❧❝♦❤♦❧ ❛r❡ ✐♥ t❤❡ s♦❧✉t✐♦♥❄ ❍♦✇ ♠❛♥② ♠✐❧❧✐❧✐t❡rs ♦❢ ✇❛t❡r❄

❙t❡♣ ✶✿
❙t❡♣ ✷✿
❙t❡♣ ✸✿
❙t❡♣ ✹✿
❙t❡♣ ✺✿ ❚❤❡r❡ ❛r❡ ♠❧ ♦❢ ❛❧❝♦❤♦❧ ✐♥ t❤❡ s♦❧✉t✐♦♥✳ ❚❤❡r❡ ❛r❡ ♠❧ ♦❢ ✇❛t❡r ✐♥ t❤❡

s♦❧✉t✐♦♥✳

❊①❡r❝✐s❡ ✺✳✻✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✵✳✮

❆ st❛t✐st✐❝✐❛♥ ✐s ❝♦❧❧❡❝t✐♥❣ ❞❛t❛ t♦ ❤❡❧♣ ❤✐♠ ❡st✐♠❛t❡ t❤❡ ❛✈❡r❛❣❡ ✐♥❝♦♠❡ ♦❢ ❛❝❝♦✉♥t❛♥ts ✐♥ ❈❛❧✐❢♦r♥✐❛✳
❍❡ ♥❡❡❞s t♦ ❝♦❧❧❡❝t ✸✾✵ ♣✐❡❝❡s ♦❢ ❞❛t❛ ❛♥❞ ❤❡ ✐s ✷

✸
❞♦♥❡✳ ❍♦✇ ♠❛♥② ♣✐❡❝❡s ♦❢ ❞❛t❛ ❤❛s t❤❡ st❛t✐st✐❝✐❛♥

❝♦❧❧❡❝t❡❞❄

❙t❡♣ ✶✿
❙t❡♣ ✷✿
❙t❡♣ ✸✿
❙t❡♣ ✹✿
❙t❡♣ ✺✿ ❚❤❡ st❛t✐st✐❝✐❛♥ ❤❛s ❝♦❧❧❡❝t❡❞ ♣✐❡❝❡s ♦❢ ❞❛t❛✳

❙✉♣♣♦s❡ t❤❡ st❛t✐st✐❝✐❛♥ ✐s ✹ ♣✐❡❝❡s ♦❢ ❞❛t❛ s❤♦rt ♦❢ ❜❡✐♥❣ ✷
✸
❞♦♥❡✳ ❍♦✇ ♠❛♥② ♣✐❡❝❡s ♦❢ ❞❛t❛

❤❛s ❤❡ ❝♦❧❧❡❝t❡❞❄

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✷✼

❊①❡r❝✐s❡ ✺✳✻✳✷✶
❆ t❡❧❡✈✐s✐♦♥ ❝♦♠♠❡r❝✐❛❧ ❛❞✈❡rt✐s❡s t❤❛t ❛ ❝❡rt❛✐♥ t②♣❡ ♦❢ ❜❛tt❡r② ✇✐❧❧ ❧❛st✱ ♦♥ t❤❡ ❛✈❡r❛❣❡✱ ✷✵ ❤♦✉rs
❧♦♥❣❡r t❤❛♥ t✇✐❝❡ t❤❡ ❧✐❢❡ ♦❢ ❛♥♦t❤❡r t②♣❡ ♦❢ ❜❛tt❡r②✳ ■❢ ❝♦♥s✉♠❡r t❡sts s❤♦✇ t❤❛t t❤❡ ❛❞✈❡rt✐s❡❞
❜❛tt❡r② ❧❛sts ✼✷✺ ❤♦✉rs✱ ❤♦✇ ♠❛♥② ❤♦✉rs ♠✉st t❤❡ ♦t❤❡r t②♣❡ ♦❢ ❜❛tt❡r② ❧❛st ❢♦r t❤❡ ❛❞✈❡rt✐s❡r✬s
❝❧❛✐♠ t♦ ❜❡ ✈❛❧✐❞❄

❙t❡♣ ✶✿
❙t❡♣ ✷✿
❙t❡♣ ✸✿
❙t❡♣ ✹✿
❙t❡♣ ✺✿ ❚❤❡ ♦t❤❡r t②♣❡ ♦❢ ❜❛tt❡r② ♠✉st ❧❛st ❤♦✉rs ❢♦r t❤❡ ❛❞✈❡rt✐s❡r✬s ❝❧❛✐♠ t♦ ❜❡ ✈❛❧✐❞✳

❊①❡r❝✐s❡ ✺✳✻✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✵✳✮

❆ ✶✵✵✵✲♠❧ ✢❛s❦ ❝♦♥t❛✐♥✐♥❣ ❛ ❝❤❧♦r✐❞❡ s♦❧✉t✐♦♥ ✇✐❧❧ ✜❧❧ ✸ ❜❡❛❦❡rs ♦❢ t❤❡ s❛♠❡ s✐③❡ ✇✐t❤ ✷✶✵ ♠❧ ♦❢
t❤❡ s♦❧✉t✐♦♥ ❧❡❢t ♦✈❡r✳ ❍♦✇ ♠❛♥② ♠✐❧❧✐❧✐t❡rs ♦❢ t❤❡ ❝❤❧♦r✐❞❡ s♦❧✉t✐♦♥ ✇✐❧❧ ❡❛❝❤ ❜❡❛❦❡r ❤♦❧❞❄

❙t❡♣ ✶✿
❙t❡♣ ✷✿
❙t❡♣ ✸✿
❙t❡♣ ✹✿
❙t❡♣ ✺✿ ❊❛❝❤ ❜❡❛❦❡r ✇✐❧❧ ❤♦❧❞ ♠❧ ♦❢ t❤❡ ❝❤❧♦r✐❞❡ s♦❧✉t✐♦♥✳

❊①❡r❝✐s❡ ✺✳✻✳✷✸
❆ st❛r ❜✉r♥s ✷

✾
♦❢ ✐ts ♦r✐❣✐♥❛❧ ♠❛ss t❤❡♥ ❜❧♦✇s ♦✛ ✸

✼
♦❢ t❤❡ r❡♠❛✐♥✐♥❣ ♠❛ss ❛s ❛ ♣❧❛♥❡t❛r② ♥❡❜✉❧❛✳

■❢ t❤❡ ✜♥❛❧ ♠❛ss ✐s ✸ ✉♥✐ts ♦❢ ♠❛ss✱ ✇❤❛t ✇❛s t❤❡ ♦r✐❣✐♥❛❧ ♠❛ss❄

❙t❡♣ ✶✿
❙t❡♣ ✷✿
❙t❡♣ ✸✿
❙t❡♣ ✹✿
❙t❡♣ ✺✿ ❚❤❡ ♦r✐❣✐♥❛❧ ♠❛ss ✇❛s ✉♥✐ts ♦❢ ♠❛ss✳

❊①❡r❝✐s❡ ✺✳✻✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✵✳✮

❚❤❡ s✉♠ ♦❢ ❛ ♥✉♠❜❡r ❛♥❞ s✐①t❡❡♥ ✐s ❢♦rt②✲t✇♦✳ ❲❤❛t ✐s t❤❡ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✺✳✻✳✷✺
❲❤❡♥ ❡❧❡✈❡♥ ✐s s✉❜tr❛❝t❡❞ ❢r♦♠ ❛ ♥✉♠❜❡r✱ t❤❡ r❡s✉❧t ✐s ✽✺✳ ❲❤❛t ✐s t❤❡ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✺✳✻✳✷✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✵✳✮

❚❤r❡❡ t✐♠❡s ❛ ♥✉♠❜❡r ✐s ❞✐✈✐❞❡❞ ❜② ✻ ❛♥❞ t❤❡ r❡s✉❧t ✐s ✶✵✳✺✳ ❲❤❛t ✐s t❤❡ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✺✳✻✳✷✼
❲❤❡♥ ❛ ♥✉♠❜❡r ✐s ♠✉❧t✐♣❧✐❡❞ ❜② ✐ts❡❧❢✱ t❤❡ r❡s✉❧t ✐s ✶✹✹✳ ❲❤❛t ✐s t❤❡ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✺✳✻✳✷✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✵✳✮

❆ ♥✉♠❜❡r ✐s tr✐♣❧❡❞✱ t❤❡♥ ✐♥❝r❡❛s❡❞ ❜② s❡✈❡♥✳ ❚❤❡ r❡s✉❧t ✐s ✹✽✳ ❲❤❛t ✐s t❤❡ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✺✳✻✳✷✾
❊✐❣❤t t✐♠❡s ❛ ♥✉♠❜❡r ✐s ❞❡❝r❡❛s❡❞ ❜② t❤r❡❡ t✐♠❡s t❤❡ ♥✉♠❜❡r✱ ❣✐✈✐♥❣ ❛ ❞✐✛❡r❡♥❝❡ ♦❢ ✷✷✳ ❲❤❛t ✐s
t❤❡ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✺✳✻✳✸✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✵✳✮

❖♥❡ ♥✉♠❜❡r ✐s ✜❢t❡❡♥ ♠♦r❡ t❤❛♥ ❛♥♦t❤❡r ♥✉♠❜❡r✳ ❚❤❡ s✉♠ ♦❢ t❤❡ t✇♦ ♥✉♠❜❡rs ✐s ✷✼✳ ❲❤❛t ❛r❡
t❤❡②❄

❊①❡r❝✐s❡ ✺✳✻✳✸✶
❚❤❡ ❧❡♥❣t❤ ♦❢ ❛ r❡❝t❛♥❣❧❡ ✐s ✻ ♠❡t❡rs ♠♦r❡ t❤❛♥ t❤r❡❡ t✐♠❡s t❤❡ ✇✐❞t❤✳ ❚❤❡ ♣❡r✐♠❡t❡r ♦❢ t❤❡
r❡❝t❛♥❣❧❡ ✐s ✹✹ ♠❡t❡rs ❲❤❛t ❛r❡ t❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ r❡❝t❛♥❣❧❡❄

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✷✽ ❈❍❆P❚❊❘ ✺✳ ❙❖▲❱■◆● ▲■◆❊❆❘ ❊◗❯❆❚■❖◆❙ ❆◆❉ ■◆❊◗❯❆▲■❚■❊❙

❊①❡r❝✐s❡ ✺✳✻✳✸✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✵✳✮

❙❡✈❡♥ ✐s ❛❞❞❡❞ t♦ t❤❡ ♣r♦❞✉❝t ♦❢ ✹✶ ❛♥❞ s♦♠❡ ♥✉♠❜❡r✳ ❚❤❡ r❡s✉❧t✱ ✇❤❡♥ ❞✐✈✐❞❡❞ ❜② ❢♦✉r✱ ✐s ✻✸✳
❲❤❛t ✐s t❤❡ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✺✳✻✳✸✸
❚❤❡ s❡❝♦♥❞ s✐❞❡ ♦❢ ❛ tr✐❛♥❣❧❡ ✐s ✜✈❡ t✐♠❡s t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ s♠❛❧❧❡st s✐❞❡✳ ❚❤❡ t❤✐r❞ ✐s t✇✐❝❡ t❤❡
❧❡♥❣t❤ ♦❢ t❤❡ s❡❝♦♥❞ s✐❞❡✳ ❚❤❡ ♣❡r✐♠❡t❡r ♦❢ t❤❡ tr✐❛♥❣❧❡ ✐s ✹✽ ✐♥❝❤❡s✳ ❋✐♥❞ t❤❡ ❧❡♥❣t❤ ♦❢ ❡❛❝❤ s✐❞❡✳

❊①❡r❝✐s❡ ✺✳✻✳✸✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✶✳✮

P❡rs♦♥ ❆ ✐s ❢♦✉r t✐♠❡s ❛s ♦❧❞ ❛s ♣❡rs♦♥ ❇✱ ✇❤♦ ✐s s✐① t✐♠❡s ❛s ♦❧❞ ❛s ♣❡rs♦♥ ❈✱ ✇❤♦ ✐s t✇✐❝❡ ❛s ♦❧❞
❛s ♣❡rs♦♥ ❉✳ ❍♦✇ ♦❧❞ ✐s ❡❛❝❤ ♣❡rs♦♥ ✐❢ t❤❡✐r ❝♦♠❜✐♥❡❞ ❛❣❡s ❛r❡ ✶✽✾ ♠♦♥t❤s❄

❊①❡r❝✐s❡ ✺✳✻✳✸✺
❚✇♦ ❝♦♥s❡❝✉t✐✈❡ ♦❞❞ ✐♥t❡❣❡rs s✉♠ t♦ ✶✺✶✳ ❲❤❛t ❛r❡ t❤❡②❄

❊①❡r❝✐s❡ ✺✳✻✳✸✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✶✳✮

❚❤r❡❡ ❝♦♥s❡❝✉t✐✈❡ ✐♥t❡❣❡rs s✉♠ t♦ ✸✻✳ ❲❤❛t ❛r❡ t❤❡②❄

❊①❡r❝✐s❡ ✺✳✻✳✸✼
❚❤r❡❡ ❝♦♥s❡❝✉t✐✈❡ ❡✈❡♥ ✐♥t❡❣❡rs ❛❞❞ ✉♣ t♦ ✶✸✶✳ ❲❤❛t ❛r❡ t❤❡②❄

❊①❡r❝✐s❡ ✺✳✻✳✸✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✶✳✮

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❊✐♥st❡✐♥✬s t❤❡♦r② ♦❢ r❡❧❛t✐✈✐t②✱ t❤❡ r❛t❡ ♦❢ t✐♠❡ ♣❛ss❛❣❡ ✐s ❞✐✛❡r❡♥t ❢♦r ❛ ♣❡rs♦♥
✐♥ ❛ st❛t✐♦♥❛r② ♣♦s✐t✐♦♥ ❛♥❞ ❛ ♣❡rs♦♥ ✐♥ ♠♦t✐♦♥✳ ✭❍❛r❞ t♦ ❜❡❧✐❡✈❡✱ ❜✉t tr✉❡✦✮ ❚♦ t❤❡ ♠♦✈✐♥❣ ♦❜s❡r✈❡r✱
t❤❡ r❛t❡ ♦❢ t✐♠❡ ♣❛ss❛❣❡ ✐s s❧♦✇❡r t❤❛♥ t❤❛t ♦❢ t❤❡ st❛t✐♦♥❛r② ♦❜s❡r✈❡r✱ t❤❛t ✐s✱ t❤❡ ♠♦✈✐♥❣ ♣❡rs♦♥
❛❣❡s s❧♦✇❡r t❤❛♥ t❤❡ st❛t✐♦♥❛r② ♦❜s❡r✈❡r✳ ✭❚❤✐s ❢❛❝t ❤❛s ❜❡❡♥ ♣r♦✈❡♥ ♠❛♥② t✐♠❡s ❜② ❡①♣❡r✐♠❡♥ts
✇✐t❤ r❛❞✐♦❛❝t✐✈❡ ♠❛t❡r✐❛❧s✳✮ ❚❤❡ ❡✛❡❝t ✐s ❝❛❧❧❡❞ ✏t✐♠❡ ❞✐❧❛t✐♦♥✑ ❛♥❞ ✐s r❡❛❧❧② ♦♥❧② ♥♦t✐❝❡❛❜❧❡ ✇❤❡♥
❛♥ ♦❜❥❡❝t ✐s tr❛✈❡❧✐♥❣ ❛t ♥❡❛r t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t ✭✶✽✻✱✵✵✵ ♠✐❧❡s ♣❡r s❡❝♦♥❞✮✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡s❡ ✐❞❡❛s✱
tr② t♦ s♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✿

❚✇♦ ♣❡♦♣❧❡ ❤❛✈❡ ✐❞❡♥t✐❝❛❧ ❝❧♦❝❦s✳ ❖♥❡ ✐s st❛♥❞✐♥❣ ♦♥ t❤❡ ❡❛rt❤ ❛♥❞ t❤❡ ♦t❤❡r ✐s ♠♦✈✐♥❣ ✐♥ ❛
s♣❛❝❡❝r❛❢t ❛t 95% t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t✱ ✶✼✻✱✼✵✵ ♠✐❧❡s ♣❡r s❡❝♦♥❞✳ ❚❤❡ ♠♦✈✐♥❣ ♣❡rs♦♥✬s r❛t❡ ♦❢ t✐♠❡
♣❛ss❛❣❡ ❛t t❤✐s s♣❡❡❞ ✐s ❛❜♦✉t 0.31 t✐♠❡s ❛s ❢❛st ❛s t❤❡ ♣❡rs♦♥ st❛♥❞✐♥❣ ♦♥ ❡❛rt❤✳

❛✳ ■❢ t✇♦ ❞❛②s ♦❢ ❡❛rt❤ t✐♠❡ ♣❛ss✱ ❤♦✇ ♠❛♥② ❞❛②s ❛❝t✉❛❧❧② ♣❛ss ♦♥ t❤❡ s♣❛❝❡❝r❛❢t❄
❜✳ ■❢ ✸✵ ②❡❛rs ♦❢ ❡❛rt❤ t✐♠❡ ♣❛ss✱ ❤♦✇ ♠❛♥② ②❡❛rs ❤❛✈❡ ❛❝t✉❛❧❧② ♣❛ss❡❞ ♦♥ t❤❡ s♣❛❝❡❝r❛❢t❄

❙t❡♣ ❛✿
❙t❡♣ ❜✿
❙t❡♣ ❝✿
❙t❡♣ ❞✿
❙t❡♣ ❡✿ ②❡❛rs ❤❛✈❡ ♣❛ss❡❞ ♦♥ t❤❡ s♣❛❝❡❝r❛❢t✳

❝✳ ■❢ ✸✵ ②❡❛rs ❤❛✈❡ ♣❛ss❡❞ ♦♥ t❤❡ s♣❛❝❡❝r❛❢t✱ ❤♦✇ ♠❛♥② ②❡❛rs ❤❛✈❡ ♣❛ss❡❞ ♦♥ t❤❡ ❡❛rt❤❄
❞✳ ❆ s♣❛❝❡ tr❛✈❡❧❡r ♠❛❦❡s ❛ r♦✉♥❞✲tr✐♣ ✈♦②❛❣❡ t♦ t❤❡ st❛r ❈❛♣❡❧❧❛✳ ❚❤❡ tr✐♣ t❛❦❡s ❤❡r ✶✷✵ ②❡❛rs

✭tr❛✈❡❧✐♥❣ ❛t ✶✼✻✱✵✵✵ ♠✐❧❡s ♣❡r s❡❝♦♥❞✮✳ ■❢ ✐t ✐s t❤❡ ②❡❛r ✷✵✵✵ ♦♥ ❡❛rt❤ ✇❤❡♥ s❤❡ ❧❡❛✈❡s✱ ✇❤❛t
❡❛rt❤ ②❡❛r ✇✐❧❧ ✐t ❜❡ ✇❤❡♥ s❤❡ r❡t✉r♥s❄

✺✳✻✳✶✹ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✺✳✻✳✸✾
✭❙❡❝t✐♦♥ ✹✳✽✮ ❙♣❡❝✐❢② t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥ y = x−1

x+4 ✳

❊①❡r❝✐s❡ ✺✳✻✳✹✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✶✳✮

✭❙❡❝t✐♦♥ ✺✳✷✮ ❈❧❛ss✐❢② t❤❡ ❡q✉❛t✐♦♥ x + 4 = 1 ❛s ❛♥ ✐❞❡♥t✐t②✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱ ♦r ❛ ❝♦♥❞✐t✐♦♥❛❧
❡q✉❛t✐♦♥✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✷✾

❊①❡r❝✐s❡ ✺✳✻✳✹✶
✭❙❡❝t✐♦♥ ✺✳✷✮ ❈❧❛ss✐❢② t❤❡ ❡q✉❛t✐♦♥ 2x+3 = 2x+3 ❛s ❛♥ ✐❞❡♥t✐t②✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ♦r ❛ ❝♦♥❞✐t✐♦♥❛❧
❡q✉❛t✐♦♥✳

❊①❡r❝✐s❡ ✺✳✻✳✹✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✶✳✮

✭❙❡❝t✐♦♥ ✺✳✹✮ ❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥ 4 (x − 1) + 12 = −3 (2x + 4)✳

❊①❡r❝✐s❡ ✺✳✻✳✹✸
✭❙❡❝t✐♦♥ ✺✳✺✮ ❚r❛♥s❧❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥t❡♥❝❡ t♦ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ❡q✉❛t✐♦♥✳ ❚❤r❡❡ ❧❡ss t❤❛♥ ❛♥
✉♥❦♥♦✇♥ ♥✉♠❜❡r ✐s ♠✉❧t✐♣❧✐❡❞ ❜② ♥❡❣❛t✐✈❡ ❢♦✉r✳ ❚❤❡ r❡s✉❧t ✐s t✇♦ ♠♦r❡ t❤❛♥ t❤❡ ♦r✐❣✐♥❛❧ ✉♥❦♥♦✇♥
♥✉♠❜❡r✳

✺✳✼ ▲✐♥❡❛r ✐♥❡q✉❛❧✐t✐❡s ✐♥ ❖♥❡ ❱❛r✐❛❜❧❡ ✼

✺✳✼✳✶ ❖✈❡r✈✐❡✇

• ■♥❡q✉❛❧✐t✐❡s
• ▲✐♥❡❛r ■♥❡q✉❛❧✐t✐❡s
• ❚❤❡ ❆❧❣❡❜r❛ ♦❢ ▲✐♥❡❛r ■♥❡q✉❛❧✐t✐❡s
• ❈♦♠♣♦✉♥❞ ■♥❡q✉❛❧✐t✐❡s

✺✳✼✳✷ ■♥❡q✉❛❧✐t✐❡s

❘❡❧❛t✐♦♥s❤✐♣s ♦❢ ■♥❡q✉❛❧✐t②
❲❡ ❤❛✈❡ ❞✐s❝♦✈❡r❡❞ t❤❛t ❛♥ ❡q✉❛t✐♦♥ ✐s ❛ ♠❛t❤❡♠❛t✐❝❛❧ ✇❛② ♦❢ ❡①♣r❡ss✐♥❣ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ♦❢ ❡q✉❛❧✐t② ❜❡t✇❡❡♥
q✉❛♥t✐t✐❡s✳ ◆♦t ❛❧❧ r❡❧❛t✐♦♥s❤✐♣s ♥❡❡❞ ❜❡ r❡❧❛t✐♦♥s❤✐♣s ♦❢ ❡q✉❛❧✐t②✱ ❤♦✇❡✈❡r✳ ❈❡rt❛✐♥❧② t❤❡ ♥✉♠❜❡r ♦❢ ❤✉♠❛♥
❜❡✐♥❣s ♦♥ ❡❛rt❤ ✐s ❣r❡❛t❡r t❤❛♥ ✷✵✳ ❆❧s♦✱ t❤❡ ❛✈❡r❛❣❡ ❆♠❡r✐❝❛♥ ❝♦♥s✉♠❡s ❧❡ss t❤❛♥ ✶✵ ❣r❛♠s ♦❢ ✈✐t❛♠✐♥
❈ ❡✈❡r② ❞❛②✳ ❚❤❡s❡ t②♣❡s ♦❢ r❡❧❛t✐♦♥s❤✐♣s ❛r❡ ♥♦t r❡❧❛t✐♦♥s❤✐♣s ♦❢ ❡q✉❛❧✐t②✱ ❜✉t r❛t❤❡r✱ r❡❧❛t✐♦♥s❤✐♣s ♦❢
✐♥❡q✉❛❧✐t②✳

✺✳✼✳✸ ▲✐♥❡❛r ■♥❡q✉❛❧✐t✐❡s

▲✐♥❡❛r ■♥❡q✉❛❧✐t②
❆ ❧✐♥❡❛r ✐♥❡q✉❛❧✐t② ✐s ❛ ♠❛t❤❡♠❛t✐❝❛❧ st❛t❡♠❡♥t t❤❛t ♦♥❡ ❧✐♥❡❛r ❡①♣r❡ss✐♦♥ ✐s ❣r❡❛t❡r t❤❛♥ ♦r ❧❡ss t❤❛♥
❛♥♦t❤❡r ❧✐♥❡❛r ❡①♣r❡ss✐♦♥✳
■♥❡q✉❛❧✐t② ◆♦t❛t✐♦♥
❚❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥ ✐s ✉s❡❞ t♦ ❡①♣r❡ss r❡❧❛t✐♦♥s❤✐♣s ♦❢ ✐♥❡q✉❛❧✐t②✿

> ❙tr✐❝t❧② ❣r❡❛t❡r t❤❛♥

< ❙tr✐❝t❧② ❧❡ss t❤❛♥

≥ ●r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦

≤ ▲❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦

◆♦t❡ t❤❛t t❤❡ ❡①♣r❡ss✐♦♥ x > 12 ❤❛s ✐♥✜♥✐t❡❧② ♠❛♥② s♦❧✉t✐♦♥s✳ ❆♥② ♥✉♠❜❡r str✐❝t❧② ❣r❡❛t❡r t❤❛♥ ✶✷ ✇✐❧❧
s❛t✐s❢② t❤❡ st❛t❡♠❡♥t✳ ❙♦♠❡ s♦❧✉t✐♦♥s ❛r❡ ✶✸✱ ✶✺✱ ✾✵✱ 12.1, 16.3 ❛♥❞ 102.51✳

✼❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✼✾✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✸✵ ❈❍❆P❚❊❘ ✺✳ ❙❖▲❱■◆● ▲■◆❊❆❘ ❊◗❯❆❚■❖◆❙ ❆◆❉ ■◆❊◗❯❆▲■❚■❊❙

✺✳✼✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❧✐♥❡❛r ✐♥❡q✉❛❧✐t✐❡s ✐♥ ♦♥❡ ✈❛r✐❛❜❧❡✳

❊①❛♠♣❧❡ ✺✳✹✺

✶✳ x ≤ 12
✷✳ x + 7 > 4
✸✳ y + 3 ≥ 2y − 7
✹✳ P + 26 < 10 (4P − 6)
✺✳ 2r−9

5 > 15

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ♥♦t ❧✐♥❡❛r ✐♥❡q✉❛❧✐t✐❡s ✐♥ ♦♥❡ ✈❛r✐❛❜❧❡✳

❊①❛♠♣❧❡ ✺✳✹✻

✶✳ x2 < 4✳
❚❤❡ t❡r♠ x2 ✐s q✉❛❞r❛t✐❝✱ ♥♦t ❧✐♥❡❛r✳

✷✳ x ≤ 5y + 3✳
❚❤❡r❡ ❛r❡ t✇♦ ✈❛r✐❛❜❧❡s✳ ❚❤✐s ✐s ❛ ❧✐♥❡❛r ✐♥❡q✉❛❧✐t② ✐♥ t✇♦ ✈❛r✐❛❜❧❡s✳

✸✳ y + 1 6= 5✳
❆❧t❤♦✉❣❤ t❤❡ s②♠❜♦❧ 6= ❝❡rt❛✐♥❧② ❡①♣r❡ss❡s ❛♥ ✐♥❡q✉❛❧✐t②✱ ✐t ✐s ❝✉st♦♠❛r② t♦ ✉s❡ ♦♥❧② t❤❡
s②♠❜♦❧s < , > , ≤, ≥✳

✺✳✼✳✺ Pr❛❝t✐❝❡ ❙❡t ❆

❆ ❧✐♥❡❛r ❡q✉❛t✐♦♥✱ ✇❡ ❦♥♦✇✱ ♠❛② ❤❛✈❡ ❡①❛❝t❧② ♦♥❡ s♦❧✉t✐♦♥✱ ✐♥✜♥✐t❡❧② ♠❛♥② s♦❧✉t✐♦♥s✱ ♦r ♥♦ s♦❧✉t✐♦♥✳ ❙♣❡❝✉✲
❧❛t❡ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ s♦❧✉t✐♦♥s ♦❢ ❛ ❧✐♥❡❛r ✐♥❡q✉❛❧✐t②✳ ✭❍✐♥t✿ ❈♦♥s✐❞❡r t❤❡ ✐♥❡q✉❛❧✐t✐❡s x < x− 6 ❛♥❞ x ≥ 9
✳✮

❆ ❧✐♥❡❛r ✐♥❡q✉❛❧✐t② ♠❛② ❤❛✈❡ ✐♥✜♥✐t❡❧② ♠❛♥② s♦❧✉t✐♦♥s✱ ♦r ♥♦ s♦❧✉t✐♦♥s✳

✺✳✼✳✻ ❚❤❡ ❆❧❣❡❜r❛ ♦❢ ▲✐♥❡❛r ■♥❡q✉❛❧✐t✐❡s

■♥❡q✉❛❧✐t✐❡s ❝❛♥ ❜❡ s♦❧✈❡❞ ❜② ❜❛s✐❝❛❧❧② t❤❡ s❛♠❡ ♠❡t❤♦❞s ❛s ❧✐♥❡❛r ❡q✉❛t✐♦♥s✳ ❚❤❡r❡ ✐s ♦♥❡ ✐♠♣♦rt❛♥t
❡①❝❡♣t✐♦♥ t❤❛t ✇❡ ✇✐❧❧ ❞✐s❝✉ss ✐♥ ✐t❡♠ ✸ ♦❢ t❤❡ ❛❧❣❡❜r❛ ♦❢ ❧✐♥❡❛r ✐♥❡q✉❛❧✐t✐❡s✳
❚❤❡ ❆❧❣❡❜r❛ ♦❢ ▲✐♥❡❛r ■♥❡q✉❛❧✐t✐❡s
▲❡t a, b, ❛♥❞ c r❡♣r❡s❡♥t r❡❛❧ ♥✉♠❜❡rs ❛♥❞ ❛ss✉♠❡ t❤❛t

a < b (♦r a > b)

❚❤❡♥✱ ✐❢ a < b,

✶✳ a + c < b + c ❛♥❞ a − c < b − c ✳

■❢ ❛♥② r❡❛❧ ♥✉♠❜❡r ✐s ❛❞❞❡❞ t♦ ♦r s✉❜tr❛❝t❡❞ ❢r♦♠ ❜♦t❤ s✐❞❡s ♦❢ ❛♥ ✐♥❡q✉❛❧✐t②✱ t❤❡ s❡♥s❡ ♦❢ t❤❡ ✐♥❡q✉❛❧✐t②
r❡♠❛✐♥s ✉♥❝❤❛♥❣❡❞✳

✷✳ ■❢ c ✐s ❛ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡r✱ t❤❡♥ ✐❢ a < b,

ac < bc ❛♥❞ a
c < b

c .

■❢ ❜♦t❤ s✐❞❡s ♦❢ ❛♥ ✐♥❡q✉❛❧✐t② ❛r❡ ♠✉❧t✐♣❧✐❡❞ ♦r ❞✐✈✐❞❡❞ ❜② t❤❡ s❛♠❡ ♣♦s✐t✐✈❡ ♥✉♠❜❡r t❤❡ s❡♥s❡ ♦❢ t❤❡
✐♥❡q✉❛❧✐t② r❡♠❛✐♥s ✉♥❝❤❛♥❣❡❞✳

✸✳ ■❢ c ✐s ❛ ♥❡❣❛t✐✈❡ r❡❛❧ ♥✉♠❜❡r✱ t❤❡♥ ✐❢ a < b,

ac > bc ❛♥❞ a
c

> b
c .

■❢ ❜♦t❤ s✐❞❡s ♦❢ ❛♥ ✐♥❡q✉❛❧✐t② ❛r❡ ♠✉❧t✐♣❧✐❡❞ ♦r ❞✐✈✐❞❡❞ ❜② t❤❡ s❛♠❡ ♥❡❣❛t✐✈❡ ♥✉♠❜❡r✱ t❤❡ ✐♥❡q✉❛❧✐t②
s✐❣♥ ♠✉st ❜❡ r❡✈❡rs❡❞ ✭❝❤❛♥❣❡ ❞✐r❡❝t✐♦♥✮ ✐♥ ♦r❞❡r ❢♦r t❤❡ r❡s✉❧t✐♥❣ ✐♥❡q✉❛❧✐t② t♦ ❜❡ ❡q✉✐✈❛❧❡♥t t♦
t❤❡ ♦r✐❣✐♥❛❧ ✐♥❡q✉❛❧✐t②✳ ✭❙❡❡ ♣r♦❜❧❡♠ ✹ ✐♥ t❤❡ ♥❡①t s❡t ♦❢ ❡①❛♠♣❧❡s✳✮

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✸✶

❋♦r ❡①❛♠♣❧❡✱ ❝♦♥s✐❞❡r t❤❡ ✐♥❡q✉❛❧✐t② 3 < 7✳

❊①❛♠♣❧❡ ✺✳✹✼
❋♦r 3 < 7✱ ✐❢ ✽ ✐s ❛❞❞❡❞ t♦ ❜♦t❤ s✐❞❡s✱ ✇❡ ❣❡t

3 + 8 < 7 + 8.

11 < 15 ❚r✉❡

❊①❛♠♣❧❡ ✺✳✹✽
❋♦r 3 < 7✱ ✐❢ ✽ ✐s s✉❜tr❛❝t❡❞ ❢r♦♠ ❜♦t❤ s✐❞❡s✱ ✇❡ ❣❡t

3 − 8 < 7 − 8.

−5 < − 1 ❚r✉❡

❊①❛♠♣❧❡ ✺✳✹✾
❋♦r 3 < 7✱ ✐❢ ❜♦t❤ s✐❞❡s ❛r❡ ♠✉❧t✐♣❧✐❡❞ ❜② ✽ ✭❛ ♣♦s✐t✐✈❡ ♥✉♠❜❡r✮✱ ✇❡ ❣❡t

8 (3) < 8 (7)

24 < 56 ❚r✉❡

❊①❛♠♣❧❡ ✺✳✺✵
❋♦r 3 < 7✱ ✐❢ ❜♦t❤ s✐❞❡s ❛r❡ ♠✉❧t✐♣❧✐❡❞ ❜② −8 ✭❛ ♥❡❣❛t✐✈❡ ♥✉♠❜❡r✮✱ ✇❡ ❣❡t

(−8) 3 > (−8) 7
◆♦t✐❝❡ t❤❡ ❝❤❛♥❣❡ ✐♥ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ✐♥❡q✉❛❧✐t② s✐❣♥✳

−24 > − 56 ❚r✉❡

■❢ ✇❡ ❤❛❞ ❢♦r❣♦tt❡♥ t♦ r❡✈❡rs❡ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ✐♥❡q✉❛❧✐t② s✐❣♥ ✇❡ ✇♦✉❧❞ ❤❛✈❡ ♦❜t❛✐♥❡❞ t❤❡
✐♥❝♦rr❡❝t st❛t❡♠❡♥t−24 < − 56✳

❊①❛♠♣❧❡ ✺✳✺✶
❋♦r 3 < 7✱ ✐❢ ❜♦t❤ s✐❞❡s ❛r❡ ❞✐✈✐❞❡❞ ❜② ✽ ✭❛ ♣♦s✐t✐✈❡ ♥✉♠❜❡r✮✱ ✇❡ ❣❡t

3
8 < 7

8 ❚r✉❡

❊①❛♠♣❧❡ ✺✳✺✷
❋♦r 3 < 7✱ ✐❢ ❜♦t❤ s✐❞❡s ❛r❡ ❞✐✈✐❞❡❞ ❜② −8 ✭❛ ♥❡❣❛t✐✈❡ ♥✉♠❜❡r✮✱ ✇❡ ❣❡t

3
−8 > 7

−8 ❚r✉❡ (s✐♥❝❡ − .375 − .875)

✺✳✼✳✼ ❙❛♠♣❧❡ ❙❡t ❇

❙♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r ✐♥❡q✉❛❧✐t✐❡s✳ ❉r❛✇ ❛ ♥✉♠❜❡r ❧✐♥❡ ❛♥❞ ♣❧❛❝❡ ❛ ♣♦✐♥t ❛t ❡❛❝❤ s♦❧✉t✐♦♥✳

❊①❛♠♣❧❡ ✺✳✺✸

3x > 15 ❉✐✈✐❞❡ ❜♦t❤ s✐❞❡s ❜② ✸✳ ❚❤❡ 3 ✐s ❛ ♣♦s✐t✐✈❡ ♥✉♠❜❡r, s♦✇❡ ♥❡❡❞ ♥♦t r❡✈❡rs❡ t❤❡ s❡♥s❡ ♦❢ t❤❡ ✐♥❡q✉❛❧✐t②✳

x > 5

❚❤✉s✱ ❛❧❧ ♥✉♠❜❡rs str✐❝t❧② ❣r❡❛t❡r t❤❛♥ ✺ ❛r❡ s♦❧✉t✐♦♥s t♦ t❤❡ ✐♥❡q✉❛❧✐t② 3x > 15✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❛♠♣❧❡ ✺✳✺✹

2y − 1 ≤ 16 ❆❞❞ ✶ t♦ ❜♦t❤ s✐❞❡s.

2y ≤ 17 ❉✐✈✐❞❡ ❜♦t❤ s✐❞❡s ❜② 2.

y ≤ 17
2

❊①❛♠♣❧❡ ✺✳✺✺

−8x + 5 < 14 ❙✉❜tr❛❝t 5 ❢r♦♠❜♦t❤ s✐❞❡s✳

−8x < 9 ❉✐✈✐❞❡ ❜♦t❤ s✐❞❡s ❜② − 8.❲❡♠✉st r❡✈❡rs❡ t❤❡ s❡♥s❡ ♦❢ t❤❡ ✐♥❡q✉❛❧✐t②

s✐♥❝❡✇❡ ❛r❡ ❞✐✈✐❞✐♥❣ ❜② ❛ ♥❡❣❛t✐✈❡ ♥✉♠❜❡r✳

x > − 9
8

❊①❛♠♣❧❡ ✺✳✺✻

5 − 3 (y + 2) < 6y − 10

5 − 3y − 6 < 6y − 10

−3y − 1 < 6y − 10

−9y < − 9

y > 1

❊①❛♠♣❧❡ ✺✳✺✼
2z+7
−4 ≥ −6 ▼✉❧t✐♣❧② ❜② − 4

2z + 7 ≤ 24 ◆♦t✐❝❡ t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ s❡♥s❡ ♦❢ t❤❡ ✐♥❡q✉❛❧✐t②✳

2z ≤ 17

z ≤ 17
2

✺✳✼✳✽ Pr❛❝t✐❝❡ ❙❡t ❇

❙♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r ✐♥❡q✉❛❧✐t✐❡s✳

❊①❡r❝✐s❡ ✺✳✼✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✶✳✮

y − 6 ≤ 5

❊①❡r❝✐s❡ ✺✳✼✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✶✳✮

x + 4 > 9

❊①❡r❝✐s❡ ✺✳✼✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✶✳✮

4x − 1 ≥ 15

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✸✸

❊①❡r❝✐s❡ ✺✳✼✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✶✳✮

−5y + 16 ≤ 7

❊①❡r❝✐s❡ ✺✳✼✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✶✳✮

7 (4s − 3) < 2s + 8

❊①❡r❝✐s❡ ✺✳✼✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✶✳✮

5 (1 − 4h) + 4 < (1 − h) 2 + 6

❊①❡r❝✐s❡ ✺✳✼✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✶✳✮

18 ≥ 4 (2x − 3) − 9x

❊①❡r❝✐s❡ ✺✳✼✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✶✳✮

− 3b
16 ≤ 4

❊①❡r❝✐s❡ ✺✳✼✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✶✳✮
−7z+10

−12 < − 1

❊①❡r❝✐s❡ ✺✳✼✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✶✳✮

−x − 2
3 ≤ 5

6

✺✳✼✳✾ ❈♦♠♣♦✉♥❞ ■♥❡q✉❛❧✐t✐❡s

❈♦♠♣♦✉♥❞ ■♥❡q✉❛❧✐t②
❆♥♦t❤❡r t②♣❡ ♦❢ ✐♥❡q✉❛❧✐t② ✐s t❤❡ ❝♦♠♣♦✉♥❞ ✐♥❡q✉❛❧✐t②✳ ❆ ❝♦♠♣♦✉♥❞ ✐♥❡q✉❛❧✐t② ✐s ♦❢ t❤❡ ❢♦r♠✿

a < x < b
❚❤❡r❡ ❛r❡ ❛❝t✉❛❧❧② t✇♦ st❛t❡♠❡♥ts ❤❡r❡✳ ❚❤❡ ✜rst st❛t❡♠❡♥t ✐s a < x✳ ❚❤❡ ♥❡①t st❛t❡♠❡♥t ✐s x < b✳

❲❤❡♥ ✇❡ r❡❛❞ t❤✐s st❛t❡♠❡♥t ✇❡ s❛② ✧a ✐s ❧❡ss t❤❛♥ x✱✧ t❤❡♥ ❝♦♥t✐♥✉❡ s❛②✐♥❣ ✧❛♥❞ x ✐s ❧❡ss t❤❛♥ b✳✧
❏✉st ❜② ❧♦♦❦✐♥❣ ❛t t❤❡ ✐♥❡q✉❛❧✐t② ✇❡ ❝❛♥ s❡❡ t❤❛t t❤❡ ♥✉♠❜❡r x ✐s ❜❡t✇❡❡♥ t❤❡ ♥✉♠❜❡rs a ❛♥❞ b✳ ❚❤❡

❝♦♠♣♦✉♥❞ ✐♥❡q✉❛❧✐t② a < x < b ✐♥❞✐❝❛t❡s ✧❜❡t✇❡❡♥♥❡ss✳✧ ❲✐t❤♦✉t ❝❤❛♥❣✐♥❣ t❤❡ ♠❡❛♥✐♥❣✱ t❤❡ st❛t❡♠❡♥t
a < x ❝❛♥ ❜❡ r❡❛❞ x > a✳ ✭❙✉r❡❧②✱ ✐❢ t❤❡ ♥✉♠❜❡r a ✐s ❧❡ss t❤❛♥ t❤❡ ♥✉♠❜❡r x✱ t❤❡ ♥✉♠❜❡r x ♠✉st ❜❡ ❣r❡❛t❡r
t❤❛♥ t❤❡ ♥✉♠❜❡r a✳✮ ❚❤✉s✱ ✇❡ ❝❛♥ r❡❛❞ a < x < b ❛s ✧x ✐s ❣r❡❛t❡r t❤❛♥ a ❛♥❞ ❛t t❤❡ s❛♠❡ t✐♠❡ ✐s ❧❡ss t❤❛♥
b✳✧ ❋♦r ❡①❛♠♣❧❡✿

✶✳ 4 < x < 9✳
❚❤❡ ❧❡tt❡r x ✐s s♦♠❡ ♥✉♠❜❡r str✐❝t❧② ❜❡t✇❡❡♥ ✹ ❛♥❞ ✾✳ ❍❡♥❝❡✱ x ✐s ❣r❡❛t❡r t❤❛♥ ✹ ❛♥❞✱ ❛t t❤❡ s❛♠❡
t✐♠❡✱ ❧❡ss t❤❛♥ ✾✳ ❚❤❡ ♥✉♠❜❡rs ✹ ❛♥❞ ✾ ❛r❡ ♥♦t ✐♥❝❧✉❞❡❞ s♦ ✇❡ ✉s❡ ♦♣❡♥ ❝✐r❝❧❡s ❛t t❤❡s❡ ♣♦✐♥ts✳

✷✳ −2 < z < 0✳
❚❤❡ z st❛♥❞s ❢♦r s♦♠❡ ♥✉♠❜❡r ❜❡t✇❡❡♥ −2 ❛♥❞ ✵✳ ❍❡♥❝❡✱ z ✐s ❣r❡❛t❡r t❤❛♥ −2 ❜✉t ❛❧s♦ ❧❡ss t❤❛♥ ✵✳

✸✳ 1 < x + 6 < 8 ✳
❚❤❡ ❡①♣r❡ss✐♦♥ x + 6 r❡♣r❡s❡♥ts s♦♠❡ ♥✉♠❜❡r str✐❝t❧② ❜❡t✇❡❡♥ ✶ ❛♥❞ ✽✳ ❍❡♥❝❡✱ x + 6 r❡♣r❡s❡♥ts s♦♠❡
♥✉♠❜❡r str✐❝t❧② ❣r❡❛t❡r t❤❛♥ ✶✱ ❜✉t ❧❡ss t❤❛♥ ✽✳

✹✳ 1
4 ≤ 5x−2

6 ≤ 7
9 ✳

❚❤❡ t❡r♠ 5x−2
6 r❡♣r❡s❡♥ts s♦♠❡ ♥✉♠❜❡r ❜❡t✇❡❡♥ ❛♥❞ ✐♥❝❧✉❞✐♥❣ 1

4 ❛♥❞ 7
9 ✳ ❍❡♥❝❡✱

5x−2
6 r❡♣r❡s❡♥ts s♦♠❡

♥✉♠❜❡r ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ 1
4 t♦ ❜✉t ❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦ 7

9 ✳

❈♦♥s✐❞❡r ♣r♦❜❧❡♠ ✸ ❛❜♦✈❡✱ 1 < x + 6 < 8✳ ❚❤❡ st❛t❡♠❡♥t s❛②s t❤❛t t❤❡ q✉❛♥t✐t② x + 6 ✐s ❜❡t✇❡❡♥ ✶ ❛♥❞ ✽✳
❚❤✐s st❛t❡♠❡♥t ✇✐❧❧ ❜❡ tr✉❡ ❢♦r ♦♥❧② ❝❡rt❛✐♥ ✈❛❧✉❡s ♦❢ x✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ x = 1✱ t❤❡ st❛t❡♠❡♥t ✐s tr✉❡ s✐♥❝❡
1 < 1 + 6 < 8✳ ❍♦✇❡✈❡r✱ ✐❢ x = 4.9✱ t❤❡ st❛t❡♠❡♥t ✐s ❢❛❧s❡ s✐♥❝❡ 1 < 4.9 + 6 < 8 ✐s ❝❧❡❛r❧② ♥♦t tr✉❡✳ ❚❤❡ ✜rst

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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♦❢ t❤❡ ✐♥❡q✉❛❧✐t✐❡s ✐s s❛t✐s✜❡❞ s✐♥❝❡ ✶ ✐s ❧❡ss t❤❛♥ 10.9✱ ❜✉t t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ✐s ♥♦t s❛t✐s✜❡❞ s✐♥❝❡ 10.9 ✐s
♥♦t ❧❡ss t❤❛♥ ✽✳

❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❦♥♦✇ ❢♦r ❡①❛❝t❧② ✇❤✐❝❤ ✈❛❧✉❡s ♦❢ x t❤❡ st❛t❡♠❡♥t 1 < x + 6 < 8 ✐s tr✉❡✳ ❲❡ ♣r♦❝❡❡❞
❜② ✉s✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ❞✐s❝✉ss❡❞ ❡❛r❧✐❡r ✐♥ t❤✐s s❡❝t✐♦♥✱ ❜✉t ♥♦✇ ✇❡ ♠✉st ❛♣♣❧② t❤❡ r✉❧❡s t♦ ❛❧❧ t❤r❡❡ ♣❛rts
r❛t❤❡r t❤❛♥ ❥✉st t❤❡ t✇♦ ♣❛rts ✐♥ ❛ r❡❣✉❧❛r ✐♥❡q✉❛❧✐t②✳

✺✳✼✳✶✵ ❙❛♠♣❧❡ ❙❡t ❈

❊①❛♠♣❧❡ ✺✳✺✽
❙♦❧✈❡ 1 < x + 6 < 8✳

1 − 6 < x + 6 − 6 < 8 − 6 ❙✉❜tr❛❝t 6 ❢r♦♠ ❛❧❧ t❤r❡❡ ♣❛rts✳

−5 < x < 2

❚❤✉s✱ ✐❢ x ✐s ❛♥② ♥✉♠❜❡r str✐❝t❧② ❜❡t✇❡❡♥ −5 ❛♥❞ ✷✱ t❤❡ st❛t❡♠❡♥t 1 < x + 6 < 8 ✇✐❧❧ ❜❡ tr✉❡✳

❊①❛♠♣❧❡ ✺✳✺✾
❙♦❧✈❡ −3 < −2x−7

5 < 8✳

−3 (5) < −2x−7
5 (5) < 8 (5) ▼✉❧t✐♣❧② ❡❛❝❤ ♣❛rt ❜② 5.

−15 < − 2x − 7 < 40 ❆❞❞ 7 t♦ ❛❧❧ t❤r❡❡ ♣❛rts.

−8 < − 2x < 47 ❉✐✈✐❞❡ ❛❧❧ t❤r❡❡ ♣❛rts ❜② − 2.

4 > x > − 47
2 ❘❡♠❡♠❜❡r t♦ r❡✈❡rs❡ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ✐♥❡q✉❛❧✐t②

s✐❣♥s✳

− 47
2 < x < 4 ■t ✐s ❝✉st♦♠❛r② ✭❜✉t ♥♦t ♥❡❝❡ss❛r②✮ t♦✇r✐t❡ t❤❡ ✐♥❡q✉❛❧✐t②

s♦ t❤❛t ✐♥❡q✉❛❧✐t② ❛rr♦✇s ♣♦✐♥t t♦ t❤❡ ❧❡❢t✳

❚❤✉s✱ ✐❢ x ✐s ❛♥② ♥✉♠❜❡r ❜❡t✇❡❡♥ − 47
2 ❛♥❞ ✹✱ t❤❡ ♦r✐❣✐♥❛❧ ✐♥❡q✉❛❧✐t② ✇✐❧❧ ❜❡ s❛t✐s✜❡❞✳

✺✳✼✳✶✶ Pr❛❝t✐❝❡ ❙❡t ❈

❋✐♥❞ t❤❡ ✈❛❧✉❡s ♦❢ x t❤❛t s❛t✐s❢② t❤❡ ❣✐✈❡♥ ❝♦♥t✐♥✉❡❞ ✐♥❡q✉❛❧✐t②✳

❊①❡r❝✐s❡ ✺✳✼✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✶✳✮

4 < x − 5 < 12

❊①❡r❝✐s❡ ✺✳✼✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✶✳✮

−3 < 7y + 1 < 18

❊①❡r❝✐s❡ ✺✳✼✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✶✳✮

0 ≤ 1 − 6x ≤ 7

❊①❡r❝✐s❡ ✺✳✼✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✶✳✮

−5 ≤ 2x+1
3 ≤ 10

❊①❡r❝✐s❡ ✺✳✼✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✶✳✮

9 < −4x+5
−2 < 14

❊①❡r❝✐s❡ ✺✳✼✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✶✳✮

❉♦❡s 4 < x < − 1 ❤❛✈❡ ❛ s♦❧✉t✐♦♥❄

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✺✳✼✳✶✷ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s♦❧✈❡ t❤❡ ✐♥❡q✉❛❧✐t✐❡s✳

❊①❡r❝✐s❡ ✺✳✼✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✶✳✮

x + 7 < 12

❊①❡r❝✐s❡ ✺✳✼✳✶✽
y − 5 ≤ 8

❊①❡r❝✐s❡ ✺✳✼✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✷✳✮

y + 19 ≥ 2

❊①❡r❝✐s❡ ✺✳✼✳✷✵
x − 5 > 16

❊①❡r❝✐s❡ ✺✳✼✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✷✳✮

3x − 7 ≤ 8

❊①❡r❝✐s❡ ✺✳✼✳✷✷
9y − 12 ≤ 6

❊①❡r❝✐s❡ ✺✳✼✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✷✳✮

2z + 8 < 7

❊①❡r❝✐s❡ ✺✳✼✳✷✹
4x − 14 > 21

❊①❡r❝✐s❡ ✺✳✼✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✷✳✮

−5x ≤ 20

❊①❡r❝✐s❡ ✺✳✼✳✷✻
−8x < 40

❊①❡r❝✐s❡ ✺✳✼✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✷✳✮

−7z < 77

❊①❡r❝✐s❡ ✺✳✼✳✷✽
−3y > 39

❊①❡r❝✐s❡ ✺✳✼✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✷✳✮
x
4 ≥ 12

❊①❡r❝✐s❡ ✺✳✼✳✸✵
y
7 > 3

❊①❡r❝✐s❡ ✺✳✼✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✷✳✮
2x
9 ≥ 4

❊①❡r❝✐s❡ ✺✳✼✳✸✷
5y
2 ≥ 15

❊①❡r❝✐s❡ ✺✳✼✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✷✳✮
10x
3 ≤ 4

❊①❡r❝✐s❡ ✺✳✼✳✸✹
−5y
4 < 8

❊①❡r❝✐s❡ ✺✳✼✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✷✳✮
−12b

5 < 24

❊①❡r❝✐s❡ ✺✳✼✳✸✻
−6a
7 ≤ −24

❊①❡r❝✐s❡ ✺✳✼✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✷✳✮
8x
−5 > 6

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✺✳✼✳✸✽
14y
−3 ≥ −18

❊①❡r❝✐s❡ ✺✳✼✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✷✳✮
21y
−8 < − 2

❊①❡r❝✐s❡ ✺✳✼✳✹✵
−3x + 7 ≤ −5

❊①❡r❝✐s❡ ✺✳✼✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✷✳✮

−7y + 10 ≤ −4

❊①❡r❝✐s❡ ✺✳✼✳✹✷
6x − 11 < 31

❊①❡r❝✐s❡ ✺✳✼✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✷✳✮

3x − 15 ≤ 30

❊①❡r❝✐s❡ ✺✳✼✳✹✹
−2y + 4

3 ≤ −2
3

❊①❡r❝✐s❡ ✺✳✼✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✷✳✮

5 (2x − 5) ≥ 15

❊①❡r❝✐s❡ ✺✳✼✳✹✻
4 (x + 1) > − 12

❊①❡r❝✐s❡ ✺✳✼✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✷✳✮

6 (3x − 7) ≥ 48

❊①❡r❝✐s❡ ✺✳✼✳✹✽
3 (−x + 3) > − 27

❊①❡r❝✐s❡ ✺✳✼✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✷✳✮

−4 (y + 3) > 0

❊①❡r❝✐s❡ ✺✳✼✳✺✵
−7 (x − 77) ≤ 0

❊①❡r❝✐s❡ ✺✳✼✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✷✳✮

2x − 1 < x + 5

❊①❡r❝✐s❡ ✺✳✼✳✺✷
6y + 12 ≤ 5y − 1

❊①❡r❝✐s❡ ✺✳✼✳✺✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✷✳✮

3x + 2 ≤ 2x − 5

❊①❡r❝✐s❡ ✺✳✼✳✺✹
4x + 5 > 5x − 11

❊①❡r❝✐s❡ ✺✳✼✳✺✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✷✳✮

3x − 12 ≥ 7x + 4

❊①❡r❝✐s❡ ✺✳✼✳✺✻
−2x − 7 > 5x

❊①❡r❝✐s❡ ✺✳✼✳✺✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✷✳✮

−x − 4 > − 3x + 12

❊①❡r❝✐s❡ ✺✳✼✳✺✽
3 − x ≥ 4

❊①❡r❝✐s❡ ✺✳✼✳✺✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✷✳✮

5 − y ≤ 14

❊①❡r❝✐s❡ ✺✳✼✳✻✵
2 − 4x ≤ −3 + x

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✺✳✼✳✻✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✷✳✮

3 [4 + 5 (x + 1)] < − 3

❊①❡r❝✐s❡ ✺✳✼✳✻✷
2 [6 + 2 (3x − 7)] ≥ 4

❊①❡r❝✐s❡ ✺✳✼✳✻✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✷✳✮

7 [−3 − 4 (x − 1)] ≤ 91

❊①❡r❝✐s❡ ✺✳✼✳✻✹
−2 (4x − 1) < 3 (5x + 8)

❊①❡r❝✐s❡ ✺✳✼✳✻✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✷✳✮

−5 (3x − 2) > − 3 (−x − 15) + 1

❊①❡r❝✐s❡ ✺✳✼✳✻✻

−.0091x ≥ 2.885x − 12.014

❊①❡r❝✐s❡ ✺✳✼✳✻✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✷✳✮

❲❤❛t ♥✉♠❜❡rs s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥✿ t✇✐❝❡ ❛ ♥✉♠❜❡r ♣❧✉s ♦♥❡ ✐s ❣r❡❛t❡r t❤❛♥ ♥❡❣❛t✐✈❡ t❤r❡❡❄

❊①❡r❝✐s❡ ✺✳✼✳✻✽
❲❤❛t ♥✉♠❜❡rs s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥✿ ❡✐❣❤t ♠♦r❡ t❤❛♥ t❤r❡❡ t✐♠❡s ❛ ♥✉♠❜❡r ✐s ❧❡ss t❤❛♥ ♦r ❡q✉❛❧
t♦ ❢♦✉rt❡❡♥❄

❊①❡r❝✐s❡ ✺✳✼✳✻✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✸✳✮

❖♥❡ ♥✉♠❜❡r ✐s ✜✈❡ t✐♠❡s ❧❛r❣❡r t❤❛♥ ❛♥♦t❤❡r ♥✉♠❜❡r✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ♥✉♠❜❡rs
✐s ❧❡ss t❤❛♥ t✇❡♥t②✲❢♦✉r✳ ❲❤❛t ❛r❡ t❤❡ ❧❛r❣❡st ♣♦ss✐❜❧❡ ✈❛❧✉❡s ❢♦r t❤❡ t✇♦ ♥✉♠❜❡rs❄ ■s t❤❡r❡ ❛
s♠❛❧❧❡st ♣♦ss✐❜❧❡ ✈❛❧✉❡ ❢♦r ❡✐t❤❡r ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✺✳✼✳✼✵
❚❤❡ ❛r❡❛ ♦❢ ❛ r❡❝t❛♥❣❧❡ ✐s ❢♦✉♥❞ ❜② ♠✉❧t✐♣❧②✐♥❣ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ r❡❝t❛♥❣❧❡ ❜② t❤❡ ✇✐❞t❤ ♦❢ t❤❡
r❡❝t❛♥❣❧❡✳ ■❢ t❤❡ ❧❡♥❣t❤ ♦❢ ❛ r❡❝t❛♥❣❧❡ ✐s ✽ ❢❡❡t✱ ✇❤❛t ✐s t❤❡ ❧❛r❣❡st ♣♦ss✐❜❧❡ ♠❡❛s✉r❡ ❢♦r t❤❡ ✇✐❞t❤
✐❢ ✐t ♠✉st ❜❡ ❛♥ ✐♥t❡❣❡r ✭♣♦s✐t✐✈❡ ✇❤♦❧❡ ♥✉♠❜❡r✮ ❛♥❞ t❤❡ ❛r❡❛ ♠✉st ❜❡ ❧❡ss t❤❛♥ ✹✽ sq✉❛r❡ ❢❡❡t❄

✺✳✼✳✶✸ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✺✳✼✳✼✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✸✳✮

✭❙❡❝t✐♦♥ ✷✳✼✮ ❙✐♠♣❧✐❢②
(
x2y3z2

)5
✳

❊①❡r❝✐s❡ ✺✳✼✳✼✷
✭❙❡❝t✐♦♥ ✸✳✸✮ ❙✐♠♣❧✐❢② − [− (−| − 8|)]✳
❊①❡r❝✐s❡ ✺✳✼✳✼✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✸✳✮

✭❙❡❝t✐♦♥ ✹✳✻✮ ❋✐♥❞ t❤❡ ♣r♦❞✉❝t✳ (2x − 7) (x + 4)✳

❊①❡r❝✐s❡ ✺✳✼✳✼✹
✭❙❡❝t✐♦♥ ✺✳✻✮ ❚✇❡♥t②✲✜✈❡ ♣❡r❝❡♥t ♦❢ ❛ ♥✉♠❜❡r ✐s 12.32✳ ❲❤❛t ✐s t❤❡ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✺✳✼✳✼✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✸✳✮

✭❙❡❝t✐♦♥ ✺✳✻✮ ❚❤❡ ♣❡r✐♠❡t❡r ♦❢ ❛ tr✐❛♥❣❧❡ ✐s ✹✵ ✐♥❝❤❡s✳ ■❢ t❤❡ ❧❡♥❣t❤ ♦❢ ❡❛❝❤ ♦❢ t❤❡ t✇♦ ❧❡❣s ✐s
❡①❛❝t❧② t✇✐❝❡ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❜❛s❡✱ ❤♦✇ ❧♦♥❣ ✐s ❡❛❝❤ ❧❡❣❄

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✸✽ ❈❍❆P❚❊❘ ✺✳ ❙❖▲❱■◆● ▲■◆❊❆❘ ❊◗❯❆❚■❖◆❙ ❆◆❉ ■◆❊◗❯❆▲■❚■❊❙

✺✳✽ ▲✐♥❡❛r ❊q✉❛t✐♦♥s ✐♥ ❚✇♦ ❱❛r✐❛❜❧❡s ✽

✺✳✽✳✶ ❖✈❡r✈✐❡✇

• ❙♦❧✉t✐♦♥s t♦ ▲✐♥❡❛r ❊q✉❛t✐♦♥s ✐♥ ❚✇♦ ❱❛r✐❛❜❧❡s
• ❖r❞❡r❡❞ P❛✐rs ❛s ❙♦❧✉t✐♦♥s

✺✳✽✳✷ ❙♦❧✉t✐♦♥s t♦ ▲✐♥❡❛r ❊q✉❛t✐♦♥s ✐♥ ❚✇♦ ❱❛r✐❛❜❧❡s

❙♦❧✉t✐♦♥ t♦ ❛♥ ❊q✉❛t✐♦♥ ✐♥ ❚✇♦ ❱❛r✐❛❜❧❡s
❲❡ ❤❛✈❡ ❞✐s❝♦✈❡r❡❞ t❤❛t ❛♥ ❡q✉❛t✐♦♥ ✐s ❛ ♠❛t❤❡♠❛t✐❝❛❧ ✇❛② ♦❢ ❡①♣r❡ss✐♥❣ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ♦❢ ❡q✉❛❧✐t② ❜❡t✇❡❡♥
q✉❛♥t✐t✐❡s✳ ■❢ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ✐s ❜❡t✇❡❡♥ t✇♦ q✉❛♥t✐t✐❡s✱ t❤❡ ❡q✉❛t✐♦♥ ✇✐❧❧ ❝♦♥t❛✐♥ t✇♦ ✈❛r✐❛❜❧❡s✳ ❲❡ s❛② t❤❛t
❛♥ ❡q✉❛t✐♦♥ ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ❤❛s ❛ s♦❧✉t✐♦♥ ✐❢ ❛♥ ♦r❞❡r❡❞ ♣❛✐r ♦❢ ✈❛❧✉❡s ❝❛♥ ❜❡ ❢♦✉♥❞ s✉❝❤ t❤❛t ✇❤❡♥ t❤❡s❡
t✇♦ ✈❛❧✉❡s ❛r❡ s✉❜st✐t✉t❡❞ ✐♥t♦ t❤❡ ❡q✉❛t✐♦♥ ❛ tr✉❡ st❛t❡♠❡♥t r❡s✉❧ts✳ ❚❤✐s ✐s ✐❧❧✉str❛t❡❞ ✇❤❡♥ ✇❡ ♦❜s❡r✈❡
s♦♠❡ s♦❧✉t✐♦♥s t♦ t❤❡ ❡q✉❛t✐♦♥ y = 2x + 5✳

✶✳ x = 4, y = 13; s✐♥❝❡ 13 = 2 (4) + 5 ✐s tr✉❡✳
✷✳ x = 1, y = 7; s✐♥❝❡ 7 = 2 (1) + 5 ✐s tr✉❡✳
✸✳ x = 0, y = 5; s✐♥❝❡ 5 = 2 (0) + 5 ✐s tr✉❡✳
✹✳ x = −6, y = −7; s✐♥❝❡ − 7 = 2 (−6) + 5 ✐s tr✉❡✳

✺✳✽✳✸ ❖r❞❡r❡❞ P❛✐rs ❛s ❙♦❧✉t✐♦♥s

■t ✐s ✐♠♣♦rt❛♥t t♦ ❦❡❡♣ ✐♥ ♠✐♥❞ t❤❛t ❛ s♦❧✉t✐♦♥ t♦ ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ✐s ❛♥ ♦r❞❡r❡❞ ♣❛✐r ♦❢
✈❛❧✉❡s✱ ♦♥❡ ✈❛❧✉❡ ❢♦r ❡❛❝❤ ✈❛r✐❛❜❧❡✳ ❆ s♦❧✉t✐♦♥ ✐s ♥♦t ❝♦♠♣❧❡t❡❧② ❦♥♦✇♥ ✉♥t✐❧ t❤❡ ✈❛❧✉❡s ♦❢ ❜♦t❤ ✈❛r✐❛❜❧❡s
❛r❡ s♣❡❝✐✜❡❞✳
■♥❞❡♣❡♥❞❡♥t ❛♥❞ ❉❡♣❡♥❞❡♥t ❱❛r✐❛❜❧❡s
❘❡❝❛❧❧ t❤❛t✱ ✐♥ ❛♥ ❡q✉❛t✐♦♥✱ ❛♥② ✈❛r✐❛❜❧❡ ✇❤♦s❡ ✈❛❧✉❡ ❝❛♥ ❜❡ ❢r❡❡❧② ❛ss✐❣♥❡❞ ✐s s❛✐❞ t♦ ❜❡ ❛♥ ✐♥❞❡♣❡♥❞❡♥t
✈❛r✐❛❜❧❡✳ ❆♥② ✈❛r✐❛❜❧❡ ✇❤♦s❡ ✈❛❧✉❡ ✐s ❞❡t❡r♠✐♥❡❞ ♦♥❝❡ t❤❡ ♦t❤❡r ✈❛❧✉❡ ♦r ✈❛❧✉❡s ❤❛✈❡ ❜❡❡♥ ❛ss✐❣♥❡❞ ✐s s❛✐❞
t♦ ❜❡ ❛ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✳ ■❢✱ ✐♥ ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥✱ t❤❡ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s x ❛♥❞ t❤❡ ❞❡♣❡♥❞❡♥t
✈❛r✐❛❜❧❡ ✐s y✱ ❛♥❞ ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ❡q✉❛t✐♦♥ ✐s x = a ❛♥❞ y = b✱ t❤❡ s♦❧✉t✐♦♥ ✐s ✇r✐tt❡♥ ❛s t❤❡

❖❘❉❊❘❊❉ P❆■❘ (a, b)
❖r❞❡r❡❞ P❛✐r
■♥ ❛♥ ♦r❞❡r❡❞ ♣❛✐r✱ (a, b)✱ t❤❡ ✜rst ❝♦♠♣♦♥❡♥t✱ a✱ ❣✐✈❡s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✱ ❛♥❞ t❤❡
s❡❝♦♥❞ ❝♦♠♣♦♥❡♥t✱ b✱ ❣✐✈❡s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✳

❲❡ ❝❛♥ ✉s❡ ♦r❞❡r❡❞ ♣❛✐rs t♦ s❤♦✇ s♦♠❡ s♦❧✉t✐♦♥s t♦ t❤❡ ❡q✉❛t✐♦♥ y = 6x − 7✳

❊①❛♠♣❧❡ ✺✳✻✵
(0,−7)✳
■❢ x = 0 ❛♥❞ y = −7✱ ✇❡ ❣❡t ❛ tr✉❡ st❛t❡♠❡♥t ✉♣♦♥ s✉❜st✐t✉t✐♦♥ ❛♥❞ ❝♦♠♣✉t❛t❛✐♦♥✳

y = 6x − 7

−7 = 6 (0) − 7 ■s t❤✐s ❝♦rr❡❝t❄

−7 = −7 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

✽❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✽✷✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✸✾

❊①❛♠♣❧❡ ✺✳✻✶
(8, 41)✳
■❢ x = 8 ❛♥❞ y = 41✱ ✇❡ ❣❡t ❛ tr✉❡ st❛t❡♠❡♥t ✉♣♦♥ s✉❜st✐t✉t✐♦♥ ❛♥❞ ❝♦♠♣✉t❛t❛✐♦♥✳

y = 6x − 7

41 = 6 (8) − 7 ■s t❤✐s ❝♦rr❡❝t❄

41 = 48 − 7 ■s t❤✐s ❝♦rr❡❝t❄

41 = 41 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❊①❛♠♣❧❡ ✺✳✻✷
(−4, − 31)✳
■❢ x = −4 ❛♥❞ y = −31✱ ✇❡ ❣❡t ❛ tr✉❡ st❛t❡♠❡♥t ✉♣♦♥ s✉❜st✐t✉t✐♦♥ ❛♥❞ ❝♦♠♣✉t❛t❛✐♦♥✳

y = 6x − 7

−31 = 6 (−4) − 7 ■s t❤✐s ❝♦rr❡❝t❄

−31 = −24 − 7 ■s t❤✐s ❝♦rr❡❝t❄

−31 = −31 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❚❤❡s❡ ❛r❡ ♦♥❧② t❤r❡❡ ♦❢ t❤❡ ✐♥✜♥t❡❧② ♠❛♥② s♦❧✉t✐♦♥s t♦ t❤✐s ❡q✉❛t✐♦♥✳

✺✳✽✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❋✐♥❞ ❛ s♦❧✉t✐♦♥ t♦ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ❛♥❞ ✇r✐t❡ t❤❡ s♦❧✉t✐♦♥ ❛s ❛♥ ♦r❞❡r❡❞
♣❛✐r✳

❊①❛♠♣❧❡ ✺✳✻✸
y = 3x − 6, ✐❢x = 1

❙✉❜st✐t✉t❡ ✶ ❢♦r x✱ ❝♦♠♣✉t❡✱ ❛♥❞ s♦❧✈❡ ❢♦r y✳

y = 3 (1) − 6

= 3 − 6

= −3

❍❡♥❝❡✱ ♦♥❡ s♦❧✉t✐♦♥ ✐s (1, − 3)✳

❊①❛♠♣❧❡ ✺✳✻✹
y = 15 − 4x, ✐❢x = −10

❙✉❜st✐t✉t❡ −10 ❢♦r x✱ ❝♦♠♣✉t❡✱ ❛♥❞ s♦❧✈❡ ❢♦r y✳

y = 15 − 4 (−10)

= 15 + 40

= 55

❍❡♥❝❡✱ ♦♥❡ s♦❧✉t✐♦♥ ✐s (−10, 55)✳

❊①❛♠♣❧❡ ✺✳✻✺
b = −9a + 21, ✐❢ a = 2

❙✉❜st✐t✉t❡ ✷ ❢♦r a✱ ❝♦♠♣✉t❡✱ ❛♥❞ s♦❧✈❡ ❢♦r b✳

b = −9 (2) + 21

= −18 + 21

= 3

❍❡♥❝❡✱ ♦♥❡ s♦❧✉t✐♦♥ ✐s (2, 3)✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❛♠♣❧❡ ✺✳✻✻
5x − 2y = 1, ✐❢x = 0

❙✉❜st✐t✉t❡ ✵ ❢♦r x✱ ❝♦♠♣✉t❡✱ ❛♥❞ s♦❧✈❡ ❢♦r y✳

5 (0) − 2y = 1

0 − 2y = 1

−2y = 1

y = − 1
2

❍❡♥❝❡✱ ♦♥❡ s♦❧✉t✐♦♥ ✐s
(
0, − 1

2

)
✳

✺✳✽✳✺ Pr❛❝t✐❝❡ ❙❡t ❆

❋✐♥❞ ❛ s♦❧✉t✐♦♥ t♦ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ❛♥❞ ✇r✐t❡ t❤❡ s♦❧✉t✐♦♥ ❛s ❛♥ ♦r❞❡r❡❞
♣❛✐r✳

❊①❡r❝✐s❡ ✺✳✽✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✸✳✮

y = 7x − 20, ✐❢x = 3

❊①❡r❝✐s❡ ✺✳✽✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✸✳✮

m = −6n + 1, ✐❢n = 2

❊①❡r❝✐s❡ ✺✳✽✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✸✳✮

b = 3a − 7, ✐❢ a = 0

❊①❡r❝✐s❡ ✺✳✽✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✸✳✮

10x − 5y − 20 = 0, ✐❢x = −8

❊①❡r❝✐s❡ ✺✳✽✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✸✳✮

3a + 2b + 6 = 0, ✐❢ a = −1

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✹✶

✺✳✽✳✻ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s♦❧✈❡ t❤❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ✐♥ t✇♦ ✈❛r✐❛❜❧❡s✳

❊①❡r❝✐s❡ ✺✳✽✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✸✳✮

y = 8x + 14, ✐❢x = 1

❊①❡r❝✐s❡ ✺✳✽✳✼
y = −2x + 1, ✐❢x = 0

❊①❡r❝✐s❡ ✺✳✽✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✸✳✮

y = 5x + 6, ✐❢x = 4

❊①❡r❝✐s❡ ✺✳✽✳✾
x + y = 7, ✐❢x = 8

❊①❡r❝✐s❡ ✺✳✽✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✸✳✮

3x + 4y = 0, ✐❢x = −3

❊①❡r❝✐s❡ ✺✳✽✳✶✶
−2x + y = 1, ✐❢x = 1

2

❊①❡r❝✐s❡ ✺✳✽✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✸✳✮

5x − 3y + 1 = 0, ✐❢x = −6

❊①❡r❝✐s❡ ✺✳✽✳✶✸
−4x − 4y = 4, ✐❢ y = 7

❊①❡r❝✐s❡ ✺✳✽✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✸✳✮

2x + 6y = 1, ✐❢ y = 0

❊①❡r❝✐s❡ ✺✳✽✳✶✺
−x − y = 0, ✐❢ y = 14

3

❊①❡r❝✐s❡ ✺✳✽✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✸✳✮

y = x, ✐❢x = 1

❊①❡r❝✐s❡ ✺✳✽✳✶✼
x + y = 0, ✐❢x = 0

❊①❡r❝✐s❡ ✺✳✽✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✸✳✮

y + 3
4 = x, ✐❢x = 9

4

❊①❡r❝✐s❡ ✺✳✽✳✶✾
y + 17 = x, ✐❢x = −12

❊①❡r❝✐s❡ ✺✳✽✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✸✳✮

−20y + 14x = 1, ✐❢x = 8

❊①❡r❝✐s❡ ✺✳✽✳✷✶
3
5y + 1

4x = 1
2 , ✐❢x = −3

❊①❡r❝✐s❡ ✺✳✽✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✸✳✮
1
5x + y = −9, ✐❢ y = −1

❊①❡r❝✐s❡ ✺✳✽✳✷✸

y + 7 − x = 0, ✐❢x =

❊①❡r❝✐s❡ ✺✳✽✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✸✳✮

2x + 31y − 3 = 0, ✐❢x = a

❊①❡r❝✐s❡ ✺✳✽✳✷✺
436x + 189y = 881, ✐❢x = −4231

❊①❡r❝✐s❡ ✺✳✽✳✷✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✸✳✮

y = 6 (x − 7) , ✐❢x = 2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✺✳✽✳✷✼
y = 2 (4x + 5) , ✐❢x = −1

❊①❡r❝✐s❡ ✺✳✽✳✷✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✸✳✮

5y = 9 (x − 3) , ✐❢x = 2

❊①❡r❝✐s❡ ✺✳✽✳✷✾
3y = 4 (4x + 1) , ✐❢x = −3

❊①❡r❝✐s❡ ✺✳✽✳✸✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✸✳✮

−2y = 3 (2x − 5) , ✐❢x = 6

❊①❡r❝✐s❡ ✺✳✽✳✸✶
−8y = 7 (8x + 2) , ✐❢x = 0

❊①❡r❝✐s❡ ✺✳✽✳✸✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✸✳✮

b = 4a − 12, ✐❢ a = −7

❊①❡r❝✐s❡ ✺✳✽✳✸✸
b = −5a + 21, ✐❢ a = −9

❊①❡r❝✐s❡ ✺✳✽✳✸✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✸✳✮

4b − 6 = 2a + 1, ✐❢ a = 0

❊①❡r❝✐s❡ ✺✳✽✳✸✺
−5m + 11 = n + 1, ✐❢n = 4

❊①❡r❝✐s❡ ✺✳✽✳✸✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✹✳✮

3 (t + 2) = 4 (s − 9) , ✐❢ s = 1

❊①❡r❝✐s❡ ✺✳✽✳✸✼
7 (t − 6) = 10 (2 − s) , ✐❢ s = 5

❊①❡r❝✐s❡ ✺✳✽✳✸✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✹✳✮

y = 0x + 5, ✐❢x = 1

❊①❡r❝✐s❡ ✺✳✽✳✸✾
2y = 0x − 11, ✐❢x = −7

❊①❡r❝✐s❡ ✺✳✽✳✹✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✹✳✮

−y = 0x + 10, ✐❢x = 3

❊①❡r❝✐s❡ ✺✳✽✳✹✶
−5y = 0x − 1, ✐❢x = 0

❊①❡r❝✐s❡ ✺✳✽✳✹✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✹✳✮

y = 0 (x − 1) + 6, ✐❢x = 1

❊①❡r❝✐s❡ ✺✳✽✳✹✸
y = 0 (3x + 9) − 1, ✐❢x = 12

✺✳✽✳✻✳✶ ❈❛❧❝✉❧❛t♦r Pr♦❜❧❡♠s

❊①❡r❝✐s❡ ✺✳✽✳✹✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✹✳✮

❆♥ ❡①❛♠✐♥❛t✐♦♥ ♦❢ t❤❡ ✇✐♥♥✐♥❣ s♣❡❡❞s ✐♥ t❤❡ ■♥❞✐❛♥❛♣♦❧✐s ✺✵✵ ❛✉t♦♠♦❜✐❧❡ r❛❝❡ ❢r♦♠ ✶✾✻✶ t♦ ✶✾✼✵
♣r♦❞✉❝❡s t❤❡ ❡q✉❛t✐♦♥ y = 1.93x + 137.60✱ ✇❤❡r❡ x ✐s t❤❡ ♥✉♠❜❡r ♦❢ ②❡❛rs ❢r♦♠ ✶✾✻✵ ❛♥❞ y ✐s t❤❡
✇✐♥♥✐♥❣ s♣❡❡❞✳ ❙t❛t✐st✐❝❛❧ ♠❡t❤♦❞s ✇❡r❡ ✉s❡❞ t♦ ♦❜t❛✐♥ t❤❡ ❡q✉❛t✐♦♥✱ ❛♥❞✱ ❢♦r ❛ ❣✐✈❡♥ ②❡❛r✱ t❤❡
❡q✉❛t✐♦♥ ❣✐✈❡s ♦♥❧② t❤❡ ❛♣♣r♦①✐♠❛t❡ ✇✐♥♥✐♥❣ s♣❡❡❞✳ ❯s❡ t❤❡ ❡q✉❛t✐♦♥ y = 1.93x + 137.60 t♦ ✜♥❞
t❤❡ ❛♣♣r♦①✐♠❛t❡ ✇✐♥♥✐♥❣ s♣❡❡❞ ✐♥

❛✳ ✶✾✻✺
❜✳ ✶✾✼✵
❝✳ ✶✾✽✻

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❞✳ ✶✾✾✵

❊①❡r❝✐s❡ ✺✳✽✳✹✺
■♥ ❡❧❡❝tr✐❝✐t② t❤❡♦r②✱ ❖❤♠✬s ❧❛✇ r❡❧❛t❡s ❡❧❡❝tr✐❝❛❧ ❝✉rr❡♥t t♦ ✈♦❧t❛❣❡ ❜② t❤❡ ❡q✉❛t✐♦♥ y = 0.00082x✱
✇❤❡r❡ x ✐s t❤❡ ✈♦❧t❛❣❡ ✐♥ ✈♦❧ts ❛♥❞ y ✐s t❤❡ ❝✉rr❡♥t ✐♥ ❛♠♣❡r❡s✳ ❚❤✐s ❡q✉❛t✐♦♥ ✇❛s ❢♦✉♥❞ ❜②
st❛t✐st✐❝❛❧ ♠❡t❤♦❞s ❛♥❞ ❢♦r ❛ ❣✐✈❡♥ ✈♦❧t❛❣❡ ②✐❡❧❞s ♦♥❧② ❛♥ ❛♣♣r♦①✐♠❛t❡ ✈❛❧✉❡ ❢♦r t❤❡ ❝✉rr❡♥t✳ ❯s❡
t❤❡ ❡q✉❛t✐♦♥ y = 0.00082x t♦ ✜♥❞ t❤❡ ❛♣♣r♦①✐♠❛t❡ ❝✉rr❡♥t ❢♦r ❛ ✈♦❧t❛❣❡ ♦❢

❛✳ ✻ ✈♦❧ts
❜✳ ✶✵ ✈♦❧ts

❊①❡r❝✐s❡ ✺✳✽✳✹✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✹✳✮

❙t❛t✐st✐❝❛❧ ♠❡t❤♦❞s ❤❛✈❡ ❜❡❡♥ ✉s❡❞ t♦ ♦❜t❛✐♥ ❛ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ❛❝t✉❛❧ ❛♥❞ r❡♣♦rt❡❞
♥✉♠❜❡r ♦❢ ●❡r♠❛♥ s✉❜♠❛r✐♥❡s s✉♥❦ ❡❛❝❤ ♠♦♥t❤ ❜② t❤❡ ❯✳❙✳ ◆❛✈② ✐♥ ❲♦r❧❞ ❲❛r ■■✳ ❚❤❡ ❡q✉❛t✐♦♥
❡①♣r❡ss✐♥❣ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♥✉♠❜❡r ♦❢ ❛❝t✉❛❧ s✐♥❦✐♥❣s✱ y✱ ❢♦r ❛ ❣✐✈❡♥ ♥✉♠❜❡r ♦❢ r❡♣♦rt❡❞ s✐♥❦✐♥❣s✱
x✱ ✐s y = 1.04x + 0.76✳ ❋✐♥❞ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♥✉♠❜❡r ♦❢ ❛❝t✉❛❧ s✐♥❦✐♥❣s ♦❢ ●❡r♠❛♥ s✉❜♠❛r✐♥❡s ✐❢
t❤❡ r❡♣♦rt❡❞ ♥✉♠❜❡r ♦❢ s✐♥❦✐♥❣s ✐s

❛✳ ✹
❜✳ ✾
❝✳ ✶✵

❊①❡r❝✐s❡ ✺✳✽✳✹✼
❙t❛t✐st✐❝❛❧ ♠❡t❤♦❞s ❤❛✈❡ ❜❡❡♥ ✉s❡❞ t♦ ♦❜t❛✐♥ ❛ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ❤❡❛rt ✇❡✐❣❤t ✭✐♥ ♠✐❧❧✐❣r❛♠s✮
❛♥❞ t❤❡ ❜♦❞② ✇❡✐❣❤t ✭✐♥ ♠✐❧❧✐❣r❛♠s✮ ♦❢ ✶✵✲♠♦♥t❤✲♦❧❞ ❞✐❛❜❡t✐❝ ♦✛s♣r✐♥❣ ♦❢ ❝r♦ss❜r❡❞ ♠❛❧❡ ♠✐❝❡✳ ❚❤❡
❡q✉❛t✐♦♥ ❡①♣r❡ss✐♥❣ t❤❡ ❛♣♣r♦①✐♠❛t❡ ❜♦❞② ✇❡✐❣❤t ❢♦r ❛ ❣✐✈❡♥ ❤❡❛rt ✇❡✐❣❤t ✐s y = 0.213x − 4.44✳
❋✐♥❞ t❤❡ ❛♣♣r♦①✐♠❛t❡ ❜♦❞② ✇❡✐❣❤t ❢♦r ❛ ❤❡❛rt ✇❡✐❣❤t ♦❢

❛✳ ✷✶✵ ♠❣
❜✳ ✷✹✺ ♠❣

❊①❡r❝✐s❡ ✺✳✽✳✹✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✹✳✮

❙t❛t✐st✐❝❛❧ ♠❡t❤♦❞s ❤❛✈❡ ❜❡❡♥ ✉s❡❞ t♦ ♣r♦❞✉❝❡ t❤❡ ❡q✉❛t✐♦♥ y = 0.176x − 0.64✳ ❚❤✐s ❡q✉❛t✐♦♥
❣✐✈❡s t❤❡ ❛♣♣r♦①✐♠❛t❡ r❡❞ ❜❧♦♦❞ ❝❡❧❧ ❝♦✉♥t ✭✐♥ ♠✐❧❧✐♦♥s✮ ♦❢ ❛ ❞♦❣✬s ❜❧♦♦❞✱ y✱ ❢♦r ❛ ❣✐✈❡♥ ♣❛❝❦❡❞ ❝❡❧❧
✈♦❧✉♠❡ ✭✐♥ ♠✐❧❧✐♠❡t❡rs✮✱ x✳ ❋✐♥❞ t❤❡ ❛♣♣r♦①✐♠❛t❡ r❡❞ ❜❧♦♦❞ ❝❡❧❧ ❝♦✉♥t ❢♦r ❛ ♣❛❝❦❡❞ ❝❡❧❧ ✈♦❧✉♠❡ ♦❢

❛✳ ✹✵ ♠♠
❜✳ ✹✷ ♠♠

❊①❡r❝✐s❡ ✺✳✽✳✹✾
❆♥ ✐♥❞✉str✐❛❧ ♠❛❝❤✐♥❡ ❝❛♥ r✉♥ ❛t ❞✐✛❡r❡♥t s♣❡❡❞s✳ ❚❤❡ ♠❛❝❤✐♥❡ ❛❧s♦ ♣r♦❞✉❝❡s ❞❡❢❡❝t✐✈❡ ✐t❡♠s✱
❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❞❡❢❡❝t✐✈❡ ✐t❡♠s ✐t ♣r♦❞✉❝❡s ❛♣♣❡❛rs t♦ ❜❡ r❡❧❛t❡❞ t♦ t❤❡ s♣❡❡❞ ❛t ✇❤✐❝❤ t❤❡
♠❛❝❤✐♥❡ ✐s r✉♥♥✐♥❣✳ ❙t❛t✐st✐❝❛❧ ♠❡t❤♦❞s ❢♦✉♥❞ t❤❛t t❤❡ ❡q✉❛t✐♦♥ y = 0.73x − 0.86 ✐s ❛❜❧❡ t♦ ❣✐✈❡
t❤❡ ❛♣♣r♦①✐♠❛t❡ ♥✉♠❜❡r ♦❢ ❞❡❢❡❝t✐✈❡ ✐t❡♠s✱ y✱ ❢♦r ❛ ❣✐✈❡♥ ♠❛❝❤✐♥❡ s♣❡❡❞✱ x✳ ❯s❡ t❤✐s ❡q✉❛t✐♦♥ t♦
✜♥❞ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♥✉♠❜❡r ♦❢ ❞❡❢❡❝t✐✈❡ ✐t❡♠s ❢♦r ❛ ♠❛❝❤✐♥❡ s♣❡❡❞ ♦❢

❛✳ ✾
❜✳ ✶✷

❊①❡r❝✐s❡ ✺✳✽✳✺✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✹✳✮

❆ ❝♦♠♣✉t❡r ❝♦♠♣❛♥② ❤❛s ❢♦✉♥❞✱ ✉s✐♥❣ st❛t✐st✐❝❛❧ t❡❝❤♥✐q✉❡s✱ t❤❛t t❤❡r❡ ✐s ❛ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥
t❤❡ ❛♣t✐t✉❞❡ t❡st s❝♦r❡s ♦❢ ❛ss❡♠❜❧② ❧✐♥❡ ✇♦r❦❡rs ❛♥❞ t❤❡✐r ♣r♦❞✉❝t✐✈✐t②✳ ❯s✐♥❣ ❞❛t❛ ❛❝❝✉♠✉❧❛t❡❞
♦✈❡r ❛ ♣❡r✐♦❞ ♦❢ t✐♠❡✱ t❤❡ ❡q✉❛t✐♦♥ y = 0.89x − 41.78 ✇❛s ❞❡r✐✈❡❞✳ ❚❤❡ x r❡♣r❡s❡♥ts ❛♥ ❛♣t✐t✉❞❡
t❡st s❝♦r❡ ❛♥❞ y t❤❡ ❛♣♣r♦①✐♠❛t❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥✉♠❜❡r ♦❢ ✐t❡♠s ❛ss❡♠❜❧❡❞ ♣❡r ❤♦✉r✳ ❊st✐♠❛t❡ t❤❡
♥✉♠❜❡r ♦❢ ✐t❡♠s ♣r♦❞✉❝❡❞ ❜② ❛ ✇♦r❦❡r ✇✐t❤ ❛♥ ❛♣t✐t✉❞❡ s❝♦r❡ ♦❢

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✹✹ ❈❍❆P❚❊❘ ✺✳ ❙❖▲❱■◆● ▲■◆❊❆❘ ❊◗❯❆❚■❖◆❙ ❆◆❉ ■◆❊◗❯❆▲■❚■❊❙

❛✳ ✽✵
❜✳ ✾✺

❊①❡r❝✐s❡ ✺✳✽✳✺✶
❈❤❡♠✐sts✱ ♠❛❦✐♥❣ ✉s❡ ♦❢ st❛t✐st✐❝❛❧ t❡❝❤♥✐q✉❡s✱ ❤❛✈❡ ❜❡❡♥ ❛❜❧❡ t♦ ❡①♣r❡ss t❤❡ ❛♣♣r♦①✐♠❛t❡ ✇❡✐❣❤t
♦❢ ♣♦t❛ss✐✉♠ ❜r♦♠✐❞❡✱ W ✱ t❤❛t ✇✐❧❧ ❞✐ss♦❧✈❡ ✐♥ ✶✵✵ ❣r❛♠s ♦❢ ✇❛t❡r ❛t T ❞❡❣r❡❡s ❝❡♥t✐❣r❛❞❡✳ ❚❤❡
❡q✉❛t✐♦♥ ❡①♣r❡ss✐♥❣ t❤✐s r❡❧❛t✐♦♥s❤✐♣ ✐s W = 0.52T+54.2✳ ❯s❡ t❤✐s ❡q✉❛t✐♦♥ t♦ ♣r❡❞✐❝t t❤❡ ♣♦t❛ss✐✉♠
❜r♦♠✐❞❡ ✇❡✐❣❤t t❤❛t ✇✐❧❧ ❞✐ss♦❧✈❡ ✐♥ ✶✵✵ ❣r❛♠s ♦❢ ✇❛t❡r t❤❛t ✐s ❤❡❛t❡❞ t♦ ❛ t❡♠♣❡r❛t✉r❡ ♦❢

❛✳ ✼✵ ❞❡❣r❡❡s ❝❡♥t✐❣r❛❞❡
❜✳ ✾✺ ❞❡❣r❡❡s ❝❡♥t✐❣r❛❞❡

❊①❡r❝✐s❡ ✺✳✽✳✺✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✹✳✮

❚❤❡ ♠❛r❦❡t✐♥❣ ❞❡♣❛rt♠❡♥t ❛t ❛ ❧❛r❣❡ ❝♦♠♣❛♥② ❤❛s ❜❡❡♥ ❛❜❧❡ t♦ ❡①♣r❡ss t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥
t❤❡ ❞❡♠❛♥❞ ❢♦r ❛ ♣r♦❞✉❝t ❛♥❞ ✐ts ♣r✐❝❡ ❜② ✉s✐♥❣ st❛t✐st✐❝❛❧ t❡❝❤♥✐q✉❡s✳ ❚❤❡ ❞❡♣❛rt♠❡♥t ❢♦✉♥❞✱
❜② ❛♥❛❧②③✐♥❣ st✉❞✐❡s ❞♦♥❡ ✐♥ s✐① ❞✐✛❡r❡♥t ♠❛r❦❡t ❛r❡❛s✱ t❤❛t t❤❡ ❡q✉❛t✐♦♥ ❣✐✈✐♥❣ t❤❡ ❛♣♣r♦①✐♠❛t❡
❞❡♠❛♥❞ ❢♦r ❛ ♣r♦❞✉❝t ✭✐♥ t❤♦✉s❛♥❞s ♦❢ ✉♥✐ts✮ ❢♦r ❛ ♣❛rt✐❝✉❧❛r ♣r✐❝❡ ✭✐♥ ❝❡♥ts✮ ✐s y = −14.15x+257.11✳
❋✐♥❞ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♥✉♠❜❡r ♦❢ ✉♥✐ts ❞❡♠❛♥❞❡❞ ✇❤❡♥ t❤❡ ♣r✐❝❡ ✐s

❛✳ $0.12
❜✳ $0.15

❊①❡r❝✐s❡ ✺✳✽✳✺✸
❚❤❡ ♠❛♥❛❣❡♠❡♥t ♦❢ ❛ s♣❡❡❞✲r❡❛❞✐♥❣ ♣r♦❣r❛♠ ❝❧❛✐♠s t❤❛t t❤❡ ❛♣♣r♦①✐♠❛t❡ s♣❡❡❞ ❣❛✐♥ ✭✐♥ ✇♦r❞s
♣❡r ♠✐♥✉t❡✮✱ G✱ ✐s r❡❧❛t❡❞ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ✇❡❡❦s s♣❡♥t ✐♥ ✐ts ♣r♦❣r❛♠✱ W ✱ ✐s ❣✐✈❡♥ ❜② t❤❡ ❡q✉❛t✐♦♥
G = 26.68W − 7.44✳ Pr❡❞✐❝t t❤❡ ❛♣♣r♦①✐♠❛t❡ s♣❡❡❞ ❣❛✐♥ ❢♦r ❛ st✉❞❡♥t ✇❤♦ ❤❛s s♣❡♥t

❛✳ ✸ ✇❡❡❦s ✐♥ t❤❡ ♣r♦❣r❛♠
❜✳ ✶✵ ✇❡❡❦s ✐♥ t❤❡ ♣r♦❣r❛♠

✺✳✽✳✼ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✺✳✽✳✺✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✹✳✮

✭❙❡❝t✐♦♥ ✹✳✻✮ ❋✐♥❞ t❤❡ ♣r♦❞✉❝t✳ (4x − 1) (3x + 5)✳

❊①❡r❝✐s❡ ✺✳✽✳✺✺
✭❙❡❝t✐♦♥ ✹✳✼✮ ❋✐♥❞ t❤❡ ♣r♦❞✉❝t✳ (5x + 2) (5x − 2)✳

❊①❡r❝✐s❡ ✺✳✽✳✺✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✹✳✮

✭❙❡❝t✐♦♥ ✺✳✺✮ ❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥ 6 [2 (x − 4) + 1] = 3 [2 (x − 7)]✳

❊①❡r❝✐s❡ ✺✳✽✳✺✼
✭❙❡❝t✐♦♥ ✺✳✼✮ ❙♦❧✈❡ t❤❡ ✐♥❡q✉❛❧✐t② −3a − (a − 5) ≥ a + 10✳

❊①❡r❝✐s❡ ✺✳✽✳✺✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✹✳✮

✭❙❡❝t✐♦♥ ✺✳✼✮ ❙♦❧✈❡ t❤❡ ❝♦♠♣♦✉♥❞ ✐♥❡q✉❛❧✐t② −1 < 4y + 11 < 27✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✹✺

✺✳✾ ❙✉♠♠❛r② ♦❢ ❑❡② ❈♦♥❝❡♣ts✾

✺✳✾✳✶ ❙✉♠♠❛r② ♦❢ ❑❡② ❈♦♥❝❡♣ts

■❞❡♥t✐t② ✭❙❡❝t✐♦♥ ✺✳✷✮
❆♥ ❡q✉❛t✐♦♥ t❤❛t ✐s tr✉❡ ❢♦r ❛❧❧ ❛❝❝❡♣t❛❜❧❡ ✈❛❧✉❡s ♦❢ t❤❡ ✈❛r✐❛❜❧❡ ✐s ❝❛❧❧❡❞ ✐❞❡♥t✐t②✳ x + 3 = x + 3 ✐s ❛♥
✐❞❡♥t✐t②✳
❈♦♥tr❛❞✐❝t✐♦♥ ✭❙❡❝t✐♦♥ ✺✳✷✮
❈♦♥tr❛❞✐❝t✐♦♥s ❛r❡ ❡q✉❛t✐♦♥s t❤❛t ❛r❡ ♥❡✈❡r tr✉❡ r❡❣❛r❞❧❡ss ♦❢ t❤❡ ✈❛❧✉❡ s✉❜st✐t✉t❡❞ ❢♦r t❤❡ ✈❛r✐❛❜❧❡✳
x + 1 = x ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳
❈♦♥❞✐t✐♦♥❛❧ ❊q✉❛t✐♦♥ ✭❙❡❝t✐♦♥ ✺✳✷✮
❆♥ ❡q✉❛t✐♦♥ ✇❤♦s❡ tr✉t❤ ✐s ❝♦♥❞✐t✐♦♥❛❧ ✉♣♦♥ t❤❡ ✈❛❧✉❡ s❡❧❡❝t❡❞ ❢♦r t❤❡ ✈❛r✐❛❜❧❡ ✐s ❝❛❧❧❡❞ ❛ ❝♦♥❞✐t✐♦♥❛❧
❡q✉❛t✐♦♥✳
❙♦❧✉t✐♦♥s ❛♥❞ ❙♦❧✈✐♥❣ ❛♥ ❊q✉❛t✐♦♥ ✭❙❡❝t✐♦♥ ✺✳✷✮
❚❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ✈❛❧✉❡s t❤❛t ♠❛❦❡ ❛♥ ❡q✉❛t✐♦♥ tr✉❡ ❛r❡ ❝❛❧❧❡❞ t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❡q✉❛t✐♦♥✳ ❆♥ ❡q✉❛t✐♦♥
✐s s❛✐❞ t♦ ❜❡ s♦❧✈❡❞ ✇❤❡♥ ❛❧❧ ✐ts s♦❧✉t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❢♦✉♥❞✳
❊q✉✐✈❛❧❡♥t ❊q✉❛t✐♦♥s ✭❙❡❝t✐♦♥ ✺✳✷✱ ❙❡❝t✐♦♥ ✺✳✸✮
❊q✉❛t✐♦♥s t❤❛t ❤❛✈❡ ♣r❡❝✐s❡❧② t❤❡ s❛♠❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ s♦❧✉t✐♦♥s ❛r❡ ❝❛❧❧❡❞ ❡q✉✐✈❛❧❡♥t ❡q✉❛t✐♦♥s✳
❆♥ ❡q✉✐✈❛❧❡♥t ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❛ ♣❛rt✐❝✉❧❛r ❡q✉❛t✐♦♥ ❜② ❛♣♣❧②✐♥❣ t❤❡ s❛♠❡ ❜✐♥❛r② ♦♣❡r❛t✐♦♥
t♦ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❡q✉❛t✐♦♥✱ t❤❛t ✐s✱

✶✳ ❛❞❞✐♥❣ ♦r s✉❜tr❛❝t✐♥❣ t❤❡ s❛♠❡ ♥✉♠❜❡r t♦ ♦r ❢r♦♠ ❜♦t❤ s✐❞❡s ♦❢ t❤❛t ♣❛rt✐❝✉❧❛r ❡q✉❛t✐♦♥✳
✷✳ ♠✉❧t✐♣❧②✐♥❣ ♦r ❞✐✈✐❞✐♥❣ ❜♦t❤ s✐❞❡s ♦❢ t❤❛t ♣❛rt✐❝✉❧❛r ❡q✉❛t✐♦♥ ❜② t❤❡ s❛♠❡ ♥♦♥✲③❡r♦ ♥✉♠❜❡r✳

▲✐t❡r❛❧ ❊q✉❛t✐♦♥ ✭❙❡❝t✐♦♥ ✺✳✷✮
❆ ❧✐t❡r❛❧ ❡q✉❛t✐♦♥ ✐s ❛♥ ❡q✉❛t✐♦♥ t❤❛t ✐s ❝♦♠♣♦s❡❞ ♦❢ ♠♦r❡ t❤❛♥ ♦♥❡ ✈❛r✐❛❜❧❡✳
❘❡❝♦❣♥✐③✐♥❣ ❛♥ ■❞❡♥t✐t② ✭❙❡❝t✐♦♥ ✺✳✹✮
■❢✱ ✇❤❡♥ s♦❧✈✐♥❣ ❛♥ ❡q✉❛t✐♦♥✱ ❛❧❧ t❤❡ ✈❛r✐❛❜❧❡s ❛r❡ ❡❧✐♠✐♥❛t❡❞ ❛♥❞ ❛ tr✉❡ st❛t❡♠❡♥t r❡s✉❧ts✱ t❤❡ ❡q✉❛t✐♦♥ ✐s
❛♥ ✐❞❡♥t✐t②✳
❘❡❝♦❣♥✐③✐♥❣ ❛ ❈♦♥tr❛❞✐❝t✐♦♥ ✭❙❡❝t✐♦♥ ✺✳✹✮
■❢✱ ✇❤❡♥ s♦❧✈✐♥❣ ❛♥ ❡q✉❛t✐♦♥✱ ❛❧❧ t❤❡ ✈❛r✐❛❜❧❡s ❛r❡ ❡❧✐♠✐♥❛t❡❞ ❛♥❞ ❛ ❢❛❧s❡ st❛t❡♠❡♥t r❡s✉❧ts✱ t❤❡ ❡q✉❛t✐♦♥ ✐s ❛
❝♦♥tr❛❞✐❝t✐♦♥✳
❚r❛♥s❧❛t✐♥❣ ❢r♦♠ ❱❡r❜❛❧ t♦ ▼❛t❤❡♠❛t✐❝❛❧ ❊①♣r❡ss✐♦♥s ✭❙❡❝t✐♦♥ ✺✳✺✮
❲❤❡♥ s♦❧✈✐♥❣ ✇♦r❞ ♣r♦❜❧❡♠s ✐t ✐s ❛❜s♦❧✉t❡❧② ♥❡❝❡ss❛r② t♦ ❦♥♦✇ ❤♦✇ ❝❡rt❛✐♥ ✇♦r❞s tr❛♥s❧❛t❡ ✐♥t♦ ♠❛t❤❡♠❛t✐❝❛❧
s②♠❜♦❧s✳
❋✐✈❡✲❙t❡♣ ▼❡t❤♦❞ ❢♦r ❙♦❧✈✐♥❣ ❲♦r❞ Pr♦❜❧❡♠s ✭❙❡❝t✐♦♥ ✺✳✻✮

✶✳ ▲❡t x ✭♦r s♦♠❡ ♦t❤❡r ❧❡tt❡r✮ r❡♣r❡s❡♥t t❤❡ ✉♥❦♥♦✇♥ q✉❛♥t✐t②✳
✷✳ ❚r❛♥s❧❛t❡ t❤❡ ✇♦r❞s t♦ ♠❛t❤❡♠❛t✐❝s ❛♥❞ ❢♦r♠ ❛♥ ❡q✉❛t✐♦♥✳ ❆ ❞✐❛❣r❛♠ ♠❛② ❜❡ ❤❡❧♣❢✉❧✳
✸✳ ❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥✳
✹✳ ❈❤❡❝❦ t❤❡ s♦❧✉t✐♦♥ ❜② s✉❜st✐t✉t✐♥❣ t❤❡ r❡s✉❧t ✐♥t♦ t❤❡ ♦r✐❣✐♥❛❧ st❛t❡♠❡♥t ♦❢ t❤❡ ♣r♦❜❧❡♠✳
✺✳ ❲r✐t❡ ❛ ❝♦♥❝❧✉s✐♦♥✳

▲✐♥❡❛r ■♥❡q✉❛❧✐t② ✭❙❡❝t✐♦♥ ✺✳✼✮
❆ ❧✐♥❡❛r ✐♥❡q✉❛❧✐t② ✐s ❛ ♠❛t❤❡♠❛t✐❝❛❧ st❛t❡♠❡♥t t❤❛t ♦♥❡ ❧✐♥❡❛r ❡①♣r❡ss✐♦♥ ✐s ❣r❡❛t❡r t❤❛♥ ♦r ❧❡ss t❤❛♥
❛♥♦t❤❡r ❧✐♥❡❛r ❡①♣r❡ss✐♦♥✳
■♥❡q✉❛❧✐t② ◆♦t❛t✐♦♥ ✭❙❡❝t✐♦♥ ✺✳✼✮

> ❙tr✐❝t❧② ❣r❡❛t❡r t❤❛♥

< ❙tr✐❝t❧② ❧❡ss t❤❛♥

≥ ●r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦

≤ ▲❡ss t❤❛♥ ❡q✉❛❧ t♦

✾❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✶✹✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❈♦♠♣♦✉♥❞ ■♥❡q✉❛❧✐t② ✭❙❡❝t✐♦♥ ✺✳✼✮
❆♥ ✐♥❡q✉❛❧✐t② ♦❢ t❤❡ ❢♦r♠

a < x < b

✐s ❝❛❧❧❡❞ ❛ ❝♦♠♣♦✉♥❞ ✐♥❡q✉❛❧✐t②✳
❙♦❧✉t✐♦♥ t♦ ❛♥ ❊q✉❛t✐♦♥ ✐♥ ❚✇♦ ❱❛r✐❛❜❧❡s ❛♥❞ ❖r❞❡r❡❞ P❛✐rs ✭❙❡❝t✐♦♥ ✺✳✽✮
❆ ♣❛✐r ♦❢ ✈❛❧✉❡s t❤❛t ✇❤❡♥ s✉❜st✐t✉t❡❞ ✐♥t♦ ❛♥ ❡q✉❛t✐♦♥ ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ♣r♦❞✉❝❡s ❛ tr✉❡ st❛t❡♠❡♥t ✐s ❝❛❧❧❡❞
❛ s♦❧✉t✐♦♥ t♦ t❤❡ ❡q✉❛t✐♦♥ ✐♥ t✇♦ ✈❛r✐❛❜❧❡s✳ ❚❤❡s❡ ✈❛❧✉❡s ❛r❡ ❝♦♠♠♦♥❧② ✇r✐tt❡♥ ❛s ❛♥ ♦r❞❡r❡❞ ♣❛✐r✳ ❚❤❡
❡①♣r❡ss✐♦♥ (a, b) ✐s ❛♥ ♦r❞❡r❡❞ ♣❛✐r✳ ■♥ ❛♥ ♦r❞❡r❡❞ ♣❛✐r✱ t❤❡ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s ✇r✐tt❡♥ ✜rst ❛♥❞ t❤❡
❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s ✇r✐tt❡♥ s❡❝♦♥❞✳

✺✳✶✵ ❊①❡r❝✐s❡ ❙✉♣♣❧❡♠❡♥t ✶✵

✺✳✶✵✳✶ ❊①❡r❝✐s❡ ❙✉♣♣❧❡♠❡♥t

✺✳✶✵✳✶✳✶ ❙♦❧✈✐♥❣ ❊q✉❛t✐♦♥s ✭❙❡❝t✐♦♥ ✺✳✷✮ ✲ ❋✉rt❤❡r ❚❡❝❤♥✐q✉❡s ✐♥ ❊q✉❛t✐♦♥ ❙♦❧✈✐♥❣ ✭❙❡❝t✐♦♥ ✺✳✹✮

❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✳

❊①❡r❝✐s❡ ✺✳✶✵✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✹✳✮

y + 3 = 11

❊①❡r❝✐s❡ ✺✳✶✵✳✷
a − 7 = 4

❊①❡r❝✐s❡ ✺✳✶✵✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✹✳✮

r − 1 = 16

❊①❡r❝✐s❡ ✺✳✶✵✳✹
a + 2 = 0

❊①❡r❝✐s❡ ✺✳✶✵✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✹✳✮

x + 6 = −4

❊①❡r❝✐s❡ ✺✳✶✵✳✻
x − 5 = −6

❊①❡r❝✐s❡ ✺✳✶✵✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✹✳✮

x + 8 = 8

❊①❡r❝✐s❡ ✺✳✶✵✳✽
y − 4 = 4

❊①❡r❝✐s❡ ✺✳✶✵✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✹✳✮

2x = 32

❊①❡r❝✐s❡ ✺✳✶✵✳✶✵
4x = 24

❊①❡r❝✐s❡ ✺✳✶✵✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✹✳✮

3r = −12

❊①❡r❝✐s❡ ✺✳✶✵✳✶✷
6m = −30

❊①❡r❝✐s❡ ✺✳✶✵✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✹✳✮

−5x = −30

❊①❡r❝✐s❡ ✺✳✶✵✳✶✹
−8y = −72

✶✵❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✼✼✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✺✳✶✵✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✹✳✮

−x = 6

❊①❡r❝✐s❡ ✺✳✶✵✳✶✻
−y = −10

❊①❡r❝✐s❡ ✺✳✶✵✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✹✳✮

3x + 7 = 19

❊①❡r❝✐s❡ ✺✳✶✵✳✶✽
6x − 1 = 29

❊①❡r❝✐s❡ ✺✳✶✵✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✺✳✮

4x + 2 = −2

❊①❡r❝✐s❡ ✺✳✶✵✳✷✵
6x − 5 = −29

❊①❡r❝✐s❡ ✺✳✶✵✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✺✳✮

8x + 6 = −10

❊①❡r❝✐s❡ ✺✳✶✵✳✷✷
9a + 5 = −22

❊①❡r❝✐s❡ ✺✳✶✵✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✺✳✮
m
6 + 4 = 8

❊①❡r❝✐s❡ ✺✳✶✵✳✷✹
b
5 − 2 = 5

❊①❡r❝✐s❡ ✺✳✶✵✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✺✳✮
y
9 = 54

❊①❡r❝✐s❡ ✺✳✶✵✳✷✻
a
−3 = −17

❊①❡r❝✐s❡ ✺✳✶✵✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✺✳✮
c
6 = 15

❊①❡r❝✐s❡ ✺✳✶✵✳✷✽
3a
4 = 9

❊①❡r❝✐s❡ ✺✳✶✵✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✺✳✮
4y
5 = −12

❊①❡r❝✐s❡ ✺✳✶✵✳✸✵
r
4 = 7

❊①❡r❝✐s❡ ✺✳✶✵✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✺✳✮
6a
−5 = 11

❊①❡r❝✐s❡ ✺✳✶✵✳✸✷
9x
7 = 6

❊①❡r❝✐s❡ ✺✳✶✵✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✺✳✮
c
2 − 8 = 0

❊①❡r❝✐s❡ ✺✳✶✵✳✸✹
m
−5 + 4 = −1

❊①❡r❝✐s❡ ✺✳✶✵✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✺✳✮
x
7 − 15 = −11

❊①❡r❝✐s❡ ✺✳✶✵✳✸✻
3x
4 + 2 = 14

❊①❡r❝✐s❡ ✺✳✶✵✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✺✳✮
3r+2

5 = −1

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✺✳✶✵✳✸✽
6x−1

7 = −3

❊①❡r❝✐s❡ ✺✳✶✵✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✺✳✮
4x−3

6 + 2 = −6

❊①❡r❝✐s❡ ✺✳✶✵✳✹✵
y−21

8 = −3

❊①❡r❝✐s❡ ✺✳✶✵✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✺✳✮

4 (x + 2) = 20

❊①❡r❝✐s❡ ✺✳✶✵✳✹✷
−2 (a − 3) = 16

❊①❡r❝✐s❡ ✺✳✶✵✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✺✳✮

−7 (2a − 1) = 63

❊①❡r❝✐s❡ ✺✳✶✵✳✹✹
3x + 7 = 5x − 21

❊①❡r❝✐s❡ ✺✳✶✵✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✺✳✮

− (8r + 1) = 33

❊①❡r❝✐s❡ ✺✳✶✵✳✹✻
❙♦❧✈❡ I = prt ❢♦r t.❋✐♥❞ t❤❡ ✈❛❧✉❡ ♦❢ t✇❤❡♥ I = 3500, P = 3000, ❛♥❞ r = 0.05.

❊①❡r❝✐s❡ ✺✳✶✵✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✺✳✮

❙♦❧✈❡A = LW ❢♦rW.❋✐♥❞ t❤❡ ✈❛❧✉❡ ♦❢W ✇❤❡♥A = 26 ❛♥❞L = 2.

❊①❡r❝✐s❡ ✺✳✶✵✳✹✽
❙♦❧✈❡ p = mv ❢♦rm.❋✐♥❞ t❤❡ ✈❛❧✉❡ ♦❢m✇❤❡♥ p = 4240 ❛♥❞ v = 260.

❊①❡r❝✐s❡ ✺✳✶✵✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✺✳✮

❙♦❧✈❡P = R − C ❢♦rR.❋✐♥❞ t❤❡ ✈❛❧✉❡ ♦❢R✇❤❡♥P = 480 ❛♥❞C = 210.

❊①❡r❝✐s❡ ✺✳✶✵✳✺✵
❙♦❧✈❡P = nRT

V ❢♦rn.

❊①❡r❝✐s❡ ✺✳✶✵✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✺✳✮

❙♦❧✈❡ y = 5x + 8 ❢♦rx.

❊①❡r❝✐s❡ ✺✳✶✵✳✺✷
❙♦❧✈❡ 3y − 6x = 12 ❢♦r y.

❊①❡r❝✐s❡ ✺✳✶✵✳✺✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✺✳✮

❙♦❧✈❡ 4y + 2x + 8 = 0 ❢♦r y.

❊①❡r❝✐s❡ ✺✳✶✵✳✺✹
❙♦❧✈❡ k = 4m+6

7 ❢♦rm.

❊①❡r❝✐s❡ ✺✳✶✵✳✺✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✺✳✮

❙♦❧✈❡ t = 10a−3b
2c ❢♦r b.

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✺✳✶✵✳✶✳✷ ❆♣♣❧✐❝❛t✐♦♥ ■ ✲ ❚r❛♥s❧❛t✐♥❣ ❢r♦♠ ❱❡r❜❛❧ t♦ ▼❛t❤❡t✐❝❛❧ ❊①♣r❡ss✐♦♥s ✭❙❡❝t✐♦♥ ✺✳✺✮

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ tr❛♥s❧❛t❡ t❤❡ ♣❤r❛s❡s ♦r s❡♥t❡♥❝❡s t♦ ♠❛t❤❡♠❛t✐❝❛❧ ❡①♣r❡ss✐♦♥s ♦r ❡q✉❛t✐♦♥s✳

❊①❡r❝✐s❡ ✺✳✶✵✳✺✻
❆ q✉❛♥t✐t② ❧❡ss ❡✐❣❤t✳

❊①❡r❝✐s❡ ✺✳✶✵✳✺✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✺✳✮

❆ ♥✉♠❜❡r✱ t✐♠❡s ❢♦✉r ♣❧✉s s❡✈❡♥✳

❊①❡r❝✐s❡ ✺✳✶✵✳✺✽
◆❡❣❛t✐✈❡ t❡♥ ♠✐♥✉s s♦♠❡ ♥✉♠❜❡r✳

❊①❡r❝✐s❡ ✺✳✶✵✳✺✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✺✳✮

❚✇♦ ✜❢t❤s ♦❢ ❛ ♥✉♠❜❡r ♠✐♥✉s ✜✈❡✳

❊①❡r❝✐s❡ ✺✳✶✵✳✻✵
❖♥❡ s❡✈❡♥t❤ ♦❢ ❛ ♥✉♠❜❡r ♣❧✉s t✇♦ ♥✐♥t❤s ♦❢ t❤❡ ♥✉♠❜❡r✳

❊①❡r❝✐s❡ ✺✳✶✵✳✻✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✺✳✮

❚❤r❡❡ t✐♠❡s ❛ ♥✉♠❜❡r ✐s ❢♦rt②✳

❊①❡r❝✐s❡ ✺✳✶✵✳✻✷
❚✇✐❝❡ ❛ q✉❛♥t✐t② ♣❧✉s ♥✐♥❡ ✐s ❡q✉❛❧ t♦ t❤❡ q✉❛♥t✐t② ♣❧✉s s✐①t②✳

❊①❡r❝✐s❡ ✺✳✶✵✳✻✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✺✳✮

❋♦✉r t✐♠❡s ❛ ♥✉♠❜❡r ♠✐♥✉s ✜✈❡ ✐s ❞✐✈✐❞❡❞ ❜② s❡✈❡♥✳ ❚❤❡ r❡s✉❧t ✐s t❡♥ ♠♦r❡ t❤❛♥ t❤❡ ♥✉♠❜❡r✳

❊①❡r❝✐s❡ ✺✳✶✵✳✻✹
❆ ♥✉♠❜❡r ✐s ❛❞❞❡❞ t♦ ✐ts❡❧❢ ✜✈❡ t✐♠❡s✱ ❛♥❞ t❤❛t r❡s✉❧t ✐s ♠✉❧t✐♣❧✐❡❞ ❜② ❡✐❣❤t✳ ❚❤❡ ❡♥t✐r❡ r❡s✉❧t ✐s
t✇❡❧✈❡✳

❊①❡r❝✐s❡ ✺✳✶✵✳✻✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✺✳✮

❆ ♥✉♠❜❡r ♠✉❧t✐♣❧✐❡❞ ❜② ❡❧❡✈❡♥ ♠♦r❡ t❤❛♥ ✐ts❡❧❢ ✐s s✐①✳

❊①❡r❝✐s❡ ✺✳✶✵✳✻✻
❆ q✉❛♥t✐t② ❧❡ss t❤r❡❡ ✐s ❞✐✈✐❞❡❞ ❜② t✇♦ ♠♦r❡ t❤❛♥ t❤❡ q✉❛♥t✐t② ✐ts❡❧❢✳ ❚❤❡ r❡s✉❧t ✐s ♦♥❡ ❧❡ss t❤❛♥
t❤❡ ♦r✐❣✐♥❛❧ q✉❛♥t✐t②✳

❊①❡r❝✐s❡ ✺✳✶✵✳✻✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✺✳✮

❆ ♥✉♠❜❡r ✐s ❞✐✈✐❞❡❞ ❜② t✇✐❝❡ t❤❡ ♥✉♠❜❡r✱ ❛♥❞ ❡✐❣❤t t✐♠❡s t❤❡ ♥✉♠❜❡r ✐s ❛❞❞❡❞ t♦ t❤❛t r❡s✉❧t✳ ❚❤❡
r❡s✉❧t ✐s ♥❡❣❛t✐✈❡ ♦♥❡✳

❊①❡r❝✐s❡ ✺✳✶✵✳✻✽
❆♥ ✉♥❦♥♦✇♥ q✉❛♥t✐t② ✐s ❞❡❝r❡❛s❡❞ ❜② s✐①✳ ❚❤✐s r❡s✉❧t ✐s t❤❡♥ ❞✐✈✐❞❡❞ ❜② t✇❡♥t②✳ ❚❡♥ ✐s s✉❜tr❛❝t❡❞
❢r♦♠ t❤✐s r❡s✉❧t ❛♥❞ ♥❡❣❛t✐✈❡ t✇♦ ✐s ♦❜t❛✐♥❡❞✳

❊①❡r❝✐s❡ ✺✳✶✵✳✻✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✻✳✮

❖♥❡ ❧❡ss t❤❛♥ s♦♠❡ ♥✉♠❜❡r ✐s ❞✐✈✐❞❡❞ ❜② ✜✈❡ t✐♠❡s t❤❡ ♥✉♠❜❡r✳ ❚❤❡ r❡s✉❧t ✐s t❤❡ ❝✉❜❡ ♦❢ t❤❡
♥✉♠❜❡r✳

❊①❡r❝✐s❡ ✺✳✶✵✳✼✵
◆✐♥❡ ❧❡ss t❤❛♥ s♦♠❡ ♥✉♠❜❡r ✐s ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ ♥✉♠❜❡r ❧❡ss ♥✐♥❡✳ ❚❤❡ r❡s✉❧t ✐s t❤❡ sq✉❛r❡ ♦❢ s✐①
t✐♠❡s t❤❡ ♥✉♠❜❡r✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✺✳✶✵✳✶✳✸ ❆♣♣❧✐❝❛t✐♦♥ ■■ ✲ ❙♦❧✈✐♥❣ Pr♦❜❧❡♠s ✭❙❡❝t✐♦♥ ✺✳✻✮

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✜♥❞ t❤❡ s♦❧✉t✐♦♥✳

❊①❡r❝✐s❡ ✺✳✶✵✳✼✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✻✳✮

❚❤✐s ②❡❛r ❛♥ ✐t❡♠ ❝♦sts ✩✶✵✻✱ ❛♥ ✐♥❝r❡❛s❡ ♦❢ ✩✶✵ ♦✈❡r ❧❛st ②❡❛r✬s ♣r✐❝❡✳ ❲❤❛t ✇❛s ❧❛st ②❡❛r✬s ♣r✐❝❡❄

❊①❡r❝✐s❡ ✺✳✶✵✳✼✷
❚❤❡ ♣❡r✐♠❡t❡r ♦❢ ❛ sq✉❛r❡ ✐s ✹✹ ✐♥❝❤❡s✳ ❋✐♥❞ t❤❡ ❧❡♥❣t❤ ♦❢ ❛ s✐❞❡✳

❊①❡r❝✐s❡ ✺✳✶✵✳✼✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✻✳✮

◆✐♥❡ ♣❡r❝❡♥t ♦❢ ❛ ♥✉♠❜❡r ✐s ✼✼✳✹✳ ❲❤❛t ✐s t❤❡ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✺✳✶✵✳✼✹
❚✇♦ ❝♦♥s❡❝✉t✐✈❡ ✐♥t❡❣❡rs s✉♠ t♦ ✻✸✳ ❲❤❛t ❛r❡ t❤❡②❄

❊①❡r❝✐s❡ ✺✳✶✵✳✼✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✻✳✮

❋♦✉r ❝♦♥s❡❝✉t✐✈❡ ♦❞❞ ✐♥t❡❣❡rs ❛❞❞ t♦ ✺✻✳ ❲❤❛t ❛r❡ t❤❡②❄

❊①❡r❝✐s❡ ✺✳✶✵✳✼✻
■❢ t✇❡♥t②✲♦♥❡ ✐s s✉❜tr❛❝t❡❞ ❢r♦♠ s♦♠❡ ♥✉♠❜❡r ❛♥❞ t❤❛t r❡s✉❧t ✐s ♠✉❧t✐♣❧✐❡❞ ❜② t✇♦✱ t❤❡ r❡s✉❧t ✐s
t❤✐rt②✲❡✐❣❤t✳ ❲❤❛t ✐s t❤❡ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✺✳✶✵✳✼✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✻✳✮

■❢ ✸✼✪ ♠♦r❡ ♦❢ ❛ q✉❛♥t✐t② ✐s ✶✺✾✳✶✱ ✇❤❛t ✐s t❤❡ q✉❛♥t✐t❄

❊①❡r❝✐s❡ ✺✳✶✵✳✼✽
❆ st❛t✐st✐❝✐❛♥ ✐s ❝♦❧❧❡❝t✐♥❣ ❞❛t❛ t♦ ❤❡❧♣ ❤❡r ❡st✐♠❛t❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣✐❝❦♣♦❝❦❡ts ✐♥ ❛ ❝❡rt❛✐♥ ❝✐t②✳
❙❤❡ ♥❡❡❞s ✶✵✽ ♣✐❡❝❡s ♦❢ ❞❛t❛ ❛♥❞ ✐s 3

4 ❞♦♥❡✳ ❍♦✇ ♠❛♥② ♣✐❡❝❡s ♦❢ ❞❛t❛ ❤❛s s❤❡ ❝♦❧❧❡❝t❡❞❄

❊①❡r❝✐s❡ ✺✳✶✵✳✼✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✻✳✮

❚❤❡ st❛t✐st✐❝✐❛♥ ✐♥ ♣r♦❜❧❡♠ ✼✽ ✐s ❡✐❣❤t ♣✐❡❝❡s ♦❢ ❞❛t❛ s❤♦rt ♦❢ ❜❡✐♥❣ 5
6 ❞♦♥❡✳ ❍♦✇ ♠❛♥② ♣✐❡❝❡s ♦❢

❞❛t❛ ❤❛s s❤❡ ❝♦❧❧❡❝t❡❞❄

❊①❡r❝✐s❡ ✺✳✶✵✳✽✵
❆ t❡❧❡✈✐s✐♦♥ ❝♦♠♠❡r❝✐❛❧ ❛❞✈❡rt✐s❡s t❤❛t ❛ ❝❡rt❛✐♥ t②♣❡ ♦❢ ❧✐❣❤t ❜✉❧❜ ✇✐❧❧ ❧❛st✱ ♦♥ t❤❡ ❛✈❡r❛❣❡✱ ✷✵✵
❤♦✉rs ❧♦♥❣❡r t❤❛♥ t❤r❡❡ t✐♠❡s t❤❡ ❧✐❢❡ ♦❢ ❛♥♦t❤❡r t②♣❡ ♦❢ ❜✉❧❜✳ ■❢ ❝♦♥s✉♠❡r t❡sts s❤♦✇ t❤❛t t❤❡
❛❞✈❡rt✐s❡❞ ❜✉❧❜ ❧❛sts ✹✼✵✵ ❤♦✉rs✱ ❤♦✇ ♠❛♥② ❤♦✉rs ♠✉st t❤❡ ♦t❤❡r t②♣❡ ♦❢ ❜✉❧❜ ❧❛st ❢♦r t❤❡ ❛❞✈❡rt✐s❡r✬s
❝❧❛✐♠ t♦ ❜❡ ✈❛❧✐❞❄

✺✳✶✵✳✶✳✹ ▲✐♥❡❛r ✐♥❡q✉❛❧✐t✐❡s ✐♥ ❖♥❡ ❱❛r✐❛❜❧❡ ✭❙❡❝t✐♦♥ ✺✳✼✮

❙♦❧✈❡ t❤❡ ✐♥❡q✉❛❧✐t✐❡s ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✳

❊①❡r❝✐s❡ ✺✳✶✵✳✽✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✻✳✮

y + 3 < 15

❊①❡r❝✐s❡ ✺✳✶✵✳✽✷
x − 6 ≥ 12

❊①❡r❝✐s❡ ✺✳✶✵✳✽✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✻✳✮

4x + 3 > 23

❊①❡r❝✐s❡ ✺✳✶✵✳✽✹
5x − 14 < 1

❊①❡r❝✐s❡ ✺✳✶✵✳✽✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✻✳✮

6a − 6 ≤ −27

❊①❡r❝✐s❡ ✺✳✶✵✳✽✻
−2y ≥ 14

❊①❡r❝✐s❡ ✺✳✶✵✳✽✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✻✳✮

−8a ≤ −88

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✺✶

❊①❡r❝✐s❡ ✺✳✶✵✳✽✽
x
7 > − 2

❊①❡r❝✐s❡ ✺✳✶✵✳✽✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✻✳✮
b
−3 ≤ 4

❊①❡r❝✐s❡ ✺✳✶✵✳✾✵
2a
7 < 6

❊①❡r❝✐s❡ ✺✳✶✵✳✾✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✻✳✮
16c
3 ≥ −48

❊①❡r❝✐s❡ ✺✳✶✵✳✾✷
−4c + 3 ≤ 5

❊①❡r❝✐s❡ ✺✳✶✵✳✾✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✻✳✮

−11y + 4 > 15

❊①❡r❝✐s❡ ✺✳✶✵✳✾✹
3 (4x − 5) > − 6

❊①❡r❝✐s❡ ✺✳✶✵✳✾✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✻✳✮

−7 (8x + 10) + 2 < − 32

❊①❡r❝✐s❡ ✺✳✶✵✳✾✻
5x + 4 ≥ 7x + 16

❊①❡r❝✐s❡ ✺✳✶✵✳✾✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✻✳✮

−x − 5 < 3x − 11

❊①❡r❝✐s❡ ✺✳✶✵✳✾✽
4 (6x + 1) + 2 ≥ −3 (x − 1) + 4

❊①❡r❝✐s❡ ✺✳✶✵✳✾✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✻✳✮

− (5x + 6) + 2x − 1 < 3 (1 − 4x) + 11

❊①❡r❝✐s❡ ✺✳✶✵✳✶✵✵
❲❤❛t ♥✉♠❜❡rs s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥✿ ♥✐♥❡ ❧❡ss t❤❛♥ ♥❡❣❛t✐✈❡ ❢♦✉r t✐♠❡s ❛ ♥✉♠❜❡r ✐s str✐❝t❧② ❣r❡❛t❡r
t❤❛♥ ♥❡❣❛t✐✈❡ ♦♥❡❄

✺✳✶✵✳✶✳✺ ▲✐♥❡❛r ❊q✉❛t✐♦♥s ✐♥ ❚✇♦ ❱❛r✐❛❜❧❡s ✭❙❡❝t✐♦♥ ✺✳✽✮

❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✳

❊①❡r❝✐s❡ ✺✳✶✵✳✶✵✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✻✳✮

y = −5x + 4, ✐❢x = −3

❊①❡r❝✐s❡ ✺✳✶✵✳✶✵✷
y = −10x + 11, ✐❢x = −1

❊①❡r❝✐s❡ ✺✳✶✵✳✶✵✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✻✳✮

3a + 2b = 14, ✐❢ b = 4

❊①❡r❝✐s❡ ✺✳✶✵✳✶✵✹
4m + 2k = 30, ✐❢m = 8

❊①❡r❝✐s❡ ✺✳✶✵✳✶✵✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✻✳✮

−4r + 5s = −16, ✐❢ s = 0

❊①❡r❝✐s❡ ✺✳✶✵✳✶✵✻
y = −2 (7x − 4) , ✐❢x = −1

❊①❡r❝✐s❡ ✺✳✶✵✳✶✵✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✻✳✮

−4a + 19 = 2 (b + 6) − 5, ✐❢ b = −1

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✺✳✶✵✳✶✵✽
6 (t + 8) = − (a − 5) , ✐❢ a = 10

❊①❡r❝✐s❡ ✺✳✶✵✳✶✵✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✻✳✮

− (a + b) = 5, ✐❢ a = −5

❊①❡r❝✐s❡ ✺✳✶✵✳✶✶✵
−a (a + 1) = 2b + 1, ✐❢ a = −2

✺✳✶✶ Pr♦✜❝✐❡♥❝② ❊①❛♠ ✶✶

✺✳✶✶✳✶ Pr♦✜❝✐❡♥❝② ❊①❛♠

❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥s ❛♥❞ ✐♥❡q✉❛❧✐t✐❡s ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✳

❊①❡r❝✐s❡ ✺✳✶✶✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✻✳✮

✭❙❡❝t✐♦♥ ✺✳✷✮ x + 8 = 14

❊①❡r❝✐s❡ ✺✳✶✶✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✻✳✮

✭❙❡❝t✐♦♥ ✺✳✷✮ 6a + 3 = −10

❊①❡r❝✐s❡ ✺✳✶✶✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✼✳✮

✭❙❡❝t✐♦♥ ✺✳✸✮ −3a
8 = 6

❊①❡r❝✐s❡ ✺✳✶✶✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✼✳✮

✭❙❡❝t✐♦♥ ✺✳✹✮ x
−2 + 16 = 11

❊①❡r❝✐s❡ ✺✳✶✶✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✼✳✮

✭❙❡❝t✐♦♥ ✺✳✸✮ y−9
4 + 6 = 3

❊①❡r❝✐s❡ ✺✳✶✶✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✼✳✮

✭❙❡❝t✐♦♥ ✺✳✹✮ 5b − 8 = 7b + 12

❊①❡r❝✐s❡ ✺✳✶✶✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✼✳✮

✭❙❡❝t✐♦♥ ✺✳✹✮ 3 (2a + 4) = 2 (a + 3)

❊①❡r❝✐s❡ ✺✳✶✶✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✼✳✮

✭❙❡❝t✐♦♥ ✺✳✹✮ 5 (y + 3) − (2y − 1) = −5

❊①❡r❝✐s❡ ✺✳✶✶✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✼✳✮

✭❙❡❝t✐♦♥ ✺✳✸✮ −(4x+3−5x)
3 = 2

❊①❡r❝✐s❡ ✺✳✶✶✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✼✳✮

✭❙❡❝t✐♦♥ ✺✳✹✮ ❙♦❧✈❡ 2p − 6q + 1 = −2 ❢♦r p✳

❊①❡r❝✐s❡ ✺✳✶✶✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✼✳✮

✭❙❡❝t✐♦♥ ✺✳✸✮ ❙♦❧✈❡ p = nRT
V ❢♦rT ✳

❊①❡r❝✐s❡ ✺✳✶✶✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✼✳✮

✭❙❡❝t✐♦♥ ✺✳✹✮ ❙♦❧✈❡ ❢♦r △✳

❊①❡r❝✐s❡ ✺✳✶✶✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✼✳✮

✭❙❡❝t✐♦♥ ✺✳✼✮ a − 8 ≥ 4

❊①❡r❝✐s❡ ✺✳✶✶✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✼✳✮

✭❙❡❝t✐♦♥ ✺✳✼✮ −3a + 1 < − 5

❊①❡r❝✐s❡ ✺✳✶✶✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✼✳✮

✭❙❡❝t✐♦♥ ✺✳✼✮ −2 (a + 6) ≤ −a + 11

✶✶❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✽✾✵✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✺✳✶✶✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✼✳✮

✭❙❡❝t✐♦♥ ✺✳✼✮ −4x−3
3 > − 9

❚r❛♥s❧❛t❡ t❤❡ ♣❤r❛s❡s ♦r s❡♥t❡♥❝❡s ✐♥t♦ ♠❛t❤❡♠❛t✐❝❛❧ ❡①♣r❡ss✐♦♥s ♦r ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✳

❊①❡r❝✐s❡ ✺✳✶✶✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✼✳✮

✭❙❡❝t✐♦♥ ✺✳✺✮ ❚❤r❡❡ ❛❞❞❡❞ t♦ t✇✐❝❡ ❛ ♥✉♠❜❡r✳

❊①❡r❝✐s❡ ✺✳✶✶✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✼✳✮

✭❙❡❝t✐♦♥ ✺✳✺✮ ❊✐❣❤t ❧❡ss t❤❛♥ t✇♦ t❤✐r❞s ♦❢ ❛ ♥✉♠❜❡r✳

❊①❡r❝✐s❡ ✺✳✶✶✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✼✳✮

✭❙❡❝t✐♦♥ ✺✳✺✮❚✇♦ ♠♦r❡ t❤❛♥ ❢♦✉r t✐♠❡s ❛ ♥✉♠❜❡r✳

❊①❡r❝✐s❡ ✺✳✶✶✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✼✳✮

✭❙❡❝t✐♦♥ ✺✳✺✮ ❆ ♥✉♠❜❡r ✐s ❛❞❞❡❞ t♦ ✐ts❡❧❢ ❛♥❞ t❤✐s r❡s✉❧t ✐s ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ ♦r✐❣✐♥❛❧ ♥✉♠❜❡r
❝✉❜❡❞✳ ❚❤❡ r❡s✉❧t ✐s t✇❡❧✈❡✳

❊①❡r❝✐s❡ ✺✳✶✶✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✼✳✮

✭❙❡❝t✐♦♥ ✺✳✺✮ ❆ ♥✉♠❜❡r ✐s ❞❡❝r❡❛s❡❞ ❜② ✜✈❡ ❛♥❞ t❤❛t r❡s✉❧t ✐s ❞✐✈✐❞❡❞ ❜② t❡♥ ♠♦r❡ t❤❛♥ t❤❡
♦r✐❣✐♥❛❧ ♥✉♠❜❡r✳ ❚❤❡ r❡s✉❧t ✐s s✐① t✐♠❡s t❤❡ ♦r✐❣✐♥❛❧ ♥✉♠❜❡r✳

❙♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✳

❊①❡r❝✐s❡ ✺✳✶✶✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✼✳✮

✭❙❡❝t✐♦♥ ✺✳✻✮ ❊✐❣❤t ♣❡r❝❡♥t ♦❢ ❛ ♥✉♠❜❡r ✐s 1.2✳ ❲❤❛t ✐s t❤❡ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✺✳✶✶✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✼✳✮

✭❙❡❝t✐♦♥ ✺✳✻✮ ❚❤r❡❡ ❝♦♥s❡❝✉t✐✈❡ ♦❞❞ ✐♥t❡❣❡rs s✉♠ t♦ ✸✽✳ ❲❤❛t ❛r❡ t❤❡②❄

❊①❡r❝✐s❡ ✺✳✶✶✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✼✳✮

✭❙❡❝t✐♦♥ ✺✳✻✮ ❋✐✈❡ ♠♦r❡ t❤❛♥ t❤r❡❡ t✐♠❡s ❛ ♥✉♠❜❡r ✐s str✐❝t❧② ❧❡ss t❤❛♥ s❡✈❡♥t❡❡♥✳ ❲❤❛t ✐s t❤❡
♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✺✳✶✶✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✸✻✼✳✮

✭❙❡❝t✐♦♥ ✺✳✽✮ ❙♦❧✈❡ y = 8x − 11 ❢♦r y ✐❢x = 3✱ ❛♥❞ ✇r✐t❡ t❤❡ s♦❧✉t✐♦♥ ❛s ❛♥ ♦r❞❡r❡❞ ♣❛✐r✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✺✹ ❈❍❆P❚❊❘ ✺✳ ❙❖▲❱■◆● ▲■◆❊❆❘ ❊◗❯❆❚■❖◆❙ ❆◆❉ ■◆❊◗❯❆▲■❚■❊❙

❙♦❧✉t✐♦♥s t♦ ❊①❡r❝✐s❡s ✐♥ ❈❤❛♣t❡r ✺

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✶ ✭♣✳ ✷✾✸✮
❝♦♥❞✐t✐♦♥❛❧✱ x = 9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✷ ✭♣✳ ✷✾✸✮
❝♦♥❞✐t✐♦♥❛❧✱ y = 11
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✸ ✭♣✳ ✷✾✸✮
❝♦♥❞✐t✐♦♥❛❧✱ a = 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✹ ✭♣✳ ✷✾✸✮
❝♦♥❞✐t✐♦♥❛❧✱ x = 36
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✺ ✭♣✳ ✷✾✸✮
❝♦♥❞✐t✐♦♥❛❧✱ b = 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✻ ✭♣✳ ✷✾✸✮
✐❞❡♥t✐t②
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✼ ✭♣✳ ✷✾✸✮
❝♦♥tr❛❞✐❝t✐♦♥
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✽ ✭♣✳ ✷✾✸✮
✐❞❡♥t✐t②
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✾ ✭♣✳ ✷✾✸✮
❝♦♥❞✐t✐♦♥❛❧✱ x = 0
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✶✵ ✭♣✳ ✷✾✸✮
❝♦♥❞✐t✐♦♥❛❧✱ m = 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✶✶ ✭♣✳ ✷✾✻✮
y = 11
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✶✷ ✭♣✳ ✷✾✻✮
x = −13
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✶✸ ✭♣✳ ✷✾✻✮
m = −6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✶✹ ✭♣✳ ✷✾✻✮
g = 8.5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✶✺ ✭♣✳ ✷✾✻✮
f = 3d
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✶✻ ✭♣✳ ✷✾✻✮
x = −6y − 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✶✼ ✭♣✳ ✷✾✻✮
y = x + 9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✶✽ ✭♣✳ ✷✾✼✮
❝♦♥❞✐t✐♦♥❛❧
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✷✵ ✭♣✳ ✷✾✼✮
✐❞❡♥t✐t②
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✷✷ ✭♣✳ ✷✾✼✮
✐❞❡♥t✐t②
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✷✹ ✭♣✳ ✷✾✼✮
s♦❧✈❡❞
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✷✻ ✭♣✳ ✷✾✼✮
♥♦t s♦❧✈❡❞
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✷✽ ✭♣✳ ✷✾✼✮
♥♦t s♦❧✈❡❞
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✸✵ ✭♣✳ ✷✾✼✮
♥♦t s♦❧✈❡❞
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✸✷ ✭♣✳ ✷✾✼✮
k = −9

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✸✹ ✭♣✳ ✷✾✼✮
y = −17
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✸✻ ✭♣✳ ✷✾✼✮
x = −14
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✸✽ ✭♣✳ ✷✾✽✮
g = −287
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✹✵ ✭♣✳ ✷✾✽✮
x = −443
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✹✷ ✭♣✳ ✷✾✽✮
y = −18.059
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✹✹ ✭♣✳ ✷✾✽✮
n = 4 − m
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✹✻ ✭♣✳ ✷✾✽✮
b = −a + 3c + d − 2f
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✹✽ ✭♣✳ ✷✾✽✮
c = 2a − 3b − 11
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✺✵ ✭♣✳ ✷✾✽✮
4y4

x2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✷✳✺✷ ✭♣✳ ✷✾✽✮
9x2 − 6x + 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✸✳✶ ✭♣✳ ✸✵✶✮
a = 7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✸✳✷ ✭♣✳ ✸✵✶✮
m = − 4

3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✸✳✸ ✭♣✳ ✸✵✶✮
y = − 16
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✸✳✹ ✭♣✳ ✸✵✶✮
x = 0.17 ✭r♦✉♥❞❡❞ t♦ t✇♦ ❞❡❝✐♠❛❧ ♣❧❛❝❡s✮
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✸✳✺ ✭♣✳ ✸✵✶✮
k = 24

5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✸✳✻ ✭♣✳ ✸✵✶✮
b❂ −8cd

a
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✸✳✼ ✭♣✳ ✸✵✷✮
y = 12h
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✸✳✽ ✭♣✳ ✸✵✷✮
m = −15pq

k2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✸✳✾ ✭♣✳ ✸✵✸✮
x = 14
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✸✳✶✶ ✭♣✳ ✸✵✸✮
x = 8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✸✳✶✸ ✭♣✳ ✸✵✸✮
x = 14
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✸✳✶✺ ✭♣✳ ✸✵✸✮
a = −16
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✸✳✶✼ ✭♣✳ ✸✵✸✮
p = −18
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✸✳✶✾ ✭♣✳ ✸✵✸✮
a = −4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✸✳✷✶ ✭♣✳ ✸✵✸✮
x = 7

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✸✳✷✸ ✭♣✳ ✸✵✸✮
k = −42
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✸✳✷✺ ✭♣✳ ✸✵✸✮
x = 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✸✳✷✼ ✭♣✳ ✸✵✸✮
k = 42
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✸✳✷✾ ✭♣✳ ✸✵✸✮
x = 768
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✸✳✸✶ ✭♣✳ ✸✵✹✮
m = −56
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✸✳✸✸ ✭♣✳ ✸✵✹✮
f = −6386
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✸✳✸✺ ✭♣✳ ✸✵✹✮
k = 0.06
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✸✳✸✼ ✭♣✳ ✸✵✹✮
y = 9.453
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✸✳✸✾ ✭♣✳ ✸✵✹✮
m = −10

3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✸✳✹✶ ✭♣✳ ✸✵✹✮
h = 21

8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✸✳✹✸ ✭♣✳ ✸✵✹✮
p = 7r

q

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✸✳✹✺ ✭♣✳ ✸✵✹✮
b = 2d

a
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✸✳✹✼ ✭♣✳ ✸✵✹✮
b = 15c

8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✸✳✹✾ ✭♣✳ ✸✵✹✮

t = − 3p2

4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✸✳✺✶ ✭♣✳ ✸✵✹✮
� = 2∇

3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✸✳✺✸ ✭♣✳ ✸✵✺✮
❜✐♥♦♠✐❛❧❀ ✸r❞ ❞❡❣r❡❡❀ 10,−7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✸✳✺✺ ✭♣✳ ✸✵✺✮
❛❧❧ r❡❛❧ ♥✉♠❜❡rs ❡①❝❡♣t −7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✶ ✭♣✳ ✸✵✼✮
y = 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✷ ✭♣✳ ✸✵✼✮
m = −2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✸ ✭♣✳ ✸✵✼✮
n = 4−3m

2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✹ ✭♣✳ ✸✵✼✮
k = 2hp−14h

9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✺ ✭♣✳ ✸✵✽✮
x = 11
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✻ ✭♣✳ ✸✵✽✮
y = 19
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✼ ✭♣✳ ✸✵✽✮
a = −2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✽ ✭♣✳ ✸✵✽✮
a = 10+5m

6

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✾ ✭♣✳ ✸✵✾✮
a = −2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✶✵ ✭♣✳ ✸✵✾✮
y = −1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✶✶ ✭♣✳ ✸✵✾✮
k = 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✶✷ ✭♣✳ ✸✶✵✮
✐❞❡♥t✐t②✱ 3 = 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✶✸ ✭♣✳ ✸✶✵✮
❝♦♥tr❛❞✐❝t✐♦♥✱ −28 = 28
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✶✹ ✭♣✳ ✸✶✵✮
✐❞❡♥t✐t②✱ 0 = 0
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✶✺ ✭♣✳ ✸✶✵✮
❝♦♥tr❛❞✐❝t✐♦♥✱ −22 = 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✶✻ ✭♣✳ ✸✶✶✮
x = 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✶✽ ✭♣✳ ✸✶✶✮
a = 7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✷✵ ✭♣✳ ✸✶✶✮
y = −5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✷✷ ✭♣✳ ✸✶✶✮
x = −3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✷✹ ✭♣✳ ✸✶✶✮
y = −2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✷✻ ✭♣✳ ✸✶✶✮
x = 36
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✷✽ ✭♣✳ ✸✶✶✮
y = 24
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✸✵ ✭♣✳ ✸✶✶✮
m = −44
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✸✷ ✭♣✳ ✸✶✶✮
k = −5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✸✹ ✭♣✳ ✸✶✶✮
x = −8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✸✻ ✭♣✳ ✸✶✶✮
k = −14
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✸✽ ✭♣✳ ✸✶✷✮
y = −5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✹✵ ✭♣✳ ✸✶✷✮
y = 20
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✹✷ ✭♣✳ ✸✶✷✮
k = −1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✹✹ ✭♣✳ ✸✶✷✮
❝♦♥tr❛❞✐❝t✐♦♥
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✹✻ ✭♣✳ ✸✶✷✮
x = −3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✹✽ ✭♣✳ ✸✶✷✮
x = 19

14
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✺✵ ✭♣✳ ✸✶✷✮
k = 3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✺✷ ✭♣✳ ✸✶✷✮
m = 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✺✹ ✭♣✳ ✸✶✷✮
R = 112
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✺✻ ✭♣✳ ✸✶✷✮
Sx

2 = F · Sy
2; Sx

2 = 7.1604
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✺✽ ✭♣✳ ✸✶✷✮
y = x−7

4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✻✵ ✭♣✳ ✸✶✸✮
y = −2x+12

5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✻✷ ✭♣✳ ✸✶✸✮
n = 5m+h

2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✻✹ ✭♣✳ ✸✶✸✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✻✻ ✭♣✳ ✸✶✸✮

(x + 3)
3
(x − 2)

7

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✻✽ ✭♣✳ ✸✶✸✮
4x2 − 4x + 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✹✳✼✵ ✭♣✳ ✸✶✸✮
x = −15

4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✶ ✭♣✳ ✸✶✺✮
11 + x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✷ ✭♣✳ ✸✶✺✮
9 − x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✸ ✭♣✳ ✸✶✺✮
x − 20
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✹ ✭♣✳ ✸✶✺✮
4x = 32
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✺ ✭♣✳ ✸✶✺✮
x
3 = 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✻ ✭♣✳ ✸✶✺✮
10x = 8 + 5x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✼ ✭♣✳ ✸✶✻✮

x
16 + 1 = 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✽ ✭♣✳ ✸✶✻✮
7 (2 + x) = 21
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✾ ✭♣✳ ✸✶✻✮

x
2+x = 0
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✶✵ ✭♣✳ ✸✶✻✮

x−5
2x+3 = 17
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✶✶ ✭♣✳ ✸✶✻✮
x − 52
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✶✷ ✭♣✳ ✸✶✻✮
11 − x = x − 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✶✸ ✭♣✳ ✸✶✼✮
a − 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✶✺ ✭♣✳ ✸✶✼✮
b + 7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✶✼ ✭♣✳ ✸✶✼✮
−5 + c

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✺✾

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✶✾ ✭♣✳ ✸✶✼✮
2d + 14
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✷✶ ✭♣✳ ✸✶✼✮
1
3 − e
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✷✸ ✭♣✳ ✸✶✼✮
4
9f = 21
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✷✺ ✭♣✳ ✸✶✼✮
3g = 2g + 9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✷✼ ✭♣✳ ✸✶✼✮
2h + 6 = 30
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✷✾ ✭♣✳ ✸✶✼✮
k − 25 = 3.019
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✸✶ ✭♣✳ ✸✶✼✮
m
4 = 68
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✸✸ ✭♣✳ ✸✶✼✮
n
10 = n − 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✸✺ ✭♣✳ ✸✶✽✮
x = x + 4x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✸✼ ✭♣✳ ✸✶✽✮
Q+7

2 = 22
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✸✾ ✭♣✳ ✸✶✽✮
r+r
3

3 = 15
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✹✶ ✭♣✳ ✸✶✽✮

5
s+6 = 14
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✹✸ ✭♣✳ ✸✶✽✮
20
8x + 1 = 9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✹✺ ✭♣✳ ✸✶✽✮
v
10 + 4 = 24
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✹✼ ✭♣✳ ✸✶✽✮
w+6

2 + 5 = 43
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✹✾ ✭♣✳ ✸✶✽✮
7y + 2y = 90
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✺✶ ✭♣✳ ✸✶✽✮
(z+16)13

6z = 59
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✺✸ ✭♣✳ ✸✶✽✮
x−11

15 − 1 = 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✺✺ ✭♣✳ ✸✶✾✮
n − 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✺✼ ✭♣✳ ✸✶✾✮
m − 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✺✾ ✭♣✳ ✸✶✾✮
p − 8 = 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✻✶ ✭♣✳ ✸✶✾✮

23
2n−2 = 34
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✻✸ ✭♣✳ ✸✶✾✮
❣r❛♣❤
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✻✺ ✭♣✳ ✸✶✾✮

|a| = { a, ✐❢ a ≥ 0

−a, ✐❢ a < 0

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✺✳✻✼ ✭♣✳ ✸✶✾✮
x = 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✻✳✶ ✭♣✳ ✸✷✵✮
▲❛st ②❡❛r✬s ♣r✐❝❡ ✇❛s $19
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✻✳✷ ✭♣✳ ✸✷✶✮
❚❤❡ ❧❡♥❣t❤ ♦❢ ❛ s✐❞❡ ✐s ✶✽ ✐♥❝❤❡s✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✻✳✸ ✭♣✳ ✸✷✶✮
❚❤❡ ♥✉♠❜❡r ✐s ✹✺✵✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✻✳✹ ✭♣✳ ✸✷✷✮
●❛r❞❡♥ ❆ ♣r♦❞✉❝❡s ✽✼ ♣♦✉♥❞s ♦❢ ✈❡❣❡t❛❜❧❡s✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✻✳✺ ✭♣✳ ✸✷✸✮
❚❤❡ t✇♦ ♥✉♠❜❡rs ❛r❡ ✷✹✽ ❛♥❞ ✷✺✵✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✻✳✻ ✭♣✳ ✸✷✹✮
❙t❡♣ ✶✿ ▲❡t x ❂ t❤❡ ✉♥❦♥♦✇♥ q✉❛♥t✐t②✳

❙t❡♣ ✷✿ ❚❤❡ ❡q✉❛t✐♦♥ ✐s x − 18 = 52.

❙t❡♣ ✸✿ ✭❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥✳✮ ❆❞❞ ✶✽ t♦ ❡❛❝❤ s✐❞❡✳

x − 18 + 18 = 52 + 18

x = 70

❙t❡♣ ✹✿ ✭❈❤❡❝❦✮ 70 − 18 = 52; ❚r✉❡✳

❙t❡♣ ✺✿ ❚❤❡ ♥✉♠❜❡r ✐s ✼✵✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✻✳✽ ✭♣✳ ✸✷✹✮
❙t❡♣ ✺✿ ❚❤❡ ♥✉♠❜❡r ✐s ✸✵✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✻✳✶✵ ✭♣✳ ✸✷✹✮
❙t❡♣ ✺✿ ❚❤❡ ♦r✐❣✐♥❛❧ q✉❛♥t✐t② ✐s ✷✾✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✻✳✶✷ ✭♣✳ ✸✷✺✮
❙t❡♣ ✺✿ ▲❛st ②❡❛r✬s ♦✉t♣✉t ✇❛s ✺✵ ✐t❡♠s✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✻✳✶✹ ✭♣✳ ✸✷✺✮
❙t❡♣ ✺✿ ❆ ♣r♦t♦♥ ✇❡✐❣❤s ✹✾✷✸✳✶✻ ✉♥✐ts✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✻✳✶✻ ✭♣✳ ✸✷✺✮
❙t❡♣ ✺✿ ❚❤❡ r❛❞✐✉s ♦❢ t❤❡ ❡❛rt❤ ✐s ✻✸✼✽ ❦♠✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✻✳✶✽ ✭♣✳ ✸✷✻✮
❙t❡♣ ✺✿ ❚❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ s❤♦rt❡r ♣✐❡❝❡ ✐s ✸ ❢❡❡t✱ ❛♥❞ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❧♦♥❣❡r ♣✐❡❝❡ ✐s ✾ ❢❡❡t✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✻✳✷✵ ✭♣✳ ✸✷✻✮
❙t❡♣ ✺✿ ❚❤❡ st❛t✐st✐❝✐❛♥ ❤❛s ❝♦❧❧❡❝t❡❞ ✷✻✵ ♣✐❡❝❡s ♦❢ ❞❛t❛✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✻✳✷✷ ✭♣✳ ✸✷✼✮
❙t❡♣ ✺✿ ❊❛❝❤ ❜❡❛❦❡r ✇✐❧❧ ❤♦❧❞ ✷✻✸ 1

3 ♠❧ ♦❢ ❝❤❧♦r✐❞❡ s♦❧✉t✐♦♥✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✻✳✷✹ ✭♣✳ ✸✷✼✮
❙t❡♣ ✺✿ ❚❤❡ ✉♥❦♥♦✇♥ ♥✉♠❜❡r ✐s ✷✻✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✻✳✷✻ ✭♣✳ ✸✷✼✮
❙t❡♣ ✺✿ ❚❤❡ ✉♥❦♥♦✇♥ ♥✉♠❜❡r ✐s ✷✶✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✻✳✷✽ ✭♣✳ ✸✷✼✮
❙t❡♣ ✺✿ ❚❤❡ ✉♥❦♥♦✇♥ ♥✉♠❜❡r ✐s 41

3 .
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✻✳✸✵ ✭♣✳ ✸✷✼✮
❙t❡♣ ✺✿ ❖♥❡ ✉♥❦♥♦✇♥ ♥✉♠❜❡r ✐s ✻❀ t❤❡ ♦t❤❡r ✐s ✷✶✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✻✶

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✻✳✸✷ ✭♣✳ ✸✷✽✮
❙t❡♣ ✺✿ ❚❤❡ ✉♥❦♥♦✇♥ ♥✉♠❜❡r ✐s 245

41 .
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✻✳✸✹ ✭♣✳ ✸✷✽✮
❙t❡♣ ✺✿ ❚❤❡ ❛❣❡ ♦❢ ❉ ✐s ✸ ♠♦♥t❤s❀ ❈ ✐s ✻ ♠♦♥t❤s❀ ❇ ✐s ✸✻ ♠♦♥t❤s❀ ❆ ✐s ✶✹✹ ♠♦♥t❤s✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✻✳✸✻ ✭♣✳ ✸✷✽✮
❙t❡♣ ✺✿ ❚❤❡ ✜rst ✐♥t❡❣❡r ✐s ✶✶❀ s❡❝♦♥❞ ✐s ✶✷❀ t❤✐r❞ ✐s ✶✸✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✻✳✸✽ ✭♣✳ ✸✷✽✮
✭❛✮ ❙t❡♣ ✺✿ ❚❤❡ t✐♠❡ ♣❛ss❡❞ ✐♥ s♣❛❝❡ ✐s 0.62 ❞❛②s✳

✭❜✮ ❙t❡♣ ✺✿ 9.3 ②❡❛rs ❤❛✈❡ ♣❛ss❡❞ ♦♥ t❤❡ s♣❛❝❡❝r❛❢t✳

✭❝✮ ❙t❡♣ ✺✿ 96.77 ②❡❛rs ❤❛✈❡ ♣❛ss❡❞ ♦♥ t❤❡ ❡❛rt❤✳

✭❞✮ ❙t❡♣ ✺✿ ❊❛rt❤ ②❡❛r ✇❤❡♥ s❤❡ r❡t✉r♥s ✇✐❧❧ ❜❡ ✷✸✽✼✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✻✳✹✵ ✭♣✳ ✸✷✽✮
❝♦♥❞✐t✐♦♥❛❧
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✻✳✹✷ ✭♣✳ ✸✷✾✮
x = −2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✶ ✭♣✳ ✸✸✷✮
y ≤ 11
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✷ ✭♣✳ ✸✸✷✮
x > 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✸ ✭♣✳ ✸✸✷✮
x ≥ 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✹ ✭♣✳ ✸✸✷✮
y ≥ 9

5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✺ ✭♣✳ ✸✸✸✮
s < 29

2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✻ ✭♣✳ ✸✸✸✮
h > 1

18
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✼ ✭♣✳ ✸✸✸✮
x ≥ −30
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✽ ✭♣✳ ✸✸✸✮
b ≥ −64

3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✾ ✭♣✳ ✸✸✸✮
z < − 2

7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✶✵ ✭♣✳ ✸✸✸✮
x ≥ −3

2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✶✶ ✭♣✳ ✸✸✹✮
9 < x < 17
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✶✷ ✭♣✳ ✸✸✹✮
− 4

7 < y < 17
7

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✶✸ ✭♣✳ ✸✸✹✮
−1 ≤ x ≤ 1

6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✶✹ ✭♣✳ ✸✸✹✮
−8 ≤ x ≤ 29

2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✶✺ ✭♣✳ ✸✸✹✮
23
4 < x < 33

4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✶✻ ✭♣✳ ✸✸✹✮
♥♦

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✶✼ ✭♣✳ ✸✸✺✮
x < 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✶✾ ✭♣✳ ✸✸✺✮
y ≥ −17
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✷✶ ✭♣✳ ✸✸✺✮
x ≤ 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✷✸ ✭♣✳ ✸✸✺✮
z < − 1

2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✷✺ ✭♣✳ ✸✸✺✮
x ≥ −4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✷✼ ✭♣✳ ✸✸✺✮
z > − 11
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✷✾ ✭♣✳ ✸✸✺✮
x ≥ 48
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✸✶ ✭♣✳ ✸✸✺✮
x ≥ 18
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✸✸ ✭♣✳ ✸✸✺✮
x ≤ 6

5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✸✺ ✭♣✳ ✸✸✺✮
b > − 10
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✸✼ ✭♣✳ ✸✸✺✮
x < − 15

4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✸✾ ✭♣✳ ✸✸✻✮
y > 16

21
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✹✶ ✭♣✳ ✸✸✻✮
y ≥ 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✹✸ ✭♣✳ ✸✸✻✮
x ≤ 15
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✹✺ ✭♣✳ ✸✸✻✮
x ≥ 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✹✼ ✭♣✳ ✸✸✻✮
x ≥ 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✹✾ ✭♣✳ ✸✸✻✮
y < − 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✺✶ ✭♣✳ ✸✸✻✮
x < 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✺✸ ✭♣✳ ✸✸✻✮
x ≤ −7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✺✺ ✭♣✳ ✸✸✻✮
x ≤ −4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✺✼ ✭♣✳ ✸✸✻✮
x > 8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✺✾ ✭♣✳ ✸✸✻✮
y ≥ −9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✻✶ ✭♣✳ ✸✸✻✮
x < − 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✻✸ ✭♣✳ ✸✸✼✮
x ≥ −3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✻✺ ✭♣✳ ✸✸✼✮
x < − 2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✻✸

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✻✼ ✭♣✳ ✸✸✼✮
x > − 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✻✾ ✭♣✳ ✸✸✼✮
❋✐rst ♥✉♠❜❡r✿ ❛♥② ♥✉♠❜❡r str✐❝t❧② s♠❛❧❧❡r t❤❛t ✻✳
❙❡❝♦♥❞ ♥✉♠❜❡r✿ ❛♥② ♥✉♠❜❡r str✐❝t❧② s♠❛❧❧❡r t❤❛♥ ✸✵✳
◆♦ s♠❛❧❧❡st ♣♦ss✐❜❧❡ ✈❛❧✉❡ ❢♦r ❡✐t❤❡r ♥✉♠❜❡r✳
◆♦ ❧❛r❣❡st ♣♦ss✐❜❧❡ ✈❛❧✉❡ ❢♦r ❡✐t❤❡r ♥✉♠❜❡r✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✼✶ ✭♣✳ ✸✸✼✮
x10y15z10

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✼✸ ✭♣✳ ✸✸✼✮
2x2 + x − 28
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✼✳✼✺ ✭♣✳ ✸✸✼✮
✶✻ ✐♥❝❤❡s
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✽✳✶ ✭♣✳ ✸✹✵✮
(3, 1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✽✳✷ ✭♣✳ ✸✹✵✮
(2, − 11)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✽✳✸ ✭♣✳ ✸✹✵✮
(0, − 7)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✽✳✹ ✭♣✳ ✸✹✵✮
(−8, − 20)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✽✳✺ ✭♣✳ ✸✹✵✮
(
−1, −3

2

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✽✳✻ ✭♣✳ ✸✹✶✮
(1, 22)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✽✳✽ ✭♣✳ ✸✹✶✮
(4, 26)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✽✳✶✵ ✭♣✳ ✸✹✶✮
(
−3, 9

4

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✽✳✶✷ ✭♣✳ ✸✹✶✮
(
−6,− 29

3

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✽✳✶✹ ✭♣✳ ✸✹✶✮
(

1
2 , 0

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✽✳✶✻ ✭♣✳ ✸✹✶✮
(1, 1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✽✳✶✽ ✭♣✳ ✸✹✶✮
(

9
4 , 3

2

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✽✳✷✵ ✭♣✳ ✸✹✶✮
(
8, 111

20

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✽✳✷✷ ✭♣✳ ✸✹✶✮
(−40,−1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✽✳✷✹ ✭♣✳ ✸✹✶✮
(
a, 3−2a

31

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✽✳✷✻ ✭♣✳ ✸✹✶✮
(2,−30)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✽✳✷✽ ✭♣✳ ✸✹✷✮
(
2,− 9

5

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✽✳✸✵ ✭♣✳ ✸✹✷✮
(
6,− 21

2

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✽✳✸✷ ✭♣✳ ✸✹✷✮
(−7,−40)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✽✳✸✹ ✭♣✳ ✸✹✷✮
(
0, 7

4

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✽✳✸✻ ✭♣✳ ✸✹✷✮
(
1,− 38

3

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✽✳✸✽ ✭♣✳ ✸✹✷✮
(1, 5)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✽✳✹✵ ✭♣✳ ✸✹✷✮
(3,−10)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✽✳✹✷ ✭♣✳ ✸✹✷✮
(1, 6)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✽✳✹✹ ✭♣✳ ✸✹✷✮
✭❛✮ ❆♣♣r♦①✐♠❛t❡❧② ✶✹✼ ♠♣❤ ✉s✐♥❣ (5, 147.25)
✭❜✮ ❆♣♣r♦①✐♠❛t❡❧② ✶✺✼ ♠♣❤ ✉s✐♥❣ (10, 156.9)
✭❝✮ ❆♣♣r♦①✐♠❛t❡❧② ✶✽✽ ♠♣❤ ✉s✐♥❣ (26, 187.78)
✭❞✮ ❆♣♣r♦①✐♠❛t❡❧② ✶✾✻ ♠♣❤ ✉s✐♥❣ (30, 195.5)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✽✳✹✻ ✭♣✳ ✸✹✸✮
✭❛✮ ❆♣♣r♦①✐♠❛t❡❧② ✺ s✐♥❦✐♥❣s ✉s✐♥❣ (4, 4.92)
✭❜✮ ❆♣♣r♦①✐♠❛t❡❧② ✶✵ s✐♥❦✐♥❣s ✉s✐♥❣ (9, 10.12)
✭❝✮ ❆♣♣r♦①✐♠❛t❡❧② ✶✶ s✐♥❦✐♥❣s ✉s✐♥❣ (10, 11.16)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✽✳✹✽ ✭♣✳ ✸✹✸✮
✭❛✮ ❆♣♣r♦①✐♠❛t❡❧② 6.4 ✉s✐♥❣ (40, 6.4)
✭❜✮ ❆♣♣r♦①✐♠❛t❡❧② 4.752 ✉s✐♥❣ (42, 7.752)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✽✳✺✵ ✭♣✳ ✸✹✸✮
✭❛✮ ❆♣♣r♦①✐♠❛t❡❧② ✷✾ ✐t❡♠s ✉s✐♥❣ (80, 29.42)
✭❜✮ ❆♣♣r♦①✐♠❛t❡❧② ✹✸ ✐t❡♠s ✉s✐♥❣ (95, 42.77)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✽✳✺✷ ✭♣✳ ✸✹✹✮
✭❛✮ ❆♣♣r♦①✐♠❛t❡❧② ✽✼ ✉♥✐ts ✉s✐♥❣ (12, 87.31)
✭❜✮ ❆♣♣r♦①✐♠❛t❡❧② ✹✺ ✉♥✐ts ✉s✐♥❣ (15, 44.86)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✽✳✺✹ ✭♣✳ ✸✹✹✮
12x2 + 17x − 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✽✳✺✻ ✭♣✳ ✸✹✹✮
x = 0
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✽✳✺✽ ✭♣✳ ✸✹✹✮
−3 < y < 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✶ ✭♣✳ ✸✹✻✮
y = 8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✸ ✭♣✳ ✸✹✻✮
r = 17
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✺ ✭♣✳ ✸✹✻✮
x = −10
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✼ ✭♣✳ ✸✹✻✮
x = 0
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✾ ✭♣✳ ✸✹✻✮
x = 16
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✶✶ ✭♣✳ ✸✹✻✮
r = −4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✶✸ ✭♣✳ ✸✹✻✮
x = 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✶✺ ✭♣✳ ✸✹✼✮
x = −6

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✶✼ ✭♣✳ ✸✹✼✮
x = 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✶✾ ✭♣✳ ✸✹✼✮
x = −1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✷✶ ✭♣✳ ✸✹✼✮
x = −2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✷✸ ✭♣✳ ✸✹✼✮
m = 24
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✷✺ ✭♣✳ ✸✹✼✮
y = 486
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✷✼ ✭♣✳ ✸✹✼✮
c = 90
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✷✾ ✭♣✳ ✸✹✼✮
y = −15
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✸✶ ✭♣✳ ✸✹✼✮
a = − 55

6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✸✸ ✭♣✳ ✸✹✼✮
c = 16
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✸✺ ✭♣✳ ✸✹✼✮
x = 28
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✸✼ ✭♣✳ ✸✹✼✮
r = − 7

3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✸✾ ✭♣✳ ✸✹✽✮
x = − 45

4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✹✶ ✭♣✳ ✸✹✽✮
x = 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✹✸ ✭♣✳ ✸✹✽✮
a = −4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✹✺ ✭♣✳ ✸✹✽✮
r = − 17

4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✹✼ ✭♣✳ ✸✹✽✮
W = 13
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✹✾ ✭♣✳ ✸✹✽✮
R = 690
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✺✶ ✭♣✳ ✸✹✽✮
x = y−8

5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✺✸ ✭♣✳ ✸✹✽✮
y = − 1

2x − 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✺✺ ✭♣✳ ✸✹✽✮
b = − 2ct−10a

3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✺✼ ✭♣✳ ✸✹✾✮
x (4 + 7)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✺✾ ✭♣✳ ✸✹✾✮
2
5x − 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✻✶ ✭♣✳ ✸✹✾✮
3x = 40
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✻✸ ✭♣✳ ✸✹✾✮
(4x−5)

7 = x + 10
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✻✺ ✭♣✳ ✸✹✾✮
x (x + 11) = 6

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✻✼ ✭♣✳ ✸✹✾✮
x
2x + 8x = −1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✻✾ ✭♣✳ ✸✹✾✮
x−1
5x = x3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✼✶ ✭♣✳ ✸✺✵✮
❧❛st ②❡❛r✬s ♣r✐❝❡ = $96
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✼✸ ✭♣✳ ✸✺✵✮
x = 860
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✼✺ ✭♣✳ ✸✺✵✮

x = 11

x + 2 = 13

x + 4 = 15

x + 6 = 17

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✼✼ ✭♣✳ ✸✺✵✮
x = 116.13139
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✼✾ ✭♣✳ ✸✺✵✮
82 ♣✐❡❝❡s ♦❢ ❞❛t❛
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✽✶ ✭♣✳ ✸✺✵✮
y < 12
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✽✸ ✭♣✳ ✸✺✵✮
x > 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✽✺ ✭♣✳ ✸✺✵✮
a ≤ −7

2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✽✼ ✭♣✳ ✸✺✵✮
a ≥ 11
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✽✾ ✭♣✳ ✸✺✶✮
b ≥ −12
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✾✶ ✭♣✳ ✸✺✶✮
c ≥ −9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✾✸ ✭♣✳ ✸✺✶✮
y < − 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✾✺ ✭♣✳ ✸✺✶✮
x > − 9

14
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✾✼ ✭♣✳ ✸✺✶✮
x > 3

2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✾✾ ✭♣✳ ✸✺✶✮
x < 7

3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✶✵✶ ✭♣✳ ✸✺✶✮
(−3, 19)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✶✵✸ ✭♣✳ ✸✺✶✮
(2, 4)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✶✵✺ ✭♣✳ ✸✺✶✮
(4, 0)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✶✵✼ ✭♣✳ ✸✺✶✮
(

7
2 ,−1

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✵✳✶✵✾ ✭♣✳ ✸✺✷✮
(−5, 0)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✶✳✶ ✭♣✳ ✸✺✷✮
x = 6

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✶✳✷ ✭♣✳ ✸✺✷✮
a = −13

6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✶✳✸ ✭♣✳ ✸✺✷✮
a = −16
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✶✳✹ ✭♣✳ ✸✺✷✮
x = 10
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✶✳✺ ✭♣✳ ✸✺✷✮
y = −3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✶✳✻ ✭♣✳ ✸✺✷✮
b = −10
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✶✳✼ ✭♣✳ ✸✺✷✮
a = − 3

2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✶✳✽ ✭♣✳ ✸✺✷✮
y = −7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✶✳✾ ✭♣✳ ✸✺✷✮
x = 9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✶✳✶✵ ✭♣✳ ✸✺✷✮
p = 6q−3

2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✶✳✶✶ ✭♣✳ ✸✺✷✮
T = V p

nR
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✶✳✶✷ ✭♣✳ ✸✺✷✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✶✳✶✸ ✭♣✳ ✸✺✷✮
a ≥ 12
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✶✳✶✹ ✭♣✳ ✸✺✷✮
a > 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✶✳✶✺ ✭♣✳ ✸✺✷✮
a ≥ −23
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✶✳✶✻ ✭♣✳ ✸✺✷✮
x < 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✶✳✶✼ ✭♣✳ ✸✺✸✮
3 + 2a
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✶✳✶✽ ✭♣✳ ✸✺✸✮
2
3x − 8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✶✳✶✾ ✭♣✳ ✸✺✸✮
2 + 4x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✶✳✷✵ ✭♣✳ ✸✺✸✮
2x

(
x3

)
= 12

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✶✳✷✶ ✭♣✳ ✸✺✸✮
x−5
x+10 = 6x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✶✳✷✷ ✭♣✳ ✸✺✸✮
x = 15
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✶✳✷✸ ✭♣✳ ✸✺✸✮
❚❤❡r❡ ❛r❡ ♥♦ t❤r❡❡ ❝♦♥s❡❝✉t✐✈❡ ♦❞❞ ✐♥t❡❣❡rs t❤❛t ❛❞❞ t♦ ✸✽✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✶✳✷✹ ✭♣✳ ✸✺✸✮
x < 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✺✳✶✶✳✷✺ ✭♣✳ ✸✺✸✮
(3, 13)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



❈❤❛♣t❡r ✻

❋❛❝t♦r✐♥❣ P♦❧②♥♦♠✐❛❧s

✻✳✶ ❖❜❥❡❝t✐✈❡s✶

❆❢t❡r ❝♦♠♣❧❡t✐♥❣ t❤✐s ❝❤❛♣t❡r✱ ②♦✉ s❤♦✉❧❞

❋✐♥❞✐♥❣ t❤❡ ❋❛❝t♦rs ♦❢ ❛ ▼♦♥♦♠✐❛❧ ✭❙❡❝t✐♦♥ ✻✳✷✮

• ❜❡ r❡♠✐♥❞❡❞ ♦❢ ♣r♦❞✉❝ts ♦❢ ♣♦❧②♥♦♠✐❛❧s
• ❜❡ ❛❜❧❡ t♦ ❞❡t❡r♠✐♥❡ ❛ s❡❝♦♥❞ ❢❛❝t♦r ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧ ❣✐✈❡♥ ❛ ✜rst ❢❛❝t♦r

❋❛❝t♦r✐♥❣ ❛ ▼♦♥♦♠✐❛❧ ❢r♦♠ ❛ P♦❧②♥♦♠✐❛❧ ✭❙❡❝t✐♦♥ ✻✳✸✮

• ❜❡ ❛❜❧❡ t♦ ❢❛❝t♦r ❛ ♠♦♥♦♠✐❛❧ ❢r♦♠ ❛ ♣♦❧②♥♦♠✐❛❧

❚❤❡ ●r❡❛t❡st ❈♦♠♠♦♥ ❋❛❝t♦r ✭❙❡❝t✐♦♥ ✻✳✹✮

• ✉♥❞❡rst❛♥❞ ♠♦r❡ ❝❧❡❛r❧② t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ♣r♦❝❡ss
• ❜❡ ❛❜❧❡ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❣r❡❛t❡st ❝♦♠♠♦♥ ❢❛❝t♦r ♦❢ t✇♦ ♦r ♠♦r❡ t❡r♠s

❋❛❝t♦r✐♥❣ ❜② ●r♦✉♣✐♥❣ ✭❙❡❝t✐♦♥ ✻✳✺✮

• ❦♥♦✇ ❤♦✇ t♦ ❢❛❝t♦r ❛ ♣♦❧②♥♦♠✐❛❧ ✉s✐♥❣ t❤❡ ❣r♦✉♣✐♥❣ ♠❡t❤♦❞ ❛♥❞ ✇❤❡♥ t♦ tr② t❤❡ ❣r♦✉♣✐♥❣ ♠❡t❤♦❞

❋❛❝t♦r✐♥❣ ❚✇♦ ❙♣❡❝✐❛❧ Pr♦❞✉❝ts ✭❙❡❝t✐♦♥ ✻✳✻✮

• ❦♥♦✇ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ r✉❧❡s ♦❢ ❢❛❝t♦r✐♥❣
• ❜❡ ❛❜❧❡ t♦ ❢❛❝t♦r t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t✇♦ sq✉❛r❡s ❛♥❞ ♣❡r❢❡❝t sq✉❛r❡ tr✐♥♦♠✐❛❧s

❋❛❝t♦r✐♥❣ ❚r✐♥♦♠✐❛❧s ✇✐t❤ ▲❡❛❞✐♥❣ ❈♦❡✣❝✐❡♥t ✶ ✭❙❡❝t✐♦♥ ✻✳✼✮

• ❜❡ ❛❜❧❡ t♦ ❢❛❝t♦r tr✐♥♦♠✐❛❧s ✇✐t❤ ❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥t ✶
• ❜❡❝♦♠❡ ❢❛♠✐❧✐❛r ✇✐t❤ s♦♠❡ ❢❛❝t♦r✐♥❣ ❤✐♥ts

❋❛❝t♦r✐♥❣ ❚r✐♥♦♠✐❛❧s ✇✐t❤ ▲❡❛❞✐♥❣ ❈♦❡✣❝✐❡♥t ❖t❤❡r ❚❤❛♥ ✶ ✭❙❡❝t✐♦♥ ✻✳✽✮

• ❜❡ ❛❜❧❡ t♦ ❢❛❝t♦r tr✐♥♦♠✐❛❧s ✇✐t❤ ❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥t ♦t❤❡r t❤❛♥ ✶

✶❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✷✽✵✹✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃

✸✻✾
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✻✳✷ ❋✐♥❞✐♥❣ t❤❡ ❢❛❝t♦rs ♦❢ ❛ ▼♦♥♦♠✐❛❧ ✷

✻✳✷✳✶ ❖✈❡r✈✐❡✇

❼ Pr♦❞✉❝ts ♦❢ P♦❧②♥♦♠✐❛❧s
❼ ❋❛❝t♦r✐♥❣

✻✳✷✳✷ Pr♦❞✉❝ts ♦❢ P♦❧②♥♦♠✐❛❧s

Pr❡✈✐♦✉s❧②✱ ✇❡ st✉❞✐❡❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ ♣♦❧②♥♦♠✐❛❧s ✭❙❡❝t✐♦♥ ❙❡❝t✐♦♥ ✹✳✻✮✳ ❲❡ ✇❡r❡ ❣✐✈❡♥ ❢❛❝t♦rs ❛♥❞ ❛s❦❡❞
t♦ ✜♥❞ t❤❡✐r ♣r♦❞✉❝t✱ ❛s s❤♦✇♥ ❜❡❧♦✇✳

❊①❛♠♣❧❡ ✻✳✶
●✐✈❡♥ t❤❡ ❢❛❝t♦rs ✹❛♥❞ ✽✱ ✜♥❞ t❤❡ ♣r♦❞✉❝t✳ 4 · 8 = 32✳ ❚❤❡ ♣r♦❞✉❝t ✐s ✸✷✳

❊①❛♠♣❧❡ ✻✳✷
●✐✈❡♥ t❤❡ ❢❛❝t♦rs 6x2❛♥❞ 2x − 7✱ ✜♥❞ t❤❡ ♣r♦❞✉❝t✳

6x2 (2x − 7) = 12x3 − 42x2

❚❤❡ ♣r♦❞✉❝t ✐s 12x3 − 42x2✳

❊①❛♠♣❧❡ ✻✳✸
●✐✈❡♥ t❤❡ ❢❛❝t♦rs x − 2y ❛♥❞ 3x + y✱ ✜♥❞ t❤❡ ♣r♦❞✉❝t✳

(x − 2y) (3x + y) = 3x2 + xy − 6xy − 2y2

= 3x2 − 5xy − 2y2

❚❤❡ ♣r♦❞✉❝t ✐s 3x2 − 5xy − 2y2✳

❊①❛♠♣❧❡ ✻✳✹
●✐✈❡♥ t❤❡ ❢❛❝t♦rs a + 8 ❛♥❞ a + 8✱ ✜♥❞ t❤❡ ♣r♦❞✉❝t✳

(a + 8)
2

= a2 + 16a + 64
❚❤❡ ♣r♦❞✉❝t ✐s a2 + 16a + 64✳

✻✳✷✳✸ ❋❛❝t♦r✐♥❣

◆♦✇✱ ❧❡t✬s r❡✈❡rs❡ t❤❡ s✐t✉❛t✐♦♥✳ ❲❡ ✇✐❧❧ ❜❡ ❣✐✈❡♥ t❤❡ ♣r♦❞✉❝t✱ ❛♥❞ ✇❡ ✇✐❧❧ tr② t♦ ✜♥❞ t❤❡ ❢❛❝t♦rs✳ ❚❤✐s
♣r♦❝❡ss✱ ✇❤✐❝❤ ✐s t❤❡ r❡✈❡rs❡ ♦❢ ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ ✐s ❝❛❧❧❡❞ ❢❛❝t♦r✐♥❣✳
❋❛❝t♦r✐♥❣
❋❛❝t♦r✐♥❣ ✐s t❤❡ ♣r♦❝❡ss ♦❢ ❞❡t❡r♠✐♥✐♥❣ t❤❡ ❢❛❝t♦rs ♦❢ ❛ ❣✐✈❡♥ ♣r♦❞✉❝t✳

✻✳✷✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❊①❛♠♣❧❡ ✻✳✺
❚❤❡ ♥✉♠❜❡r ✷✹ ✐s t❤❡ ♣r♦❞✉❝t✱ ❛♥❞ ♦♥❡ ❢❛❝t♦r ✐s ✻✳ ❲❤❛t ✐s t❤❡ ♦t❤❡r ❢❛❝t♦r❄

❲❡✬r❡ ❧♦♦❦✐♥❣ ❢♦r ❛ ♥✉♠❜❡r
( )

s✉❝❤ t❤❛t 6 ·
( )

= 24✳ ❲❡ ❦♥♦✇ ❢r♦♠ ❡①♣❡r✐❡♥❝❡

t❤❛t
( )

= 4✳ ❆s ♣r♦❜❧❡♠s ❜❡❝♦♠❡ ♣r♦❣r❡ss✐✈❡❧② ♠♦r❡ ❝♦♠♣❧❡①✱ ♦✉r ❡①♣❡r✐❡♥❝❡ ♠❛② ♥♦t ❣✐✈❡

✉s t❤❡ s♦❧✉t✐♦♥ ❞✐r❡❝t❧②✳ ❲❡ ♥❡❡❞ ❛ ♠❡t❤♦❞ ❢♦r ✜♥❞✐♥❣ ❢❛❝t♦rs✳ ❚♦ ❞❡✈❡❧♦♣ t❤✐s ♠❡t❤♦❞ ✇❡ ❝❛♥ ✉s❡

t❤❡ r❡❧❛t✐✈❡❧② s✐♠♣❧❡ ♣r♦❜❧❡♠ 6 ·
( )

= 24 ❛s ❛ ❣✉✐❞❡✳

❚♦ ✜♥❞ t❤❡ ♥✉♠❜❡r
( )

✱ ✇❡ ✇♦✉❧❞ ❞✐✈✐❞❡ ✷✹ ❜② ✻✳

✷❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✶✽✽✼✵✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✼✶

24
6 = 4
❚❤❡ ♦t❤❡r ❢❛❝t♦r ✐s ✹✳

❊①❛♠♣❧❡ ✻✳✻
❚❤❡ ♣r♦❞✉❝t ✐s 18x3y4z2 ❛♥❞ ♦♥❡ ❢❛❝t♦r ✐s 9xy2z✳ ❲❤❛t ✐s t❤❡ ♦t❤❡r ❢❛❝t♦r❄

❲❡ ❦♥♦✇ t❤❛t s✐♥❝❡ 9xy2z ✐s ❛ ❢❛❝t♦r ♦❢ 18x3y4z2✱ t❤❡r❡ ♠✉st ❜❡ s♦♠❡ q✉❛♥t✐t②
( )

s✉❝❤ t❤❛t 9xy2z ·
( )

= 18x3y4z2✳ ❉✐✈✐❞✐♥❣ 18x3y4z2 ❜② 9xy2z✱ ✇❡ ❣❡t

18x3y4z2

9xy2z = 2x2y2z

❚❤✉s✱ t❤❡ ♦t❤❡r ❢❛❝t♦r ✐s 2x2y2z✳
❈❤❡❝❦✐♥❣ ✇✐❧❧ ❝♦♥✈✐♥❝❡ ✉s t❤❛t 2x2y2z ✐s ✐♥❞❡❡❞ t❤❡ ♣r♦♣❡r ❢❛❝t♦r✳
(
2x2y2z

) (
9xy2z

)
= 18x2+1y2+2z1+1

= 18x3y4z2

❲❡ s❤♦✉❧❞ tr② t♦ ✜♥❞ t❤❡ q✉♦t✐❡♥t ♠❡♥t❛❧❧② ❛♥❞ ❛✈♦✐❞ ❛❝t✉❛❧❧② ✇r✐t✐♥❣ t❤❡ ❞✐✈✐s✐♦♥ ♣r♦❜❧❡♠✳

❊①❛♠♣❧❡ ✻✳✼
❚❤❡ ♣r♦❞✉❝t ✐s −21a5bn ❛♥❞ 3ab4 ✐s ❛ ❢❛❝t♦r✳ ❋✐♥❞ t❤❡ ♦t❤❡r ❢❛❝t♦r✳

▼❡♥t❛❧❧② ❞✐✈✐❞✐♥❣ −21a5bn ❜② 3ab4✱ ✇❡ ❣❡t
−21a5bn

3ab4 = −7a5−1bn−4 = −7a4bn−4

❚❤✉s✱ t❤❡ ♦t❤❡r ❢❛❝t♦r ✐s −7a4bn−4✳

✻✳✷✳✺ Pr❛❝t✐❝❡ ❙❡t ❆

❊①❡r❝✐s❡ ✻✳✷✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✶✾✳✮

❚❤❡ ♣r♦❞✉❝t ✐s ✽✹ ❛♥❞ ♦♥❡ ❢❛❝t♦r ✐s ✻✳ ❲❤❛t ✐s t❤❡ ♦t❤❡r ❢❛❝t♦r❄

❊①❡r❝✐s❡ ✻✳✷✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✶✾✳✮

❚❤❡ ♣r♦❞✉❝t ✐s 14x3y2z5 ❛♥❞ ♦♥❡ ❢❛❝t♦r ✐s 7xyz✳ ❲❤❛t ✐s t❤❡ ♦t❤❡r ❢❛❝t♦r❄

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✻✳✷✳✻ ❊①❡r❝✐s❡s

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ t❤❡ ✜rst q✉❛♥t✐t② r❡♣r❡s❡♥ts t❤❡ ♣r♦❞✉❝t ❛♥❞ t❤❡ s❡❝♦♥❞ q✉❛♥t✐t② r❡♣r❡s❡♥ts ❛
❢❛❝t♦r ♦❢ t❤❛t ♣r♦❞✉❝t✳ ❋✐♥❞ t❤❡ ♦t❤❡r ❢❛❝t♦r✳

❊①❡r❝✐s❡ ✻✳✷✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✶✾✳✮

30, 6

❊①❡r❝✐s❡ ✻✳✷✳✹
45, 9

❊①❡r❝✐s❡ ✻✳✷✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✶✾✳✮

10a, 5

❊①❡r❝✐s❡ ✻✳✷✳✻
16a, 8

❊①❡r❝✐s❡ ✻✳✷✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✶✾✳✮

21b, 7b

❊①❡r❝✐s❡ ✻✳✷✳✽
15a, 5a

❊①❡r❝✐s❡ ✻✳✷✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✶✾✳✮

20x3, 4

❊①❡r❝✐s❡ ✻✳✷✳✶✵
30y4, 6

❊①❡r❝✐s❡ ✻✳✷✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✶✾✳✮

8x4, 4x

❊①❡r❝✐s❡ ✻✳✷✳✶✷
16y5, 2y

❊①❡r❝✐s❡ ✻✳✷✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✶✾✳✮

6x2y, 3x

❊①❡r❝✐s❡ ✻✳✷✳✶✹
9a4b5, 9a4

❊①❡r❝✐s❡ ✻✳✷✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✶✾✳✮

15x2b4c7, 5x2bc6

❊①❡r❝✐s❡ ✻✳✷✳✶✻
25a3b2c, 5ac

❊①❡r❝✐s❡ ✻✳✷✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✶✾✳✮

18x2b5, − 2xb4

❊①❡r❝✐s❡ ✻✳✷✳✶✽
22b8c6d3, − 11b8c4

❊①❡r❝✐s❡ ✻✳✷✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✶✾✳✮

−60x5b3f9, − 15x2b2f2

❊①❡r❝✐s❡ ✻✳✷✳✷✵
39x4y5z11, 3xy3z10

❊①❡r❝✐s❡ ✻✳✷✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✶✾✳✮

147a20b6c18d2, 21a3bd

❊①❡r❝✐s❡ ✻✳✷✳✷✷
−121a6b8c10, 11b2c5

❊①❡r❝✐s❡ ✻✳✷✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✶✾✳✮
1
8x4y3, 1

2xy3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✼✸

❊①❡r❝✐s❡ ✻✳✷✳✷✹
7x2y3z2, 7x2y3z

❊①❡r❝✐s❡ ✻✳✷✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✶✾✳✮

5a4b7c3d2, 5a4b7c3d

❊①❡r❝✐s❡ ✻✳✷✳✷✻
14x4y3z7, 14x4y3z7

❊①❡r❝✐s❡ ✻✳✷✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✶✾✳✮

12a3b2c8, 12a3b2c8

❊①❡r❝✐s❡ ✻✳✷✳✷✽
6(a + 1)

2
(a + 5) , 3(a + 1)

2

❊①❡r❝✐s❡ ✻✳✷✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✶✾✳✮

8(x + y)
3
(x − 2y) , 2 (x − 2y)

❊①❡r❝✐s❡ ✻✳✷✳✸✵
14(a − 3)

6
(a + 4)

2
, 2(a − 3)

2
(a + 4)

❊①❡r❝✐s❡ ✻✳✷✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✶✾✳✮

26(x − 5y)
10

(x − 3y)
12

, − 2(x − 5y)
7
(x − 3y)

7

❊①❡r❝✐s❡ ✻✳✷✳✸✷
34(1 − a)

4
(1 + a)

8
, − 17(1 − a)

4
(1 + a)

2

❊①❡r❝✐s❡ ✻✳✷✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✶✾✳✮

(x + y) (x − y) , x − y

❊①❡r❝✐s❡ ✻✳✷✳✸✹
(a + 3) (a − 3) , a − 3

❊①❡r❝✐s❡ ✻✳✷✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✶✾✳✮

48xn+3y2n−1, 8x3yn+5

❊①❡r❝✐s❡ ✻✳✷✳✸✻
0.0024x4ny3n+5z2, 0.03x3ny5

✻✳✷✳✼ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✻✳✷✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✶✾✳✮

✭❙❡❝t✐♦♥ ✷✳✻✮ ❙✐♠♣❧✐❢②
(
x4y0z2

)3
✳

❊①❡r❝✐s❡ ✻✳✷✳✸✽
✭❙❡❝t✐♦♥ ✸✳✸✮ ❙✐♠♣❧✐❢② −{− [− (−|6|)]}✳
❊①❡r❝✐s❡ ✻✳✷✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✶✾✳✮

✭❙❡❝t✐♦♥ ✹✳✼✮ ❋✐♥❞ t❤❡ ♣r♦❞✉❝t✳ (2x − 4)
2
✳

✻✳✸ ❋❛❝t♦r✐♥❣ ❛ ▼♦♥♦♠✐❛❧ ❢r♦♠ ❛ P♦❧②♥♦♠✐❛❧ ✸

✻✳✸✳✶ ❖✈❡r✈✐❡✇

• ❚❤❡ ❋❛❝t♦r✐③❛t✐♦♥ Pr♦❝❡ss

✸❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✵✻✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✻✳✸✳✷ ❚❤❡ ❋❛❝t♦r✐③❛t✐♦♥ Pr♦❝❡ss

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ♣r♦❝❡ss ♦❢ ❢❛❝t♦r✐♥❣ ❛ ♠♦♥♦♠✐❛❧ ❢r♦♠ ❛ ♣♦❧②♥♦♠✐❛❧ ❜② ❡①❛♠✐♥✐♥❣ ❛ ♣r♦❜❧❡♠✿ ❙✉♣♣♦s❡ t❤❛t
12x2 + 20x ✐s t❤❡ ♣r♦❞✉❝t ❛♥❞ ♦♥❡ ♦❢ t❤❡ ❢❛❝t♦rs ✐s 4x✳ ❚♦ ✜♥❞ t❤❡ ♦t❤❡r ❢❛❝t♦r ✇❡ ❝♦✉❧❞ s❡t ✉♣ t❤❡ ♣r♦❜❧❡♠
t❤✐s ✇❛②✿

4x · ( ) = 12x2 + 20x
❙✐♥❝❡ t❤❡ ♣r♦❞✉❝t 12x2 + 20x ❝♦♥s✐sts ♦❢ t✇♦ t❡r♠s✱ t❤❡ ❡①♣r❡ss✐♦♥ ♠✉❧t✐♣❧②✐♥❣ 4x ♠✉st ❝♦♥s✐st ♦❢ t✇♦

t❡r♠s✱ s✐♥❝❡✱ ❜② t❤❡ ❞✐str✐❜✉t✐✈❡ ♣r♦♣❡rt②

◆♦✇ ✇❡ s❡❡ t❤❛t t❤✐s ♣r♦❜❧❡♠ ✐s s✐♠♣❧② ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ✜♥❞✐♥❣ t❤❡ ❢❛❝t♦rs ♦❢ ❛ ♠♦♥♦♠✐❛❧✳

1st term : 4x ( ) = 12x2 2nd term : 4x ( ) = 20x

( ) = 12x2

4x ( ) = 20x
4x

( ) = 3x ( ) = 5

❚❤✉s✱ 4x · (3x + 5) = 12x2 + 20x✳
❯s✉❛❧❧②✱ t❤❡s❡ ❞✐✈✐s✐♦♥s ❝❛♥ ❜❡ ❞♦♥❡ ♠❡♥t❛❧❧② ❛♥❞ t❤❡ t❡r♠s ♦❢ t❤❡ ❢❛❝t♦r ✜❧❧❡❞ ✐♥ ❞✐r❡❝t❧②✳

✻✳✸✳✸ ❙❛♠♣❧❡ ❙❡t ❆

❊①❛♠♣❧❡ ✻✳✽
❚❤❡ ♣r♦❞✉❝t ✐s 3x7 − 2x6 + 4x5 − 3x4 ❛♥❞ ♦♥❡ ❢❛❝t♦r ✐s x4✳ ❋✐♥❞ t❤❡ ♦t❤❡r ❢❛❝t♦r✳

❲❡ ❤❛✈❡ t❤❡ ♣r♦❜❧❡♠✿ x4 t✐♠❡s ✧✇❤❛t ❡①♣r❡ss✐♦♥✧ ②✐❡❧❞s 3x7−2x6+4x5−3x4 ❄ ▼❛t❤❡♠❛t✐❝❛❧❧②✱
x4 · ( ) = 3x7 − 2x6 + 4x5 − 3x4

❙✐♥❝❡ t❤❡r❡ ❛r❡ ❢♦✉r t❡r♠s ✐♥ t❤❡ ♣r♦❞✉❝t✱ t❤❡r❡ ♠✉st ❜❡ ❢♦✉r t❡r♠s ✐♥s✐❞❡ t❤❡ ♣❛r❡♥t❤❡s❡s✳ ❚♦
✜♥❞ ❡❛❝❤ ♦❢ t❤❡ ❢♦✉r t❡r♠s✱ ✇❡✬❧❧ ❞✐✈✐❞❡ ✭♠❡♥t❛❧❧②✮ ❡❛❝❤ t❡r♠ ♦❢ t❤❡ ♣r♦❞✉❝t ❜② x4✳ ❚❤❡ r❡s✉❧t✐♥❣
q✉♦t✐❡♥t ✇✐❧❧ ❜❡ t❤❡ ♥❡❝❡ss❛r② t❡r♠ ♦❢ t❤❡ ❢❛❝t♦r✳

1st term : 3x7

x4 = 3x7−4 = 3x3 P❧❛❝❡ 3x3 ✐♥t♦ t❤❡ 1st ♣♦s✐t✐♦♥ ✐♥ t❤❡
( )

.

2nd term : −2x6

x4 = −2x2 P❧❛❝❡ − 2x2 ✐♥t♦ t❤❡ 2♥❞ ♣♦s✐t✐♦♥ ✐♥ t❤❡
( )

.

3rd term : 4x5

x4 = 4x P❧❛❝❡ 4x ✐♥t♦ t❤❡ 3r❞ ♣♦s✐t✐♦♥ ✐♥ t❤❡
( )

.

4th term : −3x4

x4 = −3 P❧❛❝❡ − 3 ✐♥t♦ t❤❡ 4t❤ ♣♦s✐t✐♦♥ ✐♥ t❤❡
( )

.

❚❤❡r❡❢♦r❡✱ t❤❡ ♦t❤❡r ❢❛❝t♦r ✐s 3x3 − 2x2 + 4x − 3✳
❚❤✐s r❡s✉❧t ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ ❜② ❛♣♣❧②✐♥❣ t❤❡ ❞✐str✐❜✉t✐✈❡ ♣r♦♣❡rt②✳

x4 ·
(
3x3 − 2x2 + 4x − 3

)
= 3x7 − 2x6 + 4x5 − 3x4 ■s t❤✐s ❝♦rr❡❝t❄

3x4+3 − 2x4+2 + 4x4+1 = 3x7 − 2x6 + 4x5 − 3x4 ■s t❤✐s ❝♦rr❡❝t❄

3x7 − 2x6 + 4x5 − 3x4 = 3x7 − 2x6 + 4x5 − 3x4 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❚❤✉s✱
x4 ·

(
3x3 − 2x2 + 4x − 3

)
= 3x7 − 2x6 + 4x5 − 3x4

❆❣❛✐♥✱ ✐❢ t❤❡ ❞✐✈✐s✐♦♥s ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ♠❡♥t❛❧❧②✱ t❤❡ ♣r♦❝❡ss ❝❛♥ ♣r♦❝❡❡❞ ✈❡r② q✉✐❝❦❧②✳

❊①❛♠♣❧❡ ✻✳✾
❚❤❡ ♣r♦❞✉❝t ✐s 10x3y6 + 15x3y4 − 5x2y4 ❛♥❞ ❛ ❢❛❝t♦r ✐s 5x2y4✳ ❋✐♥❞ t❤❡ ♦t❤❡r ❢❛❝t♦r✳

5x2y4 · ( ) = 10x3y6 + 15x3y4 − 5x2y4

❙✐♥❝❡ t❤❡r❡ ❛r❡ t❤r❡❡ t❡r♠s ✐♥ t❤❡ ♣r♦❞✉❝t✱ t❤❡r❡ ♠✉st ❜❡ t❤r❡❡ t❡r♠s ✐♥s✐❞❡ t❤❡ ♣❛r❡♥t❤❡s❡s✳
❚♦ ✜♥❞ ❡❛❝❤ ♦❢ t❤❡s❡ t❤r❡❡ t❡r♠s✱ ✇❡✬❧❧ ❞✐✈✐❞❡ ❡❛❝❤ t❡r♠ ♦❢ t❤❡ ♣r♦❞✉❝t ❜② 5x2y4✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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1st term : 10x3y6

5x2y4 = 2xy2 P❧❛❝❡ t❤❡ 2xy2 ✐♥t♦ t❤❡ ✶st ♣♦s✐t✐♦♥ ✐♥ t❤❡
( )

.

2nd term : 15x3y4

5x2y4 = 3x P❧❛❝❡ t❤❡ 3x ✐♥t♦ t❤❡ ✷♥❞ ♣♦s✐t✐♦♥ ✐♥ t❤❡
( )

.

3rd term : −5x2y4

5x2y4 = −1 P❧❛❝❡ t❤❡ − 1 ✐♥t♦ t❤❡ ✸r❞ ♣♦s✐t✐♦♥ ✐♥ t❤❡
( )

.

❚❤❡ ♦t❤❡r ❢❛❝t♦r ✐s 2xy2 + 3x − 1✱ ❛♥❞
5x2y4 ·

(
2xy2 + 3x − 1

)
= 10x3y6 + 15x3y4 − 5x2y4

❊①❛♠♣❧❡ ✻✳✶✵
❚❤❡ ♣r♦❞✉❝t ✐s −4a2 − b3 + 2c ❛♥❞ ❛ ❢❛❝t♦r ✐s −1✳ ❋✐♥❞ t❤❡ ♦t❤❡r ❢❛❝t♦r✳

−1 ( ) = −4a2 − b3 + 2c
❙✐♥❝❡ t❤❡r❡ ❛r❡ t❤r❡❡ t❡r♠s ✐♥ t❤❡ ♣r♦❞✉❝t✱ t❤❡r❡ ♠✉st ❜❡ t❤r❡❡ t❡r♠s ✐♥s✐❞❡ t❤❡ ♣❛r❡♥t❤❡s❡s✳

❲❡ ✇✐❧❧ ❞✐✈✐❞❡ ✭♠❡♥t❛❧❧②✮ ❡❛❝❤ t❡r♠ ♦❢ t❤❡ ♣r♦❞✉❝t ❜② −1✳

1st term : −4a2

−1 = 4a2 P❧❛❝❡ 4a2 ✐♥t♦ t❤❡ ✶st ♣♦s✐t✐♦♥ ✐♥s✐❞❡ t❤❡
( )

.

2nd term : −b3

−1 = b3 P❧❛❝❡ b3 ✐♥t♦ t❤❡ ✷♥❞ ♣♦s✐t✐♦♥ ✐♥s✐❞❡ t❤❡
( )

.

3rd term : 2c
−1 = −2c P❧❛❝❡ − 2c ✐♥t♦ t❤❡ ✸r❞ ♣♦s✐t✐♦♥ ✐♥s✐❞❡ t❤❡

( )

.

❚❤❡ ♦t❤❡r ❢❛❝t♦r ✐s 4a2 + b3 − 2c✱ ❛♥❞
−1

(
4a2 + b3 − 2c

)
= −4a2 − b3 + 2c

❲✐t❤♦✉t ✇r✐t✐♥❣ t❤❡ −1✱ ✇❡ ❣❡t
−

(
4a2 + b3 − 2c

)
= −4a2 − b3 + 2c

❊①❛♠♣❧❡ ✻✳✶✶
❚❤❡ ♣r♦❞✉❝t ✐s −3a2b5 − 15a3b2 + 9a2b2 ❛♥❞ ❛ ❢❛❝t♦r ✐s −3a2b2✳ ❋✐♥❞ t❤❡ ♦t❤❡r ❢❛❝t♦r✳

−3a2b2 ( ) = −3a2b5 − 15a3b2 + 9a2b2

▼❡♥t❛❧❧② ❞✐✈✐❞✐♥❣ ❡❛❝❤ t❡r♠ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ tr✐♥♦♠✐❛❧ ❜② −3a2b2✱ ✇❡ ❣❡t b3 +5a− 3 ❛s t❤❡ ♦t❤❡r
❢❛❝t♦r✱ ❛♥❞

−3a2b2
(
b3 + 5a − 3

)
= −3a2b5 − 15a3b2 + 9a2b2

✻✳✸✳✹ Pr❛❝t✐❝❡ ❙❡t ❆

❊①❡r❝✐s❡ ✻✳✸✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✶✾✳✮

❚❤❡ ♣r♦❞✉❝t ✐s 3x2 − 6x ❛♥❞ ❛ ❢❛❝t♦r ✐s 3x✳ ❋✐♥❞ t❤❡ ♦t❤❡r ❢❛❝t♦r✳

❊①❡r❝✐s❡ ✻✳✸✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✶✾✳✮

❚❤❡ ♣r♦❞✉❝t ✐s 5y4 + 10y3 − 15y2 ❛♥❞ ❛ ❢❛❝t♦r ✐s 5y2✳ ❋✐♥❞ t❤❡ ♦t❤❡r ❢❛❝t♦r✳

❊①❡r❝✐s❡ ✻✳✸✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✶✾✳✮

❚❤❡ ♣r♦❞✉❝t ✐s 4x5y3 − 8x4y4 + 16x3y5 + 24xy7 ❛♥❞ ❛ ❢❛❝t♦r ✐s 4xy3✳ ❋✐♥❞ t❤❡ ♦t❤❡r ❢❛❝t♦r✳

❊①❡r❝✐s❡ ✻✳✸✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✶✾✳✮

❚❤❡ ♣r♦❞✉❝t ✐s −25a4 − 35a2 + 5 ❛♥❞ ❛ ❢❛❝t♦r ✐s −5✳ ❋✐♥❞ t❤❡ ♦t❤❡r ❢❛❝t♦r✳

❊①❡r❝✐s❡ ✻✳✸✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✵✳✮

❚❤❡ ♣r♦❞✉❝t ✐s −a2 + b2 ❛♥❞ ❛ ❢❛❝t♦r ✐s −1✳ ❋✐♥❞ t❤❡ ♦t❤❡r ❢❛❝t♦r✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✻✳✸✳✺ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ t❤❡ ✜rst q✉❛♥t✐t② r❡♣r❡s❡♥ts t❤❡ ♣r♦❞✉❝t ❛♥❞ t❤❡ s❡❝♦♥❞ q✉❛♥t✐t② ❛ ❢❛❝t♦r✳ ❋✐♥❞
t❤❡ ♦t❤❡r ❢❛❝t♦r✳

❊①❡r❝✐s❡ ✻✳✸✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✵✳✮

4x + 10, 2

❊①❡r❝✐s❡ ✻✳✸✳✼
6y + 18, 3

❊①❡r❝✐s❡ ✻✳✸✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✵✳✮

5x + 25, 5

❊①❡r❝✐s❡ ✻✳✸✳✾
16a + 64, 8

❊①❡r❝✐s❡ ✻✳✸✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✵✳✮

3a2 + 9a, 3a

❊①❡r❝✐s❡ ✻✳✸✳✶✶
14b2 + 16b, 2b

❊①❡r❝✐s❡ ✻✳✸✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✵✳✮

21x2 + 28x, 7x

❊①❡r❝✐s❡ ✻✳✸✳✶✸
45y2 + 50y, 5y

❊①❡r❝✐s❡ ✻✳✸✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✵✳✮

18a2 − 4a, 2a

❊①❡r❝✐s❡ ✻✳✸✳✶✺
20a2 − 12a, 4a

❊①❡r❝✐s❡ ✻✳✸✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✵✳✮

7x2 − 14x, 7x

❊①❡r❝✐s❡ ✻✳✸✳✶✼
6y2 − 24y, 6y

❊①❡r❝✐s❡ ✻✳✸✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✵✳✮

8a2 + 4a, 4a

❊①❡r❝✐s❡ ✻✳✸✳✶✾
26b2 + 13b, 13b

❊①❡r❝✐s❡ ✻✳✸✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✵✳✮

9x2 + 6x + 18, 6

❊①❡r❝✐s❡ ✻✳✸✳✷✶
12b2 + 16b + 20, 4

❊①❡r❝✐s❡ ✻✳✸✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✵✳✮

21x2 + 7x − 14, 7

❊①❡r❝✐s❡ ✻✳✸✳✷✸
35x2 + 40x − 5, 5

❊①❡r❝✐s❡ ✻✳✸✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✵✳✮

14y2 − 28y + 14, 14

❊①❡r❝✐s❡ ✻✳✸✳✷✺
36a2 − 16a + 12, 4

❊①❡r❝✐s❡ ✻✳✸✳✷✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✵✳✮

4y2 − 10y − 12, 2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✼✼

❊①❡r❝✐s❡ ✻✳✸✳✷✼
6b2 − 6b − 3, 3

❊①❡r❝✐s❡ ✻✳✸✳✷✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✵✳✮

18x3 + 20x, 2x

❊①❡r❝✐s❡ ✻✳✸✳✷✾
40y3 + 24y, 4y

❊①❡r❝✐s❡ ✻✳✸✳✸✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✵✳✮

16x3 − 12x2, 4x2

❊①❡r❝✐s❡ ✻✳✸✳✸✶
11x3 − 11x + 11, 11

❊①❡r❝✐s❡ ✻✳✸✳✸✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✵✳✮

10a3 + 12a2 + 16a + 8, 2

❊①❡r❝✐s❡ ✻✳✸✳✸✸
14b3 + 16b2 + 26b + 30, 2

❊①❡r❝✐s❡ ✻✳✸✳✸✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✵✳✮

8a3 − 4a2 − 12a + 16, 4

❊①❡r❝✐s❡ ✻✳✸✳✸✺
25x3 − 30x2 + 15x − 10, 5

❊①❡r❝✐s❡ ✻✳✸✳✸✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✵✳✮

4x6 + 16x4 − 16x, 4x

❊①❡r❝✐s❡ ✻✳✸✳✸✼
9a5 + 6a5 − 18a4 + 24a2, 3a2

❊①❡r❝✐s❡ ✻✳✸✳✸✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✵✳✮

10x3 − 35x2, 5x2

❊①❡r❝✐s❡ ✻✳✸✳✸✾
12x3y5 + 20x3y2, 4x3y2

❊①❡r❝✐s❡ ✻✳✸✳✹✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✵✳✮

10a4b3 + 4a3b4, 2a3b3

❊①❡r❝✐s❡ ✻✳✸✳✹✶
8a3b6c8 + 12a2b5c6 − 16a2b7c5, 4a2b5c5

❊①❡r❝✐s❡ ✻✳✸✳✹✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✵✳✮

4x5y4 + x2 + x, x

❊①❡r❝✐s❡ ✻✳✸✳✹✸
14a5b2 − 3a4b4 + 7a3, a3

❊①❡r❝✐s❡ ✻✳✸✳✹✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✵✳✮

64a5b3c11 + 56a4b4c10 − 48a3b5c9 − 8a3b2c5, 8a3b2c5

❊①❡r❝✐s❡ ✻✳✸✳✹✺
3h3b2 − 2h6b3 − 9h2b + hb, hb

❊①❡r❝✐s❡ ✻✳✸✳✹✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✵✳✮

5a + 10, − 5

❊①❡r❝✐s❡ ✻✳✸✳✹✼
6b + 8, − 2

❊①❡r❝✐s❡ ✻✳✸✳✹✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✵✳✮

8x2 + 12x, − 4x

❊①❡r❝✐s❡ ✻✳✸✳✹✾
20a2b2 − 10a2, − 10a2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✻✳✸✳✺✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✵✳✮

a + b, − 1

❊①❡r❝✐s❡ ✻✳✸✳✺✶
x + y, − 1

❊①❡r❝✐s❡ ✻✳✸✳✺✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✵✳✮

a − b + c, − 1

❊①❡r❝✐s❡ ✻✳✸✳✺✸
2x + 4y − z, − 1

❊①❡r❝✐s❡ ✻✳✸✳✺✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✶✳✮

−a − b − c, − 1

❊①❡r❝✐s❡ ✻✳✸✳✺✺
x2 − x + 1, − 1

✻✳✸✳✻ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✻✳✸✳✺✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✶✳✮

✭❙❡❝t✐♦♥ ✹✳✷✮ ❍♦✇ ♠❛♥② 4y2✬s ❛r❡ t❤❡r❡ ✐♥ 24x2y3❄

❊①❡r❝✐s❡ ✻✳✸✳✺✼
✭❙❡❝t✐♦♥ ✹✳✼✮ ❋✐♥❞ t❤❡ ♣r♦❞✉❝t✳ (2y − 3)

2
✳

❊①❡r❝✐s❡ ✻✳✸✳✺✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✶✳✮

✭❙❡❝t✐♦♥ ✺✳✹✮ ❙♦❧✈❡ 2 (2a − 1) − a = 7✳

❊①❡r❝✐s❡ ✻✳✸✳✺✾
✭❙❡❝t✐♦♥ ✻✳✷✮ ●✐✈❡♥ t❤❛t 3m2n ✐s ❛ ❢❛❝t♦r ♦❢ 12m3n4✱ ✜♥❞ t❤❡ ♦t❤❡r ❢❛❝t♦r✳

✻✳✹ ❚❤❡ ●r❡❛t❡st ❈♦♠♠♦♥ ❋❛❝t♦r✹

✻✳✹✳✶ ❖✈❡r✈✐❡✇

• ❋❛❝t♦r✐♥❣ ▼❡t❤♦❞
• ●r❡❛t❡st ❈♦♠♠♦♥ ❋❛❝t♦r

✻✳✹✳✷ ❋❛❝t♦r✐♥❣ ▼❡t❤♦❞

■♥ t❤❡ ❧❛st t✇♦ t②♣❡s ♦❢ ♣r♦❜❧❡♠s ✭❙❡❝t✐♦♥s ❙❡❝t✐♦♥ ✻✳✷ ❛♥❞ ❙❡❝t✐♦♥ ✻✳✸✮✱ ✇❡ ❦♥❡✇ ♦♥❡ ♦❢ t❤❡ ❢❛❝t♦rs ❛♥❞
✇❡r❡ ❛❜❧❡ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♦t❤❡r ❢❛❝t♦r t❤r♦✉❣❤ ❞✐✈✐s✐♦♥✳ ❙✉♣♣♦s❡✱ ♥♦✇✱ ✇❡✬r❡ ❣✐✈❡♥ t❤❡ ♣r♦❞✉❝t ✇✐t❤♦✉t
❛♥② ❢❛❝t♦rs✳ ❖✉r ♣r♦❜❧❡♠ ✐s t♦ ✜♥❞ t❤❡ ❢❛❝t♦rs✱ ✐❢ ♣♦ss✐❜❧❡✳ ❚❤✐s ♣r♦❝❡❞✉r❡ ❛♥❞ t❤❡ ♣r❡✈✐♦✉s t✇♦ ♣r♦❝❡❞✉r❡s
❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ❞✐str✐❜✉t✐✈❡ ♣r♦♣❡rt②✳

❲❡ ✇✐❧❧ ✉s❡ t❤❡ ❞✐str✐❜✉t✐✈❡ ♣r♦♣❡rt② ✐♥ r❡✈❡rs❡✳
ab + ac
︸ ︷︷ ︸

♣r♦❞✉❝t

= a (b + c)
︸ ︷︷ ︸

❢❛❝t♦rs

✹❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✶✸✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✼✾

❲❡ ♥♦t✐❝❡ t❤❛t ✐♥ t❤❡ ♣r♦❞✉❝t✱ a✐s ❝♦♠♠♦♥ t♦ ❜♦t❤ t❡r♠s✳ ✭■♥ ❢❛❝t✱ a✐s ❛ ❝♦♠♠♦♥ ❢❛❝t♦r ♦❢ ❜♦t❤ t❡r♠s✳✮
❙✐♥❝❡ a✐s ❝♦♠♠♦♥ t♦ ❜♦t❤ t❡r♠s✱ ✇❡ ✇✐❧❧ ❢❛❝t♦r ✐t ♦✉t ❛♥❞ ✇r✐t❡

a ( )
◆♦✇ ✇❡ ♥❡❡❞ t♦ ❞❡t❡r♠✐♥❡ ✇❤❛t t♦ ♣❧❛❝❡ ✐♥s✐❞❡ t❤❡ ♣❛r❡♥t❤❡s❡s✳ ❚❤✐s ✐s t❤❡ ♣r♦❝❡❞✉r❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s

s❡❝t✐♦♥✳ ❉✐✈✐❞❡ ❡❛❝❤ t❡r♠ ♦❢ t❤❡ ♣r♦❞✉❝t ❜② t❤❡ ❦♥♦✇♥ ❢❛❝t♦r a.
ab
a = b ❛♥❞ ac

a = c

❚❤✉s✱ b❛♥❞ c❛r❡ t❤❡ r❡q✉✐r❡❞ t❡r♠s ♦❢ t❤❡ ♦t❤❡r ❢❛❝t♦r✳ ❍❡♥❝❡✱
ab + ac = a (b + c)
❲❤❡♥ ❢❛❝t♦r✐♥❣ ❛ ♠♦♥♦♠✐❛❧ ❢r♦♠ ❛ ♣♦❧②♥♦♠✐❛❧✱ ✇❡ s❡❡❦ ♦✉t ❢❛❝t♦rs t❤❛t ❛r❡ ♥♦t ♦♥❧② ❝♦♠♠♦♥ t♦ ❡❛❝❤

t❡r♠ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧✱ ❜✉t ❢❛❝t♦rs t❤❛t ❤❛✈❡ t❤❡s❡ ♣r♦♣❡rt✐❡s✿

✶✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ❝♦❡✣❝✐❡♥ts ❛r❡ t❤❡ ❧❛r❣❡st ❝♦♠♠♦♥ ♥✉♠❡r✐❝❛❧ ❝♦❡✣❝✐❡♥ts✳
✷✳ ❚❤❡ ✈❛r✐❛❜❧❡s ♣♦ss❡ss t❤❡ ❧❛r❣❡st ❡①♣♦♥❡♥ts ❝♦♠♠♦♥ t♦ ❛❧❧ t❤❡ ✈❛r✐❛❜❧❡s✳

✻✳✹✳✸ ●r❡❛t❡st ❈♦♠♠♦♥ ❋❛❝t♦r

❆ ♠♦♥♦♠✐❛❧ ❢❛❝t♦r t❤❛t ♠❡❡ts t❤❡ ❛❜♦✈❡ t✇♦ r❡q✉✐r❡♠❡♥ts ✐s ❝❛❧❧❡❞ t❤❡ ❣r❡❛t❡st ❝♦♠♠♦♥ ❢❛❝t♦r ♦❢ t❤❡
♣♦❧②♥♦♠✐❛❧✳

✻✳✹✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❊①❛♠♣❧❡ ✻✳✶✷
❋❛❝t♦r 3x − 18.

❚❤❡ ❣r❡❛t❡st ❝♦♠♠♦♥ ❢❛❝t♦r ✐s ✸✳

3x − 18 = 3 · x − 3 · 6 ❋❛❝t♦r ♦✉t 3.

3x − 18 = 3 ( ) ❉✐✈✐❞❡ ❡❛❝❤ t❡r♠ ♦❢ t❤❡ ♣r♦❞✉❝t ❜② 3.

3x
3 = x ❛♥❞ −18

3 = −6

(❚r② t♦ ♣❡r❢♦r♠ t❤✐s ❞✐✈✐s✐♦♥♠❡♥t❛❧❧②✳)

3x − 18 = 3 (x − 6)

❊①❛♠♣❧❡ ✻✳✶✸
❋❛❝t♦r 9x3 + 18x2 + 27x.

◆♦t✐❝❡ t❤❛t 9x✐s t❤❡ ❣r❡❛t❡st ❝♦♠♠♦♥ ❢❛❝t♦r✳

9x3 + 18x2 + 27x = 9x · x2 + 9x · 2x + 9x · 3. ❋❛❝t♦r ♦✉t 9x.

9x✸ + 18x2 + 27x = 9x ( ) ▼❡♥t❛❧❧② ❞✐✈✐❞❡ 9x ✐♥t♦ ❡❛❝❤ t❡r♠ ♦❢ t❤❡ ♣r♦❞✉❝t✳

✾x3 + 18x2 + 27x = 9x
(
x2 + 2x + 3

)

❊①❛♠♣❧❡ ✻✳✶✹
❋❛❝t♦r 10x2y3 − 20xy4 − 35y5.

◆♦t✐❝❡ t❤❛t 5y3✐s t❤❡ ❣r❡❛t❡st ❝♦♠♠♦♥ ❢❛❝t♦r✳ ❋❛❝t♦r ♦✉t 5y3.
10x2y3 − 20xy4 − 35y5 = 5y3 ( )
▼❡♥t❛❧❧② ❞✐✈✐❞❡ 5y3✐♥t♦ ❡❛❝❤ t❡r♠ ♦❢ t❤❡ ♣r♦❞✉❝t ❛♥❞ ♣❧❛❝❡ t❤❡ r❡s✉❧t✐♥❣ q✉♦t✐❡♥ts ✐♥s✐❞❡ t❤❡

( ) .
10x2y3 − 20xy4 − 35y5 = 5y3

(
2x2 − 4xy − 7y2

)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❛♠♣❧❡ ✻✳✶✺
❋❛❝t♦r −12x5 + 8x3 − 4x2.

❲❡ s❡❡ t❤❛t t❤❡ ❣r❡❛t❡st ❝♦♠♠♦♥ ❢❛❝t♦r ✐s −4x2.
−12x5 + 8x3 − 4x2 = −4x2 ( )
▼❡♥t❛❧❧② ❞✐✈✐❞✐♥❣ −4x2✐♥t♦ ❡❛❝❤ t❡r♠ ♦❢ t❤❡ ♣r♦❞✉❝t✱ ✇❡ ❣❡t
−12x5 + 8x3 − 4x2 = −4x2

(
3x3 − 2x + 1

)

✻✳✹✳✺ Pr❛❝t✐❝❡ ❙❡t ❆

❊①❡r❝✐s❡ ✻✳✹✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✶✳✮

❋❛❝t♦r 4x − 48.

❊①❡r❝✐s❡ ✻✳✹✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✶✳✮

❋❛❝t♦r 6y3 + 24y2 + 36y.

❊①❡r❝✐s❡ ✻✳✹✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✶✳✮

❋❛❝t♦r 10a5b4 − 14a4b5 − 8b6.

❊①❡r❝✐s❡ ✻✳✹✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✶✳✮

❋❛❝t♦r − 14m4 + 28m2 − 7m.

✻✳✹✳✻

❈♦♥s✐❞❡r t❤✐s ♣r♦❜❧❡♠✿ ❢❛❝t♦r Ax + Ay.❙✉r❡❧②✱ Ax + Ay = A (x + y) .❲❡ ❦♥♦✇ ❢r♦♠ t❤❡ ✈❡r② ❜❡❣✐♥♥✐♥❣ ♦❢
♦✉r st✉❞② ♦❢ ❛❧❣❡❜r❛ t❤❛t ❧❡tt❡rs r❡♣r❡s❡♥t s✐♥❣❧❡ q✉❛♥t✐t✐❡s✳ ❲❡ ❛❧s♦ ❦♥♦✇ t❤❛t ❛ q✉❛♥t✐t② ♦❝❝✉rr✐♥❣ ✇✐t❤✐♥
❛ s❡t ♦❢ ♣❛r❡♥t❤❡s❡s ✐s t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ s✐♥❣❧❡ q✉❛♥t✐t②✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ ❧❡tt❡r A✐s r❡♣r❡s❡♥t✐♥❣ t❤❡
q✉❛♥t✐t② (a + b) .❚❤❡♥ ✇❡ ❤❛✈❡

Ax + Ay = A (x + y)
(a + b) x + (a + b) y = (a + b) (x + y)
❲❤❡♥ ✇❡ ♦❜s❡r✈❡ t❤❡ ❡①♣r❡ss✐♦♥
(a + b) x + (a + b) y
✇❡ ♥♦t✐❝❡ t❤❛t (a + b)✐s ❝♦♠♠♦♥ t♦ ❜♦t❤ t❡r♠s✳ ❙✐♥❝❡ ✐t ✐s ❝♦♠♠♦♥✱ ✇❡ ❢❛❝t♦r ✐t ♦✉t✳
(a + b) ( )
❆s ✉s✉❛❧✱ ✇❡ ❞❡t❡r♠✐♥❡ ✇❤❛t t♦ ♣❧❛❝❡ ✐♥s✐❞❡ t❤❡ ♣❛r❡♥t❤❡s❡s ❜② ❞✐✈✐❞✐♥❣ ❡❛❝❤ t❡r♠ ♦❢ t❤❡ ♣r♦❞✉❝t ❜②

(a + b) .
(a+b)x
(a+b) = x ❛♥❞ (a+b)y

(a+b) = y

❚❤✉s✱ ✇❡ ❣❡t
(a + b)x + (a + b) y = (a + b) (x + y)
❚❤✐s ✐s ❛ ❢♦r❡r✉♥♥❡r ♦❢ t❤❡ ❢❛❝t♦r✐♥❣ t❤❛t ✇✐❧❧ ❜❡ ❞♦♥❡ ✐♥ ❙❡❝t✐♦♥ 5.4.

✻✳✹✳✼ ❙❛♠♣❧❡ ❙❡t ❇

❊①❛♠♣❧❡ ✻✳✶✻
❋❛❝t♦r (x − 7) a + (x − 7) b.

◆♦t✐❝❡ t❤❛t (x − 7)✐s t❤❡ ❣r❡❛t❡st ❝♦♠♠♦♥ ❢❛❝t♦r✳ ❋❛❝t♦r ♦✉t (x − 7) .

(x − 7) a + (x − 7) b = (x − 7)
( )

❚❤❡♥, (x−7)a
(x−7) = a ❛♥❞ (x−7)b

(x−7) = b.

(x − 7) a + (x − 7) b = (x − 7) (a + b)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✽✶

❊①❛♠♣❧❡ ✻✳✶✼
❋❛❝t♦r 3x2 (x + 1) − 5x (x + 1)✳

◆♦t✐❝❡ t❤❛t x❛♥❞ (x + 1)❛r❡ ❝♦♠♠♦♥ t♦ ❜♦t❤ t❡r♠s✳ ❋❛❝t♦r t❤❡♠ ♦✉t✳ ❲❡✬❧❧ ♣❡r❢♦r♠ t❤✐s
❢❛❝t♦r✐③❛t✐♦♥ ❜② ❧❡tt✐♥❣ A = x (x + 1) . ❚❤❡♥ ✇❡ ❤❛✈❡

3xA − 5A = A (3x − 5)

❇✉tA = x (x + 1) , s♦

3x2 (x + 1) − 5x (x + 1) = x (x + 1) (3x − 5)

✻✳✹✳✽ Pr❛❝t✐❝❡ ❙❡t ❇

❊①❡r❝✐s❡ ✻✳✹✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✶✳✮

❋❛❝t♦r (y + 4) a + (y + 4) b.

❊①❡r❝✐s❡ ✻✳✹✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✶✳✮

❋❛❝t♦r 8m3 (n − 4) − 6m2 (n − 4) .

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✻✳✹✳✾ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❢❛❝t♦r t❤❡ ♣♦❧②♥♦♠✐❛❧s✳

❊①❡r❝✐s❡ ✻✳✹✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✶✳✮

9a + 18

❊①❡r❝✐s❡ ✻✳✹✳✽
6a + 24

❊①❡r❝✐s❡ ✻✳✹✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✶✳✮

8b + 12

❊①❡r❝✐s❡ ✻✳✹✳✶✵
16x + 12

❊①❡r❝✐s❡ ✻✳✹✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✶✳✮

4x − 6

❊①❡r❝✐s❡ ✻✳✹✳✶✷
8x − 14

❊①❡r❝✐s❡ ✻✳✹✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✶✳✮

21y − 28

❊①❡r❝✐s❡ ✻✳✹✳✶✹
16f − 36

❊①❡r❝✐s❡ ✻✳✹✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✶✳✮

12x2 + 18x

❊①❡r❝✐s❡ ✻✳✹✳✶✻
10y2 + 15y

❊①❡r❝✐s❡ ✻✳✹✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✶✳✮

8y2 + 18

❊①❡r❝✐s❡ ✻✳✹✳✶✽
7x2 − 21

❊①❡r❝✐s❡ ✻✳✹✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✶✳✮

3y2 − 6

❊①❡r❝✐s❡ ✻✳✹✳✷✵
2x2 − 2

❊①❡r❝✐s❡ ✻✳✹✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✶✳✮

6y2 − 6y

❊①❡r❝✐s❡ ✻✳✹✳✷✷
ax2 − a

❊①❡r❝✐s❡ ✻✳✹✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✶✳✮

by2 + b

❊①❡r❝✐s❡ ✻✳✹✳✷✹
7by2 + 14b

❊①❡r❝✐s❡ ✻✳✹✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✶✳✮

5a2x2 + 10x

❊①❡r❝✐s❡ ✻✳✹✳✷✻
24ax2 + 28a

❊①❡r❝✐s❡ ✻✳✹✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✶✳✮

10x2 + 5x − 15

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✽✸

❊①❡r❝✐s❡ ✻✳✹✳✷✽
12x2 − 8x − 16

❊①❡r❝✐s❡ ✻✳✹✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✶✳✮

15y3 − 24y + 9

❊①❡r❝✐s❡ ✻✳✹✳✸✵
ax2 + ax + a

❊①❡r❝✐s❡ ✻✳✹✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✶✳✮

by3 + by2 + by + b

❊①❡r❝✐s❡ ✻✳✹✳✸✷
2y2 + 6y + 4xy

❊①❡r❝✐s❡ ✻✳✹✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✶✳✮

9x2 + 6xy + 4x

❊①❡r❝✐s❡ ✻✳✹✳✸✹
30a2b2 + 40a2b2 + 50a2b2

❊①❡r❝✐s❡ ✻✳✹✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✶✳✮

13x2y5c − 26x2y5c − 39x2y5

❊①❡r❝✐s❡ ✻✳✹✳✸✻
−4x2 − 12x − 8

❊①❡r❝✐s❡ ✻✳✹✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✶✳✮

−6y3 − 8y2 − 14y + 10

❊①❡r❝✐s❡ ✻✳✹✳✸✽
Ab + Ac

❊①❡r❝✐s❡ ✻✳✹✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✷✳✮

Nx + Ny

❊①❡r❝✐s❡ ✻✳✹✳✹✵
Qx + Qy

❊①❡r❝✐s❡ ✻✳✹✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✷✳✮

Ax − Ay

❊①❡r❝✐s❡ ✻✳✹✳✹✷
(x + 4) b + (x + 4) c

❊①❡r❝✐s❡ ✻✳✹✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✷✳✮

(x − 9) a + (x − 9) b

❊①❡r❝✐s❡ ✻✳✹✳✹✹
(2x + 7) a + (2x + 7) b

❊①❡r❝✐s❡ ✻✳✹✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✷✳✮

(9a − b) w − (9a − b) x

❊①❡r❝✐s❡ ✻✳✹✳✹✻
(5 − v) X + (5 − v)Y

❊①❡r❝✐s❡ ✻✳✹✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✷✳✮

3x5y4 − 12x3y4 + 27x5y3 − 6x2y6

❊①❡r❝✐s❡ ✻✳✹✳✹✽
8a3b15 + 24a2b14 + 48a3b6 − 20a3b7 + 80a4b6 − 4a3b7 + 4a2b

❊①❡r❝✐s❡ ✻✳✹✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✷✳✮

−8x3y2 − 3x3y2 + 16x4y3 + 2x2y

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✻✳✹✳✶✵ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✻✳✹✳✺✵
✭❙❡❝t✐♦♥ ✺✳✻✮ ❆ q✉❛♥t✐t② ♣❧✉s 21% ♠♦r❡ ♦❢ t❤❛t q✉❛♥t✐t② ✐s 26.25. ❲❤❛t ✐s t❤❡ ♦r✐❣✐♥❛❧ q✉❛♥t✐t②❄

❊①❡r❝✐s❡ ✻✳✹✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✷✳✮

✭❙❡❝t✐♦♥ ✺✳✽✮ ❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥ 6 (t − 1) = 4 (5 − s) ✐❢ s = 2.

❊①❡r❝✐s❡ ✻✳✹✳✺✷
✭❙❡❝t✐♦♥ ✻✳✸✮ ●✐✈❡♥ t❤❛t 4a3✐s ❛ ❢❛❝t♦r ♦❢ 8a3 − 12a2,✜♥❞ t❤❡ ♦t❤❡r ❢❛❝t♦r✳

✻✳✺ ❋❛❝t♦r✐♥❣ ❜② ●r♦✉♣✐♥❣✺

✻✳✺✳✶ ❖✈❡r✈✐❡✇

• ❯s✐♥❣ ●r♦✉♣✐♥❣ t♦ ❋❛❝t♦r ❛ P♦❧②♥♦♠✐❛❧
• ❑♥♦✇✐♥❣ ✇❤❡♥ t♦ ❚r② t❤❡ ●r♦✉♣✐♥❣ ▼❡t❤♦❞

✻✳✺✳✷ ❯s✐♥❣ ●r♦✉♣✐♥❣ t♦ ❋❛❝t♦r ❛ P♦❧②♥♦♠✐❛❧

❙♦♠❡t✐♠❡s ❛ ♣♦❧②♥♦♠✐❛❧ ✇✐❧❧ ♥♦t ❤❛✈❡ ❛ ♣❛rt✐❝✉❧❛r ❢❛❝t♦r ❝♦♠♠♦♥ t♦ ❡✈❡r② t❡r♠✳ ❍♦✇❡✈❡r✱ ✇❡ ♠❛② st✐❧❧ ❜❡
❛❜❧❡ t♦ ♣r♦❞✉❝❡ ❛ ❢❛❝t♦r❡❞ ❢♦r♠ ❢♦r t❤❡ ♣♦❧②♥♦♠✐❛❧✳

❚❤❡ ♣♦❧②♥♦♠✐❛❧ x3 +3x2−6x−18❤❛s ♥♦ s✐♥❣❧❡ ❢❛❝t♦r t❤❛t ✐s ❝♦♠♠♦♥ t♦ ❡✈❡r② t❡r♠✳ ❍♦✇❡✈❡r✱ ✇❡ ♥♦t✐❝❡
t❤❛t ✐❢ ✇❡ ❣r♦✉♣ t♦❣❡t❤❡r t❤❡ ✜rst t✇♦ t❡r♠s ❛♥❞ t❤❡ s❡❝♦♥❞ t✇♦ t❡r♠s✱ ✇❡ s❡❡ t❤❛t ❡❛❝❤ r❡s✉❧t✐♥❣ ❜✐♥♦♠✐❛❧
❤❛s ❛ ♣❛rt✐❝✉❧❛r ❢❛❝t♦r ❝♦♠♠♦♥ t♦ ❜♦t❤ t❡r♠s✳

❋❛❝t♦r x2 ♦✉t ♦❢ t❤❡ ✜rst t✇♦ t❡r♠s✱ ❛♥❞ ❢❛❝t♦r −6 ♦✉t ♦❢ t❤❡ s❡❝♦♥❞ t✇♦ t❡r♠s✳
x2 (x + 3) − 6 (x + 3)
◆♦✇ ❧♦♦❦ ❝❧♦s❡❧② ❛t t❤✐s ❜✐♥♦♠✐❛❧✳ ❊❛❝❤ ♦❢ t❤❡ t✇♦ t❡r♠s ❝♦♥t❛✐♥s t❤❡ ❢❛❝t♦r (x + 3)✳
❋❛❝t♦r ♦✉t (x + 3)✳

(x + 3)
(
x2 − 6

)
✐s t❤❡ ✜♥❛❧ ❢❛❝t♦r✐③❛t✐♦♥✳

x3 + 3x2 − 6x − 18 = (x + 3)
(
x2 − 6

)

✻✳✺✳✸ ❑♥♦✇✐♥❣ ✇❤❡♥ t♦ ❚r② t❤❡ ●r♦✉♣✐♥❣ ▼❡t❤♦❞

❲❡ ❛r❡ ❛❧❡rt❡❞ t♦ t❤❡ ✐❞❡❛ ♦❢ ❣r♦✉♣✐♥❣ ✇❤❡♥ t❤❡ ♣♦❧②♥♦♠✐❛❧ ✇❡ ❛r❡ ❝♦♥s✐❞❡r✐♥❣ ❤❛s ❡✐t❤❡r ♦❢ t❤❡s❡ q✉❛❧✐t✐❡s✿

✶✳ ♥♦ ❢❛❝t♦r ❝♦♠♠♦♥ t♦ ❛❧❧ t❡r♠s
✷✳ ❛♥ ❡✈❡♥ ♥✉♠❜❡r ♦❢ t❡r♠s

❲❤❡♥ ❢❛❝t♦r✐♥❣ ❜② ❣r♦✉♣✐♥❣✱ t❤❡ s✐❣♥ (+ ♦r−)♦❢ t❤❡ ❢❛❝t♦r ✇❡ ❛r❡ t❛❦✐♥❣ ♦✉t ✇✐❧❧ ✉s✉❛❧❧② ✭❜✉t ♥♦t ❛❧✇❛②s✮
❜❡ t❤❡ s❛♠❡ ❛s t❤❡ s✐❣♥ ♦❢ t❤❡ ✜rst t❡r♠ ✐♥ t❤❛t ❣r♦✉♣✳

✺❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✵✶✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✽✺

✻✳✺✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❊①❛♠♣❧❡ ✻✳✶✽
❋❛❝t♦r 8a2b4 − 4b4 + 14a2 − 7✳

✶✳ ❲❡ ♥♦t✐❝❡ t❤❡r❡ ✐s ♥♦ ❢❛❝t♦r ❝♦♠♠♦♥ t♦ ❛❧❧ t❡r♠s✳
✷✳ ❲❡ s❡❡ t❤❡r❡ ❛r❡ ❢♦✉r t❡r♠s✱ ❛♥ ❡✈❡♥ ♥✉♠❜❡r✳
✸✳ ❲❡ s❡❡ t❤❛t t❡r♠s ✶ ❛♥❞ ✷ ❤❛✈❡ +4b4✐♥ ❝♦♠♠♦♥ ✭s✐♥❝❡ t❤❡ ✶st t❡r♠ ✐♥ t❤❡ ❣r♦✉♣ ✐s +8a2b4✳
✹✳ ❲❡ ♥♦t✐❝❡ t❤❛t t❤❡ ✸r❞ ❛♥❞ ✹t❤ t❡r♠s ❤❛✈❡ +7 ✐♥ ❝♦♠♠♦♥ ✭s✐♥❝❡ t❤❡ ✶st t❡r♠ ✐♥ t❤❡ ❣r♦✉♣ ✐s

+14a2✮✳

8a2b4 − 4b4 + 14a2 − 7 = ✭✷❛
✷
✲✶✮✭✹❜

✹
✰✼✮

✻✳✺✳✺ Pr❛❝t✐❝❡ ❙❡t ❆

❯s❡ t❤❡ ❣r♦✉♣✐♥❣ ♠❡t❤♦❞ t♦ ❢❛❝t♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦❧②♥♦♠✐❛❧s✳

❊①❡r❝✐s❡ ✻✳✺✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✷✳✮

ax + ay + bx + by

❊①❡r❝✐s❡ ✻✳✺✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✷✳✮

2am + 8m + 5an + 20n

❊①❡r❝✐s❡ ✻✳✺✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✷✳✮

a2x3 + 4a2y3 + 3bx3 + 12by3

❊①❡r❝✐s❡ ✻✳✺✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✷✳✮

15mx + 10nx − 6my − 4ny

❊①❡r❝✐s❡ ✻✳✺✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✷✳✮

40abx − 24abxy − 35c2x + 21c2xy

❊①❡r❝✐s❡ ✻✳✺✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✷✳✮

❲❤❡♥ ❢❛❝t♦r✐♥❣ t❤❡ ♣♦❧②♥♦♠✐❛❧ 8a2b4−4b4+14a2−7 ✐♥ ❙❛♠♣❧❡ ❙❡t ❆✱ ✇❡ ❣r♦✉♣❡❞ t♦❣❡t❤❡r t❡r♠s✶
❛♥❞ ✷ ❛♥❞ ✸ ❛♥❞ ✹✳ ❈♦✉❧❞ ✇❡ ❤❛✈❡ ❣r♦✉♣❡❞ t♦❣❡t❤❡r t❡r♠s✶ ❛♥❞ ✸ ❛♥❞ ✷ ❛♥❞ ✹❄ ❚r② t❤✐s✳
8a2b4 − 4b4 + 14a2 − 7 =

❉♦ ✇❡ ❣❡t t❤❡ s❛♠❡ r❡s✉❧t❄ ■❢ t❤❡ r❡s✉❧ts ❞♦ ♥♦t ❧♦♦❦ ♣r❡❝✐s❡❧② t❤❡ s❛♠❡✱ r❡❝❛❧❧ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ♣r♦♣❡rt② ♦❢
♠✉❧t✐♣❧✐❝❛t✐♦♥✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✻✳✺✳✻ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✉s❡ t❤❡ ❣r♦✉♣✐♥❣ ♠❡t❤♦❞ t♦ ❢❛❝t♦r t❤❡ ♣♦❧②♥♦♠✐❛❧s✳ ❙♦♠❡ ♣♦❧②♥♦♠✐❛❧s ♠❛② ♥♦t
❜❡ ❢❛❝t♦r❛❜❧❡ ✉s✐♥❣ t❤❡ ❣r♦✉♣✐♥❣ ♠❡t❤♦❞✳

❊①❡r❝✐s❡ ✻✳✺✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✷✳✮

2ab + 3a + 18b + 27

❊①❡r❝✐s❡ ✻✳✺✳✽
xy − 7x + 4y − 28

❊①❡r❝✐s❡ ✻✳✺✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✷✳✮

xy + x + 3y + 3

❊①❡r❝✐s❡ ✻✳✺✳✶✵
mp + 3mq + np + 3nq

❊①❡r❝✐s❡ ✻✳✺✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✷✳✮

ar + 4as + 5br + 20bs

❊①❡r❝✐s❡ ✻✳✺✳✶✷
14ax − 6bx + 21ay − 9by

❊①❡r❝✐s❡ ✻✳✺✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✷✳✮

12mx − 6bx + 21ay − 9by

❊①❡r❝✐s❡ ✻✳✺✳✶✹
36ak − 8ah − 27bk + 6bh

❊①❡r❝✐s❡ ✻✳✺✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✷✳✮

a2b2 + 2a2 + 3b2 + 6

❊①❡r❝✐s❡ ✻✳✺✳✶✻
3n2 + 6n + 9m3 + 12m

❊①❡r❝✐s❡ ✻✳✺✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✷✳✮

8y4 − 5y3 + 12z2 − 10z

❊①❡r❝✐s❡ ✻✳✺✳✶✽
x2 + 4x − 3y2 + y

❊①❡r❝✐s❡ ✻✳✺✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✷✳✮

x2 − 3x + xy − 3y

❊①❡r❝✐s❡ ✻✳✺✳✷✵
2n2 + 12n − 5mn − 30m

❊①❡r❝✐s❡ ✻✳✺✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✷✳✮

4pq − 7p + 3q2 − 21

❊①❡r❝✐s❡ ✻✳✺✳✷✷
8x2 + 16xy − 5x − 10y

❊①❡r❝✐s❡ ✻✳✺✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✷✳✮

12s2 − 27s − 8st + 18t

❊①❡r❝✐s❡ ✻✳✺✳✷✹
15x2 − 12x − 10xy + 8y

❊①❡r❝✐s❡ ✻✳✺✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✷✳✮

a4b4 + 3a5b5 + 2a2b2 + 6a3b3

❊①❡r❝✐s❡ ✻✳✺✳✷✻
4a3bc − 14a2bc3 + 10abc2 − 35bc4

❊①❡r❝✐s❡ ✻✳✺✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✷✳✮

5x2y3z + 3x3yw − 10y3z2 − 6wxyz

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✽✼

❊①❡r❝✐s❡ ✻✳✺✳✷✽
a3b2cd + abc2dx − a2bxy − cx2y

❊①❡r❝✐s❡ ✻✳✺✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✷✳✮

5m10n17p3 − m6n7p4 − 40m4n10qt2 + 8pqt2

✻✳✺✳✼ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✻✳✺✳✸✵
✭❙❡❝t✐♦♥ ✷✳✻✮ ❙✐♠♣❧✐❢②

(
x5y3

) (
x2y

)
✳

❊①❡r❝✐s❡ ✻✳✺✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✸✳✮

✭❙❡❝t✐♦♥ ✸✳✽✮ ❯s❡ s❝✐❡♥t✐✜❝ ♥♦t❛t✐♦♥ t♦ ✜♥❞ t❤❡ ♣r♦❞✉❝t ♦❢
(
3 × 10−5

) (
2 × 102

)
✳

❊①❡r❝✐s❡ ✻✳✺✳✸✷
✭❙❡❝t✐♦♥ ✹✳✽✮ ❋✐♥❞ t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥ y = 6

x+5 ✳

❊①❡r❝✐s❡ ✻✳✺✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✸✳✮

✭❙❡❝t✐♦♥ ✺✳✽✮ ❈♦♥str✉❝t t❤❡ ❣r❛♣❤ ♦❢ t❤❡ ✐♥❡q✉❛❧✐t② y ≥ −2✳

❊①❡r❝✐s❡ ✻✳✺✳✸✹
✭❙❡❝t✐♦♥ ✻✳✹✮ ❋❛❝t♦r 8a4b4 + 12a3b5 − 8a2b3✳

✻✳✻ ❋❛❝t♦r✐♥❣ ❚✇♦ ❙♣❡❝✐❛❧ Pr♦❞✉❝ts ✻

✻✳✻✳✶ ❖✈❡r✈✐❡✇

• ❚❤❡ ❉✐✛❡r❡♥❝❡ ♦❢ ❚✇♦ ❙q✉❛r❡s
• ❋✉♥❞❛♠❡♥t❛❧ ❘✉❧❡s ♦❢ ❋❛❝t♦r✐♥❣
• P❡r❢❡❝t ❙q✉❛r❡ ❚r✐♥♦♠✐❛❧s

✻✳✻✳✷ ❚❤❡ ❉✐✛❡r❡♥❝❡ ♦❢ ❚✇♦ ❙q✉❛r❡s

❘❡❝❛❧❧ t❤❛t ✇❤❡♥ ✇❡ ♠✉❧t✐♣❧✐❡❞ t♦❣❡t❤❡r t❤❡ t✇♦ ❜✐♥♦♠✐❛❧s (a + b) ❛♥❞ (a − b)✱ ✇❡ ♦❜t❛✐♥❡❞ t❤❡ ♣r♦❞✉❝t
a2 − b2✳

(a + b) (a − b) = a2 − b2

P❡r❢❡❝t ❙q✉❛r❡
◆♦t✐❝❡ t❤❛t t❤❡ t❡r♠s a2 ❛♥❞ b2 ✐♥ t❤❡ ♣r♦❞✉❝t ❝❛♥ ❜❡ ♣r♦❞✉❝❡❞ ❜② sq✉❛r✐♥❣ a ❛♥❞ b✱ r❡s♣❡❝t✐✈❡❧②✳ ❆ t❡r♠
t❤❛t ✐s t❤❡ sq✉❛r❡ ♦❢ ❛♥♦t❤❡r t❡r♠ ✐s ❝❛❧❧❡❞ ❛ ♣❡r❢❡❝t sq✉❛r❡✳ ❚❤✉s✱ ❜♦t❤ a2 ❛♥❞ b2 ❛r❡ ♣❡r❢❡❝t sq✉❛r❡s✳
❚❤❡ ♠✐♥✉s s✐❣♥ ❜❡t✇❡❡♥ a2 ❛♥❞ b2 ♠❡❛♥s t❤❛t ✇❡ ❛r❡ t❛❦✐♥❣ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ t✇♦ sq✉❛r❡s✳
❙✐♥❝❡ ✇❡ ❦♥♦✇ t❤❛t (a + b) (a − b) = a2− b2✱ ✇❡ ♥❡❡❞ ♦♥❧② t✉r♥ t❤❡ ❡q✉❛t✐♦♥ ❛r♦✉♥❞ t♦ ✜♥❞ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥
❢♦r♠✳

a2 − b2 = (a + b) (a − b)

❚❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ❢♦r♠ s❛②s t❤❛t ✇❡ ❝❛♥ ❢❛❝t♦r a2 − b2✱ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t✇♦ sq✉❛r❡s✱ ❜② ✜♥❞✐♥❣ t❤❡
t❡r♠s t❤❛t ♣r♦❞✉❝❡ t❤❡ ♣❡r❢❡❝t sq✉❛r❡s ❛♥❞ s✉❜st✐t✉t✐♥❣ t❤❡s❡ q✉❛♥t✐t✐❡s ✐♥t♦ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ❢♦r♠✳
❲❤❡♥ ✉s✐♥❣ r❡❛❧ ♥✉♠❜❡rs ✭❛s ✇❡ ❛r❡✮✱ t❤❡r❡ ✐s ♥♦ ❢❛❝t♦r❡❞ ❢♦r♠ ❢♦r t❤❡ s✉♠ ♦❢ t✇♦ sq✉❛r❡s✳ ❚❤❛t ✐s✱ ✉s✐♥❣
r❡❛❧ ♥✉♠❜❡rs✱

✻❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✵✸✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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a2 + b2 ❝❛♥♥♦t ❜❡ ❢❛❝t♦r❡❞

✻✳✻✳✸ ❙❛♠♣❧❡ ❙❡t ❆

❊①❛♠♣❧❡ ✻✳✶✾
❋❛❝t♦r x2 − 16✳ ❇♦t❤ x2 ❛♥❞ ✶✻ ❛r❡ ♣❡r❢❡❝t sq✉❛r❡s✳ ❚❤❡ t❡r♠s t❤❛t✱ ✇❤❡♥ sq✉❛r❡❞✱ ♣r♦❞✉❝❡ x2

❛♥❞ ✶✻ ❛r❡ x ❛♥❞ ✹✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤✉s✱
x2 − 16 = (x + 4) (x − 4)
❲❡ ❝❛♥ ❝❤❡❝❦ ♦✉r ❢❛❝t♦r✐③❛t✐♦♥ s✐♠♣❧② ❜② ♠✉❧t✐♣❧②✐♥❣✳

(x + 4) (x − 4) = x2 − 4x + 4x − 16

= x2 − 16.

❊①❛♠♣❧❡ ✻✳✷✵
49a2b4 − 121✳ ❇♦t❤ 49a2b4 ❛♥❞ ✶✷✶ ❛r❡ ♣❡r❢❡❝t sq✉❛r❡s✳ ❚❤❡ t❡r♠s t❤❛t✱ ✇❤❡♥ sq✉❛r❡❞✱ ♣r♦❞✉❝❡
49a2b4 ❛♥❞ ✶✷✶ ❛r❡ 7ab2 ❛♥❞ ✶✶✱ r❡s♣❡❝t✐✈❡❧②✳ ❙✉❜st✐t✉t✐♥❣ t❤❡s❡ t❡r♠s ✐♥t♦ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ❢♦r♠
✇❡ ❣❡t

49a2b4 − 121 =
(
7ab2 + 11)(7ab2 − 11)

❲❡ ❝❛♥ ❝❤❡❝❦ ♦✉r ❢❛❝t♦r✐③❛t✐♦♥ ❜② ♠✉❧t✐♣❧②✐♥❣✳
(
7ab2 + 11

) (
7ab2 − 11

)
= 49a2b4 − 11ab2 + 11ab2 − 121

= 49a2b4 − 121

❊①❛♠♣❧❡ ✻✳✷✶
3x2 − 27✳ ❚❤✐s ❞♦❡s♥✬t ❧♦♦❦ ❧✐❦❡ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t✇♦ sq✉❛r❡s s✐♥❝❡ ✇❡ ❞♦♥✬t r❡❛❞✐❧② ❦♥♦✇ t❤❡ t❡r♠s
t❤❛t ♣r♦❞✉❝❡ 3x2 ❛♥❞ ✷✼✳ ❍♦✇❡✈❡r✱ ♥♦t✐❝❡ t❤❛t ✸ ✐s ❝♦♠♠♦♥ t♦ ❜♦t❤ t❤❡ t❡r♠s✳ ❋❛❝t♦r ♦✉t ✸✳

3
(
x2 − 9

)

◆♦✇ ✇❡ s❡❡ t❤❛t x2 − 9 ✐s t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t✇♦ sq✉❛r❡s✳ ❋❛❝t♦r✐♥❣ t❤❡ x2 − 9 ✇❡ ❣❡t

3x2 − 27 = 3
(
x2 − 9

)

= 3 (x + 3) (x − 3)

❇❡ ❝❛r❡❢✉❧ ♥♦t t♦ ❞r♦♣ t❤❡ ❢❛❝t♦r ✸✳

✻✳✻✳✹ Pr❛❝t✐❝❡ ❙❡t ❆

■❢ ♣♦ss✐❜❧❡✱ ❢❛❝t♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ❜✐♥♦♠✐❛❧s ❝♦♠♣❧❡t❡❧②✳

❊①❡r❝✐s❡ ✻✳✻✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✸✳✮

m2 − 25

❊①❡r❝✐s❡ ✻✳✻✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✸✳✮

36p2 − 81q2

❊①❡r❝✐s❡ ✻✳✻✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✸✳✮

49a4 − b2c2

❊①❡r❝✐s❡ ✻✳✻✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✸✳✮

x8y4 − 100w12

❊①❡r❝✐s❡ ✻✳✻✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✸✳✮

3x2 − 75

❊①❡r❝✐s❡ ✻✳✻✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✸✳✮

a3b4m − am3n2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✽✾

✻✳✻✳✺ ❋✉♥❞❛♠❡♥t❛❧ ❘✉❧❡s ♦❢ ❋❛❝t♦r✐♥❣

❚❤❡r❡ ❛r❡ t✇♦ ❢✉♥❞❛♠❡♥t❛❧ r✉❧❡s t❤❛t ✇❡ ❢♦❧❧♦✇ ✇❤❡♥ ❢❛❝t♦r✐♥❣✿

❋✉♥❞❛♠❡♥t❛❧ ❘✉❧❡s ♦❢ ❋❛❝t♦r✐♥❣

✶✳ ❋❛❝t♦r ♦✉t ❛❧❧ ❝♦♠♠♦♥ ♠♦♥♦♠✐❛❧s ✜rst✳
✷✳ ❋❛❝t♦r ❝♦♠♣❧❡t❡❧②✳

✻✳✻✳✻ ❙❛♠♣❧❡ ❙❡t ❇

❋❛❝t♦r ❡❛❝❤ ❜✐♥♦♠✐❛❧ ❝♦♠♣❧❡t❡❧②✳

❊①❛♠♣❧❡ ✻✳✷✷

4a8b − 36b5. ❋❛❝t♦r ♦✉t t❤❡ ❝♦♠♠♦♥ ❢❛❝t♦r ✹❜✳

4b
(
a8 − 9b4

)

◆♦✇ ✇❡ ❝❛♥ s❡❡ ❛ ❞✐✛❡r❡♥❝❡ ♦❢ t✇♦ sq✉❛r❡s✱ ✇❤❡r❡❛s ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♣♦❧②♥♦♠✐❛❧ ✇❡ ❝♦✉❧❞ ♥♦t✳
❲❡✬❧❧ ❝♦♠♣❧❡t❡ ♦✉r ❢❛❝t♦r✐③❛t✐♦♥ ❜② ❢❛❝t♦r✐♥❣ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t✇♦ sq✉❛r❡s✳

4a8b − 36b5 = 4b
(
a8 − 9b4

)

= 4b
(
a4 + 3b2

) (
a4 − 3b2

)

❊①❛♠♣❧❡ ✻✳✷✸

x16 − y8. ❋❛❝t♦r t❤✐s ❞✐✛❡r❡♥❝❡ ♦❢ t✇♦ sq✉❛r❡s✳

x16 − y8 =
(
x8 + y4

)

❙✉♠ ♦❢ t✇♦ sq✉❛r❡s

❉♦❡s ♥♦t ❢❛❝t♦r

(
x8 − y4

)

❉✐✛❡r❡♥❝❡ ♦❢ t✇♦ sq✉❛r❡s

❋❛❝t♦r ✐t✦

=
(
x8 + y4

) (
x4 + y2

) (
x4 − y2

)

❋❛❝t♦r ❛❣❛✐♥✦

=
(
x8 + y4

) (
x4 + y2

) (
x2 + y

) (
x2 − y

)

❋✐♥❛❧❧②✱ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ✐s ❝♦♠♣❧❡t❡✳
❚❤❡s❡ t②♣❡s ♦❢ ♣r♦❞✉❝ts ❛♣♣❡❛r ❢r♦♠ t✐♠❡ t♦ t✐♠❡✱ s♦ ❜❡ ❛✇❛r❡ t❤❛t ②♦✉ ♠❛② ❤❛✈❡ t♦ ❢❛❝t♦r

♠♦r❡ t❤❛♥ ♦♥❝❡✳

✻✳✻✳✼ Pr❛❝t✐❝❡ ❙❡t ❇

❋❛❝t♦r ❡❛❝❤ ❜✐♥♦♠✐❛❧ ❝♦♠♣❧❡t❡❧②✳

❊①❡r❝✐s❡ ✻✳✻✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✸✳✮

m4 − n4

❊①❡r❝✐s❡ ✻✳✻✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✸✳✮

16y8 − 1

✻✳✻✳✽ P❡r❢❡❝t ❙q✉❛r❡ ❚r✐♥♦♠✐❛❧s

❘❡❝❛❧❧ t❤❡ ♣r♦❝❡ss ♦❢ sq✉❛r✐♥❣ ❛ ❜✐♥♦♠✐❛❧✳
(a + b)

2
= a2 + 2ab + b2 (a − b)

2
= a2 − 2ab + b2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖✉r ▼❡t❤♦❞ ■s ❲❡ ◆♦t✐❝❡

❙q✉❛r❡ t❤❡ ✜rst t❡r♠✳ ❚❤❡ ✜rst t❡r♠ ♦❢ t❤❡ ♣r♦❞✉❝t s❤♦✉❧❞ ❜❡ ❛ ♣❡r❢❡❝t
sq✉❛r❡✳

❚❛❦❡ t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ t✇♦ t❡r♠s ❛♥❞ ❞♦✉❜❧❡ ✐t✳ ❚❤❡ ♠✐❞❞❧❡ t❡r♠ ♦❢ t❤❡ ♣r♦❞✉❝t s❤♦✉❧❞ ❜❡ ❞✐✈✐s✐❜❧❡
❜② ✷ ✭s✐♥❝❡ ✐t✬s ♠✉❧t✐♣❧✐❡❞ ❜② ✷✮✳

❙q✉❛r❡ t❤❡ ❧❛st t❡r♠✳ ❚❤❡ ❧❛st t❡r♠ ♦❢ t❤❡ ♣r♦❞✉❝t s❤♦✉❧❞ ❜❡ ❛ ♣❡r❢❡❝t
sq✉❛r❡✳

❚❛❜❧❡ ✻✳✶

P❡r❢❡❝t sq✉❛r❡ tr✐♥♦♠✐❛❧s ❛❧✇❛②s ❢❛❝t♦r ❛s t❤❡ sq✉❛r❡ ♦❢ ❛ ❜✐♥♦♠✐❛❧✳
❚♦ r❡❝♦❣♥✐③❡ ❛ ♣❡r❢❡❝t sq✉❛r❡ tr✐♥♦♠✐❛❧✱ ❧♦♦❦ ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❡❛t✉r❡s✿

✶✳ ❚❤❡ ✜rst ❛♥❞ ❧❛st t❡r♠s ❛r❡ ♣❡r❢❡❝t sq✉❛r❡s✳
✷✳ ❚❤❡ ♠✐❞❞❧❡ t❡r♠ ✐s ❞✐✈✐s✐❜❧❡ ❜② ✷✱ ❛♥❞ ✐❢ ✇❡ ❞✐✈✐❞❡ t❤❡ ♠✐❞❞❧❡ t❡r♠ ✐♥ ❤❛❧❢ ✭t❤❡ ♦♣♣♦s✐t❡ ♦❢ ❞♦✉❜❧✐♥❣

✐t✮✱ ✇❡ ✇✐❧❧ ❣❡t t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ t❡r♠s t❤❛t ✇❤❡♥ sq✉❛r❡❞ ♣r♦❞✉❝❡ t❤❡ ✜rst ❛♥❞ ❧❛st t❡r♠s✳

■♥ ♦t❤❡r ✇♦r❞s✱ ❢❛❝t♦r✐♥❣ ❛ ♣❡r❢❡❝t sq✉❛r❡ tr✐♥♦♠✐❛❧ ❛♠♦✉♥ts t♦ ✜♥❞✐♥❣ t❤❡ t❡r♠s t❤❛t✱ ✇❤❡♥ sq✉❛r❡❞✱ ♣r♦❞✉❝❡
t❤❡ ✜rst ❛♥❞ ❧❛st t❡r♠s ♦❢ t❤❡ tr✐♥♦♠✐❛❧✱ ❛♥❞ s✉❜st✐t✉t✐♥❣ ✐♥t♦ ♦♥❡ ♦❢ t❤❡ ❢♦r♠✉❧❛

a2 + 2ab + b2 = (a + b)
2

a2 − 2ab + b2 = (a − b)
2

✻✳✻✳✾ ❙❛♠♣❧❡ ❙❡t ❈

❋❛❝t♦r ❡❛❝❤ ♣❡r❢❡❝t sq✉❛r❡ tr✐♥♦♠✐❛❧✳

❊①❛♠♣❧❡ ✻✳✷✹
x2 + 6x + 9✳ ❚❤✐s ❡①♣r❡ss✐♦♥ ✐s ❛ ♣❡r❢❡❝t sq✉❛r❡ tr✐♥♦♠✐❛❧✳ ❚❤❡ x2 ❛♥❞ ✾ ❛r❡ ♣❡r❢❡❝t sq✉❛r❡s✳

❚❤❡ t❡r♠s t❤❛t ✇❤❡♥ sq✉❛r❡❞ ♣r♦❞✉❝❡ x2 ❛♥❞ ✾ ❛r❡ x ❛♥❞ ✸✱ r❡s♣❡❝t✐✈❡❧②✳
❚❤❡ ♠✐❞❞❧❡ t❡r♠ ✐s ❞✐✈✐s✐❜❧❡ ❜② ✷✱ ❛♥❞ 6x

2 = 3x✳ ❚❤❡ 3x ✐s t❤❡ ♣r♦❞✉❝t ♦❢ x ❛♥❞ ✸✱ ✇❤✐❝❤ ❛r❡
t❤❡ t❡r♠s t❤❛t ♣r♦❞✉❝❡ t❤❡ ♣❡r❢❡❝t sq✉❛r❡s✳

x2 + 6x + 9 = (x + 3)
2

❊①❛♠♣❧❡ ✻✳✷✺
x4−10x2y3 +25y6✳ ❚❤✐s ❡①♣r❡ss✐♦♥ ✐s ❛ ♣❡r❢❡❝t sq✉❛r❡ tr✐♥♦♠✐❛❧✳ ❚❤❡ x4 ❛♥❞ 25y6 ❛r❡ ❜♦t❤ ♣❡r❢❡❝t
sq✉❛r❡s✳ ❚❤❡ t❡r♠s t❤❛t ✇❤❡♥ sq✉❛r❡❞ ♣r♦❞✉❝❡ x4 ❛♥❞ 25y6 ❛r❡ x2 ❛♥❞ 5y3✱ r❡s♣❡❝t✐✈❡❧②✳

❚❤❡ ♠✐❞❞❧❡ t❡r♠ −10x2y3 ✐s ❞✐✈✐s✐❜❧❡ ❜② 2✳ ■♥ ❢❛❝t✱ −10x2y3

2 = −5x2y3✳ ❚❤✉s✱

x4 − 10x2y3 + 25y6 =
(
x2 − 5y3

)2

❊①❛♠♣❧❡ ✻✳✷✻
x2 + 10x + 16✳ ❚❤✐s ❡①♣r❡ss✐♦♥ ✐s ♥♦t ❛ ♣❡r❢❡❝t sq✉❛r❡ tr✐♥♦♠✐❛❧✳ ❆❧t❤♦✉❣❤ t❤❡ ♠✐❞❞❧❡ t❡r♠ ✐s
❞✐✈✐s✐❜❧❡ ❜② 2, ❄ 10x

2 = 5x✱ t❤❡ ✺ ❛♥❞ x ❛r❡ ♥♦t t❤❡ t❡r♠s t❤❛t ✇❤❡♥ sq✉❛r❡❞ ♣r♦❞✉❝❡ t❤❡ ✜rst ❛♥❞
❧❛st t❡r♠s✳ ✭❚❤✐s ❡①♣r❡ss✐♦♥ ✇♦✉❧❞ ❜❡ ❛ ♣❡r❢❡❝t sq✉❛r❡ tr✐♥♦♠✐❛❧ ✐❢ t❤❡ ♠✐❞❞❧❡ t❡r♠ ✇❡r❡ 8x✳✮

❊①❛♠♣❧❡ ✻✳✷✼
4a4 + 32a2b − 64b2✳ ❚❤✐s ❡①♣r❡ss✐♦♥ ✐s ♥♦t ❛ ♣❡r❢❡❝t sq✉❛r❡ tr✐♥♦♠✐❛❧ s✐♥❝❡ t❤❡ ❧❛st t❡r♠ −64b2 ✐s
♥♦t ❛ ♣❡r❢❡❝t sq✉❛r❡ ✭s✐♥❝❡ ❛♥② q✉❛♥t✐t② sq✉❛r❡❞ ✐s ❛❧✇❛②s ♣♦s✐t✐✈❡ ♦r ③❡r♦ ❛♥❞ ♥❡✈❡r ♥❡❣❛t✐✈❡✮✳

❚❤✉s✱ 4a4 + 32a2b − 64b2 ❝❛♥♥♦t ❜❡ ❢❛❝t♦r❡❞ ✉s✐♥❣ t❤✐s ♠❡t❤♦❞✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✻✳✻✳✶✵ Pr❛❝t✐❝❡ ❙❡t ❈

❋❛❝t♦r✱ ✐❢ ♣♦ss✐❜❧❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ tr✐♥♦♠✐❛❧s✳

❊①❡r❝✐s❡ ✻✳✻✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✸✳✮

m2 − 8m + 16

❊①❡r❝✐s❡ ✻✳✻✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✸✳✮

k2 + 10k + 25

❊①❡r❝✐s❡ ✻✳✻✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✸✳✮

4a2 + 12a + 9

❊①❡r❝✐s❡ ✻✳✻✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✸✳✮

9x2 − 24xy + 16y2

❊①❡r❝✐s❡ ✻✳✻✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✸✳✮

2w3z + 16w2z2 + 32wz3

❊①❡r❝✐s❡ ✻✳✻✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✸✳✮

x2 + 12x + 49

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✻✳✻✳✶✶ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❢❛❝t♦r t❤❡ ❜✐♥♦♠✐❛❧s✳

❊①❡r❝✐s❡ ✻✳✻✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✸✳✮

a2 − 9

❊①❡r❝✐s❡ ✻✳✻✳✶✻
a2 − 25

❊①❡r❝✐s❡ ✻✳✻✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✸✳✮

x2 − 16

❊①❡r❝✐s❡ ✻✳✻✳✶✽
y2 − 49

❊①❡r❝✐s❡ ✻✳✻✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✸✳✮

a2 − 100

❊①❡r❝✐s❡ ✻✳✻✳✷✵
b2 − 36

❊①❡r❝✐s❡ ✻✳✻✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✸✳✮

4a2 − 64

❊①❡r❝✐s❡ ✻✳✻✳✷✷
2b2 − 32

❊①❡r❝✐s❡ ✻✳✻✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✸✳✮

3x2 − 27

❊①❡r❝✐s❡ ✻✳✻✳✷✹
5x2 − 125

❊①❡r❝✐s❡ ✻✳✻✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✸✳✮

4a2 − 25

❊①❡r❝✐s❡ ✻✳✻✳✷✻
9x2 − 100

❊①❡r❝✐s❡ ✻✳✻✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✸✳✮

36y2 − 25

❊①❡r❝✐s❡ ✻✳✻✳✷✽
121a2 − 9

❊①❡r❝✐s❡ ✻✳✻✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✸✳✮

12a2 − 75

❊①❡r❝✐s❡ ✻✳✻✳✸✵
10y2 − 320

❊①❡r❝✐s❡ ✻✳✻✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✸✳✮

8y2 − 50

❊①❡r❝✐s❡ ✻✳✻✳✸✷
a2b2 − 9

❊①❡r❝✐s❡ ✻✳✻✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✹✳✮

x2y2 − 25

❊①❡r❝✐s❡ ✻✳✻✳✸✹
x4y4 − 36

❊①❡r❝✐s❡ ✻✳✻✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✹✳✮

x4y4 − 9a2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✾✸

❊①❡r❝✐s❡ ✻✳✻✳✸✻
a2b4 − 16y4

❊①❡r❝✐s❡ ✻✳✻✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✹✳✮

4a2b2 − 9b2

❊①❡r❝✐s❡ ✻✳✻✳✸✽
16x2 − 25y2

❊①❡r❝✐s❡ ✻✳✻✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✹✳✮

a2 − b2

❊①❡r❝✐s❡ ✻✳✻✳✹✵
a4 − b4

❊①❡r❝✐s❡ ✻✳✻✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✹✳✮

x4 − y4

❊①❡r❝✐s❡ ✻✳✻✳✹✷
x8 − y2

❊①❡r❝✐s❡ ✻✳✻✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✹✳✮

a8 − y2

❊①❡r❝✐s❡ ✻✳✻✳✹✹
b6 − y2

❊①❡r❝✐s❡ ✻✳✻✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✹✳✮

b6 − x4

❊①❡r❝✐s❡ ✻✳✻✳✹✻
9 − x2

❊①❡r❝✐s❡ ✻✳✻✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✹✳✮

25 − a2

❊①❡r❝✐s❡ ✻✳✻✳✹✽
49 − 16a2

❊①❡r❝✐s❡ ✻✳✻✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✹✳✮

100 − 36b4

❊①❡r❝✐s❡ ✻✳✻✳✺✵
128 − 32x2

❊①❡r❝✐s❡ ✻✳✻✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✹✳✮

x4 − 16

❊①❡r❝✐s❡ ✻✳✻✳✺✷
2ab3 − a3b

❊①❡r❝✐s❡ ✻✳✻✳✺✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✹✳✮

a4 − b4

❊①❡r❝✐s❡ ✻✳✻✳✺✹
a16 − b4

❊①❡r❝✐s❡ ✻✳✻✳✺✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✹✳✮

x12 − y12

❊①❡r❝✐s❡ ✻✳✻✳✺✻
a2c − 9c

❊①❡r❝✐s❡ ✻✳✻✳✺✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✹✳✮

a3c2 − 25ac2

❊①❡r❝✐s❡ ✻✳✻✳✺✽
a4b4c2d2 − 36x2y2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✻✳✻✳✺✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✹✳✮

49x2y4z6 − 64a4b2c8d10

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❢❛❝t♦r✱ ✐❢ ♣♦ss✐❜❧❡✱ t❤❡ tr✐♥♦♠✐❛❧s✳

❊①❡r❝✐s❡ ✻✳✻✳✻✵
x2 + 8x + 16

❊①❡r❝✐s❡ ✻✳✻✳✻✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✹✳✮

x2 + 10x + 25

❊①❡r❝✐s❡ ✻✳✻✳✻✷
a2 + 4a + 4

❊①❡r❝✐s❡ ✻✳✻✳✻✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✹✳✮

a2 + 12a + 36

❊①❡r❝✐s❡ ✻✳✻✳✻✹
b2 + 18b + 81

❊①❡r❝✐s❡ ✻✳✻✳✻✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✹✳✮

y2 + 20y + 100

❊①❡r❝✐s❡ ✻✳✻✳✻✻
c2 + 6c + 9

❊①❡r❝✐s❡ ✻✳✻✳✻✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✹✳✮

a2 − 4a + 4

❊①❡r❝✐s❡ ✻✳✻✳✻✽
b2 − 6b + 9

❊①❡r❝✐s❡ ✻✳✻✳✻✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✹✳✮

x2 − 10x + 25

❊①❡r❝✐s❡ ✻✳✻✳✼✵
b2 − 22b + 121

❊①❡r❝✐s❡ ✻✳✻✳✼✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✹✳✮

a2 − 24a + 144

❊①❡r❝✐s❡ ✻✳✻✳✼✷
a2 + 2a + 1

❊①❡r❝✐s❡ ✻✳✻✳✼✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✹✳✮

x2 + 2x + 1

❊①❡r❝✐s❡ ✻✳✻✳✼✹
x2 − 2x + 1

❊①❡r❝✐s❡ ✻✳✻✳✼✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✹✳✮

b2 − 2b + 1

❊①❡r❝✐s❡ ✻✳✻✳✼✻
4a2 + 12a + 9

❊①❡r❝✐s❡ ✻✳✻✳✼✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✹✳✮

9x2 + 6x + 1

❊①❡r❝✐s❡ ✻✳✻✳✼✽
4x2 + 28x + 49

❊①❡r❝✐s❡ ✻✳✻✳✼✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✹✳✮

16a2 − 24a + 9

❊①❡r❝✐s❡ ✻✳✻✳✽✵
25a2 − 20a + 4

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✾✺

❊①❡r❝✐s❡ ✻✳✻✳✽✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✹✳✮

9x2 + 6xy + y2

❊①❡r❝✐s❡ ✻✳✻✳✽✷
16x2 + 24xy + 9y2

❊①❡r❝✐s❡ ✻✳✻✳✽✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✺✳✮

36a2 + 60ab + 25b2

❊①❡r❝✐s❡ ✻✳✻✳✽✹
4x2 − 12xy + 9y2

❊①❡r❝✐s❡ ✻✳✻✳✽✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✺✳✮

12a2 − 60a + 75

❊①❡r❝✐s❡ ✻✳✻✳✽✻
16x2 + 8x + 1

❊①❡r❝✐s❡ ✻✳✻✳✽✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✺✳✮

32x2 + 16x + 2

❊①❡r❝✐s❡ ✻✳✻✳✽✽
x2 + x + 1

❊①❡r❝✐s❡ ✻✳✻✳✽✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✺✳✮

4a2 + a + 9

❊①❡r❝✐s❡ ✻✳✻✳✾✵
9a2 − 21a + 49

❊①❡r❝✐s❡ ✻✳✻✳✾✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✺✳✮

x5 + 8x4 + 16x3

❊①❡r❝✐s❡ ✻✳✻✳✾✷
12a3b − 48a2b2 + 48ab3

✻✳✻✳✶✷ ❊❳❊❘❈■❙❊❙ ❋❖❘ ❘❊❱■❊❲

❊①❡r❝✐s❡ ✻✳✻✳✾✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✺✳✮

✭❙❡❝t✐♦♥ ✻✳✹✮ ❋❛❝t♦r (m − 3) x − (m − 3) y✳

❊①❡r❝✐s❡ ✻✳✻✳✾✹
✭❙❡❝t✐♦♥ ✻✳✺✮ ❋❛❝t♦r 8xm + 16xn + 3ym + 6yn ❜② ❣r♦✉♣✐♥❣✳

✻✳✼ ❋❛❝t♦r✐♥❣ ❚r✐♥♦♠✐❛❧s ✇✐t❤ ▲❡❛❞✐♥❣ ❈♦❡✣❝✐❡♥t ✶✼

✻✳✼✳✶ ❖✈❡r✈✐❡✇

• ▼❡t❤♦❞
• ❋❛❝t♦r✐♥❣ ❍✐♥ts

✼❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✵✹✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✾✻ ❈❍❆P❚❊❘ ✻✳ ❋❆❈❚❖❘■◆● P❖▲❨◆❖▼■❆▲❙

✻✳✼✳✷ ▼❡t❤♦❞

▲❡t✬s ❝♦♥s✐❞❡r t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ t✇♦ ❜✐♥♦♠✐❛❧s (x + 4) ❛♥❞ (x + 7)✳

◆♦t✐❝❡ t❤❛t t❤❡ ✜rst t❡r♠ ✐♥ t❤❡ r❡s✉❧t✐♥❣ tr✐♥♦♠✐❛❧ ❝♦♠❡s ❢r♦♠ t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ✜rst t❡r♠s ✐♥
t❤❡ ❜✐♥♦♠✐❛❧s✿ x · x = x2✳ ❚❤❡ ❧❛st t❡r♠ ✐♥ t❤❡ tr✐♥♦♠✐❛❧ ❝♦♠❡s ❢r♦♠ t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ❧❛st t❡r♠s ✐♥
t❤❡ ❜✐♥♦♠✐❛❧s✿ 4 · 7 = 28✳ ❚❤❡ ♠✐❞❞❧❡ t❡r♠ ❝♦♠❡s ❢r♦♠ t❤❡ ❛❞❞✐t✐♦♥ ♦❢ t❤❡ ♦✉t❡r ❛♥❞ ✐♥♥❡r ♣r♦❞✉❝ts✿
7x + 4x = 11x✳ ❆❧s♦✱ ♥♦t✐❝❡ t❤❛t t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ♠✐❞❞❧❡ t❡r♠ ✐s ❡①❛❝t❧② t❤❡ s✉♠ ♦❢ t❤❡ ❧❛st t❡r♠s ✐♥
t❤❡ ❜✐♥♦♠✐❛❧s✿ 4 + 7 = 11✳

❚❤❡ ♣r♦❜❧❡♠ ✇❡✬r❡ ✐♥t❡r❡st❡❞ ✐♥ ✐s t❤❛t ❣✐✈❡♥ ❛ tr✐♥♦♠✐❛❧✱ ❤♦✇ ❝❛♥ ✇❡ ✜♥❞ t❤❡ ❢❛❝t♦rs❄ ❲❤❡♥ t❤❡ ❧❡❛❞✐♥❣
❝♦❡✣❝✐❡♥t ✭t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ q✉❛❞r❛t✐❝ t❡r♠✮ ✐s ✶✱ t❤❡ ♦❜s❡r✈❛t✐♦♥s ✇❡ ♠❛❞❡ ❛❜♦✈❡ ❧❡❛❞ ✉s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣
♠❡t❤♦❞ ♦❢ ❢❛❝t♦r✐♥❣✳

▼❡t❤♦❞ ♦❢ ❋❛❝t♦r✐♥❣

✶✳ ❲r✐t❡ t✇♦ s❡ts ♦❢ ♣❛r❡♥t❤❡s❡s✿
( ) ( )

✳

✷✳ P❧❛❝❡ ❛ ❜✐♥♦♠✐❛❧ ✐♥t♦ ❡❛❝❤ s❡t ♦❢ ♣❛r❡♥t❤❡s❡s✳ ❚❤❡ ✜rst t❡r♠ ♦❢ ❡❛❝❤ ❜✐♥♦♠✐❛❧ ✐s ❛ ❢❛❝t♦r ♦❢ t❤❡ ✜rst
t❡r♠ ♦❢ t❤❡ tr✐♥♦♠✐❛❧✳

✸✳ ❉❡t❡r♠✐♥❡ t❤❡ s❡❝♦♥❞ t❡r♠s ♦❢ t❤❡ ❜✐♥♦♠✐❛❧s ❜② ❞❡t❡r♠✐♥✐♥❣ t❤❡ ❢❛❝t♦rs ♦❢ t❤❡ t❤✐r❞ t❡r♠ t❤❛t ✇❤❡♥
❛❞❞❡❞ t♦❣❡t❤❡r ②✐❡❧❞ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ♠✐❞❞❧❡ t❡r♠✳

✻✳✼✳✸ ❙❛♠♣❧❡ ❙❡t ❆

❋❛❝t♦r t❤❡ ❢♦❧❧♦✇✐♥❣ tr✐♥♦♠✐❛❧s✳

❊①❛♠♣❧❡ ✻✳✷✽
x2 + 5x + 6

✶✳ ❲r✐t❡ t✇♦ s❡ts ♦❢ ♣❛r❡♥t❤❡s❡s✿
( ) ( )

✳

✷✳ P❧❛❝❡ t❤❡ ❢❛❝t♦rs ♦❢ x2 ✐♥t♦ t❤❡ ✜rst ♣♦s✐t✐♦♥ ♦❢ ❡❛❝❤ s❡t ♦❢ ♣❛r❡♥t❤❡s❡s✿

(x (x

✸✳ ❚❤❡ t❤✐r❞ t❡r♠ ♦❢ t❤❡ tr✐♥♦♠✐❛❧ ✐s ✻✳ ❲❡ s❡❡❦ t✇♦ ♥✉♠❜❡rs ✇❤♦s❡
✭❛✮ ♣r♦❞✉❝t ✐s ✻ ❛♥❞
✭❜✮ s✉♠ ✐s ✺✳
❚❤❡ r❡q✉✐r❡❞ ♥✉♠❜❡rs ❛r❡ ✸ ❛♥❞ ✷✳ P❧❛❝❡ +3 ❛♥❞ + 2 ✐♥t♦ t❤❡ ♣❛r❡♥t❤❡s❡s✳
x2 + 5x + 6 = (x + 3) (x + 2)
❚❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ✐s ❝♦♠♣❧❡t❡✳ ❲❡✬❧❧ ❝❤❡❝❦ t♦ ❜❡ s✉r❡✳

(x + 3) (x + 2) = x2 + 2x + 3x + 6

= x2 + 5x + 6

❊①❛♠♣❧❡ ✻✳✷✾
y2 − 2y − 24

✶✳ ❲r✐t❡ t✇♦ s❡ts ♦❢ ♣❛r❡♥t❤❡s❡s✿
( ) ( )

✳

✷✳ P❧❛❝❡ t❤❡ ❢❛❝t♦rs ♦❢ y2 ✐♥t♦ t❤❡ ✜rst ♣♦s✐t✐♦♥ ♦❢ ❡❛❝❤ s❡t ♦❢ ♣❛r❡♥t❤❡s❡s✿

(y (y

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✾✼

✸✳ ❚❤❡ t❤✐r❞ t❡r♠ ♦❢ t❤❡ tr✐♥♦♠✐❛❧ ✐s −24✳ ❲❡ s❡❡❦ t✇♦ ♥✉♠❜❡rs ✇❤♦s❡
✭❛✮ ♣r♦❞✉❝t ✐s −24 ❛♥❞
✭❜✮ s✉♠ ✐s −2✳
❚❤❡ r❡q✉✐r❡❞ ♥✉♠❜❡rs ❛r❡ −6 ❛♥❞ 4✳ P❧❛❝❡ −6 ❛♥❞ + 4 ✐♥t♦ t❤❡ ♣❛r❡♥t❤❡s❡s✳
y2 − 2y − 24 = (y − 6) (y + 4)
❚❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ✐s ❝♦♠♣❧❡t❡✳ ❲❡✬❧❧ ❝❤❡❝❦ t♦ ❜❡ s✉r❡✳

(y − 6) (y + 4) = y2 + 4y − 6y − 24

= y2 − 2y − 24

◆♦t✐❝❡ t❤❛t t❤❡ ♦t❤❡r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❤❡ ❢❛❝t♦rs ♦❢ −24✭s♦♠❡ ♦❢ ✇❤✐❝❤ ❛r❡ −2, 12; 3,−8; ❛♥❞−4, 6✮
❞♦ ♥♦t ✇♦r❦✳ ❋♦r ❡①❛♠♣❧❡✱

(y − 2) (y + 12) = y2 + ✶✵② − 24

(y + 3) (y − 8) = y2 − ✺② − 24

(y − 4) (y + 6) = y2 + ✷② − 24

■♥ ❛❧❧ ♦❢ t❤❡s❡ ❡q✉❛t✐♦♥s✱ t❤❡ ♠✐❞❞❧❡ t❡r♠s ❛r❡ ✐♥❝♦rr❡❝t✳

❊①❛♠♣❧❡ ✻✳✸✵
a2 − 11a + 30

✶✳ ❲r✐t❡ t✇♦ s❡ts ♦❢ ♣❛r❡♥t❤❡s❡s✿
( ) ( )

✳

✷✳ P❧❛❝❡ t❤❡ ❢❛❝t♦rs ♦❢ a2 ✐♥t♦ t❤❡ ✜rst ♣♦s✐t✐♦♥ ♦❢ ❡❛❝❤ s❡t ♦❢ ♣❛r❡♥t❤❡s❡s✿

(a (a

✸✳ ❚❤❡ t❤✐r❞ t❡r♠ ♦❢ t❤❡ tr✐♥♦♠✐❛❧ ✐s +30✳ ❲❡ s❡❡❦ t✇♦ ♥✉♠❜❡rs ✇❤♦s❡
✭❛✮ ♣r♦❞✉❝t ✐s ✸✵ ❛♥❞
✭❜✮ s✉♠ ✐s −11✳
❚❤❡ r❡q✉✐r❡❞ ♥✉♠❜❡rs ❛r❡ −5 ❛♥❞ − 6✳ P❧❛❝❡ −5 ❛♥❞ − 6✐♥t♦ t❤❡ ♣❛r❡♥t❤❡s❡s✳
a2 − 11a + 30 = (a − 5) (a − 6)
❚❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ✐s ❝♦♠♣❧❡t❡✳ ❲❡✬❧❧ ❝❤❡❝❦ t♦ ❜❡ s✉r❡✳

(a − 5) (a − 6) = a2 − 6a − 5a + 30

= a2 − 11a + 30

❊①❛♠♣❧❡ ✻✳✸✶
3x2 − 15x − 42

❇❡❢♦r❡ ✇❡ ❜❡❣✐♥✱ ❧❡t✬s r❡❝❛❧❧ t❤❡ ♠♦st ❜❛s✐❝ r✉❧❡ ♦❢ ❢❛❝t♦r✐♥❣✿ ❢❛❝t♦r ♦✉t ❝♦♠♠♦♥ ♠♦♥♦♠✐❛❧
❢❛❝t♦rs ✜rst✳ ◆♦t✐❝❡ t❤❛t ✸ ✐s t❤❡ ❣r❡❛t❡st ❝♦♠♠♦♥ ♠♦♥♦♠✐❛❧ ❢❛❝t♦r ♦❢ ❡✈❡r② t❡r♠✳ ❋❛❝t♦r ♦✉t ✸✳

3x2 − 15x − 42 = 3
(
x2 − 5x − 14

)

◆♦✇ ✇❡ ❝❛♥ ❝♦♥t✐♥✉❡✳

✶✳ ❲r✐t❡ t✇♦ s❡ts ♦❢ ♣❛r❡♥t❤❡s❡s✿3
( ) ( )

✳

✷✳ P❧❛❝❡ t❤❡ ❢❛❝t♦rs ♦❢ x2✐♥t♦ t❤❡ ✜rst ♣♦s✐t✐♦♥ ♦❢ ❡❛❝❤ s❡t ♦❢ ♣❛r❡♥t❤❡s❡s✿

3 (x (x

✸✳ ❚❤❡ t❤✐r❞ t❡r♠ ♦❢ t❤❡ tr✐♥♦♠✐❛❧ ✐s −14✳ ❲❡ s❡❡❦ t✇♦ ♥✉♠❜❡rs ✇❤♦s❡
✭❛✮ ♣r♦❞✉❝t ✐s −14 ❛♥❞
✭❜✮ s✉♠ ✐s −5✳
❚❤❡ r❡q✉✐r❡❞ ♥✉♠❜❡rs ❛r❡ −7 ❛♥❞ 2✳ P❧❛❝❡ −7 ❛♥❞ + 2✐♥t♦ t❤❡ ♣❛r❡♥t❤❡s❡s✳
3x2 − 15x − 42 = 3 (x − 7) (x + 2)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❚❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ✐s ❝♦♠♣❧❡t❡✳ ❲❡✬❧❧ ❝❤❡❝❦ t♦ ❜❡ s✉r❡✳

3 (x − 7) (x + 2) = 3
(
x2 + 2x − 7x − 14

)

= 3
(
x2 − 5x − 14

)

= 3x2 − 15x − 42

✻✳✼✳✹ Pr❛❝t✐❝❡ ❙❡t ❆

❋❛❝t♦r✱ ✐❢ ♣♦ss✐❜❧❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ tr✐♥♦♠✐❛❧s✳

❊①❡r❝✐s❡ ✻✳✼✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✺✳✮

k2 + 8k + 15

❊①❡r❝✐s❡ ✻✳✼✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✺✳✮

y2 + 7y − 30

❊①❡r❝✐s❡ ✻✳✼✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✺✳✮

m2 + 10m + 24

❊①❡r❝✐s❡ ✻✳✼✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✺✳✮

m2 − 10m + 16

✻✳✼✳✺ ❋❛❝t♦r✐♥❣ ❍✐♥ts

❋❛❝t♦r✐♥❣ tr✐♥♦♠✐❛❧s ♠❛② t❛❦❡ s♦♠❡ ♣r❛❝t✐❝❡✱ ❜✉t ✇✐t❤ t✐♠❡ ❛♥❞ ❡①♣❡r✐❡♥❝❡✱ ②♦✉ ✇✐❧❧ ❜❡ ❛❜❧❡ t♦ ❢❛❝t♦r ♠✉❝❤
♠♦r❡ q✉✐❝❦❧②✳

❚❤❡r❡ ❛r❡ s♦♠❡ ❝❧✉❡s t❤❛t ❛r❡ ❤❡❧♣❢✉❧ ✐♥ ❞❡t❡r♠✐♥✐♥❣ t❤❡ ❢❛❝t♦rs ♦❢ t❤❡ t❤✐r❞ t❡r♠ t❤❛t ✇❤❡♥ ❛❞❞❡❞ ②✐❡❧❞
t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ♠✐❞❞❧❡ t❡r♠✳
❋❛❝t♦r✐♥❣ ❍✐♥ts
▲♦♦❦ ❛t t❤❡ s✐❣♥ ♦❢ t❤❡ ❧❛st t❡r♠✿

❛✳ ■❢ t❤❡ s✐❣♥ ✐s ♣♦s✐t✐✈❡✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡ t✇♦ ❢❛❝t♦rs ♠✉st ❤❛✈❡ t❤❡ s❛♠❡ s✐❣♥✱ s✐♥❝❡ (+) (+) =
(+) ❛♥❞ (−) (−) = (+)✳ ❚❤❡ t✇♦ ❢❛❝t♦rs ✇✐❧❧ ❤❛✈❡ t❤❡ s❛♠❡ s✐❣♥ ❛s t❤❡ s✐❣♥ ♦❢ t❤❡ ♠✐❞❞❧❡ t❡r♠✳

❜✳ ■❢ t❤❡ s✐❣♥ ✐s ♥❡❣❛t✐✈❡✱ ✇❡ ❦♥♦✇ t❤❛t t✇♦ ❢❛❝t♦rs ♠✉st ❤❛✈❡ ♦♣♣♦s✐t❡ s✐❣♥s✱ s✐♥❝❡ (+) (−) =
(−) ❛♥❞ (−) (+) = (−)✳

✻✳✼✳✻ ❙❛♠♣❧❡ ❙❡t ❇

❊①❛♠♣❧❡ ✻✳✸✷
❋❛❝t♦r x2 − 7x + 12✳

✶✳ ❲r✐t❡ t✇♦ s❡ts ♦❢ ♣❛r❡♥t❤❡s❡s✿
( ) ( )

✳

✷✳ ❚❤❡ t❤✐r❞ t❡r♠ ♦❢ t❤❡ tr✐♥♦♠✐❛❧ ✐s +12✳ ❚❤❡ s✐❣♥ ✐s ♣♦s✐t✐✈❡✱ s♦ t❤❡ t✇♦ ❢❛❝t♦rs ♦❢ ✶✷ ✇❡ ❛r❡
❧♦♦❦✐♥❣ ❢♦r ♠✉st ❤❛✈❡ t❤❡ s❛♠❡ s✐❣♥✳ ❚❤❡② ✇✐❧❧ ❤❛✈❡ t❤❡ s✐❣♥ ♦❢ t❤❡ ♠✐❞❞❧❡ t❡r♠✳ ❚❤❡ s✐❣♥
♦❢ t❤❡ ♠✐❞❞❧❡ t❡r♠ ✐s ♥❡❣❛t✐✈❡✱ s♦ ❜♦t❤ ❢❛❝t♦rs ♦❢ ✶✷ ❛r❡ ♥❡❣❛t✐✈❡✳ ❚❤❡② ❛r❡ −12 ❛♥❞ − 1, −
6 ❛♥❞ − 2, ♦r − 4 ❛♥❞ − 3✳ ❖♥❧② t❤❡ ❢❛❝t♦rs −4 ❛♥❞ − 3 ❛❞❞ t♦ − 7, s♦ − 4 ❛♥❞ − 3 ❛r❡ t❤❡
♣r♦♣❡r ❢❛❝t♦rs ♦❢ ✶✷ t♦ ❜❡ ✉s❡❞✳
x2 − 7x + 12 = (x − 4) (x − 3)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✸✾✾

✻✳✼✳✼ Pr❛❝t✐❝❡ ❙❡t ❇

❋❛❝t♦r✱ ✐❢ ♣♦ss✐❜❧❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ tr✐♥♦♠✐❛❧s✳

❊①❡r❝✐s❡ ✻✳✼✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✺✳✮

4k2 + 32k + 28

❊①❡r❝✐s❡ ✻✳✼✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✺✳✮

3y4 + 24y3 + 36y2

❊①❡r❝✐s❡ ✻✳✼✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✺✳✮

x2 − xy − 6y2

❊①❡r❝✐s❡ ✻✳✼✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✺✳✮

−5a5b − 10a4b2 + 15a3b3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✻✳✼✳✽ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❢❛❝t♦r t❤❡ tr✐♥♦♠✐❛❧s ✇❤❡♥ ♣♦ss✐❜❧❡✳

❊①❡r❝✐s❡ ✻✳✼✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✺✳✮

x2 + 4x + 3

❊①❡r❝✐s❡ ✻✳✼✳✶✵
x2 + 6x + 8

❊①❡r❝✐s❡ ✻✳✼✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✺✳✮

x2 + 7x + 12

❊①❡r❝✐s❡ ✻✳✼✳✶✷
x2 + 6x + 5

❊①❡r❝✐s❡ ✻✳✼✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✺✳✮

y2 + 8y + 12

❊①❡r❝✐s❡ ✻✳✼✳✶✹
y2 − 5y + 6

❊①❡r❝✐s❡ ✻✳✼✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✺✳✮

y2 − 5y + 4

❊①❡r❝✐s❡ ✻✳✼✳✶✻
a2 + a − 6

❊①❡r❝✐s❡ ✻✳✼✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✺✳✮

a2 + 3a − 4

❊①❡r❝✐s❡ ✻✳✼✳✶✽
x2 + 4x − 21

❊①❡r❝✐s❡ ✻✳✼✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✺✳✮

x2 − 4x − 21

❊①❡r❝✐s❡ ✻✳✼✳✷✵
x2 + 7x + 12

❊①❡r❝✐s❡ ✻✳✼✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✺✳✮

y2 + 10y + 16

❊①❡r❝✐s❡ ✻✳✼✳✷✷
x2 + 6x − 16

❊①❡r❝✐s❡ ✻✳✼✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✺✳✮

y2 − 8y + 7

❊①❡r❝✐s❡ ✻✳✼✳✷✹
y2 − 5y − 24

❊①❡r❝✐s❡ ✻✳✼✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✺✳✮

a2 + a − 30

❊①❡r❝✐s❡ ✻✳✼✳✷✻
a2 − 3a + 2

❊①❡r❝✐s❡ ✻✳✼✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✺✳✮

a2 − 12a + 20

❊①❡r❝✐s❡ ✻✳✼✳✷✽
y2 − 4y − 32

❊①❡r❝✐s❡ ✻✳✼✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✺✳✮

x2 + 13x + 42

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✵✶

❊①❡r❝✐s❡ ✻✳✼✳✸✵
x2 + 2x − 35

❊①❡r❝✐s❡ ✻✳✼✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✻✳✮

x2 + 13x + 40

❊①❡r❝✐s❡ ✻✳✼✳✸✷
y2 + 6y − 27

❊①❡r❝✐s❡ ✻✳✼✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✻✳✮

b2 + 15b + 56

❊①❡r❝✐s❡ ✻✳✼✳✸✹
3a2 + 24a + 36
✭❍✐♥t✿ ❆❧✇❛②s s❡❛r❝❤ ❢♦r ❛ ❝♦♠♠♦♥ ❢❛❝t♦r✳✮

❊①❡r❝✐s❡ ✻✳✼✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✻✳✮

4x2 + 12x + 8

❊①❡r❝✐s❡ ✻✳✼✳✸✻
2a2 − 18a + 40

❊①❡r❝✐s❡ ✻✳✼✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✻✳✮

5y2 − 70y + 440

❊①❡r❝✐s❡ ✻✳✼✳✸✽
6x2 − 54x + 48

❊①❡r❝✐s❡ ✻✳✼✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✻✳✮

x3 + 6x2 + 8x

❊①❡r❝✐s❡ ✻✳✼✳✹✵
x3 − 8x2 + 15x

❊①❡r❝✐s❡ ✻✳✼✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✻✳✮

x4 + 9x3 + 14x2

❊①❡r❝✐s❡ ✻✳✼✳✹✷
2a3 + 12a2 + 10a

❊①❡r❝✐s❡ ✻✳✼✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✻✳✮

4a3 − 40a2 + 84a

❊①❡r❝✐s❡ ✻✳✼✳✹✹
3xm2 + 33xm + 54x

❊①❡r❝✐s❡ ✻✳✼✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✻✳✮

2y2n2 − 10y2n − 48y2

❊①❡r❝✐s❡ ✻✳✼✳✹✻
4x4 − 42x3 + 144x2

❊①❡r❝✐s❡ ✻✳✼✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✻✳✮

y5 + 13y4 + 42y3

❊①❡r❝✐s❡ ✻✳✼✳✹✽
4x2a6 − 48x2a5 + 252x2a4

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✻✳✼✳✾ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✻✳✼✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✻✳✮

✭❙❡❝t✐♦♥ ✻✳✺✮ ❋❛❝t♦r 6xy + 2ax − 3ay − a2✳

❊①❡r❝✐s❡ ✻✳✼✳✺✵
✭❙❡❝t✐♦♥ ✻✳✻✮ ❋❛❝t♦r 8a2 − 50✳

❊①❡r❝✐s❡ ✻✳✼✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✻✳✮

✭❙❡❝t✐♦♥ ✻✳✻✮ ❋❛❝t♦r 4x2 + 17x − 15✳

✻✳✽ ❋❛❝t♦r✐♥❣ ❚r✐♥♦♠✐❛❧s ✇✐t❤ ▲❡❛❞✐♥❣ ❈♦❡✣❝✐❡♥t ❖t❤❡r ❚❤❛♥ ✶ ✽

✻✳✽✳✶ ❖✈❡r✈✐❡✇

• ❚❤❡ ▼❡t❤♦❞ ♦❢ ❋❛❝t♦r✐③❛t✐♦♥

✻✳✽✳✷ ❚❤❡ ▼❡t❤♦❞ ♦❢ ❋❛❝t♦r✐③❛t✐♦♥

■♥ t❤❡ ❧❛st s❡❝t✐♦♥ ✇❡ s❛✇ t❤❛t ✇❡ ❝♦✉❧❞ ❡❛s✐❧② ❢❛❝t♦r tr✐♥♦♠✐❛❧s ♦❢ t❤❡ ❢♦r♠ x2 + bx+ c ❜② ✜♥❞✐♥❣ t❤❡ ❢❛❝t♦rs
♦❢ t❤❡ ❝♦♥st❛♥t c t❤❛t ❛❞❞ t♦ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ❧✐♥❡❛r t❡r♠ b✱ ❛s s❤♦✇♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡✿

❋❛❝t♦r x2 − 4x − 21✳
❚❤❡ t❤✐r❞ t❡r♠ ♦❢ t❤❡ tr✐♥♦♠✐❛❧ ✐s −21✳ ❲❡ s❡❡❦ t✇♦ ♥✉♠❜❡rs ✇❤♦s❡

✭❛✮ ♣r♦❞✉❝t ✐s −21 ❛♥❞
✭❜✮ s✉♠ ✐s −4✳

❚❤❡ r❡q✉✐r❡❞ ♥✉♠❜❡rs ❛r❡ −7 ❛♥❞ +3✳
x2 − 4x − 21 = (x − 7) (x + 3)
❚❤❡ ♣r♦❜❧❡♠ ♦❢ ❢❛❝t♦r✐♥❣ t❤❡ ♣♦❧②♥♦♠✐❛❧ ax2 + bx + c✱ a 6= 1✱ ❜❡❝♦♠❡s ♠♦r❡ ✐♥✈♦❧✈❡❞✳ ❲❡ ✇✐❧❧ st✉❞② t✇♦

♠❡t❤♦❞s ♦❢ ❢❛❝t♦r✐♥❣ s✉❝❤ ♣♦❧②♥♦♠✐❛❧s✳ ❊❛❝❤ ♠❡t❤♦❞ ♣r♦❞✉❝❡s t❤❡ s❛♠❡ r❡s✉❧t✱ ❛♥❞ ②♦✉ s❤♦✉❧❞ s❡❧❡❝t t❤❡
♠❡t❤♦❞ ②♦✉ ❛r❡ ♠♦st ❝♦♠❢♦rt❛❜❧❡ ✇✐t❤✳ ❚❤❡ ✜rst ♠❡t❤♦❞ ✐s ❝❛❧❧❡❞ t❤❡ tr✐❛❧ ❛♥❞ ❡rr♦r ♠❡t❤♦❞ ❛♥❞ r❡q✉✐r❡s
s♦♠❡ ❡❞✉❝❛t❡❞ ❣✉❡ss❡s✳ ❲❡ ✇✐❧❧ ❡①❛♠✐♥❡ t✇♦ ❡①❛♠♣❧❡s ✭❙❛♠♣❧❡ ❙❡ts ❆ ❛♥❞ ❇✮✳ ❚❤❡♥✱ ✇❡ ✇✐❧❧ st✉❞② ❛ s❡❝♦♥❞
♠❡t❤♦❞ ♦❢ ❢❛❝t♦r✐♥❣✳ ❚❤❡ s❡❝♦♥❞ ♠❡t❤♦❞ ✐s ❝❛❧❧❡❞ t❤❡ ❝♦❧❧❡❝t ❛♥❞ ❞✐s❝❛r❞ ♠❡t❤♦❞✱ ❛♥❞ ✐t r❡q✉✐r❡s ❧❡ss
❣✉❡ss✐♥❣ t❤❛♥ t❤❡ tr✐❛❧ ❛♥❞ ❡rr♦r ♠❡t❤♦❞✳ ❙❛♠♣❧❡ ❙❡t ❈ ✐❧❧✉str❛t❡s t❤❡ ✉s❡ ♦❢ t❤❡ ❝♦❧❧❡❝t ❛♥❞ ❞✐s❝❛r❞ ♠❡t❤♦❞✳

✻✳✽✳✷✳✶ ❚❤❡ ❚r✐❛❧ ❛♥❞ ❊rr♦r ▼❡t❤♦❞ ♦❢ ❋❛❝t♦r✐♥❣ ax2 + bx + c

❚r✐❛❧ ❛♥❞ ❊rr♦r ▼❡t❤♦❞
❈♦♥s✐❞❡r t❤❡ ♣r♦❞✉❝t

❊①❛♠✐♥✐♥❣ t❤❡ tr✐♥♦♠✐❛❧ 20x2 +23x+6✱ ✇❡ ❝❛♥ ✐♠♠❡❞✐❛t❡❧② s❡❡ s♦♠❡ ❢❛❝t♦rs ♦❢ t❤❡ ✜rst ❛♥❞ ❧❛st t❡r♠s✳

✽❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✶✷✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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20x2 ✻

20x, x 6, 1

10x, 2x 3, 2

5x, 4x

❚❛❜❧❡ ✻✳✷

❖✉r ❣♦❛❧ ✐s t♦ ❝❤♦♦s❡ t❤❡ ♣r♦♣❡r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❢❛❝t♦rs ♦❢ t❤❡ ✜rst ❛♥❞ ❧❛st t❡r♠s t❤❛t ②✐❡❧❞ t❤❡ ♠✐❞❞❧❡
t❡r♠ 23x✳
◆♦t✐❝❡ t❤❛t t❤❡ ♠✐❞❞❧❡ t❡r♠ ❝♦♠❡s ❢r♦♠ t❤❡ s✉♠ ♦❢ t❤❡ ♦✉t❡r ❛♥❞ ✐♥♥❡r ♣r♦❞✉❝ts ✐♥ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢
t❤❡ t✇♦ ❜✐♥♦♠✐❛❧s✳

❚❤✐s ❢❛❝t ♣r♦✈✐❞❡s ✉s ❛ ✇❛② t♦ ✜♥❞ t❤❡ ♣r♦♣❡r ❝♦♠❜✐♥❛t✐♦♥✳
▲♦♦❦ ❢♦r t❤❡ ❝♦♠❜✐♥❛t✐♦♥ t❤❛t ✇❤❡♥ ♠✉❧t✐♣❧✐❡❞ ❛♥❞ t❤❡♥ ❛❞❞❡❞ ②✐❡❧❞s t❤❡ ♠✐❞❞❧❡ t❡r♠✳
❚❤❡ ♣r♦♣❡r ❝♦♠❜✐♥❛t✐♦♥ ✇❡✬r❡ ❧♦♦❦✐♥❣ ❢♦r ✐s

✻✳✽✳✸ ❙❛♠♣❧❡ ❙❡t ❆

❊①❛♠♣❧❡ ✻✳✸✸
❋❛❝t♦r 6x2 + x − 12✳

❋❛❝t♦r t❤❡ ✜rst ❛♥❞ ❧❛st t❡r♠s✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❚❤✉s✱ 3x ❛♥❞ ✸ ❛r❡ t♦ ❜❡ ♠✉❧t✐♣❧✐❡❞✱ 2x ❛♥❞ −4 ❛r❡ t♦ ❜❡ ♠✉❧t✐♣❧✐❡❞✳

6x2 + x − 12 =
( ) ( )

P✉t t❤❡ ❢❛❝t♦rs ♦❢ t❤❡ ❧❡❛❞✐♥❣ t❡r♠ ✐♥ ✐♠♠❡❞✐❛t❡❧②✳

=
(

3x
) (

2x
)

❙✐♥❝❡ ✸x ❛♥❞ ✸ ❛r❡ t♦ ❜❡♠✉❧t✐♣❧✐❡❞✱ t❤❡②♠✉st ❜❡ ❧♦❝❛t❡❞ ✐♥ ❞✐✛❡r❡♥t ❜✐♥♦♠✐❛❧s✳

=
(

3x
) (

2x + 3
)

P❧❛❝❡ t❤❡ − 4 ✐♥ t❤❡ r❡♠❛✐♥✐♥❣ s❡t ♦❢ ♣❛r❡♥t❤❡s❡s✳

=
(

3x − 4
) (

2x + 3
)

6x2 + x − 12 =
(

3x − 4
) (

2x + 3
)

Check : (3x − 4) (2x + 3) = 6x2 + 9x − 8x − 12

= 6x2 + x − 12

❊①❛♠♣❧❡ ✻✳✸✹
❋❛❝t♦r 8x2 − 30x − 27✳

❋✐♥❞ t❤❡ ❢❛❝t♦rs ♦❢ t❤❡ ✜rst ❛♥❞ ❧❛st t❡r♠s✳

❚❤✉s✱ t❤❡ 4x ❛♥❞ −9 ❛r❡ t♦ ❜❡ ♠✉❧t✐♣❧✐❡❞✱ ❛♥❞ 2x ❛♥❞ ✸ ❛r❡ t♦ ❜❡ ♠✉❧t✐♣❧✐❡❞✳

8x2 − 30x − 27 =
(

4x
) (

2x
)

=
(

4x
) (

2x − 9
)

=
(

4x + 3
) (

2x − 9
)

check : (4x + 3) (2x − 9) = 8x2 − 36x + 6x − 27

= 8x2 − 30x − 27

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❛♠♣❧❡ ✻✳✸✺
❋❛❝t♦r 15x2 + 44x + 32✳

❇❡❢♦r❡ ✇❡ st❛rt ✜♥❞✐♥❣ t❤❡ ❢❛❝t♦rs ♦❢ t❤❡ ✜rst ❛♥❞ ❧❛st t❡r♠s✱ ♥♦t✐❝❡ t❤❛t t❤❡ ❝♦♥st❛♥t t❡r♠
✐s +32✳ ❙✐♥❝❡ t❤❡ ♣r♦❞✉❝t ✐s ♣♦s✐t✐✈❡✱ t❤❡ t✇♦ ❢❛❝t♦rs ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r ♠✉st ❤❛✈❡ t❤❡ s❛♠❡ s✐❣♥✳
❚❤❡② ♠✉st ❜♦t❤ ❜❡ ♣♦s✐t✐✈❡ ♦r ❜♦t❤ ❜❡ ♥❡❣❛t✐✈❡✳ ◆♦✇ t❤❡ ♠✐❞❞❧❡ t❡r♠✱ +44x✱ ✐s ♣r❡❝❡❞❡❞ ❜② ❛
♣♦s✐t✐✈❡ s✐❣♥✳ ❲❡ ❦♥♦✇ t❤❛t t❤❡ ♠✐❞❞❧❡ t❡r♠ ❝♦♠❡s ❢r♦♠ t❤❡ s✉♠ ♦❢ t❤❡ ♦✉t❡r ❛♥❞ ✐♥♥❡r ♣r♦❞✉❝ts✳
■❢ t❤❡s❡ t✇♦ ♥✉♠❜❡rs ❛r❡ t♦ s✉♠ t♦ ❛ ♣♦s✐t✐✈❡ ♥✉♠❜❡r✱ t❤❡② ♠✉st ❜♦t❤ ❜❡ ♣♦s✐t✐✈❡ t❤❡♠s❡❧✈❡s✳ ■❢
t❤❡② ✇❡r❡ ♥❡❣❛t✐✈❡✱ t❤❡✐r s✉♠ ✇♦✉❧❞ ❜❡ ♥❡❣❛t✐✈❡✳ ❚❤✉s✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ t✇♦ ❢❛❝t♦rs ♦❢
+32 t❤❛t ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r ❛r❡ ❜♦t❤ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs✳ ❚❤✐s ❡❧✐♠✐♥❛t❡s s❡✈❡r❛❧ ❢❛❝t♦rs ♦❢ ✸✷ ❛♥❞
❧❡ss❡♥s ♦✉r ❛♠♦✉♥t ♦❢ ✇♦r❦✳
❋❛❝t♦r t❤❡ ✜rst ❛♥❞ ❧❛st t❡r♠s✳

❆❢t❡r ❛ ❢❡✇ tr✐❛❧s ✇❡ s❡❡ t❤❛t 5x ❛♥❞ ✹ ❛r❡ t♦ ❜❡ ♠✉❧t✐♣❧✐❡❞✱ ❛♥❞ 3x ❛♥❞ ✽ ❛r❡ t♦ ❜❡ ♠✉❧t✐♣❧✐❡❞✳
15x2 + 44x + 32 = (5x + 8) (3x + 4)

❊①❛♠♣❧❡ ✻✳✸✻
❋❛❝t♦r 18x2 − 56x + 6✳

❲❡ s❡❡ t❤❛t ❡❛❝❤ t❡r♠ ✐s ❡✈❡♥✱ s♦ ✇❡ ❝❛♥ ❢❛❝t♦r ♦✉t ✷✳
2

(
9x2 − 28x + 3

)

◆♦t✐❝❡ t❤❛t t❤❡ ❝♦♥st❛♥t t❡r♠ ✐s ♣♦s✐t✐✈❡✳ ❚❤✉s✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ❢❛❝t♦rs ♦❢ ✸ t❤❛t ✇❡ ❛r❡
❧♦♦❦✐♥❣ ❢♦r ♠✉st ❤❛✈❡ t❤❡ s❛♠❡ s✐❣♥✳ ❙✐♥❝❡ t❤❡ s✐❣♥ ♦❢ t❤❡ ♠✐❞❞❧❡ t❡r♠ ✐s ♥❡❣❛t✐✈❡✱ ❜♦t❤ ❢❛❝t♦rs
♠✉st ❜❡ ♥❡❣❛t✐✈❡✳
❋❛❝t♦r t❤❡ ✜rst ❛♥❞ ❧❛st t❡r♠s✳

❚❤❡r❡ ❛r❡ ♥♦t ♠❛♥② ❝♦♠❜✐♥❛t✐♦♥s t♦ tr②✱ ❛♥❞ ✇❡ ✜♥❞ t❤❛t 9x ❛♥❞ −3 ❛r❡ t♦ ❜❡ ♠✉❧t✐♣❧✐❡❞ ❛♥❞
x ❛♥❞ −1 ❛r❡ t♦ ❜❡ ♠✉❧t✐♣❧✐❡❞✳

18x2 − 56x + 6 = 2
(
9x2 − 28x + 3

)

= 2 (9x − 1) (x − 3)

■❢ ✇❡ ❤❛❞ ♥♦t ❢❛❝t♦r❡❞ t❤❡ ✷ ♦✉t ✜rst✱ ✇❡ ✇♦✉❧❞ ❤❛✈❡ ❣♦tt❡♥ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❚❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ✐s ♥♦t ❝♦♠♣❧❡t❡ s✐♥❝❡ ♦♥❡ ♦❢ t❤❡ ❢❛❝t♦rs ♠❛② ❜❡ ❢❛❝t♦r❡❞ ❢✉rt❤❡r✳

18x2 − 56x + 6 = (9x − 1) (2x − 6)

= (9x − 1) · 2 (x − 3)

= 2 (9x − 1) (x − 3) (❇② t❤❡ ❝♦♠♠✉t❛t✐✈❡ ♣r♦♣❡rt② ♦❢♠✉❧t✐♣❧✐❝❛t✐♦♥✳)

❚❤❡ r❡s✉❧ts ❛r❡ t❤❡ s❛♠❡✱ ❜✉t ✐t ✐s ♠✉❝❤ ❡❛s✐❡r t♦ ❢❛❝t♦r ❛ ♣♦❧②♥♦♠✐❛❧ ❛❢t❡r ❛❧❧ ❝♦♠♠♦♥ ❢❛❝t♦rs
❤❛✈❡ ❜❡❡♥ ❢❛❝t♦r❡❞ ♦✉t ✜rst✳

❊①❛♠♣❧❡ ✻✳✸✼
❋❛❝t♦r 3x2 + x − 14✳

❚❤❡r❡ ❛r❡ ♥♦ ❝♦♠♠♦♥ ❢❛❝t♦rs✳ ❲❡ s❡❡ t❤❛t t❤❡ ❝♦♥st❛♥t t❡r♠ ✐s ♥❡❣❛t✐✈❡✳ ❚❤✉s✱ t❤❡ ❢❛❝✲
t♦rs ♦❢ −14 ♠✉st ❤❛✈❡ ❞✐✛❡r❡♥t s✐❣♥s✳
❋❛❝t♦r t❤❡ ✜rst ❛♥❞ ❧❛st t❡r♠s✳

❆❢t❡r ❛ ❢❡✇ tr✐❛❧s✱ ✇❡ s❡❡ t❤❛t 3x ❛♥❞ −2 ❛r❡ t♦ ❜❡ ♠✉❧t✐♣❧✐❡❞ ❛♥❞ x ❛♥❞ ✼ ❛r❡ t♦ ❜❡ ♠✉❧t✐♣❧✐❡❞✳
3x2 + x − 14 = (3x + 7) (x − 2)

❊①❛♠♣❧❡ ✻✳✸✽
❋❛❝t♦r 8x2 − 26xy + 15y2✳

❲❡ s❡❡ t❤❛t t❤❡ ❝♦♥st❛♥t t❡r♠ ✐s ♣♦s✐t✐✈❡ ❛♥❞ t❤❛t t❤❡ ♠✐❞❞❧❡ t❡r♠ ✐s ♣r❡❝❡❞❡❞ ❜② ❛ ♠✐♥✉s
s✐❣♥✳
❍❡♥❝❡✱ t❤❡ ❢❛❝t♦rs ♦❢ 15y2 t❤❛t ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r ♠✉st ❜♦t❤ ❜❡ ♥❡❣❛t✐✈❡✳
❋❛❝t♦r t❤❡ ✜rst ❛♥❞ ❧❛st t❡r♠s✳

❆❢t❡r ❛ ❢❡✇ tr✐❛❧s✱ ✇❡ s❡❡ t❤❛t 4x ❛♥❞ −5y ❛r❡ t♦ ❜❡ ♠✉❧t✐♣❧✐❡❞ ❛♥❞ 2x ❛♥❞ −3y ❛r❡ t♦ ❜❡
♠✉❧t✐♣❧✐❡❞✳

8x2 − 26xy + 15y2 = (4x − 3y) (2x − 5y)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✻✳✽✳✹ Pr❛❝t✐❝❡ ❙❡t ❆

❋❛❝t♦r t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✐❢ ♣♦ss✐❜❧❡✳

❊①❡r❝✐s❡ ✻✳✽✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✻✳✮

2x2 + 13x − 7

❊①❡r❝✐s❡ ✻✳✽✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✻✳✮

3x2 + x − 4

❊①❡r❝✐s❡ ✻✳✽✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✻✳✮

4a2 − 25a − 21

❊①❡r❝✐s❡ ✻✳✽✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✻✳✮

16b2 − 22b − 3

❊①❡r❝✐s❡ ✻✳✽✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✻✳✮

10y2 − 19y − 15

❊①❡r❝✐s❡ ✻✳✽✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✻✳✮

6m3 + 40m2 − 14m

❊①❡r❝✐s❡ ✻✳✽✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✻✳✮

14p2 + 31pq − 10q2

❊①❡r❝✐s❡ ✻✳✽✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✻✳✮

−24w2z2 + 14wz3 − 2z4

❊①❡r❝✐s❡ ✻✳✽✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✻✳✮

3x2 + 6xy + 2y2

❆s ②♦✉ ❣❡t ♠♦r❡ ♣r❛❝t✐❝❡ ❢❛❝t♦r✐♥❣ t❤❡s❡ t②♣❡s ♦❢ ♣♦❧②♥♦♠✐❛❧s ②♦✉ ❜❡❝♦♠❡ ❢❛st❡r ❛t ♣✐❝❦✐♥❣ t❤❡ ♣r♦♣❡r
❝♦♠❜✐♥❛t✐♦♥s✳ ■t t❛❦❡s ❛ ❧♦t ♦❢ ♣r❛❝t✐❝❡✦
❚❤❡r❡ ✐s ❛ s❤♦rt❝✉t t❤❛t ♠❛② ❤❡❧♣ ✐♥ ♣✐❝❦✐♥❣ t❤❡ ♣r♦♣❡r ❝♦♠❜✐♥❛t✐♦♥s✳ ❚❤✐s ♣r♦❝❡ss ❞♦❡s ♥♦t ❛❧✇❛②s ✇♦r❦✱
❜✉t ✐t s❡❡♠s t♦ ❤♦❧❞ tr✉❡ ✐♥ ♠❛♥② ❝❛s❡s✳ ❆❢t❡r ②♦✉ ❤❛✈❡ ❢❛❝t♦r❡❞ t❤❡ ✜rst ❛♥❞ ❧❛st t❡r♠s ❛♥❞ ❛r❡ ❜❡❣✐♥♥✐♥❣
t♦ ❧♦♦❦ ❢♦r t❤❡ ♣r♦♣❡r ❝♦♠❜✐♥❛t✐♦♥s✱ st❛rt ✇✐t❤ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❢❛❝t♦rs ❛♥❞ ♥♦t t❤❡ ❡①tr❡♠❡ ♦♥❡s✳

✻✳✽✳✺ ❙❛♠♣❧❡ ❙❡t ❇

❊①❛♠♣❧❡ ✻✳✸✾
❋❛❝t♦r 24x2 − 41x + 12✳

❋❛❝t♦r t❤❡ ✜rst ❛♥❞ ❧❛st t❡r♠s✳

24x2 ✶✷

24x, x −12, − 1

12x, 2x − 6, − 2

8x, 3x − 4, − 3

6x, 4x

❚❛❜❧❡ ✻✳✸

❘❛t❤❡r t❤❛♥ st❛rt✐♥❣ ✇✐t❤ t❤❡ 24x, x ❛♥❞ −12,−1✱ ♣✐❝❦ s♦♠❡ ✐♥t❡r♠❡❞✐❛t❡ ✈❛❧✉❡s✱ 8x ❛♥❞ 3x✱
t❤❡ 6x ❛♥❞ 4x✱ ♦r t❤❡ −6 ❛♥❞ −2✱ ♦r t❤❡ −4 ❛♥❞ −3✳

24x2 − 41x + 12 = (8x − 3) (3x − 4)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✻✳✽✳✻ Pr❛❝t✐❝❡ ❙❡t ❇

❊①❡r❝✐s❡ ✻✳✽✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✻✳✮

❋❛❝t♦r 48x2 + 22x − 15✳

❊①❡r❝✐s❡ ✻✳✽✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✻✳✮

❋❛❝t♦r 54y2 + 39yw − 28w2✳

✻✳✽✳✻✳✶ ❚❤❡ ❈♦❧❧❡❝t ❛♥❞ ❉✐s❝❛r❞ ▼❡t❤♦❞ ♦❢ ❋❛❝t♦r✐♥❣ ax2 + bx + c

❈♦❧❧❡❝t ❛♥❞ ❉✐s❝❛r❞ ▼❡t❤♦❞
❈♦♥s✐❞❡r t❤❡ ♣♦❧②♥♦♠✐❛❧ 6x2 + x − 12✳ ❲❡ ❜❡❣✐♥ ❜② ✐❞❡♥t✐❢②✐♥❣ a ❛♥❞ c✳ ■♥ t❤✐s ❝❛s❡✱ a = 6 ❛♥❞ c = −12✳
❲❡ st❛rt ♦✉t ❛s ✇❡ ✇♦✉❧❞ ✇✐t❤ a = 1✳

6x2 + x − 12 :
(

6x
) (

6x
)

◆♦✇✱ ❝♦♠♣✉t❡ a · c✳

a · c = (6) (−12) = −72
❋✐♥❞ t❤❡ ❢❛❝t♦rs ♦❢ −72 t❤❛t ❛❞❞ t♦ ✶✱ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ x✱ t❤❡ ❧✐♥❡❛r t❡r♠✳ ❚❤❡ ❢❛❝t♦rs ❛r❡ ✾ ❛♥❞ −8✳

■♥❝❧✉❞❡ t❤❡s❡ ❢❛❝t♦rs ✐♥ t❤❡ ♣❛r❡♥t❤❡s❡s✳

6x2 + x − 12 : (6x + 9) (6x − 8)
❇✉t ✇❡ ❤❛✈❡ ✐♥❝❧✉❞❡❞ t♦♦ ♠✉❝❤✳ ❲❡ ♠✉st ❡❧✐♠✐♥❛t❡ t❤❡ s✉r♣❧✉s✳ ❋❛❝t♦r ❡❛❝❤ ♣❛r❡♥t❤❡s❡s✳

6x2 + x − 12 : 3 (2x + 3) · 2 (3x − 4)
❉✐s❝❛r❞ t❤❡ ❢❛❝t♦rs t❤❛t ♠✉❧t✐♣❧② t♦ a = 6✳ ■♥ t❤✐s ❝❛s❡✱ ✸ ❛♥❞ ✷✳ ❲❡ ❛r❡ ❧❡❢t ✇✐t❤ t❤❡ ♣r♦♣❡r ❢❛❝t♦r✐③❛t✐♦♥✳

6x2 + x − 12 = (2x + 3) (3x − 4)

✻✳✽✳✼ ❙❛♠♣❧❡ ❙❡t ❈

❊①❛♠♣❧❡ ✻✳✹✵
❋❛❝t♦r 10x2 + 23x − 5✳

■❞❡♥t✐❢② a = 10 ❛♥❞ b = −5✳

10x2 + 23x − 5;
(

10x
) (

10x
)

❈♦♠♣✉t❡
a · c = (10) (−5) = −50
❋✐♥❞ t❤❡ ❢❛❝t♦rs ♦❢ −50 t❤❛t ❛❞❞ t♦ +23✱ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ x✱ t❤❡ ❧✐♥❡❛r t❡r♠✳ ❚❤❡ ❢❛❝t♦rs ❛r❡

✷✺ ❛♥❞ −2✳ P❧❛❝❡ t❤❡s❡ ♥✉♠❜❡rs ✐♥t♦ t❤❡ ♣❛r❡♥t❤❡s❡s✳
10x2 + 23x − 5 : (10x + 25) (10x − 2)
❲❡ ❤❛✈❡ ❝♦❧❧❡❝t❡❞ t♦♦ ♠✉❝❤✳ ❋❛❝t♦r ❡❛❝❤ s❡t ♦❢ ♣❛r❡♥t❤❡s❡s ❛♥❞ ❡❧✐♠✐♥❛t❡ t❤❡ s✉r♣❧✉s✳
10x2 + 23x − 5 : (5) (2x + 5) · (2) (5x − 1)
❉✐s❝❛r❞ t❤❡ ❢❛❝t♦rs t❤❛t ♠✉❧t✐♣❧② t♦ a = 10✳ ■♥ t❤✐s ❝❛s❡✱ ✺ ❛♥❞ ✷✳
10x2 + 23x − 5 = (2x + 5) (5x − 1)

❊①❛♠♣❧❡ ✻✳✹✶
❋❛❝t♦r 8x2 − 30x − 27✳

■❞❡♥t✐❢② a = 8 ❛♥❞ c = −27✳

8x2 − 30x − 27 :
(

8x
) (

8x
)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✵✾

❈♦♠♣✉t❡
a · c = (8) (−27) = −216
❋✐♥❞ t❤❡ ❢❛❝t♦rs ♦❢ −216 t❤❛t ❛❞❞ t♦ −30✱ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ x✱ t❤❡ ❧✐♥❡❛r t❡r♠✳ ❚❤✐s r❡q✉✐r❡s

s♦♠❡ t❤♦✉❣❤t✳ ❚❤❡ ❢❛❝t♦rs ❛r❡ −36 ❛♥❞ ✻✳ P❧❛❝❡ t❤❡s❡ ♥✉♠❜❡rs ✐♥t♦ t❤❡ ♣❛r❡♥t❤❡s❡s✳
8x2 − 30x − 27 : (8x − 36) (8x + 6)
❲❡ ❤❛✈❡ ❝♦❧❧❡❝t❡❞ t♦♦ ♠✉❝❤✳ ❋❛❝t♦r ❡❛❝❤ s❡t ♦❢ ♣❛r❡♥t❤❡s❡s ❛♥❞ ❡❧✐♠✐♥❛t❡ t❤❡ s✉r♣❧✉s✳

8x2 − 30x − 27 : (4) (2x − 9) · (2) (4x + 3)

❉✐s❝❛r❞ t❤❡ ❢❛❝t♦rs t❤❛t ♠✉❧t✐♣❧② t♦ a = 8✳ ■♥ t❤✐s ❝❛s❡✱ ✹ ❛♥❞ ✷✳
8x2 − 30x − 27 = (2x − 9) (4x + 3)

❊①❛♠♣❧❡ ✻✳✹✷
❋❛❝t♦r 18x2 − 5xy − 2y2✳

■❞❡♥t✐❢② a = 18 ❛♥❞ c = −2✳

18x2 − 5xy − 2y2 :
(

18x
) (

18x
)

❈♦♠♣✉t❡
a · c = (18) (−2) = −36
❋✐♥❞ t❤❡ ❢❛❝t♦rs ♦❢ −36 t❤❛t ❛❞❞ t♦ −5✱ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ xy✳ ■♥ t❤✐s ❝❛s❡✱ −9 ❛♥❞ ✹✳ P❧❛❝❡

t❤❡s❡ ♥✉♠❜❡rs ✐♥t♦ t❤❡ ♣❛r❡♥t❤❡s❡s✱ ❛✣①✐♥❣ y t♦ ❡❛❝❤✳
18x2 − 5xy − 2y2 : (18x − 9y) (18x + 4y)
❲❡ ❤❛✈❡ ❝♦❧❧❡❝t❡❞ t♦♦ ♠✉❝❤✳ ❋❛❝t♦r ❡❛❝❤ s❡t ♦❢ ♣❛r❡♥t❤❡s❡s ❛♥❞ ❡❧✐♠✐♥❛t❡ t❤❡ s✉r♣❧✉s✳
18x2 − 5xy − 2y2 : (9) (2x − y) · (2) (9x + 2y)
❉✐s❝❛r❞ t❤❡ ❢❛❝t♦rs t❤❛t ♠✉❧t✐♣❧② t♦ a = 18✳ ■♥ t❤✐s ❝❛s❡✱ ✾ ❛♥❞ ✹✳
18x2 − 5xy − 2y2 = (2x − y) (9x + 2y)

✻✳✽✳✽ Pr❛❝t✐❝❡ ❙❡t ❈

❊①❡r❝✐s❡ ✻✳✽✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✻✳✮

❋❛❝t♦r 6x2 + 7x − 3✳

❊①❡r❝✐s❡ ✻✳✽✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✻✳✮

❋❛❝t♦r 14x2 − 31x − 10✳

❊①❡r❝✐s❡ ✻✳✽✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✻✳✮

❋❛❝t♦r 48x2 + 22x − 15✳

❊①❡r❝✐s❡ ✻✳✽✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✼✳✮

❋❛❝t♦r 10x2 − 23xw + 12w2✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✻✳✽✳✾ ❊①❡r❝✐s❡s

❋❛❝t♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✐❢ ♣♦ss✐❜❧❡✳

❊①❡r❝✐s❡ ✻✳✽✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✼✳✮

x2 + 3x + 2

❊①❡r❝✐s❡ ✻✳✽✳✶✼
x2 + 7x + 12

❊①❡r❝✐s❡ ✻✳✽✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✼✳✮

2x2 + 7x + 5

❊①❡r❝✐s❡ ✻✳✽✳✶✾
3x2 + 4x + 1

❊①❡r❝✐s❡ ✻✳✽✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✼✳✮

2x2 + 11x + 12

❊①❡r❝✐s❡ ✻✳✽✳✷✶
10x2 + 33x + 20

❊①❡r❝✐s❡ ✻✳✽✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✼✳✮

3x2 − x − 4

❊①❡r❝✐s❡ ✻✳✽✳✷✸
3x2 + x − 4

❊①❡r❝✐s❡ ✻✳✽✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✼✳✮

4x2 + 8x − 21

❊①❡r❝✐s❡ ✻✳✽✳✷✺
2a2 − a − 3

❊①❡r❝✐s❡ ✻✳✽✳✷✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✼✳✮

9a2 − 7a + 2

❊①❡r❝✐s❡ ✻✳✽✳✷✼
16a2 + 16a + 3

❊①❡r❝✐s❡ ✻✳✽✳✷✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✼✳✮

16y2 − 26y + 3

❊①❡r❝✐s❡ ✻✳✽✳✷✾
3y2 + 14y − 5

❊①❡r❝✐s❡ ✻✳✽✳✸✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✼✳✮

10x2 + 29x + 10

❊①❡r❝✐s❡ ✻✳✽✳✸✶
14y2 + 29y − 15

❊①❡r❝✐s❡ ✻✳✽✳✸✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✼✳✮

81a2 + 19a + 2

❊①❡r❝✐s❡ ✻✳✽✳✸✸
24x2 + 34x + 5

❊①❡r❝✐s❡ ✻✳✽✳✸✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✼✳✮

24x2 − 34x + 5

❊①❡r❝✐s❡ ✻✳✽✳✸✺
24x2 − 26x − 5

❊①❡r❝✐s❡ ✻✳✽✳✸✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✼✳✮

24x2 + 26x − 5

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✶✶

❊①❡r❝✐s❡ ✻✳✽✳✸✼
6a2 + 13a + 6

❊①❡r❝✐s❡ ✻✳✽✳✸✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✼✳✮

6x2 + 5xy + y2

❊①❡r❝✐s❡ ✻✳✽✳✸✾
6a2 − ay − y2

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ t❤❡ ❣✐✈❡♥ tr✐♥♦♠✐❛❧ ♦❝❝✉rs ✇❤❡♥ s♦❧✈✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛♣♣❧✐❡❞ ♣r♦❜❧❡♠✳
❋❛❝t♦r ❡❛❝❤ tr✐♥♦♠✐❛❧✳ ❨♦✉ ❞♦ ♥♦t ♥❡❡❞ t♦ s♦❧✈❡ t❤❡ ♣r♦❜❧❡♠✳

❊①❡r❝✐s❡ ✻✳✽✳✹✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✼✳✮

5r2 − 24r − 5✳

■t t❛❦❡s ✺ ❤♦✉rs t♦ ♣❛❞❞❧❡ ❛ ❜♦❛t ✶✷ ♠✐❧❡s ❞♦✇♥str❡❛♠ ❛♥❞ t❤❡♥ ❜❛❝❦✳ ❚❤❡ ❝✉rr❡♥t ✢♦✇s
❛t t❤❡ r❛t❡ ♦❢ ✶ ♠✐❧❡ ♣❡r ❤♦✉r✳ ❆t ✇❤❛t r❛t❡ ✇❛s t❤❡ ❜♦❛t ♣❛❞❞❧❡❞❄

❊①❡r❝✐s❡ ✻✳✽✳✹✶
x2 + 5x − 84✳

❚❤❡ ❧❡♥❣t❤ ♦❢ ❛ r❡❝t❛♥❣❧❡ ✐s ✺ ✐♥❝❤❡s ♠♦r❡ t❤❛♥ t❤❡ ✇✐❞t❤ ♦❢ t❤❡ r❡❝t❛♥❣❧❡✳ ■❢ t❤❡ ❛r❡❛ ♦❢
t❤❡ r❡❝t❛♥❣❧❡ ✐s ✽✹ sq✉❛r❡ ✐♥❝❤❡s✱ ✇❤❛t ❛r❡ t❤❡ ❧❡♥❣t❤ ❛♥❞ ✇✐❞t❤ ♦❢ t❤❡ r❡❝t❛♥❣❧❡❄

❊①❡r❝✐s❡ ✻✳✽✳✹✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✼✳✮

x2 + 24x − 145✳

❆ sq✉❛r❡ ♠❡❛s✉r❡s ✶✷ ✐♥❝❤❡s ♦♥ ❡❛❝❤ s✐❞❡✳ ❆♥♦t❤❡r sq✉❛r❡ ✐s t♦ ❜❡ ❞r❛✇♥ ❛r♦✉♥❞ t❤✐s
sq✉❛r❡ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ t♦t❛❧ ❛r❡❛ ✐s ✷✽✾ sq✉❛r❡ ✐♥❝❤❡s✳ ❲❤❛t ✐s t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ❡❞❣❡
♦❢ t❤❡ s♠❛❧❧❡r sq✉❛r❡ t♦ t❤❡ ❡❞❣❡ ♦❢ t❤❡ ❧❛r❣❡r sq✉❛r❡❄ ✭❚❤❡ t✇♦ sq✉❛r❡s ❤❛✈❡ t❤❡ s❛♠❡ ❝❡♥t❡r✳✮

❊①❡r❝✐s❡ ✻✳✽✳✹✸
x2 + 8x − 20✳

❆ ✇♦♠❛♥ ✇✐s❤❡s t♦ ❝♦♥str✉❝t ❛ r❡❝t❛♥❣✉❧❛r ❜♦① t❤❛t ✐s ♦♣❡♥ ❛t t❤❡ t♦♣✳ ❙❤❡ ✇✐s❤❡s ✐t t♦
❜❡ ✹ ✐♥❝❤❡s ❤✐❣❤ ❛♥❞ ❤❛✈❡ ❛ r❡❝t❛♥❣✉❧❛r ❜❛s❡ ✇❤♦s❡ ❧❡♥❣t❤ ✐s t❤r❡❡ t✐♠❡s t❤❡ ✇✐❞t❤✳ ❚❤❡ ♠❛t❡r✐❛❧
✉s❡❞ ❢♦r t❤❡ ❜❛s❡ ❝♦sts ✩✷ ♣❡r sq✉❛r❡ ✐♥❝❤✱ ❛♥❞ t❤❡ ♠❛t❡r✐❛❧ ✉s❡❞ ❢♦r t❤❡ s✐❞❡s ❝♦sts ✩✶✳✺✵ ♣❡r
sq✉❛r❡ ✐♥❝❤✳ ❚❤❡ ✇♦♠❛♥ ✇✐❧❧ s♣❡♥❞ ❡①❛❝t❧② ✩✶✷✵ ❢♦r ♠❛t❡r✐❛❧s✳ ❋✐♥❞ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❜♦①
✭❧❡♥❣t❤ ♦❢ t❤❡ ❜❛s❡✱ ✇✐❞t❤ ♦❢ t❤❡ ❜❛s❡✱ ❛♥❞ ❤❡✐❣❤t✮✳

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❢❛❝t♦r t❤❡ tr✐♥♦♠✐❛❧s ✐❢ ♣♦ss✐❜❧❡✳

❊①❡r❝✐s❡ ✻✳✽✳✹✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✼✳✮

16x2 − 8xy − 3y2

❊①❡r❝✐s❡ ✻✳✽✳✹✺
6a2 + 7ab + 2b2

❊①❡r❝✐s❡ ✻✳✽✳✹✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✼✳✮

12a2 + 7ab + 12b2

❊①❡r❝✐s❡ ✻✳✽✳✹✼
9x2 + 18xy + 8y2

❊①❡r❝✐s❡ ✻✳✽✳✹✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✼✳✮

8a2 + 10ab − 6b2

❊①❡r❝✐s❡ ✻✳✽✳✹✾
12a2 + 54a − 90

❊①❡r❝✐s❡ ✻✳✽✳✺✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✼✳✮

12b4 + 30b2a + 12a2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✻✳✽✳✺✶
30a4b4 − 3a2b2 − 6c2

❊①❡r❝✐s❡ ✻✳✽✳✺✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✼✳✮

3a6 − 3a3b2 − 18b4

❊①❡r❝✐s❡ ✻✳✽✳✺✸
20a2b2 + 2abc2 − 6a2c4

❊①❡r❝✐s❡ ✻✳✽✳✺✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✼✳✮

14a2z2 − 40a3z2 − 46a4z2

✻✳✽✳✶✵ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✻✳✽✳✺✺
✭❙❡❝t✐♦♥ ✷✳✼✮ ❙✐♠♣❧✐❢②

(
a3b6

)4
✳

❊①❡r❝✐s❡ ✻✳✽✳✺✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✼✳✮

✭❙❡❝t✐♦♥ ✹✳✻✮ ❋✐♥❞ t❤❡ ♣r♦❞✉❝t✳ x2 (x − 3) (x + 4)✳

❊①❡r❝✐s❡ ✻✳✽✳✺✼
✭❙❡❝t✐♦♥ ✹✳✼✮ ❋✐♥❞ t❤❡ ♣r♦❞✉❝t✳ (5m − 3n)

2
✳

❊①❡r❝✐s❡ ✻✳✽✳✺✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✼✳✮

✭❙❡❝t✐♦♥ ✺✳✸✮ ❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥ 5 (2x − 1) − 4 (x + 7) = 0✳

❊①❡r❝✐s❡ ✻✳✽✳✺✾
✭❙❡❝t✐♦♥ ✻✳✼✮ ❋❛❝t♦r x5 − 8x4 + 7x3✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✶✸

✻✳✾ ❙✉♠♠❛r② ♦❢ ❑❡② ❈♦♥❝❡♣ts ✾

✻✳✾✳✶ ❙✉♠♠❛r② ♦❢ ❑❡② ❈♦♥❝❡♣ts

❋❛❝t♦r✐♥❣ ✭❙❡❝t✐♦♥ ✻✳✷✮
❋❛❝t♦r✐♥❣ ✐s t❤❡ ♣r♦❝❡ss ♦❢ ❞❡t❡r♠✐♥✐♥❣ t❤❡ ❢❛❝t♦rs ♦❢ s♦♠❡ ♣r♦❞✉❝t✳ ❋❛❝t♦r✐♥❣ ✐s t❤❡ r❡✈❡rs❡ ♦❢ ♠✉❧t✐♣❧✐❝❛t✐♦♥✳
●r❡❛t❡st ❈♦♠♠♦♥ ❋❛❝t♦r ✭❙❡❝t✐♦♥ ✻✳✹✮
❚❤❡ ❣r❡❛t❡st ❝♦♠♠♦♥ ❢❛❝t♦r ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧ ✐s t❤❡ ❢❛❝t♦r t❤❛t ✐s ❝♦♠♠♦♥ t♦ ❡✈❡r② t❡r♠ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧
❛♥❞ ❛❧s♦ ✐s s✉❝❤ t❤❛t

✶✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ❝♦❡✣❝✐❡♥t ✐s t❤❡ ❧❛r❣❡st ♥✉♠❜❡r ❝♦♠♠♦♥ t♦ ❡❛❝❤ t❡r♠✳
✷✳ ❚❤❡ ✈❛r✐❛❜❧❡s ♣♦ss❡ss t❤❡ ❧❛r❣❡st ❡①♣♦♥❡♥ts t❤❛t ❛r❡ ❝♦♠♠♦♥ t♦ ❛❧❧ t❤❡ ✈❛r✐❛❜❧❡s✳

❋❛❝t♦r✐♥❣ ❛ ▼♦♥♦♠✐❛❧ ❢r♦♠ ❛ P♦❧②♥♦♠✐❛❧ ✭❙❡❝t✐♦♥ ✻✳✹✮
■❢ A ✐s t❤❡ ❣r❡❛t❡st ❝♦♠♠♦♥ ❢❛❝t♦r ♦❢ Ax + Ay✱ t❤❡♥

Ax + Ay = A (x + y)

❋❛❝t♦r✐♥❣ ❜② ●r♦✉♣✐♥❣ ✭❙❡❝t✐♦♥ ✻✳✺✮
❲❡ ❛r❡ ❛❧❡rt❡❞ t♦ t❤❡ ✐❞❡❛ ♦❢ ❢❛❝t♦r✐♥❣ ❜② ❣r♦✉♣✐♥❣ ✇❤❡♥ t❤❡ ♣♦❧②♥♦♠✐❛❧ ✇❡ ❛r❡ ❝♦♥s✐❞❡r✐♥❣

✶✳ ❍❛s ♥♦ ❢❛❝t♦r ❝♦♠♠♦♥ t♦ ❛❧❧ t❡r♠s✳
✷✳ ❍❛s ❛♥ ❡✈❡♥ ♥✉♠❜❡r ♦❢ t❡r♠s✳

Ax + Ay
[U+23B5]

A ✐s ❝♦♠♠♦♥

+ Bx + By
[U+23B5]

B ✐s ❝♦♠♠♦♥

= A(x + y) + B (x + y)
[U+23B5]

x+y ✐s ❝♦♠♠♦♥

= (x + y) (A + B)

❙♣❡❝✐❛❧ ♣r♦❞✉❝ts ✭❙❡❝t✐♦♥ ✻✳✻✮

a2 − b2 = (a + b) (a − b)

a2 + 2ab + b2 = (a + b)
2

a2 − 2ab + b2 = (a − b)
2

❋✉♥❞❛♠❡♥t❛❧ ❘✉❧❡ ♦❢ ❋❛❝t♦r✐♥❣ ✭❙❡❝t✐♦♥ ✻✳✻✮

✶✳ ❋❛❝t♦r ♦✉t ❛❧❧ ❝♦♠♠♦♥ ♠♦♥♦♠✐❛❧s ✜rst✳
✷✳ ❋❛❝t♦r ❝♦♠♣❧❡t❡❧②✳

❋❛❝t♦r✐♥❣ ❚r✐♥♦♠✐❛❧s ✭❙❡❝t✐♦♥ ✻✳✼✱ ❙❡❝t✐♦♥ ✻✳✽✮
❖♥❡ ♠❡t❤♦❞ ♦❢ ❢❛❝t♦r✐♥❣ ❛ tr✐♥♦♠✐❛❧ ✐s t♦ ❧✐st ❛❧❧ t❤❡ ❢❛❝t♦r ♣❛✐rs ♦❢ ❜♦t❤ ♦❢ t❤❡ ✜rst ❛♥❞ ❧❛st t❡r♠s ❛♥❞ t❤❡♥
❝❤♦♦s❡ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ t❤❛t ✇❤❡♥ ♠✉❧t✐♣❧✐❡❞ ❛♥❞ t❤❡♥ ❛❞❞❡❞ ♣r♦❞✉❝❡s t❤❡ ♠✐❞❞❧❡ t❡r♠✳

✻✳✶✵ ❊①❡r❝✐s❡ ❙✉♣♣❧❡♠❡♥t ✶✵

✻✳✶✵✳✶ ❊①❡r❝✐s❡ ❙✉♣♣❧❡♠❡♥t

✻✳✶✵✳✶✳✶ ❋✐♥❞✐♥❣ t❤❡ ❢❛❝t♦rs ♦❢ ❛ ▼♦♥♦♠✐❛❧ ✭❙❡❝t✐♦♥ ✻✳✷✮

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ t❤❡ ✜rst q✉❛♥t✐t② r❡♣r❡s❡♥ts t❤❡ ♣r♦❞✉❝t ❛♥❞ t❤❡ s❡❝♦♥❞ q✉❛♥t✐t② r❡♣r❡s❡♥ts ❛
❢❛❝t♦r✳ ❋✐♥❞ t❤❡ ♦t❤❡r ❢❛❝t♦r✳

✾❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✶✵✴✶✳✹✴❃✳
✶✵❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✽✾✾✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✻✳✶✵✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✼✳✮

32a4b, 2b

❊①❡r❝✐s❡ ✻✳✶✵✳✷

35x3y2, 7x3

❊①❡r❝✐s❡ ✻✳✶✵✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✼✳✮

44a2b2c, 11b2

❊①❡r❝✐s❡ ✻✳✶✵✳✹

50m3n5p4q, 10m3q

❊①❡r❝✐s❡ ✻✳✶✵✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✽✳✮

51(a + 1)
2
(b + 3)

4
, 3 (a + 1)

❊①❡r❝✐s❡ ✻✳✶✵✳✻

−26(x + 2y)
3
(x − y)

2
, −13 (x − y)

❊①❡r❝✐s❡ ✻✳✶✵✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✽✳✮

−8x5y4(x + y)
4
(x + 3y)

3
, −2x (x + y) (x + 3y)

❊①❡r❝✐s❡ ✻✳✶✵✳✽

−(6a − 5b)
10

(7a − b)
8
(a + 3b)

7
, −(6a − 5b)

7
(7a − b)

7
(a + 3b)

7

❊①❡r❝✐s❡ ✻✳✶✵✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✽✳✮

12xn+6y2n−5, −3xn+1yn+3

❊①❡r❝✐s❡ ✻✳✶✵✳✶✵

−400a3n+10bn−6c4n+7, 20a2n+8c2n−1

❊①❡r❝✐s❡ ✻✳✶✵✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✽✳✮

16x − 32, 16

❊①❡r❝✐s❡ ✻✳✶✵✳✶✷

35a − 45, 513

❊①❡r❝✐s❡ ✻✳✶✵✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✽✳✮

24a2 − 6a, 6a

❊①❡r❝✐s❡ ✻✳✶✵✳✶✹

88x4 − 33x3 + 44x2 + 55x, 11x

❊①❡r❝✐s❡ ✻✳✶✵✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✽✳✮

9y3 − 27y2 + 36y, −3y

❊①❡r❝✐s❡ ✻✳✶✵✳✶✻

4m6 − 16m4 + 16m2, 4m

❊①❡r❝✐s❡ ✻✳✶✵✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✽✳✮

−5x4y3 + 10x3y2 − 15x2y2, −5x2y2

❊①❡r❝✐s❡ ✻✳✶✵✳✶✽

−21a5b6c4(a + 2)
3

+ 35a5bc5(a + 2)
4
, −7a4b(a + 2)

2

❊①❡r❝✐s❡ ✻✳✶✵✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✽✳✮

−x − 2y − c2, −1

❊①❡r❝✐s❡ ✻✳✶✵✳✷✵

a + 3b, −1

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✻✳✶✵✳✶✳✷ ❋❛❝t♦r✐♥❣ ❛ ▼♦♥♦♠✐❛❧ ❢r♦♠ ❛ P♦❧②♥♦♠✐❛❧ ✭❙❡❝t✐♦♥ ✻✳✸✮ ✲ ❚❤❡ ●r❡❛t❡st ❈♦♠♠♦♥ ❋❛❝t♦r
✭❙❡❝t✐♦♥ ✻✳✹✮

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❢❛❝t♦r t❤❡ ♣♦❧②♥♦♠✐❛❧s✳

❊①❡r❝✐s❡ ✻✳✶✵✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✽✳✮

8a + 4

❊①❡r❝✐s❡ ✻✳✶✵✳✷✷
10x + 10

❊①❡r❝✐s❡ ✻✳✶✵✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✽✳✮

3y2 + 27y

❊①❡r❝✐s❡ ✻✳✶✵✳✷✹
6a2b2 + 18a2

❊①❡r❝✐s❡ ✻✳✶✵✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✽✳✮

21 (x + 5) + 9

❊①❡r❝✐s❡ ✻✳✶✵✳✷✻
14 (2a + 1) + 35

❊①❡r❝✐s❡ ✻✳✶✵✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✽✳✮

ma3 − m

❊①❡r❝✐s❡ ✻✳✶✵✳✷✽
15y3 − 24y + 24

❊①❡r❝✐s❡ ✻✳✶✵✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✽✳✮

r2(r + 1)
3 − 3r(r + 1)

2
+ r + 1

❊①❡r❝✐s❡ ✻✳✶✵✳✸✵
Pa + Pb + Pc

❊①❡r❝✐s❡ ✻✳✶✵✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✽✳✮

(10 − 3x) (2 + x) + 3 (10 − 3x) (7 + x)

✻✳✶✵✳✶✳✸ ❋❛❝t♦r✐♥❣ ❜② ●r♦✉♣✐♥❣ ✭❙❡❝t✐♦♥ ✻✳✺✮

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✉s❡ t❤❡ ❣r♦✉♣✐♥❣ ♠❡t❤♦❞ t♦ ❢❛❝t♦r t❤❡ ♣♦❧②♥♦♠✐❛❧s✳ ❙♦♠❡ ♠❛② ♥♦t ❜❡ ❢❛❝t♦r❛❜❧❡✳

❊①❡r❝✐s❡ ✻✳✶✵✳✸✷
4ax + x + 4ay + y

❊①❡r❝✐s❡ ✻✳✶✵✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✽✳✮

xy + 4x − 3y − 12

❊①❡r❝✐s❡ ✻✳✶✵✳✸✹
2ab − 8b − 3ab − 12a

❊①❡r❝✐s❡ ✻✳✶✵✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✽✳✮

a2 − 7a + ab − 7b

❊①❡r❝✐s❡ ✻✳✶✵✳✸✻
m2 + 5m + nm + 5n

❊①❡r❝✐s❡ ✻✳✶✵✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✽✳✮

r2 + rs − r − s

❊①❡r❝✐s❡ ✻✳✶✵✳✸✽
8a2bc + 20a2bc + 10a3b3c + 25a3b3

❊①❡r❝✐s❡ ✻✳✶✵✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✽✳✮

a (a + 6) − (a + 6) + a (a − 4) − (a − 4)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✻✳✶✵✳✹✵
a (2x + 7) − 4 (2x + 7) + a (x − 10) − 4 (x − 10)

✻✳✶✵✳✶✳✹ ❋❛❝t♦r✐♥❣ ❚✇♦ ❙♣❡❝✐❛❧ Pr♦❞✉❝ts ✭❙❡❝t✐♦♥ ✻✳✻✮ ✲ ❋❛❝t♦r✐♥❣ ❚r✐♥♦♠✐❛❧s ✇✐t❤ ▲❡❛❞✐♥❣
❈♦❡✣❝✐❡♥t ❖t❤❡r ❚❤❛♥ ✶ ✭❙❡❝t✐♦♥ ✻✳✽✮

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❢❛❝t♦r t❤❡ ♣♦❧②♥♦♠✐❛❧s✱ ✐❢ ♣♦ss✐❜❧❡✳

❊①❡r❝✐s❡ ✻✳✶✵✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✽✳✮

m2 − 36

❊①❡r❝✐s❡ ✻✳✶✵✳✹✷
r2 − 81

❊①❡r❝✐s❡ ✻✳✶✵✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✽✳✮

a2 + 8a + 16

❊①❡r❝✐s❡ ✻✳✶✵✳✹✹
c2 + 10c + 25

❊①❡r❝✐s❡ ✻✳✶✵✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✽✳✮

m2 + m + 1

❊①❡r❝✐s❡ ✻✳✶✵✳✹✻
r2 − r − 6

❊①❡r❝✐s❡ ✻✳✶✵✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✽✳✮

a2 + 9a + 20

❊①❡r❝✐s❡ ✻✳✶✵✳✹✽
s2 + 9s + 18

❊①❡r❝✐s❡ ✻✳✶✵✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✽✳✮

x2 + 14x + 40

❊①❡r❝✐s❡ ✻✳✶✵✳✺✵
a2 − 12a + 36

❊①❡r❝✐s❡ ✻✳✶✵✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✽✳✮

n2 − 14n + 49

❊①❡r❝✐s❡ ✻✳✶✵✳✺✷
a2 + 6a + 5

❊①❡r❝✐s❡ ✻✳✶✵✳✺✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✽✳✮

a2 − 9a + 20

❊①❡r❝✐s❡ ✻✳✶✵✳✺✹
6x2 + 5x + 1

❊①❡r❝✐s❡ ✻✳✶✵✳✺✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✾✳✮

4a2 − 9a − 9

❊①❡r❝✐s❡ ✻✳✶✵✳✺✻
4x2 + 7x + 3

❊①❡r❝✐s❡ ✻✳✶✵✳✺✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✾✳✮

42a2 + 5a − 2

❊①❡r❝✐s❡ ✻✳✶✵✳✺✽
30y2 + 7y − 15

❊①❡r❝✐s❡ ✻✳✶✵✳✺✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✾✳✮

56m2 + 26m + 6

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✻✳✶✵✳✻✵
27r2 − 33r − 4

❊①❡r❝✐s❡ ✻✳✶✵✳✻✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✾✳✮

4x2 + 4xy − 3y2

❊①❡r❝✐s❡ ✻✳✶✵✳✻✷
25a2 + 25ab + 6b2

❊①❡r❝✐s❡ ✻✳✶✵✳✻✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✾✳✮

2x2 + 6x − 20

❊①❡r❝✐s❡ ✻✳✶✵✳✻✹
−2y2 + 4y + 48

❊①❡r❝✐s❡ ✻✳✶✵✳✻✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✾✳✮

x3 + 3x2 − 4x

❊①❡r❝✐s❡ ✻✳✶✵✳✻✻
3y4 − 27y3 + 24y2

❊①❡r❝✐s❡ ✻✳✶✵✳✻✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✾✳✮

15a2b2 − ab − 2b

❊①❡r❝✐s❡ ✻✳✶✵✳✻✽
4x3 − 16x2 + 16x

❊①❡r❝✐s❡ ✻✳✶✵✳✻✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✾✳✮

18a2 − 6a + 1
2

❊①❡r❝✐s❡ ✻✳✶✵✳✼✵
a4 + 16a2b + 16b2

❊①❡r❝✐s❡ ✻✳✶✵✳✼✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✾✳✮

4x2 − 12xy + 9y2

❊①❡r❝✐s❡ ✻✳✶✵✳✼✷
49b4 − 84b2 + 36

❊①❡r❝✐s❡ ✻✳✶✵✳✼✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✾✳✮

r6s8 + 6r3s4p2q6 + 9p4q12

❊①❡r❝✐s❡ ✻✳✶✵✳✼✹
a4 − 2a2b − 15b2

❊①❡r❝✐s❡ ✻✳✶✵✳✼✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✾✳✮

81a8b12c10 − 25x20y18

✻✳✶✶ Pr♦✜❝✐❡♥❝② ❊①❛♠ ✶✶

✻✳✶✶✳✶ Pr♦✜❝✐❡♥❝② ❊①❛♠

❊①❡r❝✐s❡ ✻✳✶✶✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✾✳✮

✭❙❡❝t✐♦♥ ✻✳✷✮ ❚❤❡ ♣r♦❞✉❝t ✐s 27a3 + 9a2 + 9a ❛♥❞ ❛ ❢❛❝t♦r ✐s 3a✳ ❋✐♥❞ t❤❡ ♦t❤❡r ❢❛❝t♦r✳

❊①❡r❝✐s❡ ✻✳✶✶✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✾✳✮

✭❙❡❝t✐♦♥ ✻✳✷✮ ❚❤❡ ♣r♦❞✉❝t ✐s 15xn+5y3n−2✳ ❋✐♥❞ t❤❡ ♦t❤❡r ❢❛❝t♦r✳

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❢❛❝t♦r✱ ✐❢ ♣♦ss✐❜❧❡✱ t❤❡ ♣♦❧②♥♦♠✐❛❧s✳

❊①❡r❝✐s❡ ✻✳✶✶✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✾✳✮

✭❙❡❝t✐♦♥ ✻✳✹✮ −14x2y4b − 28x2y3b − 42x2y2

✶✶❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✵✽✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✻✳✶✶✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✾✳✮

✭❙❡❝t✐♦♥ ✻✳✹✮ (y + 2) a + (y + 2) c

❊①❡r❝✐s❡ ✻✳✶✶✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✾✳✮

✭❙❡❝t✐♦♥ ✻✳✺✮ 6x2y2z + 5x2y3 − 12xyz − 10xy2

❊①❡r❝✐s❡ ✻✳✶✶✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✾✳✮

✭❙❡❝t✐♦♥ ✻✳✻✮ 4a2 − 16c2

❊①❡r❝✐s❡ ✻✳✶✶✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✾✳✮

✭❙❡❝t✐♦♥ ✻✳✻✮ m4 − n4

❊①❡r❝✐s❡ ✻✳✶✶✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✾✳✮

✭❙❡❝t✐♦♥ ✻✳✻✮ b2 + 8b + 16

❊①❡r❝✐s❡ ✻✳✶✶✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✾✳✮

✭❙❡❝t✐♦♥ ✻✳✻✮ 9y2 − 30y + 25

❊①❡r❝✐s❡ ✻✳✶✶✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✾✳✮

✭❙❡❝t✐♦♥ ✻✳✼✮ x2 + 5x − 15

❊①❡r❝✐s❡ ✻✳✶✶✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✾✳✮

✭❙❡❝t✐♦♥ ✻✳✼✮ x2 − x − 30

❊①❡r❝✐s❡ ✻✳✶✶✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✾✳✮

✭❙❡❝t✐♦♥ ✻✳✽✮ 4x6 − 36x4 + 80x2

❊①❡r❝✐s❡ ✻✳✶✶✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✹✷✾✳✮

✭❙❡❝t✐♦♥ ✻✳✽✮ 9x2 + 25x − 6

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✶✾

❙♦❧✉t✐♦♥s t♦ ❊①❡r❝✐s❡s ✐♥ ❈❤❛♣t❡r ✻

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✷✳✶ ✭♣✳ ✸✼✶✮
✶✹
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✷✳✷ ✭♣✳ ✸✼✶✮
2x2yz4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✷✳✸ ✭♣✳ ✸✼✷✮
✺
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✷✳✺ ✭♣✳ ✸✼✷✮
2a
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✷✳✼ ✭♣✳ ✸✼✷✮
✸
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✷✳✾ ✭♣✳ ✸✼✷✮
5x3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✷✳✶✶ ✭♣✳ ✸✼✷✮
2x3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✷✳✶✸ ✭♣✳ ✸✼✷✮
2xy
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✷✳✶✺ ✭♣✳ ✸✼✷✮
3b3c
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✷✳✶✼ ✭♣✳ ✸✼✷✮
−9xb
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✷✳✶✾ ✭♣✳ ✸✼✷✮
4x3bf7

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✷✳✷✶ ✭♣✳ ✸✼✷✮
7a17b5c18d
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✷✳✷✸ ✭♣✳ ✸✼✷✮
1
4x3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✷✳✷✺ ✭♣✳ ✸✼✸✮
d
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✷✳✷✼ ✭♣✳ ✸✼✸✮
✶
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✷✳✷✾ ✭♣✳ ✸✼✸✮

4(x + y)
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✷✳✸✶ ✭♣✳ ✸✼✸✮

−13(x − 5y)
3
(x − 3y)

5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✷✳✸✸ ✭♣✳ ✸✼✸✮
(x + y)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✷✳✸✺ ✭♣✳ ✸✼✸✮
6xnyn−6

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✷✳✸✼ ✭♣✳ ✸✼✸✮
x12z6

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✷✳✸✾ ✭♣✳ ✸✼✸✮
4x2 − 16x + 16
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✸✳✶ ✭♣✳ ✸✼✺✮
x − 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✸✳✷ ✭♣✳ ✸✼✺✮
y2 + 2y − 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✸✳✸ ✭♣✳ ✸✼✺✮
x4 − 2x3y + 4x2y2 + 6y4

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✸✳✹ ✭♣✳ ✸✼✺✮
5a4 + 7a2 − 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✸✳✺ ✭♣✳ ✸✼✺✮
a2 − b2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✸✳✻ ✭♣✳ ✸✼✻✮
2x + 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✸✳✽ ✭♣✳ ✸✼✻✮
x + 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✸✳✶✵ ✭♣✳ ✸✼✻✮
a + 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✸✳✶✷ ✭♣✳ ✸✼✻✮
3x + 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✸✳✶✹ ✭♣✳ ✸✼✻✮
9a − 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✸✳✶✻ ✭♣✳ ✸✼✻✮
x − 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✸✳✶✽ ✭♣✳ ✸✼✻✮
2a + 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✸✳✷✵ ✭♣✳ ✸✼✻✮
3
2x2 + x + 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✸✳✷✷ ✭♣✳ ✸✼✻✮
3x2 + x − 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✸✳✷✹ ✭♣✳ ✸✼✻✮
y2 − 2y + 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✸✳✷✻ ✭♣✳ ✸✼✻✮
2y2 − 5y − 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✸✳✷✽ ✭♣✳ ✸✼✼✮
9x2 + 10
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✸✳✸✵ ✭♣✳ ✸✼✼✮
4x − 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✸✳✸✷ ✭♣✳ ✸✼✼✮
5a3 + 6a2 + 8a + 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✸✳✸✹ ✭♣✳ ✸✼✼✮
2a3 − a2 − 3a + 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✸✳✸✻ ✭♣✳ ✸✼✼✮
x5 + 4x3 − 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✸✳✸✽ ✭♣✳ ✸✼✼✮
2x − 7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✸✳✹✵ ✭♣✳ ✸✼✼✮
5a + 2b
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✸✳✹✷ ✭♣✳ ✸✼✼✮
4x4y4 + x + 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✸✳✹✹ ✭♣✳ ✸✼✼✮
8a2bc6 + 7ab2c5 − 6b3c4 − 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✸✳✹✻ ✭♣✳ ✸✼✼✮
−a − 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✸✳✹✽ ✭♣✳ ✸✼✼✮
−2x − 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✸✳✺✵ ✭♣✳ ✸✼✽✮
−a − b

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✷✶

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✸✳✺✷ ✭♣✳ ✸✼✽✮
−a + b − c
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✸✳✺✹ ✭♣✳ ✸✼✽✮
a + b + c
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✸✳✺✻ ✭♣✳ ✸✼✽✮
6x2y
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✸✳✺✽ ✭♣✳ ✸✼✽✮
a = 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✹✳✶ ✭♣✳ ✸✽✵✮
4 (x − 12)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✹✳✷ ✭♣✳ ✸✽✵✮
6y

(
y2 + 4y + 6

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✹✳✸ ✭♣✳ ✸✽✵✮
2b4

(
5a5 − 7a4b − 4b2

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✹✳✹ ✭♣✳ ✸✽✵✮
−7m

(
2m3 − 4m + 1

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✹✳✺ ✭♣✳ ✸✽✶✮
(y + 4) (a + b)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✹✳✻ ✭♣✳ ✸✽✶✮
2m2 (n − 4) (4m − 3)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✹✳✼ ✭♣✳ ✸✽✷✮
9 (a + 2)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✹✳✾ ✭♣✳ ✸✽✷✮
4 (2b + 3)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✹✳✶✶ ✭♣✳ ✸✽✷✮
2 (2x − 3)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✹✳✶✸ ✭♣✳ ✸✽✷✮
7 (3y − 4)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✹✳✶✺ ✭♣✳ ✸✽✷✮
6x (2x + 3)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✹✳✶✼ ✭♣✳ ✸✽✷✮
2

(
4y2 + 9

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✹✳✶✾ ✭♣✳ ✸✽✷✮
3

(
y2 − 2

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✹✳✷✶ ✭♣✳ ✸✽✷✮
6y (y − 1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✹✳✷✸ ✭♣✳ ✸✽✷✮
b
(
y2 + 1

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✹✳✷✺ ✭♣✳ ✸✽✷✮
5x

(
a2x + 2

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✹✳✷✼ ✭♣✳ ✸✽✷✮
5

(
2x2 + x − 3

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✹✳✷✾ ✭♣✳ ✸✽✸✮
3

(
5y3 − 8y + 3

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✹✳✸✶ ✭♣✳ ✸✽✸✮
b
(
y3 + y2 + y + 1

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✹✳✸✸ ✭♣✳ ✸✽✸✮
x (9x + 6y + 4)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✹✳✸✺ ✭♣✳ ✸✽✸✮
13x2y5 (−c − 3)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✹✳✸✼ ✭♣✳ ✸✽✸✮
−2

(
3y3 + 4y2 + 7y − 5

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✹✳✸✾ ✭♣✳ ✸✽✸✮
N (x + y)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✹✳✹✶ ✭♣✳ ✸✽✸✮
A (x − y)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✹✳✹✸ ✭♣✳ ✸✽✸✮
(x − 9) (a + b)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✹✳✹✺ ✭♣✳ ✸✽✸✮
(9a − b) (w − x)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✹✳✹✼ ✭♣✳ ✸✽✸✮
3x2y3

(
x3y − 4xy + 9x3 − 2y3

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✹✳✹✾ ✭♣✳ ✸✽✸✮
−x2y

(
11xy − 16x2y2 − 2

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✹✳✺✶ ✭♣✳ ✸✽✹✮
t = 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✺✳✶ ✭♣✳ ✸✽✺✮
(a + b) (x + y)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✺✳✷ ✭♣✳ ✸✽✺✮
(2m + 5n) (a + 4)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✺✳✸ ✭♣✳ ✸✽✺✮
(
a2 + 3b

) (
x3 + 4y3

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✺✳✹ ✭♣✳ ✸✽✺✮
(5x − 2y) (3m + 2n)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✺✳✺ ✭♣✳ ✸✽✺✮
x

(
8ab − 7c2

)
(5 − 3y)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✺✳✻ ✭♣✳ ✸✽✺✮
②❡s
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✺✳✼ ✭♣✳ ✸✽✻✮
(2b + 3) (a + 9)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✺✳✾ ✭♣✳ ✸✽✻✮
(y + 1) (x + 3)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✺✳✶✶ ✭♣✳ ✸✽✻✮
(a + 5b) (r + 4s)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✺✳✶✸ ✭♣✳ ✸✽✻✮
3 (4mx − 2bx + 7ay − 3by)◆♦t ❢❛❝t♦r❛❜❧❡ ❜② ❣r♦✉♣✐♥❣
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✺✳✶✺ ✭♣✳ ✸✽✻✮
(
a2 + 3

) (
b2 + 2

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✺✳✶✼ ✭♣✳ ✸✽✻✮
◆♦t ❢❛❝t♦r❛❜❧❡ ❜② ❣r♦✉♣✐♥❣
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✺✳✶✾ ✭♣✳ ✸✽✻✮
(x + y) (x − 3)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✺✳✷✶ ✭♣✳ ✸✽✻✮
◆♦t ❢❛❝t♦r❛❜❧❡ ❜② ❣r♦✉♣✐♥❣
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✺✳✷✸ ✭♣✳ ✸✽✻✮
(4s − 9) (3s − 2t)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✺✳✷✺ ✭♣✳ ✸✽✻✮
a2b2

(
a2b2 + 2

)
(1 + 3ab)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✺✳✷✼ ✭♣✳ ✸✽✻✮
y

(
5y2z + 3xw

) (
x2 − 2z

)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✷✸

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✺✳✷✾ ✭♣✳ ✸✽✼✮
(
m6n7p3 − 8qt2

) (
5m4n10 − p

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✺✳✸✶ ✭♣✳ ✸✽✼✮
6 × 10−3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✺✳✸✸ ✭♣✳ ✸✽✼✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✶ ✭♣✳ ✸✽✽✮
(m + 5) (m − 5)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✷ ✭♣✳ ✸✽✽✮
9(2p − 3q (2p + 3q)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✸ ✭♣✳ ✸✽✽✮
(
7a2 + bc

) (
7a2 − bc

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✹ ✭♣✳ ✸✽✽✮
(
x4y2 + 10w6

) (
x4y2 − 10w6

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✺ ✭♣✳ ✸✽✽✮
3 (x + 5) (x − 5)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✻ ✭♣✳ ✸✽✽✮
am

(
ab2 + mn

) (
ab2 − mn

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✼ ✭♣✳ ✸✽✾✮
(
m2 + n2

)
(m − n) (m + n)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✽ ✭♣✳ ✸✽✾✮
(
4y4 + 1

) (
2y2 + 1

) (
2y2 − 1

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✾ ✭♣✳ ✸✾✶✮

(m − 4)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✶✵ ✭♣✳ ✸✾✶✮

(k + 5)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✶✶ ✭♣✳ ✸✾✶✮

(2a + 3)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✶✷ ✭♣✳ ✸✾✶✮

(3x − 4y)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✶✸ ✭♣✳ ✸✾✶✮

2wz(w + 4z)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✶✹ ✭♣✳ ✸✾✶✮
♥♦t ♣♦ss✐❜❧❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✶✺ ✭♣✳ ✸✾✷✮
(a + 3) (a − 3)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✶✼ ✭♣✳ ✸✾✷✮
(x + 4) (x − 4)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✶✾ ✭♣✳ ✸✾✷✮
(a + 10) (a − 10)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✷✶ ✭♣✳ ✸✾✷✮
4 (a + 4) (a − 4)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✷✸ ✭♣✳ ✸✾✷✮
3 (x + 3) (x − 3)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✷✺ ✭♣✳ ✸✾✷✮
(2a + 5) (2a − 5)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✷✼ ✭♣✳ ✸✾✷✮
(6y + 5) (6y − 5)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✷✾ ✭♣✳ ✸✾✷✮
3 (2a + 5) (2a − 5)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✸✶ ✭♣✳ ✸✾✷✮
2 (2y + 5) (2y − 5)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✸✸ ✭♣✳ ✸✾✷✮
(xy + 5) (xy − 5)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✸✺ ✭♣✳ ✸✾✷✮
(
x2y2 + 3a

) (
x2y2 − 3a

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✸✼ ✭♣✳ ✸✾✸✮
b2 (2a + 3) (2a − 3)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✸✾ ✭♣✳ ✸✾✸✮
(a + b) (a − b)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✹✶ ✭♣✳ ✸✾✸✮
(
x2 + y2

)
(x + y) (x − y)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✹✸ ✭♣✳ ✸✾✸✮
(
a4 + y

) (
a4 − y

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✹✺ ✭♣✳ ✸✾✸✮
(
b3 + x2

) (
b3 − x2

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✹✼ ✭♣✳ ✸✾✸✮
(5 + a) (5 − a)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✹✾ ✭♣✳ ✸✾✸✮
4

(
5 + 3b2

) (
5 − 3b2

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✺✶ ✭♣✳ ✸✾✸✮
(
x2 + 4

)
(x + 2) (x − 2)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✺✸ ✭♣✳ ✸✾✸✮
(
a2 + b2

)
(a + b) (a − b)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✺✺ ✭♣✳ ✸✾✸✮
(
x6 + x6

) (
x3 + y3

) (
x3 − y3

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✺✼ ✭♣✳ ✸✾✸✮
ac2 (a + 5) (a − 5)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✺✾ ✭♣✳ ✸✾✹✮
(
7xy2z3 + 8a2bc4d5

) (
7xy2z3 − 8a2bc4d5

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✻✶ ✭♣✳ ✸✾✹✮

(x + 5)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✻✸ ✭♣✳ ✸✾✹✮

(a + 6)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✻✺ ✭♣✳ ✸✾✹✮

(y + 10)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✻✼ ✭♣✳ ✸✾✹✮

(a − 2)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✻✾ ✭♣✳ ✸✾✹✮

(x − 5)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✼✶ ✭♣✳ ✸✾✹✮

(a − 12)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✼✸ ✭♣✳ ✸✾✹✮

(x + 1)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✼✺ ✭♣✳ ✸✾✹✮

(b − 1)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✼✼ ✭♣✳ ✸✾✹✮

(3x + 1)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✼✾ ✭♣✳ ✸✾✹✮

(4a − 3)
2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✽✶ ✭♣✳ ✸✾✹✮

(3x + y)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✽✸ ✭♣✳ ✸✾✺✮

(6a + 5b)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✽✺ ✭♣✳ ✸✾✺✮

3(2a − 5)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✽✼ ✭♣✳ ✸✾✺✮

2(4x + 1)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✽✾ ✭♣✳ ✸✾✺✮
♥♦t ❢❛❝t♦r❛❜❧❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✾✶ ✭♣✳ ✸✾✺✮

x3(x + 4)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✻✳✾✸ ✭♣✳ ✸✾✺✮
(m − 3) (x − y)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✼✳✶ ✭♣✳ ✸✾✽✮
(k + 3) (k + 5)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✼✳✷ ✭♣✳ ✸✾✽✮
(y + 10) (y − 3)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✼✳✸ ✭♣✳ ✸✾✽✮
(m + 6) (m + 4)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✼✳✹ ✭♣✳ ✸✾✽✮
(m − 8) (m − 2)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✼✳✺ ✭♣✳ ✸✾✾✮
4 (k + 7) (k + 1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✼✳✻ ✭♣✳ ✸✾✾✮
3y2 (y + 2) (y + 6)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✼✳✼ ✭♣✳ ✸✾✾✮
(x + 2y) (x − 3y)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✼✳✽ ✭♣✳ ✸✾✾✮
−5a3b (a + 3b) (a − b)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✼✳✾ ✭♣✳ ✹✵✵✮
(x + 3) (x + 1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✼✳✶✶ ✭♣✳ ✹✵✵✮
(x + 3) (x + 4)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✼✳✶✸ ✭♣✳ ✹✵✵✮
(y + 6) (y + 2)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✼✳✶✺ ✭♣✳ ✹✵✵✮
(y − 4) (y − 1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✼✳✶✼ ✭♣✳ ✹✵✵✮
(a + 4) (a − 1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✼✳✶✾ ✭♣✳ ✹✵✵✮
(x − 7) (x + 3)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✼✳✷✶ ✭♣✳ ✹✵✵✮
(y + 8) (y + 2)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✼✳✷✸ ✭♣✳ ✹✵✵✮
(y − 7) (y − 1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✼✳✷✺ ✭♣✳ ✹✵✵✮
(a + 6) (a − 5)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✼✳✷✼ ✭♣✳ ✹✵✵✮
(a − 10) (a − 2)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✷✻ ❈❍❆P❚❊❘ ✻✳ ❋❆❈❚❖❘■◆● P❖▲❨◆❖▼■❆▲❙

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✼✳✷✾ ✭♣✳ ✹✵✵✮
(x + 6) (x + 7)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✼✳✸✶ ✭♣✳ ✹✵✶✮
(x + 5) (x + 8)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✼✳✸✸ ✭♣✳ ✹✵✶✮
(b + 8) (b + 7)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✼✳✸✺ ✭♣✳ ✹✵✶✮
4 (x + 2) (x + 1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✼✳✸✼ ✭♣✳ ✹✵✶✮
5

(
y2 − 14y + 88

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✼✳✸✾ ✭♣✳ ✹✵✶✮
x (x + 4) (x + 2)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✼✳✹✶ ✭♣✳ ✹✵✶✮
x2 (x + 7) (x + 2)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✼✳✹✸ ✭♣✳ ✹✵✶✮
4a (a − 7) (a − 3)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✼✳✹✺ ✭♣✳ ✹✵✶✮
2y2 (n − 8) (n + 3)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✼✳✹✼ ✭♣✳ ✹✵✶✮
y3 (y + 6) (y + 7)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✼✳✹✾ ✭♣✳ ✹✵✷✮
(2x − a) (3y + a)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✼✳✺✶ ✭♣✳ ✹✵✷✮
(4x − 3) (x + 5)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✶ ✭♣✳ ✹✵✼✮
(2x − 1) (x + 7)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✷ ✭♣✳ ✹✵✼✮
(3x + 4) (x − 1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✸ ✭♣✳ ✹✵✼✮
(4a + 3) (a − 7)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✹ ✭♣✳ ✹✵✼✮
(8b + 1) (2b − 3)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✺ ✭♣✳ ✹✵✼✮
(5y + 3) (2y − 5)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✻ ✭♣✳ ✹✵✼✮
2m (3m − 1) (m + 7)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✼ ✭♣✳ ✹✵✼✮
(7p − 2q) (2p + 5q)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✽ ✭♣✳ ✹✵✼✮
−2z2 (4w − z) (3w − z)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✾ ✭♣✳ ✹✵✼✮
♥♦t ❢❛❝t♦r❛❜❧❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✶✵ ✭♣✳ ✹✵✽✮
(6x + 5) (8x − 3)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✶✶ ✭♣✳ ✹✵✽✮
(9y − 4w) (6y + 7w)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✶✷ ✭♣✳ ✹✵✾✮
(3x − 1) (2x + 3)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✶✸ ✭♣✳ ✹✵✾✮
(7x + 2) (2x − 5)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✷✼

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✶✹ ✭♣✳ ✹✵✾✮
(6x + 5) (8x − 3)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✶✺ ✭♣✳ ✹✵✾✮
(5x − 4w) (2x − 3w)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✶✻ ✭♣✳ ✹✶✵✮
(x + 2) (x + 1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✶✽ ✭♣✳ ✹✶✵✮
(2x + 5) (x + 1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✷✵ ✭♣✳ ✹✶✵✮
(2x + 3) (x + 4)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✷✷ ✭♣✳ ✹✶✵✮
(3x − 4) (x + 1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✷✹ ✭♣✳ ✹✶✵✮
(2x − 3) (2x + 7)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✷✻ ✭♣✳ ✹✶✵✮
♥♦t ❢❛❝t♦r❛❜❧❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✷✽ ✭♣✳ ✹✶✵✮
(8y − 1) (2y − 3)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✸✵ ✭♣✳ ✹✶✵✮
(5x + 2) (2x + 5)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✸✷ ✭♣✳ ✹✶✵✮
♥♦t ❢❛❝t♦r❛❜❧❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✸✹ ✭♣✳ ✹✶✵✮
(6x − 1) (4x − 5)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✸✻ ✭♣✳ ✹✶✵✮
(6x − 1) (4x + 5)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✸✽ ✭♣✳ ✹✶✶✮
(3x + y) (2x + y)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✹✵ ✭♣✳ ✹✶✶✮
(5r + 1) (r − 5)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✹✷ ✭♣✳ ✹✶✶✮
(x + 29) (x − 5)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✹✹ ✭♣✳ ✹✶✶✮
(4x + y) (4x − 3y)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✹✻ ✭♣✳ ✹✶✶✮
♥♦t ❢❛❝t♦r❛❜❧❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✹✽ ✭♣✳ ✹✶✶✮
2

(
4a2 + 5ab − 3b2

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✺✵ ✭♣✳ ✹✶✶✮
6

(
2b2 + a

) (
b2 + 2a

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✺✷ ✭♣✳ ✹✶✷✮
3

(
a3 + 2b2

) (
a3 − 3b2

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✺✹ ✭♣✳ ✹✶✷✮
2a2z2

(
7 − 20a − 23a2

)
♦r − 2a2z2

(
23a2 + 20a − 7

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✺✻ ✭♣✳ ✹✶✷✮
x4 + x3 − 12x2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✽✳✺✽ ✭♣✳ ✹✶✷✮
x = 11

2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✶ ✭♣✳ ✹✶✹✮
16a4

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✸ ✭♣✳ ✹✶✹✮
4a2c
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✺ ✭♣✳ ✹✶✹✮

17 (a + 1) (b + 3)
4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✼ ✭♣✳ ✹✶✹✮

4x4y4(x + y)
3
(x + 3y)

2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✾ ✭♣✳ ✹✶✹✮
−4x5yn−8

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✶✶ ✭♣✳ ✹✶✹✮
(x − 2)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✶✸ ✭♣✳ ✹✶✹✮
4a − 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✶✺ ✭♣✳ ✹✶✹✮
−3y2 + 9y − 12
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✶✼ ✭♣✳ ✹✶✹✮
x2y − 2x + 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✶✾ ✭♣✳ ✹✶✹✮
x + 2y + c2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✷✶ ✭♣✳ ✹✶✺✮
4 (2a + 1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✷✸ ✭♣✳ ✹✶✺✮
3y (y + 9)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✷✺ ✭♣✳ ✹✶✺✮
3 (7x + 38)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✷✼ ✭♣✳ ✹✶✺✮
m

(
a3 − 1

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✷✾ ✭♣✳ ✹✶✺✮

(r + 1)
[

r2(r + 1)
2 − 3r (r + 1) + 1

]

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✸✶ ✭♣✳ ✹✶✺✮
(10 − 3x) (23 + 4x)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✸✸ ✭♣✳ ✹✶✺✮
(x − 3) (y + 4)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✸✺ ✭♣✳ ✹✶✺✮
(a + b) (a − 7)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✸✼ ✭♣✳ ✹✶✺✮
(r − 1) (r + s)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✸✾ ✭♣✳ ✹✶✺✮
2 (a + 1) (a − 1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✹✶ ✭♣✳ ✹✶✻✮
(m + 6) (m − 6)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✹✸ ✭♣✳ ✹✶✻✮

(a + 4)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✹✺ ✭♣✳ ✹✶✻✮
♥♦t ❢❛❝t♦r❛❜❧❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✹✼ ✭♣✳ ✹✶✻✮
(a + 5) (a + 4)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✹✾ ✭♣✳ ✹✶✻✮
(x + 10) (x + 4)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✺✶ ✭♣✳ ✹✶✻✮

(n − 7)
2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✷✾

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✺✸ ✭♣✳ ✹✶✻✮
(a − 5) (a − 4)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✺✺ ✭♣✳ ✹✶✻✮
(4a + 3) (a − 3)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✺✼ ✭♣✳ ✹✶✻✮
(6a − 1) (7a + 2)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✺✾ ✭♣✳ ✹✶✻✮
2

(
28m2 + 13m + 3

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✻✶ ✭♣✳ ✹✶✼✮
(2x + 3y) (2x − y)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✻✸ ✭♣✳ ✹✶✼✮
2 (x − 2) (x + 5)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✻✺ ✭♣✳ ✹✶✼✮
x (x + 4) (x − 1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✻✼ ✭♣✳ ✹✶✼✮
b
(
15a2b − a − 2

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✻✾ ✭♣✳ ✹✶✼✮
(6a − 1)

(
3a − 1

2

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✼✶ ✭♣✳ ✹✶✼✮

(2x − 3y)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✼✸ ✭♣✳ ✹✶✼✮
(
r3s4 + 3p2q6

)2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✵✳✼✺ ✭♣✳ ✹✶✼✮
(
9a4b6c5 + 5x10y9

) (
9a4b6c5 − 5x10y9

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✶✳✶ ✭♣✳ ✹✶✼✮
9a2 + 3a + 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✶✳✷ ✭♣✳ ✹✶✼✮
5xny2n−3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✶✳✸ ✭♣✳ ✹✶✼✮
−14x2y2

(
y2b + 2yb + 3

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✶✳✹ ✭♣✳ ✹✶✽✮
(a + c) (y + 2)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✶✳✺ ✭♣✳ ✹✶✽✮
xy (xy − 2) (6z + 5y)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✶✳✻ ✭♣✳ ✹✶✽✮
4 (a + 2c) (a − 2c)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✶✳✼ ✭♣✳ ✹✶✽✮
(
m2 + n2

)
(m + n) (m − n)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✶✳✽ ✭♣✳ ✹✶✽✮

(b + 4)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✶✳✾ ✭♣✳ ✹✶✽✮

(3y − 5)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✶✳✶✵ ✭♣✳ ✹✶✽✮
♥♦t ❢❛❝t♦r❛❜❧❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✶✳✶✶ ✭♣✳ ✹✶✽✮
(x − 6) (x + 5)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✶✳✶✷ ✭♣✳ ✹✶✽✮
4x2

(
x2 − 5

)
(x + 2) (x − 2)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✻✳✶✶✳✶✸ ✭♣✳ ✹✶✽✮
(9x − 2) (x + 3)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✸✵ ❈❍❆P❚❊❘ ✻✳ ❋❆❈❚❖❘■◆● P❖▲❨◆❖▼■❆▲❙

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



❈❤❛♣t❡r ✼

●r❛♣❤✐♥❣ ▲✐♥❡❛r ❊q✉❛t✐♦♥s ❛♥❞

■♥❡q✉❛❧✐t✐❡s ✐♥ ❖♥❡ ❛♥❞ ❚✇♦ ❱❛r✐❛❜❧❡s

✼✳✶ ❖❜❥❡❝t✐✈❡s✶

❆❢t❡r ❝♦♠♣❧❡t✐♥❣ t❤❡ ❝❤❛♣t❡r✱ ②♦✉ s❤♦✉❧❞

●r❛♣❤✐♥❣ ▲✐♥❡❛r ❊q✉❛t✐♦♥s ❛♥❞ ■♥❡q✉❛❧✐t✐❡s ■♥ ❖♥❡ ❱❛r✐❛❜❧❡ ✭❙❡❝t✐♦♥ ✼✳✷✮

• ✉♥❞❡rst❛♥❞ t❤❡ ❝♦♥❝❡♣t ♦❢ ❛ ❣r❛♣❤ ❛♥❞ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❛①❡s✱ ❝♦♦r❞✐♥❛t❡ s②st❡♠s✱ ❛♥❞ ❞✐♠❡♥✲
s✐♦♥

• ❜❡ ❛❜❧❡ t♦ ❝♦♥str✉❝t ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❣r❛♣❤s

P❧♦tt✐♥❣ P♦✐♥ts ✐♥ t❤❡ P❧❛♥❡ ✭❙❡❝t✐♦♥ ✼✳✸✮

• ❜❡ ❢❛♠✐❧✐❛r ✇✐t❤ t❤❡ ♣❧❛♥❡
• ❦♥♦✇ ✇❤❛t ✐s ♠❡❛♥t ❜② t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ ❛ ♣♦✐♥t
• ❜❡ ❛❜❧❡ t♦ ♣❧♦t ♣♦✐♥ts ✐♥ t❤❡ ♣❧❛♥❡

●r❛♣❤✐♥❣ ▲✐♥❡❛r ❊q✉❛t✐♦♥s ✐♥ ❚✇♦ ❱❛r✐❛❜❧❡s ✭❙❡❝t✐♦♥ ✼✳✽✮

• ❜❡ ❛❜❧❡ t♦ r❡❧❛t❡ s♦❧✉t✐♦♥s t♦ ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥ t♦ ❧✐♥❡s
• ❦♥♦✇ t❤❡ ❣❡♥❡r❛❧ ❢♦r♠ ♦❢ ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥
• ❜❡ ❛❜❧❡ t♦ ❝♦♥str✉❝t t❤❡ ❣r❛♣❤ ♦❢ ❛ ❧✐♥❡ ✉s✐♥❣ t❤❡ ✐♥t❡r❝❡♣t ♠❡t❤♦❞
• ❜❡ ❛❜❧❡ t♦ ❞✐st✐♥❣✉✐s❤✱ ❜② t❤❡✐r ❡q✉❛t✐♦♥s✱ s❧❛♥t❡❞✱ ❤♦r✐③♦♥t❛❧✱ ❛♥❞ ✈❡rt✐❝❛❧ ❧✐♥❡s

❚❤❡ ❙❧♦♣❡✲■♥t❡r❝❡♣t ❋♦r♠ ♦❢ ❛ ▲✐♥❡ ✭❙❡❝t✐♦♥ ✼✳✺✮

• ❜❡ ♠♦r❡ ❢❛♠✐❧✐❛r ✇✐t❤ t❤❡ ❣❡♥❡r❛❧ ❢♦r♠ ♦❢ ❛ ❧✐♥❡
• ❜❡ ❛❜❧❡ t♦ r❡❝♦❣♥✐③❡ t❤❡ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠ ♦❢ ❛ ❧✐♥❡
• ❜❡ ❛❜❧❡ t♦ ✐♥t❡r♣r❡t t❤❡ s❧♦♣❡ ❛♥❞ ✐♥t❡r❝❡♣t ♦❢ ❛ ❧✐♥❡
• ❜❡ ❛❜❧❡ t♦ ✉s❡ t❤❡ s❧♦♣❡ ❢♦r♠✉❧❛ t♦ ✜♥❞ t❤❡ s❧♦♣❡ ♦❢ ❛ ❧✐♥❡

●r❛♣❤✐♥❣ ❊q✉❛t✐♦♥s ✐♥ ❙❧♦♣❡✲■♥t❡r❝❡♣t ❋♦r♠ ✭❙❡❝t✐♦♥ ✼✳✻✮

• ❜❡ ❛❜❧❡ t♦ ✉s❡ t❤❡ s❧♦♣❡ ❛♥❞ ✐♥t❡r❝❡♣t t♦ ❝♦♥str✉❝t t❤❡ ❣r❛♣❤ ♦❢ ❛ ❧✐♥❡

❋✐♥❞✐♥❣ t❤❡ ❊q✉❛t✐♦♥ ♦❢ ❛ ▲✐♥❡ ✭❙❡❝t✐♦♥ ✼✳✼✮

✶❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✷✼✾✵✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃

✹✸✶



✹✸✷
❈❍❆P❚❊❘ ✼✳ ●❘❆P❍■◆● ▲■◆❊❆❘ ❊◗❯❆❚■❖◆❙ ❆◆❉ ■◆❊◗❯❆▲■❚■❊❙ ■◆

❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

• ❜❡ ❛❜❧❡ t♦ ✜♥❞ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ❧✐♥❡ ✉s✐♥❣ ❡✐t❤❡r t❤❡ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠ ♦r t❤❡ ♣♦✐♥t✲s❧♦♣❡ ❢♦r♠ ♦❢ ❛
❧✐♥❡

●r❛♣❤✐♥❣ ▲✐♥❡❛r ■♥❡q✉❛❧✐t✐❡s ✐♥ ❚✇♦ ❱❛r✐❛❜❧❡s ✭❙❡❝t✐♦♥ ✼✳✽✮

• ❜❡ ❛❜❧❡ t♦ ❧♦❝❛t❡ s♦❧✉t✐♦♥s ❧✐♥❡❛r ✐♥❡q✉❛❧✐t✐t❡s ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ✉s✐♥❣ ❣r❛♣❤✐❝❛❧ t❡❝❤♥✐q✉❡s

✼✳✷ ●r❛♣❤✐♥❣ ▲✐♥❡❛r ❊q✉❛t✐♦♥s ❛♥❞ ■♥❡q✉❛❧✐t✐❡s ✐♥ ❖♥❡ ❱❛r✐❛❜❧❡ ✷

✼✳✷✳✶ ❖✈❡r✈✐❡✇

❼ ●r❛♣❤s
❼ ❆①❡s✱ ❈♦♦r❞✐♥❛t❡ ❙②st❡♠s✱ ❛♥❞ ❉✐♠❡♥s✐♦♥
❼ ●r❛♣❤✐♥❣ ✐♥ ❖♥❡ ❉✐♠❡♥s✐♦♥

✼✳✷✳✷ ●r❛♣❤s

❲❡ ❤❛✈❡✱ t❤✉s ❢❛r ✐♥ ♦✉r st✉❞② ♦❢ ❛❧❣❡❜r❛✱ ❞❡✈❡❧♦♣❡❞ ❛♥❞ ✉s❡❞ s❡✈❡r❛❧ ♠❡t❤♦❞s ❢♦r ♦❜t❛✐♥✐♥❣ s♦❧✉t✐♦♥s t♦
❧✐♥❡❛r ❡q✉❛t✐♦♥s ✐♥ ❜♦t❤ ♦♥❡ ❛♥❞ t✇♦ ✈❛r✐❛❜❧❡s✳ ◗✉✐t❡ ♦❢t❡♥ ✐t ✐s ❤❡❧♣❢✉❧ t♦ ♦❜t❛✐♥ ❛ ♣✐❝t✉r❡ ♦❢ t❤❡ s♦❧✉t✐♦♥s
t♦ ❛♥ ❡q✉❛t✐♦♥✳ ❚❤❡s❡ ♣✐❝t✉r❡s ❛r❡ ❝❛❧❧❡❞ ❣r❛♣❤s ❛♥❞ t❤❡② ❝❛♥ r❡✈❡❛❧ ✐♥❢♦r♠❛t✐♦♥ t❤❛t ♠❛② ♥♦t ❜❡ ❡✈✐❞❡♥t
❢r♦♠ t❤❡ ❡q✉❛t✐♦♥ ❛❧♦♥❡✳
❚❤❡ ●r❛♣❤ ♦❢ ❛♥ ❊q✉❛t✐♦♥
❚❤❡ ❣❡♦♠❡tr✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ✭♣✐❝t✉r❡✮ ♦❢ t❤❡ s♦❧✉t✐♦♥s t♦ ❛♥ ❡q✉❛t✐♦♥ ✐s ❝❛❧❧❡❞ t❤❡ ❣r❛♣❤ ♦❢ t❤❡ ❡q✉❛t✐♦♥✳

✼✳✷✳✸ ❆①❡s✱ ❈♦♦r❞✐♥❛t❡ ❙②st❡♠s✱ ❛♥❞ ❉✐♠❡♥s✐♦♥

❆①✐s
❚❤❡ ❜❛s✐❝ str✉❝t✉r❡ ♦❢ t❤❡ ❣r❛♣❤ ✐s t❤❡ ❛①✐s✳ ■t ✐s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❛①✐s t❤❛t ❛❧❧ s♦❧✉t✐♦♥s t♦ ❛♥ ❡q✉❛t✐♦♥
❛r❡ ❧♦❝❛t❡❞✳ ❚❤❡ ♠♦st ❢✉♥❞❛♠❡♥t❛❧ t②♣❡ ♦❢ ❛①✐s ✐s t❤❡ ♥✉♠❜❡r ❧✐♥❡✳
❚❤❡ ◆✉♠❜❡r ▲✐♥❡ ✐s ❛♥ ❆①✐s

❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡r❛❧ r✉❧❡s r❡❣❛r❞✐♥❣ ❛①❡s✳
◆✉♠❜❡r ♦❢ ❱❛r✐❛❜❧❡s ❛♥❞ ◆✉♠❜❡r ♦❢ ❆①❡s

❆♥ ❡q✉❛t✐♦♥ ✐♥ ♦♥❡ ✈❛r✐❛❜❧❡ r❡q✉✐r❡s ♦♥❡ ❛①✐s✳
❆♥ ❡q✉❛t✐♦♥ ✐♥ t✇♦ ✈❛r✐❛❜❧❡s r❡q✉✐r❡s t✇♦ ❛①❡s✳
❆♥ ❡q✉❛t✐♦♥ ✐♥ t❤r❡❡ ✈❛r✐❛❜❧❡s r❡q✉✐r❡s t❤r❡❡ ❛①❡s✳
✳✳✳ ❆♥ ❡q✉❛t✐♦♥ ✐♥ n ✈❛r✐❛❜❧❡s r❡q✉✐r❡s n ❛①❡s✳

❲❡ s❤❛❧❧ ❛❧✇❛②s ❞r❛✇ ❛♥ ❛①✐s ❛s ❛ str❛✐❣❤t ❧✐♥❡✱ ❛♥❞ ✐❢ ♠♦r❡ t❤❛♥ ♦♥❡ ❛①✐s ✐s r❡q✉✐r❡❞✱ ✇❡ s❤❛❧❧ ❞r❛✇ t❤❡♠
s♦ t❤❡② ❛r❡ ❛❧❧ ♠✉t✉❛❧❧② ♣❡r♣❡♥❞✐❝✉❧❛r ✭t❤❡ ❧✐♥❡s ❢♦r♠✐♥❣ t❤❡ ❛①❡s ✇✐❧❧ ❜❡ ❛t 90 ◦ ❛♥❣❧❡s t♦ ♦♥❡ ❛♥♦t❤❡r✮✳
❈♦♦r❞✐♥❛t❡ ❙②st❡♠
❆ s②st❡♠ ♦❢ ❛①❡s ❝♦♥str✉❝t❡❞ ❢♦r ❣r❛♣❤✐♥❣ ❛♥ ❡q✉❛t✐♦♥ ✐s ❝❛❧❧❡❞ ❛ ❝♦♦r❞✐♥❛t❡ s②st❡♠✳
❚❤❡ P❤r❛s❡✱ ●r❛♣❤✐♥❣ ❛♥ ❊q✉❛t✐♦♥
❚❤❡ ♣❤r❛s❡ ❣r❛♣❤✐♥❣ ❛♥ ❡q✉❛t✐♦♥ ✐s ✉s❡❞ ❢r❡q✉❡♥t❧② ❛♥❞ s❤♦✉❧❞ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ♠❡❛♥✐♥❣ ❣❡♦♠❡tr✐❝❛❧❧②
❧♦❝❛t✐♥❣ t❤❡ s♦❧✉t✐♦♥s t♦ ❛♥ ❡q✉❛t✐♦♥✳

✷❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✶✽✽✼✼✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❘❡❧❛t✐♥❣ t❤❡ ◆✉♠❜❡r ♦❢ ❱❛r✐❛❜❧❡s ❛♥❞ t❤❡ ◆✉♠❜❡r ♦❢ ❆①❡s
❲❡ ✇✐❧❧ ♥♦t st❛rt ❛❝t✉❛❧❧② ❣r❛♣❤✐♥❣ ❡q✉❛t✐♦♥s ✉♥t✐❧ ❙❡❝t✐♦♥ ❙❡❝t✐♦♥ ✼✳✸✱ ❜✉t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡s ✇❡ ✇✐❧❧
r❡❧❛t❡ t❤❡ ♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s ✐♥ ❛♥ ❡q✉❛t✐♦♥ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❛①❡s ✐♥ t❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠✳

✶✳ ❖♥❡✲❉✐♠❡♥s✐♦♥❛❧ ●r❛♣❤s✿ ■❢ ✇❡ ✇✐s❤ t♦ ❣r❛♣❤ t❤❡ ❡q✉❛t✐♦♥ 5x + 2 = 17✱ ✇❡ ✇♦✉❧❞ ♥❡❡❞ t♦ ❝♦♥str✉❝t
❛ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ❝♦♥s✐st✐♥❣ ♦❢ ❛ s✐♥❣❧❡ ❛①✐s ✭❛ s✐♥❣❧❡ ♥✉♠❜❡r ❧✐♥❡✮ s✐♥❝❡ t❤❡ ❡q✉❛t✐♦♥ ❝♦♥s✐sts ♦❢
♦♥❧② ♦♥❡ ✈❛r✐❛❜❧❡✳ ❲❡ ❧❛❜❡❧ t❤❡ ❛①✐s ✇✐t❤ t❤❡ ✈❛r✐❛❜❧❡ t❤❛t ❛♣♣❡❛rs ✐♥ t❤❡ ❡q✉❛t✐♦♥✳

❲❡ ♠✐❣❤t ✐♥t❡r♣r❡t ❛♥ ❡q✉❛t✐♦♥ ✐♥ ♦♥❡ ✈❛r✐❛❜❧❡ ❛s ❣✐✈✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ✐♥ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✳ ❙✐♥❝❡
✇❡ ❧✐✈❡ ✐♥ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✱ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ♠✐❣❤t ❜❡ ❤❛r❞ t♦ ✐♠❛❣✐♥❡✳ ❖❜❥❡❝ts ✐♥ ♦♥❡✲
❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ✇♦✉❧❞ ❤❛✈❡ ♦♥❧② ❧❡♥❣t❤✱ ♥♦ ✇✐❞t❤ ♦r ❞❡♣t❤✳

✷✳ ❚✇♦✲❉✐♠❡♥s✐♦♥❛❧ ●r❛♣❤s✿ ❚♦ ❣r❛♣❤ ❛♥ ❡q✉❛t✐♦♥ ✐♥ t✇♦ ✈❛r✐❛❜❧❡s s✉❝❤ ❛s y = 2x − −3✱ ✇❡ ✇♦✉❧❞
♥❡❡❞ t♦ ❝♦♥str✉❝t ❛ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ❝♦♥s✐st✐♥❣ ♦❢ t✇♦ ♠✉t✉❛❧❧② ♣❡r♣❡♥❞✐❝✉❧❛r ♥✉♠❜❡r ❧✐♥❡s ✭❛①❡s✮✳
❲❡ ❝❛❧❧ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ t✇♦ ❛①❡s t❤❡ ♦r✐❣✐♥ ❛♥❞ ❧❛❜❡❧ ✐t ✇✐t❤ ❛ ✵✳ ❚❤❡ t✇♦ ❛①❡s ❛r❡ s✐♠♣❧②
♥✉♠❜❡r ❧✐♥❡s❀ ♦♥❡ ❞r❛✇♥ ❤♦r✐③♦♥t❛❧❧②✱ ♦♥❡ ❞r❛✇♥ ✈❡rt✐❝❛❧❧②✳

❘❡❝❛❧❧ t❤❛t ❛♥ ❡q✉❛t✐♦♥ ✐♥ t✇♦ ✈❛r✐❛❜❧❡s r❡q✉✐r❡s ❛ s♦❧✉t✐♦♥ t♦ ❜❡ ❛ ♣❛✐r ♦❢ ♥✉♠❜❡rs✳ ❚❤❡ s♦❧✉t✐♦♥s ❝❛♥
❜❡ ✇r✐tt❡♥ ❛s ♦r❞❡r❡❞ ♣❛✐rs (x, y)✳ ❙✐♥❝❡ t❤❡ ❡q✉❛t✐♦♥ y = 2x −−3 ✐♥✈♦❧✈❡s t❤❡ ✈❛r✐❛❜❧❡s x ❛♥❞ y✱ ✇❡
❧❛❜❡❧ ♦♥❡ ❛①✐s x ❛♥❞ t❤❡ ♦t❤❡r ❛①✐s y✳ ■♥ ♠❛t❤❡♠❛t✐❝s ✐t ✐s ❝✉st♦♠❛r② t♦ ❧❛❜❡❧ t❤❡ ❤♦r✐③♦♥t❛❧ ❛①✐s ✇✐t❤
t❤❡ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ❛♥❞ t❤❡ ✈❡rt✐❝❛❧ ❛①✐s ✇✐t❤ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✳
❲❡ ♠✐❣❤t ✐♥t❡r♣r❡t ❡q✉❛t✐♦♥s ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ❛s ❣✐✈✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ✐♥ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✳ ❖❜❥❡❝ts
✐♥ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ✇♦✉❧❞ ❤❛✈❡ ❧❡♥❣t❤ ❛♥❞ ✇✐❞t❤✱ ❜✉t ♥♦ ❞❡♣t❤✳

✸✳ ❚❤r❡❡✲❉✐♠❡♥s✐♦♥❛❧ ●r❛♣❤s✿ ❆♥ ❡q✉❛t✐♦♥ ✐♥ t❤r❡❡ ✈❛r✐❛❜❧❡s✱ s✉❝❤ ❛s 3x2 − −4y2 + 5z = 0✱ r❡q✉✐r❡s
t❤r❡❡ ♠✉t✉❛❧❧② ♣❡r♣❡♥❞✐❝✉❧❛r ❛①❡s✱ ♦♥❡ ❢♦r ❡❛❝❤ ✈❛r✐❛❜❧❡✳ ❲❡ ✇♦✉❧❞ ❝♦♥str✉❝t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♦r❞✐♥❛t❡
s②st❡♠ ❛♥❞ ❣r❛♣❤✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❈❍❆P❚❊❘ ✼✳ ●❘❆P❍■◆● ▲■◆❊❆❘ ❊◗❯❆❚■❖◆❙ ❆◆❉ ■◆❊◗❯❆▲■❚■❊❙ ■◆

❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❲❡ ♠✐❣❤t ✐♥t❡r♣r❡t ❡q✉❛t✐♦♥s ✐♥ t❤r❡❡ ✈❛r✐❛❜❧❡s ❛s ❣✐✈✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✳
✹✳ ❋♦✉r✲❉✐♠❡♥s✐♦♥❛❧ ●r❛♣❤s✿ ❚♦ ❣r❛♣❤ ❛♥ ❡q✉❛t✐♦♥ ✐♥ ❢♦✉r ✈❛r✐❛❜❧❡s✱ s✉❝❤ ❛s 3x −−2y + 8x −−5w =

−−7✱ ✇♦✉❧❞ r❡q✉✐r❡ ❢♦✉r ♠✉t✉❛❧❧② ♣❡r♣❡♥❞✐❝✉❧❛r ♥✉♠❜❡r ❧✐♥❡s✳ ❚❤❡s❡ ❣r❛♣❤s ❛r❡ ❧❡❢t t♦ t❤❡ ✐♠❛❣✐♥❛t✐♦♥✳
❲❡ ♠✐❣❤t ✐♥t❡r♣r❡t ❡q✉❛t✐♦♥s ✐♥ ❢♦✉r ✈❛r✐❛❜❧❡s ❛s ❣✐✈✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ✐♥ ❢♦✉r✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✳ ❋♦✉r✲
❞✐♠❡♥s✐♦♥❛❧ ♦❜❥❡❝ts ✇♦✉❧❞ ❤❛✈❡ ❧❡♥❣t❤✱ ✇✐❞t❤✱ ❞❡♣t❤✱ ❛♥❞ s♦♠❡ ♦t❤❡r ❞✐♠❡♥s✐♦♥✳
❇❧❛❝❦ ❍♦❧❡s
❚❤❡s❡ ♦t❤❡r s♣❛❝❡s ❛r❡ ❤❛r❞ ❢♦r ✉s t♦ ✐♠❛❣✐♥❡✱ ❜✉t t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✏❜❧❛❝❦ ❤♦❧❡s✑ ♠❛❦❡s t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢
♦t❤❡r ✉♥✐✈❡rs❡s ♦❢ ♦♥❡✲✱ t✇♦✲✱ ❢♦✉r✲✱ ♦r ♥✲❞✐♠❡♥s✐♦♥s ♥♦t ❡♥t✐r❡❧② ✉♥❧✐❦❡❧②✳ ❆❧t❤♦✉❣❤ ✐t ♠❛② ❜❡ ❞✐✣❝✉❧t
❢♦r ✉s ✏✸✲❉✑ ♣❡♦♣❧❡ t♦ tr❛✈❡❧ ❛r♦✉♥❞ ✐♥ ❛♥♦t❤❡r ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✱ ❛t ❧❡❛st ✇❡ ❝♦✉❧❞ ❜❡ ♣r❡tt② s✉r❡ t❤❛t
♦✉r ♠❛t❤❡♠❛t✐❝s ✇♦✉❧❞ st✐❧❧ ✇♦r❦ ✭s✐♥❝❡ ✐t ✐s ♥♦t r❡str✐❝t❡❞ t♦ ♦♥❧② t❤r❡❡ ❞✐♠❡♥s✐♦♥s✮✦

✼✳✷✳✹ ●r❛♣❤✐♥❣ ✐♥ ❖♥❡ ❉✐♠❡♥s✐♦♥

●r❛♣❤✐♥❣ ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✐♥ ♦♥❡ ✈❛r✐❛❜❧❡ ✐♥✈♦❧✈❡s s♦❧✈✐♥❣ t❤❡ ❡q✉❛t✐♦♥✱ t❤❡♥ ❧♦❝❛t✐♥❣ t❤❡ s♦❧✉t✐♦♥ ♦♥ t❤❡ ❛①✐s
✭♥✉♠❜❡r ❧✐♥❡✮✱ ❛♥❞ ♠❛r❦✐♥❣ ❛ ♣♦✐♥t ❛t t❤✐s ❧♦❝❛t✐♦♥✳ ❲❡ ❤❛✈❡ ♦❜s❡r✈❡❞ t❤❛t ❣r❛♣❤s ♠❛② r❡✈❡❛❧ ✐♥❢♦r♠❛t✐♦♥
t❤❛t ♠❛② ♥♦t ❜❡ ❡✈✐❞❡♥t ❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥✳ ❚❤❡ ❣r❛♣❤s ♦❢ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ✐♥ ♦♥❡ ✈❛r✐❛❜❧❡ ❞♦ ♥♦t
②✐❡❧❞ ♠✉❝❤✱ ✐❢ ❛♥②✱ ✐♥❢♦r♠❛t✐♦♥✱ ❜✉t t❤❡② s❡r✈❡ ❛s ❛ ❢♦✉♥❞❛t✐♦♥ t♦ ❣r❛♣❤s ♦❢ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥ ✭❣r❛♣❤s ♦❢ t✇♦
✈❛r✐❛❜❧❡s ❛♥❞ t❤r❡❡ ✈❛r✐❛❜❧❡s✮✳

✼✳✷✳✺ ❙❛♠♣❧❡ ❙❡t ❆

❊①❛♠♣❧❡ ✼✳✶
●r❛♣❤ t❤❡ ❡q✉❛t✐♦♥ 3x −−5 = 10✳

❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥ ❢♦r x ❛♥❞ ❝♦♥str✉❝t ❛♥ ❛①✐s✳ ❙✐♥❝❡ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ ✈❛r✐❛❜❧❡✱ ✇❡ ♥❡❡❞ ♦♥❧②
♦♥❡ ❛①✐s✳ ▲❛❜❡❧ t❤❡ ❛①✐s x✳

3x −−5 = 10

3x = 15

x = 5

❊①❛♠♣❧❡ ✼✳✷
●r❛♣❤ t❤❡ ❡q✉❛t✐♦♥ 3x + 4 + 7x −−1 + 8 = 31✳

❙♦❧✈✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ✇❡ ❣❡t✱

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✸✺

10x + 11 = 31

10x = 20

x = 2

✼✳✷✳✻ Pr❛❝t✐❝❡ ❙❡t ❆

❊①❡r❝✐s❡ ✼✳✷✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✸✺✳✮

●r❛♣❤ t❤❡ ❡q✉❛t✐♦♥ 4x + 1 = −7✳

✼✳✷✳✼ ❙❛♠♣❧❡ ❙❡t ❇

❊①❛♠♣❧❡ ✼✳✸
●r❛♣❤ t❤❡ ❧✐♥❡❛r ✐♥❡q✉❛❧✐t② 4x ≥ 12✳

❲❡ ♣r♦❝❡❡❞ ❜② s♦❧✈✐♥❣ t❤❡ ✐♥❡q✉❛❧✐t②✳

4x ≥ 12 ❉✐✈✐❞❡ ❡❛❝❤ s✐❞❡ ❜② ✹✳

x ≥ 3

❆s ✇❡ ❦♥♦✇✱ ❛♥② ✈❛❧✉❡ ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ ✸ ✇✐❧❧ s❛t✐s❢② t❤❡ ♦r✐❣✐♥❛❧ ✐♥❡q✉❛❧✐t②✳ ❍❡♥❝❡ ✇❡
❤❛✈❡ ✐♥✜♥✐t❡❧② ♠❛♥② s♦❧✉t✐♦♥s ❛♥❞✱ t❤✉s✱ ✐♥✜♥✐t❡❧② ♠❛♥② ♣♦✐♥ts t♦ ♠❛r❦ ♦✛ ♦♥ ♦✉r ❣r❛♣❤✳

❚❤❡ ❝❧♦s❡❞ ❝✐r❝❧❡ ❛t ✸ ♠❡❛♥s t❤❛t ✸ ✐s ✐♥❝❧✉❞❡❞ ❛s ❛ s♦❧✉t✐♦♥✳ ❆❧❧ t❤❡ ♣♦✐♥ts ❜❡❣✐♥♥✐♥❣ ❛t ✸
❛♥❞ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❛rr♦✇ ❛r❡ s♦❧✉t✐♦♥s✳

❊①❛♠♣❧❡ ✼✳✹
●r❛♣❤ t❤❡ ❧✐♥❡❛r ✐♥❡q✉❛❧✐t② −− 2y −−1 > 3✳

❲❡ ✜rst s♦❧✈❡ t❤❡ ✐♥❡q✉❛❧✐t②✳

−− 2y −−1 > 3

−− 2y > 4

y < −2 ❚❤❡ ✐♥❡q✉❛❧✐t② s②♠❜♦❧ r❡✈❡rs❡❞ ❞✐r❡❝t✐♦♥ ❜❡❝❛✉s❡ ✇❡ ❞✐✈✐❞❡❞ ❜② ✕✷✳

❚❤✉s✱ ❛❧❧ ♥✉♠❜❡rs str✐❝t❧② ❧❡ss t❤❛♥ −2 ✇✐❧❧ s❛t✐s❢② t❤❡ ✐♥❡q✉❛❧✐t② ❛♥❞ ❛r❡ t❤✉s s♦❧✉t✐♦♥s✳
❙✐♥❝❡ −2 ✐ts❡❧❢ ✐s ♥♦t t♦ ❜❡ ✐♥❝❧✉❞❡❞ ❛s ❛ s♦❧✉t✐♦♥✱ ✇❡ ❞r❛✇ ❛♥ ♦♣❡♥ ❝✐r❝❧❡ ❛t −2✳ ❚❤❡ s♦❧✉t✐♦♥s

❛r❡ t♦ t❤❡ ❧❡❢t ♦❢ −2 s♦ ✇❡ ❞r❛✇ ❛♥ ❛rr♦✇ ♣♦✐♥t✐♥❣ t♦ t❤❡ ❧❡❢t ♦❢ −2 t♦ ❞❡♥♦t❡ t❤❡ r❡❣✐♦♥ ♦❢ s♦❧✉t✐♦♥s✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❊①❛♠♣❧❡ ✼✳✺
●r❛♣❤ t❤❡ ✐♥❡q✉❛❧✐t② −− 2 ≤ y + 1 < 1✳

❲❡ r❡❝♦❣♥✐③❡ t❤✐s ✐♥❡q✉❛❧✐t② ❛s ❛ ❝♦♠♣♦✉♥❞ ✐♥❡q✉❛❧✐t② ❛♥❞ s♦❧✈❡ ✐t ❜② s✉❜tr❛❝t✐♥❣ ✶ ❢r♦♠ ❛❧❧
t❤r❡❡ ♣❛rts✳

−− 2 ≤ y + 1 < 1

−− 3 ≤ y < 0

❚❤✉s✱ t❤❡ s♦❧✉t✐♦♥ ✐s ❛❧❧ ♥✉♠❜❡rs ❜❡t✇❡❡♥ −3 ❛♥❞ ✵✱ ♠♦r❡ ♣r❡❝✐s❡❧②✱ ❛❧❧ ♥✉♠❜❡rs ❣r❡❛t❡r t❤❛♥
♦r ❡q✉❛❧ t♦ −3 ❜✉t str✐❝t❧② ❧❡ss t❤❛♥ ✵✳

❊①❛♠♣❧❡ ✼✳✻
●r❛♣❤ t❤❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥ 5x = −− 125✳

❚❤❡ s♦❧✉t✐♦♥ ✐s x = −− 25✳ ❙❝❛❧✐♥❣ t❤❡ ❛①✐s ❜② ✉♥✐ts ♦❢ ✺ r❛t❤❡r t❤❛♥ ✶✱ ✇❡ ♦❜t❛✐♥

✼✳✷✳✽ Pr❛❝t✐❝❡ ❙❡t ❇

❊①❡r❝✐s❡ ✼✳✷✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✸✺✳✮

●r❛♣❤ t❤❡ ✐♥❡q✉❛❧✐t② 3x ≤ 18✳

❊①❡r❝✐s❡ ✼✳✷✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✸✺✳✮

●r❛♣❤ t❤❡ ✐♥❡q✉❛❧✐t② −3m + 1 < 13✳

❊①❡r❝✐s❡ ✼✳✷✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✸✺✳✮

●r❛♣❤ t❤❡ ✐♥❡q✉❛❧✐t② −3 ≤ x − 5 < 5✳

❊①❡r❝✐s❡ ✼✳✷✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✸✺✳✮

●r❛♣❤ t❤❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥ −6y = 480✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✸✼

✼✳✷✳✾ ❊①❡r❝✐s❡s

❋♦r ♣r♦❜❧❡♠s ✶ ✲ ✷✺✱ ❣r❛♣❤ t❤❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ❛♥❞ ✐♥❡q✉❛❧✐t✐❡s✳

❊①❡r❝✐s❡ ✼✳✷✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✸✺✳✮

4x + 7 = 19

❊①❡r❝✐s❡ ✼✳✷✳✼
8x − 1 = 7

❊①❡r❝✐s❡ ✼✳✷✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✸✺✳✮

2x + 3 = 4

❊①❡r❝✐s❡ ✼✳✷✳✾
x + 3 = 15

❊①❡r❝✐s❡ ✼✳✷✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✸✺✳✮

6y + 3 = y + 8

❊①❡r❝✐s❡ ✼✳✷✳✶✶
2x = 0

❊①❡r❝✐s❡ ✼✳✷✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✸✺✳✮

4 + 1 − 4 = 3z

❊①❡r❝✐s❡ ✼✳✷✳✶✸
x + 1

2 = 4
3

❊①❡r❝✐s❡ ✼✳✷✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✸✺✳✮

7r = 1
4

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❊①❡r❝✐s❡ ✼✳✷✳✶✺
2x − 6 = 2

5

❊①❡r❝✐s❡ ✼✳✷✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✸✻✳✮

x + 7 ≤ 12

❊①❡r❝✐s❡ ✼✳✷✳✶✼
y − 5 < 3

❊①❡r❝✐s❡ ✼✳✷✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✸✻✳✮

x + 19 > 2

❊①❡r❝✐s❡ ✼✳✷✳✶✾
z + 5 > 11

❊①❡r❝✐s❡ ✼✳✷✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✸✻✳✮

3m − 7 ≤ 8

❊①❡r❝✐s❡ ✼✳✷✳✷✶
−5t ≥ 10

❊①❡r❝✐s❡ ✼✳✷✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✸✻✳✮

−8x − 6 ≥ 34

❊①❡r❝✐s❡ ✼✳✷✳✷✸
x
4 < 2

❊①❡r❝✐s❡ ✼✳✷✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✸✻✳✮
y
7 ≤ 3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✼✳✷✳✷✺
2y
9 ≥ 4

❊①❡r❝✐s❡ ✼✳✷✳✷✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✸✻✳✮
−5y
8 ≤ 4

❊①❡r❝✐s❡ ✼✳✷✳✷✼
−6a
7 < − 4

❊①❡r❝✐s❡ ✼✳✷✳✷✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✸✻✳✮

−1 ≤ x − 3 < 0

❊①❡r❝✐s❡ ✼✳✷✳✷✾
6 ≤ x + 4 ≤ 7

❊①❡r❝✐s❡ ✼✳✷✳✸✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✸✻✳✮

−12 < − 2x − 2 ≤ −8

✼✳✷✳✶✵ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✼✳✷✳✸✶
✭❙❡❝t✐♦♥ ✷✳✻✮ ❙✐♠♣❧✐❢②

(
3x8y2

)3
✳

❊①❡r❝✐s❡ ✼✳✷✳✸✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✸✼✳✮

✭❙❡❝t✐♦♥ ✹✳✷✮ ▲✐st✱ ✐❢ ❛♥② s❤♦✉❧❞ ❛♣♣❡❛r✱ t❤❡ ❝♦♠♠♦♥ ❢❛❝t♦rs ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ 10x4−15x2 +5x6✳

❊①❡r❝✐s❡ ✼✳✷✳✸✸
✭❙❡❝t✐♦♥ ✺✳✼✮ ❙♦❧✈❡ t❤❡ ✐♥❡q✉❛❧✐t② −4 (x + 3) < − 3x + 1✳

❊①❡r❝✐s❡ ✼✳✷✳✸✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✸✼✳✮

✭❙❡❝t✐♦♥ ✺✳✽✮ ❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥ y = −5x + 8 ✐❢x = −2✳

❊①❡r❝✐s❡ ✼✳✷✳✸✺
✭❙❡❝t✐♦♥ ✺✳✽✮ ❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥ 2y = 5 (3x + 7) ✐❢x = −1✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

✼✳✸ P❧♦tt✐♥❣ P♦✐♥ts ✐♥ t❤❡ P❧❛♥❡ ✸

✼✳✸✳✶ ❖✈❡r✈✐❡✇

• ❚❤❡ P❧❛♥❡
• ❈♦♦r❞✐♥❛t❡s ♦❢ ❛ P♦✐♥t
• P❧♦tt✐♥❣ P♦✐♥ts

✼✳✸✳✷ ❚❤❡ P❧❛♥❡

❖r❞❡r❡❞ P❛✐rs
❲❡ ❛r❡ ♥♦✇ ✐♥t❡r❡st❡❞ ✐♥ st✉❞②✐♥❣ ❣r❛♣❤s ♦❢ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ✐♥ t✇♦ ✈❛r✐❛❜❧❡s✳ ❲❡ ❦♥♦✇ t❤❛t s♦❧✉t✐♦♥s t♦
❡q✉❛t✐♦♥s ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ❝♦♥s✐st ♦❢ ❛ ♣❛✐r ♦❢ ✈❛❧✉❡s✱ ♦♥❡ ✈❛❧✉❡ ❢♦r ❡❛❝❤ ✈❛r✐❛❜❧❡✳ ❲❡ ❤❛✈❡ ❝❛❧❧❡❞ t❤❡s❡ ♣❛✐rs
♦❢ ✈❛❧✉❡s ♦r❞❡r❡❞ ♣❛✐rs✳ ❙✐♥❝❡ ✇❡ ❤❛✈❡ ❛ ♣❛✐r ♦❢ ✈❛❧✉❡s t♦ ❣r❛♣❤✱ ✇❡ ♠✉st ❤❛✈❡ ❛ ♣❛✐r ♦❢ ❛①❡s ✭♥✉♠❜❡r
❧✐♥❡s✮ ✉♣♦♥ ✇❤✐❝❤ t❤❡ ✈❛❧✉❡s ❝❛♥ ❜❡ ❧♦❝❛t❡❞✳
❖r✐❣✐♥
❲❡ ❞r❛✇ t❤❡ ❛①❡s s♦ t❤❡② ❛r❡ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ ❡❛❝❤ ♦t❤❡r ❛♥❞ s♦ t❤❛t t❤❡② ✐♥t❡rs❡❝t ❡❛❝❤ ♦t❤❡r ❛t t❤❡✐r 0✬s✳
❚❤✐s ♣♦✐♥t ✐s ❝❛❧❧❡❞ t❤❡ ♦r✐❣✐♥✳

❘❡❝t❛♥❣✉❧❛r ❈♦♦r❞✐♥❛t❡ ❙②st❡♠
❚❤❡s❡ t✇♦ ❧✐♥❡s ❢♦r♠ ✇❤❛t ✐s ❝❛❧❧❡❞ ❛ r❡❝t❛♥❣✉❧❛r ❝♦♦r❞✐♥❛t❡ s②st❡♠✳ ❚❤❡② ❛❧s♦ ❞❡t❡r♠✐♥❡ ❛ ♣❧❛♥❡✳
xy✲♣❧❛♥❡
❆ ♣❧❛♥❡ ✐s ❛ ✢❛t s✉r❢❛❝❡✱ ❛♥❞ ❛ r❡s✉❧t ❢r♦♠ ❣❡♦♠❡tr② st❛t❡s t❤❛t t❤r♦✉❣❤ ❛♥② t✇♦ ✐♥t❡rs❡❝t✐♥❣ ❧✐♥❡s ✭t❤❡
❛①❡s✮ ❡①❛❝t❧② ♦♥❡ ♣❧❛♥❡ ✭✢❛t s✉r❢❛❝❡✮ ♠❛② ❜❡ ♣❛ss❡❞✳ ■❢ ✇❡ ❛r❡ ❞❡❛❧✐♥❣ ✇✐t❤ ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✐♥ t❤❡ t✇♦
✈❛r✐❛❜❧❡s x ❛♥❞ y✱ ✇❡ s♦♠❡t✐♠❡s s❛② ✇❡ ❛r❡ ❣r❛♣❤✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ✉s✐♥❣ ❛ r❡❝t❛♥❣✉❧❛r ❝♦♦r❞✐♥❛t❡ s②st❡♠✱ ♦r
t❤❛t ✇❡ ❛r❡ ❣r❛♣❤✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ✐♥ t❤❡ xy✲♣❧❛♥❡✳
◗✉❛❞r❛♥t
◆♦t✐❝❡ t❤❛t t❤❡ t✇♦ ✐♥t❡rs❡❝t✐♥❣ ❝♦♦r❞✐♥❛t❡ ❛①❡s ❞✐✈✐❞❡ t❤❡ ♣❧❛♥❡ ✐♥t♦ ❢♦✉r ❡q✉❛❧ r❡❣✐♦♥s✳ ❙✐♥❝❡ t❤❡r❡ ❛r❡
❢♦✉r r❡❣✐♦♥s✱ ✇❡ ❝❛❧❧ ❡❛❝❤ ♦♥❡ ❛ q✉❛❞r❛♥t ❛♥❞ ♥✉♠❜❡r t❤❡♠ ❝♦✉♥t❡r❝❧♦❝❦✇✐s❡ ✉s✐♥❣ ❘♦♠❛♥ ♥✉♠❡r❛❧s✳

✸❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✾✸✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✹✶

❘❡❝❛❧❧ t❤❛t ✇❤❡♥ ✇❡ ✜rst st✉❞✐❡❞ t❤❡ ♥✉♠❜❡r ❧✐♥❡ ✇❡ ♦❜s❡r✈❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣✿
❋♦r ❡❛❝❤ r❡❛❧ ♥✉♠❜❡r t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♣♦✐♥t ♦♥ t❤❡ ♥✉♠❜❡r ❧✐♥❡✱ ❛♥❞ ❢♦r ❡❛❝❤ ♣♦✐♥t ♦♥ t❤❡ ♥✉♠❜❡r

❧✐♥❡ ✇❡ ❝❛♥ ❛ss♦❝✐❛t❡ ❛ ✉♥✐q✉❡ r❡❛❧ ♥✉♠❜❡r✳
❲❡ ❤❛✈❡ ❛ s✐♠✐❧❛r s✐t✉❛t✐♦♥ ❢♦r t❤❡ ♣❧❛♥❡✳
❋♦r ❡❛❝❤ ♦r❞❡r❡❞ ♣❛✐r (a, b)✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♣♦✐♥t ✐♥ t❤❡ ♣❧❛♥❡✱ ❛♥❞ t♦ ❡❛❝❤ ♣♦✐♥t ✐♥ t❤❡ ♣❧❛♥❡ ✇❡

❝❛♥ ❛ss♦❝✐❛t❡ ❛ ✉♥✐q✉❡ ♦r❞❡r❡❞ ♣❛✐r (a, b) ♦❢ r❡❛❧ ♥✉♠❜❡rs✳

✼✳✸✳✸ ❈♦♦r❞✐♥❛t❡s ♦❢ ❛ P♦✐♥t

❈♦♦r❞✐♥❛t❡s ♦❢ ❛ P♦✐♥t
❚❤❡ ♥✉♠❜❡rs ✐♥ ❛♥ ♦r❞❡r❡❞ ♣❛✐r t❤❛t ❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ♣❛rt✐❝✉❧❛r ♣♦✐♥t ❛r❡ ❝❛❧❧❡❞ t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢
t❤❡ ♣♦✐♥t✳ ❚❤❡ ✜rst ♥✉♠❜❡r ✐♥ t❤❡ ♦r❞❡r❡❞ ♣❛✐r ❡①♣r❡ss❡s t❤❡ ♣♦✐♥t✬s ❤♦r✐③♦♥t❛❧ ❞✐st❛♥❝❡ ❛♥❞ ❞✐r❡❝t✐♦♥
✭❧❡❢t ♦r r✐❣❤t✮ ❢r♦♠ t❤❡ ♦r✐❣✐♥✳ ❚❤❡ s❡❝♦♥❞ ♥✉♠❜❡r ❡①♣r❡ss❡s t❤❡ ♣♦✐♥t✬s ✈❡rt✐❝❛❧ ❞✐st❛♥❝❡ ❛♥❞ ❞✐r❡❝t✐♦♥
✭✉♣ ♦r ❞♦✇♥✮ ❢r♦♠ t❤❡ ♦r✐❣✐♥✳
❚❤❡ ❈♦♦r❞✐♥❛t❡s ❉❡t❡r♠✐♥❡ ❉✐st❛♥❝❡ ❛♥❞ ❉✐r❡❝t✐♦♥
❆ ♣♦s✐t✐✈❡ ♥✉♠❜❡r ♠❡❛♥s ❛ ❞✐r❡❝t✐♦♥ t♦ t❤❡ r✐❣❤t ♦r ✉♣✳ ❆ ♥❡❣❛t✐✈❡ ♥✉♠❜❡r ♠❡❛♥s ❛ ❞✐r❡❝t✐♦♥ t♦ t❤❡
❧❡❢t ♦r ❞♦✇♥✳

✼✳✸✳✹ P❧♦tt✐♥❣ P♦✐♥ts

❙✐♥❝❡ ♣♦✐♥ts ❛♥❞ ♦r❞❡r❡❞ ♣❛✐rs ❛r❡ s♦ ❝❧♦s❡❧② r❡❧❛t❡❞✱ t❤❡ t✇♦ t❡r♠s ❛r❡ s♦♠❡t✐♠❡s ✉s❡❞ ✐♥t❡r❝❤❛♥❣❡❛❜❧②✳ ❚❤❡
❢♦❧❧♦✇✐♥❣ t✇♦ ♣❤r❛s❡s ❤❛✈❡ t❤❡ s❛♠❡ ♠❡❛♥✐♥❣✿

✶✳ P❧♦t t❤❡ ♣♦✐♥t (a, b)✳
✷✳ P❧♦t t❤❡ ♦r❞❡r❡❞ ♣❛✐r (a, b)✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

P❧♦tt✐♥❣ ❛ P♦✐♥t
❇♦t❤ ♣❤r❛s❡s ♠❡❛♥✿ ▲♦❝❛t❡✱ ✐♥ t❤❡ ♣❧❛♥❡✱ t❤❡ ♣♦✐♥t ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♦r❞❡r❡❞ ♣❛✐r (a, b) ❛♥❞ ❞r❛✇ ❛ ♠❛r❦
❛t t❤❛t ♣♦s✐t✐♦♥✳

✼✳✸✳✺ ❙❛♠♣❧❡ ❙❡t ❆

❊①❛♠♣❧❡ ✼✳✼
P❧♦t t❤❡ ♦r❞❡r❡❞ ♣❛✐r (2, 6)✳

❲❡ ❜❡❣✐♥ ❛t t❤❡ ♦r✐❣✐♥✳ ❚❤❡ ✜rst ♥✉♠❜❡r ✐♥ t❤❡ ♦r❞❡r❡❞ ♣❛✐r✱ ✷✱ t❡❧❧s ✉s ✇❡ ♠♦✈❡ ✷ ✉♥✐ts t♦ t❤❡
r✐❣❤t ✭+2 ♠❡❛♥s ✷ ✉♥✐ts t♦ t❤❡ r✐❣❤t✮ ❚❤❡ s❡❝♦♥❞ ♥✉♠❜❡r ✐♥ t❤❡ ♦r❞❡r❡❞ ♣❛✐r✱ ✻✱ t❡❧❧s ✉s ✇❡ ♠♦✈❡
✻ ✉♥✐ts ✉♣ ✭+6 ♠❡❛♥s ✻ ✉♥✐ts ✉♣✮✳

✼✳✸✳✻ Pr❛❝t✐❝❡ ❙❡t ❆

❊①❡r❝✐s❡ ✼✳✸✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✸✼✳✮

P❧♦t t❤❡ ♦r❞❡r❡❞ ♣❛✐rs✳
(1, 3) , (4, − 5) , (0, 1) , (−4, 0)✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✼✳✸✳✼ ❊①❡r❝✐s❡s

❊①❡r❝✐s❡ ✼✳✸✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✸✼✳✮

P❧♦t t❤❡ ❢♦❧❧♦✇✐♥❣ ♦r❞❡r❡❞ ♣❛✐rs✳ ✭❉♦ ♥♦t ❞r❛✇ t❤❡ ❛rr♦✇s ❛s ✐♥ Pr❛❝t✐❝❡ ❙❡t ❆✳✮
(8, 2) , (10, − 3) , (−3, 10) , (0, 5) , (5, 0) , (0, 0) ,

(
−7, − 3

2

)
✳

❊①❡r❝✐s❡ ✼✳✸✳✸
❆s ❛❝❝✉r❛t❡❧② ❛s ♣♦ss✐❜❧❡✱ st❛t❡ t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ♣♦✐♥ts t❤❛t ❤❛✈❡ ❜❡❡♥ ♣❧♦tt❡❞ ♦♥ t❤❡
❢♦❧❧♦✇✐♥❣ ❣r❛♣❤✳

❊①❡r❝✐s❡ ✼✳✸✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✸✼✳✮

❯s✐♥❣ ♦r❞❡r❡❞ ♣❛✐r ♥♦t❛t✐♦♥✱ ✇❤❛t ❛r❡ t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ♦r✐❣✐♥❄

❊①❡r❝✐s❡ ✼✳✸✳✺
❲❡ ❦♥♦✇ t❤❛t s♦❧✉t✐♦♥s t♦ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ♦r❞❡r❡❞ ♣❛✐rs✳
❍❡♥❝❡✱ t❤❡ s♦❧✉t✐♦♥s ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ♣♦✐♥ts ✐♥ t❤❡ ♣❧❛♥❡✳ ❈♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥ y =
2x − 1✳ ❋✐♥❞ ❛t ❧❡❛st t❡♥ s♦❧✉t✐♦♥s t♦ t❤✐s ❡q✉❛t✐♦♥ ❜② ❝❤♦♦s✐♥❣ x✲✈❛❧✉❡s ❜❡t✇❡❡♥ −4 ❛♥❞ ✺ ❛♥❞
❝♦♠♣✉t✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ y✲✈❛❧✉❡s✳ P❧♦t t❤❡s❡ s♦❧✉t✐♦♥s ♦♥ t❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ❜❡❧♦✇✳ ❋✐❧❧
✐♥ t❤❡ t❛❜❧❡ t♦ ❤❡❧♣ ②♦✉ ❦❡❡♣ tr❛❝❦ ♦❢ t❤❡ ♦r❞❡r❡❞ ♣❛✐rs✳

x

y

❚❛❜❧❡ ✼✳✶

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✹✹
❈❍❆P❚❊❘ ✼✳ ●❘❆P❍■◆● ▲■◆❊❆❘ ❊◗❯❆❚■❖◆❙ ❆◆❉ ■◆❊◗❯❆▲■❚■❊❙ ■◆

❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❑❡❡♣✐♥❣ ✐♥ ♠✐♥❞ t❤❛t t❤❡r❡ ❛r❡ ✐♥✜♥✐t❡❧② ♠❛♥② ♦r❞❡r❡❞ ♣❛✐r s♦❧✉t✐♦♥s t♦ y = 2x − 1✱ s♣❡❝✲
✉❧❛t❡ ♦♥ t❤❡ ❣❡♦♠❡tr✐❝ str✉❝t✉r❡ ♦❢ t❤❡ ❣r❛♣❤ ♦❢ ❛❧❧ t❤❡ s♦❧✉t✐♦♥s✳ ❈♦♠♣❧❡t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t✿

❚❤❡ ♥❛♠❡ ♦❢ t❤❡ t②♣❡ ♦❢ ❣❡♦♠❡tr✐❝ str✉❝t✉r❡ ♦❢ t❤❡ ❣r❛♣❤ ♦❢ ❛❧❧ t❤❡ s♦❧✉t✐♦♥s t♦ t❤❡ ❧✐♥❡❛r
❡q✉❛t✐♦♥
y = 2x − 1 s❡❡♠s t♦ ❜❡ ❴❴❴❴❴❴❴❴❴❴ ✳

❲❤❡r❡ ❞♦❡s t❤✐s ✜❣✉r❡ ❝r♦ss t❤❡ y✲❛①✐s❄ ❉♦❡s t❤✐s ♥✉♠❜❡r ❛♣♣❡❛r ✐♥ t❤❡ ❡q✉❛t✐♦♥ y = 2x − 1❄

P❧❛❝❡ ②♦✉r ♣❡♥❝✐❧ ❛t ❛♥② ♣♦✐♥t ♦♥ t❤❡ ✜❣✉r❡ ✭②♦✉ ♠❛② ❤❛✈❡ t♦ ❝♦♥♥❡❝t t❤❡ ❞♦ts t♦ s❡❡ t❤❡
✜❣✉r❡ ❝❧❡❛r❧②✮✳ ▼♦✈❡ ②♦✉r ♣❡♥❝✐❧ ❡①❛❝t❧② ♦♥❡ ✉♥✐t t♦ t❤❡ r✐❣❤t ✭❤♦r✐③♦♥t❛❧❧②✮✳ ❚♦ ❣❡t ❜❛❝❦ ♦♥t♦
t❤❡ ✜❣✉r❡✱ ②♦✉ ♠✉st ♠♦✈❡ ②♦✉r ♣❡♥❝✐❧ ❡✐t❤❡r ✉♣ ♦r ❞♦✇♥ ❛ ♣❛rt✐❝✉❧❛r ♥✉♠❜❡r ♦❢ ✉♥✐ts✳ ❍♦✇ ♠❛♥②
✉♥✐ts ♠✉st ②♦✉ ♠♦✈❡ ✈❡rt✐❝❛❧❧② t♦ ❣❡t ❜❛❝❦ ♦♥t♦ t❤❡ ✜❣✉r❡✱ ❛♥❞ ❞♦ ②♦✉ s❡❡ t❤✐s ♥✉♠❜❡r ✐♥ t❤❡
❡q✉❛t✐♦♥ y = 2x − 1❄

❊①❡r❝✐s❡ ✼✳✸✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✸✼✳✮

❈♦♥s✐❞❡r t❤❡ xy✲♣❧❛♥❡✳

❈♦♠♣❧❡t❡ t❤❡ t❛❜❧❡ ❜② ✇r✐t✐♥❣ t❤❡ ❛♣♣r♦♣r✐❛t❡ ✐♥❡q✉❛❧✐t✐❡s✳

■ ■■ ■■■ ■❱

x > 0 x < 0 x x

y > 0 y y y

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❚❛❜❧❡ ✼✳✷

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ t❤❡ ❣r❛♣❤s ♦❢ ♣♦✐♥ts ❛r❡ ❝❛❧❧❡❞ s❝❛tt❡r ❞✐❛❣r❛♠s ❛♥❞ ❛r❡ ❢r❡q✉❡♥t❧②
✉s❡❞ ❜② st❛t✐st✐❝✐❛♥s t♦ ❞❡t❡r♠✐♥❡ ✐❢ t❤❡r❡ ✐s ❛ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ t✇♦ ✈❛r✐❛❜❧❡s ✉♥❞❡r ❝♦♥✲
s✐❞❡r❛t✐♦♥✳ ❚❤❡ ✜rst ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ♦r❞❡r❡❞ ♣❛✐r ✐s ❝❛❧❧❡❞ t❤❡ ✐♥♣✉t ✈❛r✐❛❜❧❡ ❛♥❞ t❤❡ s❡❝♦♥❞
❝♦♠♣♦♥❡♥t ✐s ❝❛❧❧❡❞ t❤❡ ♦✉t♣✉t ✈❛r✐❛❜❧❡✳ ❈♦♥str✉❝t t❤❡ s❝❛tt❡r ❞✐❛❣r❛♠s✳ ❉❡t❡r♠✐♥❡ ✐❢ t❤❡r❡
❛♣♣❡❛rs t♦ ❜❡ ❛ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ t✇♦ ✈❛r✐❛❜❧❡s ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥ ❜② ♠❛❦✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣
♦❜s❡r✈❛t✐♦♥s✿ ❆ r❡❧❛t✐♦♥s❤✐♣ ♠❛② ❡①✐st ✐❢

❛✳ ❛s ♦♥❡ ✈❛r✐❛❜❧❡ ✐♥❝r❡❛s❡s✱ t❤❡ ♦t❤❡r ✈❛r✐❛❜❧❡ ✐♥❝r❡❛s❡s
❜✳ ❛s ♦♥❡ ✈❛r✐❛❜❧❡ ✐♥❝r❡❛s❡s✱ t❤❡ ♦t❤❡r ✈❛r✐❛❜❧❡ ❞❡❝r❡❛s❡s

❊①❡r❝✐s❡ ✼✳✸✳✼
❆ ♣s②❝❤♦❧♦❣✐st✱ st✉❞②✐♥❣ t❤❡ ❡✛❡❝ts ♦❢ ❛ ♣❧❛❝❡❜♦ ♦♥ ❛ss❡♠❜❧② ❧✐♥❡ ✇♦r❦❡rs ❛t ❛ ♣❛rt✐❝✉❧❛r ✐♥❞✉str✐❛❧
s✐t❡✱ ♥♦t❡❞ t❤❡ t✐♠❡ ✐t t♦♦❦ t♦ ❛ss❡♠❜❧❡ ❛ ❝❡rt❛✐♥ ✐t❡♠ ❜❡❢♦r❡ t❤❡ s✉❜❥❡❝t ✇❛s ❣✐✈❡♥ t❤❡ ♣❧❛❝❡❜♦✱
x✱ ❛♥❞ t❤❡ t✐♠❡ ✐t t♦♦❦ t♦ ❛ss❡♠❜❧❡ ❛ s✐♠✐❧❛r ✐t❡♠ ❛❢t❡r t❤❡ s✉❜❥❡❝t ✇❛s ❣✐✈❡♥ t❤❡ ♣❧❛❝❡❜♦✱ y✳ ❚❤❡
♣s②❝❤♦❧♦❣✐st✬s ❞❛t❛ ❛r❡

x y

✶✵ ✽

✶✷ ✾

✶✶ ✾

✶✵ ✼

✶✹ ✶✶

✶✺ ✶✷

✶✸ ✶✵

❚❛❜❧❡ ✼✳✸

❊①❡r❝✐s❡ ✼✳✸✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✸✼✳✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞❛t❛ ✇❡r❡ ♦❜t❛✐♥❡❞ ✐♥ ❛♥ ❡♥❣✐♥❡❡r✬s st✉❞② ♦❢ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ❛♠♦✉♥t
♦❢ ♣r❡ss✉r❡ ✉s❡❞ t♦ ❢♦r♠ ❛ ♣✐❡❝❡ ♦❢ ♠❛❝❤✐♥❡r②✱ x✱ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❞❡❢❡❝t✐✈❡ ♣✐❡❝❡s ♦❢ ♠❛❝❤✐♥❡r②
♣r♦❞✉❝❡❞✱ y✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

x y

✺✵ ✵

✻✵ ✶

✻✺ ✷

✼✵ ✸

✽✵ ✹

✼✵ ✺

✾✵ ✺

✶✵✵ ✺

❚❛❜❧❡ ✼✳✹

❊①❡r❝✐s❡ ✼✳✸✳✾
❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞❛t❛ r❡♣r❡s❡♥t t❤❡ ♥✉♠❜❡r ♦❢ ✇♦r❦ ❞❛②s ♠✐ss❡❞ ♣❡r ②❡❛r✱ x✱ ❜② t❤❡ ❡♠♣❧♦②❡❡s ♦❢ ❛♥
✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥② ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ♠✐♥✉t❡s t❤❡② ❛rr✐✈❡ ❧❛t❡ ❢r♦♠ ❧✉♥❝❤✱ y✳

x y

✶ ✸

✻ ✹

✷ ✷

✷ ✸

✸ ✶

✶ ✹

✹ ✹

✻ ✸

✺ ✷

✻ ✶

❚❛❜❧❡ ✼✳✺

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✼✳✸✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✸✽✳✮

❆ ♠❛♥✉❢❛❝t✉r❡r ♦❢ ❞❡♥t❛❧ ❡q✉✐♣♠❡♥t ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❛t❛ ♦♥ t❤❡ ✉♥✐t ❝♦st ✭✐♥ ❞♦❧❧❛rs✮✱ y✱ ♦❢ ❛
♣❛rt✐❝✉❧❛r ✐t❡♠ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ✉♥✐ts✱ x✱ ♠❛♥✉❢❛❝t✉r❡❞ ❢♦r ❡❛❝❤ ♦r❞❡r✳

x y

✶ ✽✺

✸ ✾✷

✺ ✾✾

✸ ✾✶

✹ ✶✵✵

✶ ✽✼

✻ ✶✵✺

✽ ✶✶✶

✽ ✶✶✹

❚❛❜❧❡ ✼✳✻

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

✼✳✸✳✽ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✼✳✸✳✶✶

✭❙❡❝t✐♦♥ ✷✳✼✮ ❙✐♠♣❧✐❢②
(

18x5y6

9x2y4

)5

✳

❊①❡r❝✐s❡ ✼✳✸✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✸✽✳✮

✭❙❡❝t✐♦♥ ✹✳✸✮ ❙✉♣♣❧② t❤❡ ♠✐ss✐♥❣ ✇♦r❞✳ ❆♥ ✐s ❛ st❛t❡♠❡♥t t❤❛t t✇♦ ❛❧❣❡❜r❛✐❝ ❡①♣r❡ss✐♦♥s
❛r❡ ❡q✉❛❧✳

❊①❡r❝✐s❡ ✼✳✸✳✶✸
✭❙❡❝t✐♦♥ ✹✳✹✮ ❙✐♠♣❧✐❢② t❤❡ ❡①♣r❡ss✐♦♥ 5xy (xy − 2x + 3y) − 2xy (3xy − 4x) − 15xy2✳

❊①❡r❝✐s❡ ✼✳✸✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✸✽✳✮

✭❙❡❝t✐♦♥ ✺✳✷✮ ■❞❡♥t✐❢② t❤❡ ❡q✉❛t✐♦♥ x + 2 = x + 1 ❛s ❛♥ ✐❞❡♥t✐t②✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱ ♦r ❛ ❝♦♥❞✐t✐♦♥❛❧
❡q✉❛t✐♦♥✳

❊①❡r❝✐s❡ ✼✳✸✳✶✺
✭❙❡❝t✐♦♥ ✼✳✷✮ ❙✉♣♣❧② t❤❡ ♠✐ss✐♥❣ ♣❤r❛s❡✳ ❆ s②st❡♠ ♦❢ ❛①❡s ❝♦♥str✉❝t❡❞ ❢♦r ❣r❛♣❤✐♥❣ ❛♥ ❡q✉❛t✐♦♥
✐s ❝❛❧❧❡❞ ❛ ✳

✼✳✹ ●r❛♣❤✐♥❣ ▲✐♥❡❛r ❊q✉❛t✐♦♥s ✐♥ ❚✇♦ ❱❛r✐❛❜❧❡s ✹

✼✳✹✳✶ ❖✈❡r✈✐❡✇

• ❙♦❧✉t✐♦♥s ❛♥❞ ▲✐♥❡s
• ●❡♥❡r❛❧ ❢♦r♠ ♦❢ ❛ ▲✐♥❡❛r ❊q✉❛t✐♦♥
• ❚❤❡ ■♥t❡r❝❡♣t ▼❡t❤♦❞ ♦❢ ●r❛♣❤✐♥❣
• ●r❛♣❤✐♥❣ ❯s✐♥❣ ❛♥② ❚✇♦ ♦r ▼♦r❡ P♦✐♥ts
• ❙❧❛♥t❡❞✱ ❍♦r✐③♦♥t❛❧✱ ❛♥❞ ❱❡rt✐❝❛❧ ▲✐♥❡s

✼✳✹✳✷ ❙♦❧✉t✐♦♥s ❛♥❞ ▲✐♥❡s

❲❡ ❦♥♦✇ t❤❛t s♦❧✉t✐♦♥s t♦ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ♦r❞❡r❡❞ ♣❛✐rs✳ ❍❡♥❝❡✱ t❤❡
s♦❧✉t✐♦♥s ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ♣♦✐♥t ✐♥ t❤❡ ♣❧❛♥❡✳ ❲❡ ❛❧s♦ ❦♥♦✇ t❤❛t t❤❡ ♣❤r❛s❡ ✏❣r❛♣❤ t❤❡ ❡q✉❛t✐♦♥✑ ♠❡❛♥s
t♦ ❧♦❝❛t❡ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❣✐✈❡♥ ❡q✉❛t✐♦♥ ✐♥ t❤❡ ♣❧❛♥❡✳ ❈♦♥s✐❞❡r t❤❡ ❡q✉❛t✐♦♥ y − 2x = −3✳ ❲❡✬❧❧ ❣r❛♣❤
s✐① s♦❧✉t✐♦♥s ✭♦r❞❡r❡❞ ♣❛✐rs✮ t♦ t❤✐s ❡q✉❛t✐♦♥ ♦♥ t❤❡ ❝♦♦r❞✐♥❛t❡s s②st❡♠ ❜❡❧♦✇✳ ❲❡✬❧❧ ✜♥❞ t❤❡ s♦❧✉t✐♦♥s ❜②
❝❤♦♦s✐♥❣ x✲✈❛❧✉❡s ✭❢r♦♠ −1 t♦ + 4✮✱ s✉❜st✐t✉t✐♥❣ t❤❡♠ ✐♥t♦ t❤❡ ❡q✉❛t✐♦♥ y − 2x = −3✱ ❛♥❞ t❤❡♥ s♦❧✈✐♥❣ t♦
♦❜t❛✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ y✲✈❛❧✉❡s✳ ❲❡ ❝❛♥ ❦❡❡♣ tr❛❝❦ ♦❢ t❤❡ ♦r❞❡r❡❞ ♣❛✐rs ❜② ✉s✐♥❣ ❛ t❛❜❧❡✳

y − 2x = −3

■❢ x = ❚❤❡♥ y = ❖r❞❡r❡❞ P❛✐rs

−1 −5 (−1, − 5)

✵ −3 (0, − 3)

✶ −1 (1, − 1)

✷ ✶ (2, 1)

✸ ✸ (3, 3)

✹ ✺ (4, 5)

✹❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✾✺✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❚❛❜❧❡ ✼✳✼

❲❡ ❤❛✈❡ ♣❧♦tt❡❞ ♦♥❧② s✐① s♦❧✉t✐♦♥s t♦ t❤❡ ❡q✉❛t✐♦♥ y − 2x = −3✳ ❚❤❡r❡ ❛r❡✱ ❛s ✇❡ ❦♥♦✇✱ ✐♥✜♥✐t❡❧② ♠❛♥②
s♦❧✉t✐♦♥s✳ ❇② ♦❜s❡r✈✐♥❣ t❤❡ s✐① ♣♦✐♥ts ✇❡ ❤❛✈❡ ♣❧♦tt❡❞✱ ✇❡ ❝❛♥ s♣❡❝✉❧❛t❡ ❛s t♦ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ ❛❧❧ t❤❡ ♦t❤❡r
♣♦✐♥ts✳ ❚❤❡ s✐① ♣♦✐♥ts ✇❡ ♣❧♦tt❡❞ s❡❡♠ t♦ ❧✐❡ ♦♥ ❛ str❛✐❣❤t ❧✐♥❡✳ ❚❤✐s ✇♦✉❧❞ ❧❡❛❞ ✉s t♦ ❜❡❧✐❡✈❡ t❤❛t ❛❧❧
t❤❡ ♦t❤❡r ♣♦✐♥ts ✭s♦❧✉t✐♦♥s✮ ❛❧s♦ ❧✐❡ ♦♥ t❤❛t s❛♠❡ ❧✐♥❡✳ ■♥❞❡❡❞✱ t❤✐s ✐s tr✉❡✳ ■♥ ❢❛❝t✱ t❤✐s ✐s ♣r❡❝✐s❡❧② ✇❤②
✜rst✲❞❡❣r❡❡ ❡q✉❛t✐♦♥s ❛r❡ ❝❛❧❧❡❞ ❧✐♥❡❛r ❡q✉❛t✐♦♥s✳
▲✐♥❡❛r ❊q✉❛t✐♦♥s Pr♦❞✉❝❡ ❙tr❛✐❣❤t ▲✐♥❡s

▲✐♥❡

l
▲✐♥❡❛r

✼✳✹✳✸ ●❡♥❡r❛❧ ❋♦r♠ ♦❢ ❛ ▲✐♥❡❛r ❊q✉❛t✐♦♥

●❡♥❡r❛❧ ❋♦r♠ ♦❢ ❛ ▲✐♥❡❛r ❊q✉❛t✐♦♥ ✐♥ ❚✇♦ ❱❛r✐❛❜❧❡s
❚❤❡r❡ ✐s ❛ st❛♥❞❛r❞ ❢♦r♠ ✐♥ ✇❤✐❝❤ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ❛r❡ ✇r✐tt❡♥✳ ❙✉♣♣♦s❡ t❤❛t a✱ b✱ ❛♥❞ c
❛r❡ ❛♥② r❡❛❧ ♥✉♠❜❡rs ❛♥❞ t❤❛t a ❛♥❞ b ❝❛♥♥♦t ❜♦t❤ ❜❡ ③❡r♦ ❛t t❤❡ s❛♠❡ t✐♠❡✳ ❚❤❡♥✱ t❤❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✐♥
t✇♦ ✈❛r✐❛❜❧❡s

ax + by = c
✐s s❛✐❞ t♦ ❜❡ ✐♥ ❣❡♥❡r❛❧ ❢♦r♠✳
❲❡ ♠✉st st✐♣✉❧❛t❡ t❤❛t a ❛♥❞ b ❝❛♥♥♦t ❜♦t❤ ❡q✉❛❧ ③❡r♦ ❛t t❤❡ s❛♠❡ t✐♠❡✱ ❢♦r ✐❢ t❤❡② ✇❡r❡ ✇❡ ✇♦✉❧❞ ❤❛✈❡
0x + 0y = c
0 = c
❚❤✐s st❛t❡♠❡♥t ✐s tr✉❡ ♦♥❧② ✐❢ c = 0✳ ■❢ c ✇❡r❡ t♦ ❜❡ ❛♥② ♦t❤❡r ♥✉♠❜❡r✱ ✇❡ ✇♦✉❧❞ ❣❡t ❛ ❢❛❧s❡ st❛t❡♠❡♥t✳
◆♦✇✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿
❚❤❡ ❣r❛♣❤✐♥❣ ♦❢ ❛❧❧ ♦r❞❡r❡❞ ♣❛✐rs t❤❛t s♦❧✈❡ ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ♣r♦❞✉❝❡s ❛ str❛✐❣❤t ❧✐♥❡✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❚❤✐s ✐♠♣❧✐❡s✱
❚❤❡ ❣r❛♣❤ ♦❢ ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ✐s ❛ str❛✐❣❤t ❧✐♥❡✳
❋r♦♠ t❤❡s❡ st❛t❡♠❡♥ts ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡✱
■❢ ❛♥ ♦r❞❡r❡❞ ♣❛✐r ✐s ❛ s♦❧✉t✐♦♥ t♦ ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ✐♥ t✇♦ ✈❛r✐❛❜❧❡s✱ t❤❡♥ ✐t ❧✐❡s ♦♥ t❤❡ ❣r❛♣❤ ♦❢ t❤❡

❡q✉❛t✐♦♥✳
❆❧s♦✱
❆♥② ♣♦✐♥t ✭♦r❞❡r❡❞ ♣❛✐rs✮ t❤❛t ❧✐❡s ♦♥ t❤❡ ❣r❛♣❤ ♦❢ ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ✐s ❛ s♦❧✉t✐♦♥ t♦ t❤❛t

❡q✉❛t✐♦♥✳

✼✳✹✳✹ ❚❤❡ ■♥t❡r❝❡♣t ▼❡t❤♦❞ ♦❢ ●r❛♣❤✐♥❣

❲❤❡♥ ✇❡ ✇❛♥t t♦ ❣r❛♣❤ ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥✱ ✐t ✐s ❝❡rt❛✐♥❧② ✐♠♣r❛❝t✐❝❛❧ t♦ ❣r❛♣❤ ✐♥✜♥✐t❡❧② ♠❛♥② ♣♦✐♥ts✳ ❙✐♥❝❡
❛ str❛✐❣❤t ❧✐♥❡ ✐s ❞❡t❡r♠✐♥❡❞ ❜② ♦♥❧② t✇♦ ♣♦✐♥ts✱ ✇❡ ♥❡❡❞ ♦♥❧② ✜♥❞ t✇♦ s♦❧✉t✐♦♥s t♦ t❤❡ ❡q✉❛t✐♦♥ ✭❛❧t❤♦✉❣❤
❛ t❤✐r❞ ♣♦✐♥t ✐s ❤❡❧♣❢✉❧ ❛s ❛ ❝❤❡❝❦✮✳
■♥t❡r❝❡♣ts
❲❤❡♥ ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ✐s ❣✐✈❡♥ ✐♥ ❣❡♥❡r❛❧ ❢r♦♠✱ ax + by = c✱ ♦❢t❡♥ t❤❡ t✇♦ ♠♦st ❝♦♥✈❡♥✐❡♥t
♣♦✐♥ts ✭s♦❧✉t✐♦♥s✮ t♦ ✜♥❡ ❛r❡ ❝❛❧❧❡❞ t❤❡ ■♥t❡r❝❡♣ts✿ t❤❡s❡ ❛r❡ t❤❡ ♣♦✐♥ts ❛t ✇❤✐❝❤ t❤❡ ❧✐♥❡ ✐♥t❡r❝❡♣ts t❤❡
❝♦♦r❞✐♥❛t❡ ❛①❡s✳ ❖❢ ❝♦✉rs❡✱ ❛ ❤♦r✐③♦♥t❛❧ ♦r ✈❡rt✐❝❛❧ ❧✐♥❡ ✐♥t❡r❝❡♣ts ♦♥❧② ♦♥❡ ❛①✐s✱ s♦ t❤✐s ♠❡t❤♦❞ ❞♦❡s ♥♦t
❛♣♣❧②✳ ❍♦r✐③♦♥t❛❧ ❛♥❞ ✈❡rt✐❝❛❧ ❧✐♥❡s ❛r❡ ❡❛s✐❧② r❡❝♦❣♥✐③❡❞ ❛s t❤❡② ❝♦♥t❛✐♥ ♦♥❧② ♦♥❡ ✈❛r✐❛❜❧❡✳ ✭❙❡❡ ❙❛♠♣❧❡ ❙❡t
❈✳✮

y✲■♥t❡r❝❡♣t
❚❤❡ ♣♦✐♥t ❛t ✇❤✐❝❤ t❤❡ ❧✐♥❡ ❝r♦ss❡s t❤❡ y✲❛①✐s ✐s ❝❛❧❧❡❞ t❤❡ y✲✐♥t❡r❝❡♣t✳ ❚❤❡ x✲✈❛❧✉❡ ❛t t❤✐s ♣♦✐♥t ✐s ③❡r♦
✭s✐♥❝❡ t❤❡ ♣♦✐♥t ✐s ♥❡✐t❤❡r t♦ t❤❡ ❧❡❢t ♥♦r r✐❣❤t ♦❢ t❤❡ ♦r✐❣✐♥✮✳
x✲■♥t❡r❝❡♣t
❚❤❡ ♣♦✐♥t ❛t ✇❤✐❝❤ t❤❡ ❧✐♥❡ ❝r♦ss❡s t❤❡ x✲❛①✐s ✐s ❝❛❧❧❡❞ t❤❡ x✲✐♥t❡r❝❡♣t ❛♥❞ t❤❡ y✲✈❛❧✉❡ ❛t t❤❛t ♣♦✐♥t ✐s ③❡r♦✳
❚❤❡ y✲✐♥t❡r❝❡♣t ❝❛♥ ❜❡ ❢♦✉♥❞ ❜② s✉❜st✐t✉t✐♥❣ t❤❡ ✈❛❧✉❡ ✵ ❢♦r x ✐♥t♦ t❤❡ ❡q✉❛t✐♦♥ ❛♥❞ s♦❧✈✐♥❣ ❢♦r y✳ ❚❤❡
x✲✐♥t❡r❝❡♣t ❝❛♥ ❜❡ ❢♦✉♥❞ ❜② s✉❜st✐t✉t✐♥❣ t❤❡ ✈❛❧✉❡ ✵ ❢♦r y ✐♥t♦ t❤❡ ❡q✉❛t✐♦♥ ❛♥❞ s♦❧✈✐♥❣ ❢♦r x✳
■♥t❡r❝❡♣t ▼❡t❤♦❞
❙✐♥❝❡ ✇❡ ❛r❡ ❣r❛♣❤✐♥❣ ❛♥ ❡q✉❛t✐♦♥ ❜② ✜♥❞✐♥❣ t❤❡ ✐♥t❡r❝❡♣ts✱ ✇❡ ❝❛❧❧ t❤✐s ♠❡t❤♦❞ t❤❡ ✐♥t❡r❝❡♣t ♠❡t❤♦❞

✼✳✹✳✺ ❙❛♠♣❧❡ ❙❡t ❆

●r❛♣❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s ✉s✐♥❣ t❤❡ ✐♥t❡r❝❡♣t ♠❡t❤♦❞✳

❊①❛♠♣❧❡ ✼✳✽
y − 2x = −3

❚♦ ✜♥❞ t❤❡ y✲✐♥t❡r❝❡♣t✱ ❧❡t x = 0 ❛♥❞ y = b✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✺✶

b − 2 (0) = −3

b − 0 = −3

b = −3

❚❤✉s✱ ✇❡ ❤❛✈❡ t❤❡ ♣♦✐♥t (0, − 3)✳ ❙♦✱ ✐❢ x = 0✱ y = b = −3✳
❚♦ ✜♥❞ t❤❡ x✲✐♥t❡r❝❡♣t✱ ❧❡t y = 0 ❛♥❞ x = a✳

0 − 2a = −3

−2a = −3 ❉✐✈✐❞❡ ❜② ✲✷✳

a = −3
−2

a = 3
2

❚❤✉s✱ ✇❡ ❤❛✈❡ t❤❡ ♣♦✐♥t
(

3
2 , 0

)
✳ ❙♦✱ ✐❢ x = a = 3

2 ✱ y = 0✳
❈♦♥str✉❝t ❛ ❝♦♦r❞✐♥❛t❡ s②st❡♠✱ ♣❧♦t t❤❡s❡ t✇♦ ♣♦✐♥ts✱ ❛♥❞ ❞r❛✇ ❛ ❧✐♥❡ t❤r♦✉❣❤ t❤❡♠✳ ❑❡❡♣ ✐♥

♠✐♥❞ t❤❛t ❡✈❡r② ♣♦✐♥t ♦♥ t❤✐s ❧✐♥❡ ✐s ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ❡q✉❛t✐♦♥ y − 2x = −3✳

❊①❛♠♣❧❡ ✼✳✾
−2x + 3y = 3

❚♦ ✜♥❞ t❤❡ y✲✐♥t❡r❝❡♣t✱ ❧❡t x = 0 ❛♥❞ y = b✳

−2 (0) + 3b = 3

0 + 3b = 3

3b = 3

b = 1

❚❤✉s✱ ✇❡ ❤❛✈❡ t❤❡ ♣♦✐♥t (0, 1)✳ ❙♦✱ ✐❢ x = 0✱ y = b = 1✳
❚♦ ✜♥❞ t❤❡ x✲✐♥t❡r❝❡♣t✱ ❧❡t y = 0 ❛♥❞ x = a✳

−2a + 3 (0) = 3

−2a + 0 = 3

−2a = 3

a = 3
−2

a = − 3
2

❚❤✉s✱ ✇❡ ❤❛✈❡ t❤❡ ♣♦✐♥t
(
− 3

2 , 0
)
✳ ❙♦✱ ✐❢ x = a = − 3

2 ✱ y = 0✳
❈♦♥str✉❝t ❛ ❝♦♦r❞✐♥❛t❡ s②st❡♠✱ ♣❧♦t t❤❡s❡ t✇♦ ♣♦✐♥ts✱ ❛♥❞ ❞r❛✇ ❛ ❧✐♥❡ t❤r♦✉❣❤ t❤❡♠✳ ❑❡❡♣ ✐♥

♠✐♥❞ t❤❛t ❛❧❧ t❤❡ s♦❧✉t✐♦♥s t♦ t❤❡ ❡q✉❛t✐♦♥ −2x + 3y = 3 ❛r❡ ♣r❡❝✐s❡❧② ♦♥ t❤✐s ❧✐♥❡✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❊①❛♠♣❧❡ ✼✳✶✵
4x + y = 5

❚♦ ✜♥❞ t❤❡ y✲✐♥t❡r❝❡♣t✱ ❧❡t x = 0 ❛♥❞ y = b✳

4 (0) + b = 5

0 + b = 5

b = 5

❚❤✉s✱ ✇❡ ❤❛✈❡ t❤❡ ♣♦✐♥t (0, 5)✳ ❙♦✱ ✐❢ x = 0✱ y = b = 5✳
❚♦ ✜♥❞ t❤❡ x✲✐♥t❡r❝❡♣t✱ ❧❡t y = 0 ❛♥❞ x = a✳

4a + 0 = 5

4a = 5

a = 5
4

❚❤✉s✱ ✇❡ ❤❛✈❡ t❤❡ ♣♦✐♥t
(

5
4 , 0

)
✳ ❙♦✱ ✐❢ x = a = 5

4 ✱ y = 0✳
❈♦♥str✉❝t ❛ ❝♦♦r❞✐♥❛t❡ s②st❡♠✱ ♣❧♦t t❤❡s❡ t✇♦ ♣♦✐♥ts✱ ❛♥❞ ❞r❛✇ ❛ ❧✐♥❡ t❤r♦✉❣❤ t❤❡♠✳

✼✳✹✳✻ Pr❛❝t✐❝❡ ❙❡t ❆

❊①❡r❝✐s❡ ✼✳✹✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✸✽✳✮

●r❛♣❤ 3x + y = 3 ✉s✐♥❣ t❤❡ ✐♥t❡r❝❡♣t ♠❡t❤♦❞✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✺✸

✼✳✹✳✼ ●r❛♣❤✐♥❣ ❯s✐♥❣ ❛♥② ❚✇♦ ♦r ▼♦r❡ P♦✐♥ts

❚❤❡ ❣r❛♣❤s ✇❡ ❤❛✈❡ ❝♦♥str✉❝t❡❞ s♦ ❢❛r ❤❛✈❡ ❜❡❡♥ ❞♦♥❡ ❜② ✜♥❞✐♥❣ t✇♦ ♣❛rt✐❝✉❧❛r ♣♦✐♥ts✱ t❤❡ ✐♥t❡r❝❡♣ts✳
❆❝t✉❛❧❧②✱ ❛♥② t✇♦ ♣♦✐♥ts ✇✐❧❧ ❞♦✳ ❲❡ ❝❤♦s❡ t♦ ✉s❡ t❤❡ ✐♥t❡r❝❡♣ts ❜❡❝❛✉s❡ t❤❡② ❛r❡ ✉s✉❛❧❧② t❤❡ ❡❛s✐❡st t♦ ✇♦r❦
✇✐t❤✳ ■♥ t❤❡ ♥❡①t ❡①❛♠♣❧❡✱ ✇❡ ✇✐❧❧ ❣r❛♣❤ t✇♦ ❡q✉❛t✐♦♥s ✉s✐♥❣ ♣♦✐♥ts ♦t❤❡r t❤❛♥ t❤❡ ✐♥t❡r❝❡♣ts✳ ❲❡✬❧❧ ✉s❡
t❤r❡❡ ♣♦✐♥ts✱ t❤❡ ❡①tr❛ ♣♦✐♥t s❡r✈✐♥❣ ❛s ❛ ❝❤❡❝❦✳

✼✳✹✳✽ ❙❛♠♣❧❡ ❙❡t ❇

❊①❛♠♣❧❡ ✼✳✶✶
x − 3y = −10✳
❲❡ ❝❛♥ ✜♥❞ t❤r❡❡ ♣♦✐♥ts ❜② ❝❤♦♦s✐♥❣ t❤r❡❡ x✲✈❛❧✉❡s ❛♥❞ ❝♦♠♣✉t✐♥❣ t♦ ✜♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
y✲✈❛❧✉❡s✳ ❲❡✬❧❧ ♣✉t ♦✉r r❡s✉❧ts ✐♥ ❛ t❛❜❧❡ ❢♦r ❡❛s❡ ♦❢ r❡❛❞✐♥❣✳

❙✐♥❝❡ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❝❤♦♦s❡ x✲✈❛❧✉❡s ❛♥❞ t❤❡♥ ❝♦♠♣✉t❡ t♦ ✜♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ y✲✈❛❧✉❡s✱ ✐t
✇✐❧❧ ❜❡ t♦ ♦✉r ❛❞✈❛♥t❛❣❡ t♦ s♦❧✈❡ t❤❡ ❣✐✈❡♥ ❡q✉❛t✐♦♥ ❢♦r y✳

x − 3y = −10 ❙✉❜tr❛❝t x ❢r♦♠ ❜♦t❤ s✐❞❡s✳

−3y = −x − 10 ❉✐✈✐❞❡ ❜♦t❤ s✐❞❡s ❜② − 3.

y = 1
3x + 10

3

x y (x, y)

✶ ■❢ x = 1✱ t❤❡♥ y = 1
3 (1) + 10

3 = 1
3 + 10

3 = 11
3

(
1, 11

3

)

−3 ■❢ x = −3✱ t❤❡♥ y = 1
3 (−3) + 10

3 = −1 + 10
3 = 7

3

(
−3, 7

3

)

✸ ■❢ x = 3✱ t❤❡♥ y = 1
3 (3) + 10

3 = 1 + 10
3 = 13

3

(
3, 13

3

)

❚❛❜❧❡ ✼✳✽

❚❤✉s✱ ✇❡ ❤❛✈❡ t❤❡ t❤r❡❡ ♦r❞❡r❡❞ ♣❛✐rs ✭♣♦✐♥ts✮✱
(
1, 11

3

)
✱

(
−3, 7

3

)
✱

(
3, 13

3

)
✳ ■❢ ✇❡ ✇✐s❤✱ ✇❡ ❝❛♥

❝❤❛♥❣❡ t❤❡ ✐♠♣r♦♣❡r ❢r❛❝t✐♦♥s t♦ ♠✐①❡❞ ♥✉♠❜❡rs✱
(
1, 3 2

3

)
✱
(
−3, 2 1

3

)
✱
(
3, 4 1

3

)
✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❛♠♣❧❡ ✼✳✶✷
4x + 4y = 0

❲❡ s♦❧✈❡ ❢♦r y✳

4y = −4x

y = −x

x y (x, y)

✵ ✵ (0, 0)

✷ −2 (2, − 2)

−3 ✸ (−3, 3)

❚❛❜❧❡ ✼✳✾

◆♦t✐❝❡ t❤❛t t❤❡ x− ❛♥❞ y✲✐♥t❡r❝❡♣ts ❛r❡ t❤❡ s❛♠❡ ♣♦✐♥t✳ ❚❤✉s t❤❡ ✐♥t❡r❝❡♣t ♠❡t❤♦❞ ❞♦❡s ♥♦t
♣r♦✈✐❞❡ ❡♥♦✉❣❤ ✐♥❢♦r♠❛t✐♦♥ t♦ ❝♦♥str✉❝t t❤✐s ❣r❛♣❤✳

❲❤❡♥ ❛♥ ❡q✉❛t✐♦♥ ✐s ❣✐✈❡♥ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❢♦r♠ ax + by = c✱ ✉s✉❛❧❧② t❤❡ ♠♦st ❡✣❝✐❡♥t ❛♣♣r♦❛❝❤
t♦ ❝♦♥str✉❝t✐♥❣ t❤❡ ❣r❛♣❤ ✐s t♦ ✉s❡ t❤❡ ✐♥t❡r❝❡♣t ♠❡t❤♦❞✱ ✇❤❡♥ ✐t ✇♦r❦s✳

✼✳✹✳✾ Pr❛❝t✐❝❡ ❙❡t ❇

●r❛♣❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✺✺

❊①❡r❝✐s❡ ✼✳✹✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✸✾✳✮

x − 5y = 5

❊①❡r❝✐s❡ ✼✳✹✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✸✾✳✮

x + 2y = 6

❊①❡r❝✐s❡ ✼✳✹✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✸✾✳✮

2x + y = 1

✼✳✹✳✶✵ ❙❧❛♥t❡❞✱ ❍♦r✐③♦♥t❛❧✱ ❛♥❞ ❱❡rt✐❝❛❧ ▲✐♥❡s

■♥ ❛❧❧ t❤❡ ❣r❛♣❤s ✇❡ ❤❛✈❡ ♦❜s❡r✈❡❞ s♦ ❢❛r✱ t❤❡ ❧✐♥❡s ❤❛✈❡ ❜❡❡♥ s❧❛♥t❡❞✳ ❚❤✐s ✇✐❧❧ ❛❧✇❛②s ❜❡ t❤❡ ❝❛s❡ ✇❤❡♥
❜♦t❤ ✈❛r✐❛❜❧❡s ❛♣♣❡❛r ✐♥ t❤❡ ❡q✉❛t✐♦♥✳ ■❢ ♦♥❧② ♦♥❡ ✈❛r✐❛❜❧❡ ❛♣♣❡❛rs ✐♥ t❤❡ ❡q✉❛t✐♦♥✱ t❤❡♥ t❤❡ ❧✐♥❡ ✇✐❧❧ ❜❡
❡✐t❤❡r ✈❡rt✐❝❛❧ ♦r ❤♦r✐③♦♥t❛❧✳ ❚♦ s❡❡ ✇❤②✱ ❧❡t✬s ❝♦♥s✐❞❡r ❛ s♣❡❝✐✜❝ ❝❛s❡✿

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❯s✐♥❣ t❤❡ ❣❡♥❡r❛❧ ❢♦r♠ ♦❢ ❛ ❧✐♥❡✱ ax + by = c✱ ✇❡ ❝❛♥ ♣r♦❞✉❝❡ ❛♥ ❡q✉❛t✐♦♥ ✇✐t❤ ❡①❛❝t❧② ♦♥❡ ✈❛r✐❛❜❧❡ ❜②
❝❤♦♦s✐♥❣ a = 0✱ b = 5✱ ❛♥❞ c = 15✳ ❚❤❡ ❡q✉❛t✐♦♥ ax + by = c t❤❡♥ ❜❡❝♦♠❡s

0x + 5y = 15
❙✐♥❝❡ 0 · (❛♥② ♥✉♠❜❡r) = 0✱ t❤❡ t❡r♠ 0x ✐s 0 ❢♦r ❛♥② ♥✉♠❜❡r t❤❛t ✐s ❝❤♦s❡♥ ❢♦r x✳
❚❤✉s✱
0x + 5y = 15
❜❡❝♦♠❡s
0 + 5y = 15
❇✉t✱ 0 ✐s t❤❡ ❛❞❞✐t✐✈❡ ✐❞❡♥t✐t② ❛♥❞ 0 + 5y = 5y✳
5y = 15
❚❤❡♥✱ s♦❧✈✐♥❣ ❢♦r y ✇❡ ❣❡t
y = 3
❚❤✐s ✐s ❛♥ ❡q✉❛t✐♦♥ ✐♥ ✇❤✐❝❤ ❡①❛❝t❧② ♦♥❡ ✈❛r✐❛❜❧❡ ❛♣♣❡❛rs✳
❚❤✐s ♠❡❛♥s t❤❛t r❡❣❛r❞❧❡ss ♦❢ ✇❤✐❝❤ ♥✉♠❜❡r ✇❡ ❝❤♦♦s❡ ❢♦r x✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ y✲✈❛❧✉❡ ✐s ✸✳ ❙✐♥❝❡ t❤❡

y✲✈❛❧✉❡ ✐s ❛❧✇❛②s t❤❡ s❛♠❡ ❛s ✇❡ ♠♦✈❡ ❢r♦♠ ❧❡❢t✲t♦✲r✐❣❤t t❤r♦✉❣❤ t❤❡ x✲✈❛❧✉❡s✱ t❤❡ ❤❡✐❣❤t ♦❢ t❤❡ ❧✐♥❡ ❛❜♦✈❡
t❤❡ x✲❛①✐s ✐s ❛❧✇❛②s t❤❡ s❛♠❡ ✭✐♥ t❤✐s ❝❛s❡✱ ✸ ✉♥✐ts✮✳ ❚❤✐s t②♣❡ ♦❢ ❧✐♥❡ ♠✉st ❜❡ ❤♦r✐③♦♥t❛❧✳

❆♥ ❛r❣✉♠❡♥t s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ❛❜♦✈❡ ✇✐❧❧ s❤♦✇ t❤❛t ✐❢ t❤❡ ♦♥❧② ✈❛r✐❛❜❧❡ t❤❛t ❛♣♣❡❛rs ✐s x✱ ✇❡ ❝❛♥ ❡①♣❡❝t
t♦ ❣❡t ❛ ✈❡rt✐❝❛❧ ❧✐♥❡✳

✼✳✹✳✶✶ ❙❛♠♣❧❡ ❙❡t ❈

❊①❛♠♣❧❡ ✼✳✶✸
●r❛♣❤ y = 4✳
❚❤❡ ♦♥❧② ✈❛r✐❛❜❧❡ ❛♣♣❡❛r✐♥❣ ✐s y✳ ❘❡❣❛r❞❧❡ss ♦❢ ✇❤✐❝❤ x✲✈❛❧✉❡ ✇❡ ❝❤♦♦s❡✱ t❤❡ y✲✈❛❧✉❡ ✐s ❛❧✇❛②s ✹✳
❆❧❧ ♣♦✐♥ts ✇✐t❤ ❛ y✲✈❛❧✉❡ ♦❢ ✹ s❛t✐s❢② t❤❡ ❡q✉❛t✐♦♥✳ ❚❤✉s ✇❡ ❣❡t ❛ ❤♦r✐③♦♥t❛❧ ❧✐♥❡ ✹ ✉♥✐t ❛❜♦✈❡ t❤❡
x✲❛①✐s✳

x y (x, y)

−3 ✹ (−3, 4)

−2 ✹ (−2, 4)

−1 ✹ (−1, 4)

✵ ✹ (0, 4)

✶ ✹ (1, 4)

✷ ✹ (2, 4)

✸ ✹ (3, 4)

✹ ✹ (4, 4)

❚❛❜❧❡ ✼✳✶✵

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✺✼

❊①❛♠♣❧❡ ✼✳✶✹
●r❛♣❤ x = −2✳
❚❤❡ ♦♥❧② ✈❛r✐❛❜❧❡ t❤❛t ❛♣♣❡❛rs ✐s x✳ ❘❡❣❛r❞❧❡ss ♦❢ ✇❤✐❝❤ y✲✈❛❧✉❡ ✇❡ ❝❤♦♦s❡✱ t❤❡ x✲✈❛❧✉❡ ✇✐❧❧ ❛❧✇❛②s
❜❡ −2✳ ❚❤✉s✱ ✇❡ ❣❡t ❛ ✈❡rt✐❝❛❧ ❧✐♥❡ t✇♦ ✉♥✐ts t♦ t❤❡ ❧❡❢t ♦❢ t❤❡ y✲❛①✐s✳

x y (x, y)

−2 −4 (−2, − 4)

−2 −3 (−2, − 3)

−2 −2 (−2, − 2)

−2 −1 (−2, − 1)

−2 ✵ (−2, 0)

−2 ✶ (−2, 1)

−2 ✷ (−2, 0)

−2 ✸ (−2, 3)

−2 ✹ (−2, 4)

❚❛❜❧❡ ✼✳✶✶

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

✼✳✹✳✶✷ Pr❛❝t✐❝❡ ❙❡t ❈

❊①❡r❝✐s❡ ✼✳✹✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✸✾✳✮

●r❛♣❤ y = 2✳

❊①❡r❝✐s❡ ✼✳✹✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✵✳✮

●r❛♣❤ x = −4✳

❙✉♠♠❛r✐③✐♥❣ ♦✉r r❡s✉❧ts ✇❡ ❝❛♥ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥s✿

✶✳ ❲❤❡♥ ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ✐s ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠ ax + by = c✱ ✇❡ s❛② ✐t ✐s ✇r✐tt❡♥ ✐♥
❣❡♥❡r❛❧ ❢♦r♠✳

✷✳ ❚♦ ❣r❛♣❤ ❛♥ ❡q✉❛t✐♦♥ ✐♥ ❣❡♥❡r❛❧ ❢♦r♠ ✐t ✐s s♦♠❡t✐♠❡s ❝♦♥✈❡♥✐❡♥t t♦ ✉s❡ t❤❡ ✐♥t❡r❝❡♣t ♠❡t❤♦❞✳
✸✳ ❆ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✐♥ ✇❤✐❝❤ ❜♦t❤ ✈❛r✐❛❜❧❡s ❛♣♣❡❛r ✇✐❧❧ ❣r❛♣❤ ❛s ❛ s❧❛♥t❡❞ ❧✐♥❡✳
✹✳ ❆ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✐♥ ✇❤✐❝❤ ♦♥❧② ♦♥❡ ✈❛r✐❛❜❧❡ ❛♣♣❡❛rs ✇✐❧❧ ❣r❛♣❤ ❛s ❡✐t❤❡r ❛ ✈❡rt✐❝❛❧ ♦r ❤♦r✐③♦♥t❛❧ ❧✐♥❡✳

x = a ❣r❛♣❤s ❛s ❛ ✈❡rt✐❝❛❧ ❧✐♥❡ ♣❛ss✐♥❣ t❤r♦✉❣❤ a ♦♥ t❤❡ x✲❛①✐s✳
y = b ❣r❛♣❤s ❛s ❛ ❤♦r✐③♦♥t❛❧ ❧✐♥❡ ♣❛ss✐♥❣ t❤r♦✉❣❤ b ♦♥ t❤❡ y✲❛①✐s✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✺✾

✼✳✹✳✶✸ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❣r❛♣❤ t❤❡ ❡q✉❛t✐♦♥s✳

❊①❡r❝✐s❡ ✼✳✹✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✵✳✮

−3x + y = −1

❊①❡r❝✐s❡ ✼✳✹✳✽
3x − 2y = 6

❊①❡r❝✐s❡ ✼✳✹✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✵✳✮

−2x + y = 4

❊①❡r❝✐s❡ ✼✳✹✳✶✵
x − 3y = 5

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✻✵
❈❍❆P❚❊❘ ✼✳ ●❘❆P❍■◆● ▲■◆❊❆❘ ❊◗❯❆❚■❖◆❙ ❆◆❉ ■◆❊◗❯❆▲■❚■❊❙ ■◆

❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❊①❡r❝✐s❡ ✼✳✹✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✶✳✮

2x − 3y = 6

❊①❡r❝✐s❡ ✼✳✹✳✶✷
2x + 5y = 10

❊①❡r❝✐s❡ ✼✳✹✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✶✳✮

3 (x − y) = 9

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✻✶

❊①❡r❝✐s❡ ✼✳✹✳✶✹
−2x + 3y = −12

❊①❡r❝✐s❡ ✼✳✹✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✶✳✮

y + x = 1

❊①❡r❝✐s❡ ✼✳✹✳✶✻
4y − x − 12 = 0

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✻✷
❈❍❆P❚❊❘ ✼✳ ●❘❆P❍■◆● ▲■◆❊❆❘ ❊◗❯❆❚■❖◆❙ ❆◆❉ ■◆❊◗❯❆▲■❚■❊❙ ■◆

❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❊①❡r❝✐s❡ ✼✳✹✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✷✳✮

2x − y + 4 = 0

❊①❡r❝✐s❡ ✼✳✹✳✶✽
−2x + 5y = 0

❊①❡r❝✐s❡ ✼✳✹✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✷✳✮

y − 5x + 4 = 0

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✻✸

❊①❡r❝✐s❡ ✼✳✹✳✷✵
0x + y = 3

❊①❡r❝✐s❡ ✼✳✹✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✷✳✮

0x + 2y = 2

❊①❡r❝✐s❡ ✼✳✹✳✷✷
0x + 1

4y = 1

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✻✹
❈❍❆P❚❊❘ ✼✳ ●❘❆P❍■◆● ▲■◆❊❆❘ ❊◗❯❆❚■❖◆❙ ❆◆❉ ■◆❊◗❯❆▲■❚■❊❙ ■◆

❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❊①❡r❝✐s❡ ✼✳✹✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✸✳✮

4x + 0y = 16

❊①❡r❝✐s❡ ✼✳✹✳✷✹
1
2x + 0y = −1

❊①❡r❝✐s❡ ✼✳✹✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✸✳✮
2
3x + 0y = 1

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✻✺

❊①❡r❝✐s❡ ✼✳✹✳✷✻
y = 3

❊①❡r❝✐s❡ ✼✳✹✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✸✳✮

y = −2

❊①❡r❝✐s❡ ✼✳✹✳✷✽
−4y = 20

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✻✻
❈❍❆P❚❊❘ ✼✳ ●❘❆P❍■◆● ▲■◆❊❆❘ ❊◗❯❆❚■❖◆❙ ❆◆❉ ■◆❊◗❯❆▲■❚■❊❙ ■◆

❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❊①❡r❝✐s❡ ✼✳✹✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✹✳✮

x = −4

❊①❡r❝✐s❡ ✼✳✹✳✸✵
−3x = −9

❊①❡r❝✐s❡ ✼✳✹✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✹✳✮

−x + 4 = 0

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✻✼

❊①❡r❝✐s❡ ✼✳✹✳✸✷
❈♦♥str✉❝t t❤❡ ❣r❛♣❤ ♦❢ ❛❧❧ t❤❡ ♣♦✐♥ts t❤❛t ❤❛✈❡ ❝♦♦r❞✐♥❛t❡s (a, a)✱ t❤❛t ✐s✱ ❢♦r ❡❛❝❤ ♣♦✐♥t✱ t❤❡ x−
❛♥❞ y✲✈❛❧✉❡s ❛r❡ t❤❡ s❛♠❡✳

✼✳✹✳✶✸✳✶ ❈❛❧❝✉❧❛t♦r Pr♦❜❧❡♠s

❊①❡r❝✐s❡ ✼✳✹✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✹✳✮

2.53x + 4.77y = 8.45

❊①❡r❝✐s❡ ✼✳✹✳✸✹
1.96x + 2.05y = 6.55

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✻✽
❈❍❆P❚❊❘ ✼✳ ●❘❆P❍■◆● ▲■◆❊❆❘ ❊◗❯❆❚■❖◆❙ ❆◆❉ ■◆❊◗❯❆▲■❚■❊❙ ■◆

❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❊①❡r❝✐s❡ ✼✳✹✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✺✳✮

4.1x − 6.6y = 15.5

❊①❡r❝✐s❡ ✼✳✹✳✸✻
626.01x − 506.73y = 2443.50

✼✳✹✳✶✹ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✼✳✹✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✺✳✮

✭❙❡❝t✐♦♥ ✷✳✸✮ ◆❛♠❡ t❤❡ ♣r♦♣❡rt② ♦❢ r❡❛❧ ♥✉♠❜❡rs t❤❛t ♠❛❦❡s 4 + x = x + 4 ❛ tr✉❡ st❛t❡♠❡♥t✳

❊①❡r❝✐s❡ ✼✳✹✳✸✽
✭❙❡❝t✐♦♥ ✸✳✸✮ ❙✉♣♣❧② t❤❡ ♠✐ss✐♥❣ ✇♦r❞✳ ❚❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ ❛ ♥✉♠❜❡r a✱ ❞❡♥♦t❡❞ |a|✱ ✐s t❤❡
❢r♦♠ a t♦ 0 ♦♥ t❤❡ ♥✉♠❜❡r ❧✐♥❡✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✻✾

❊①❡r❝✐s❡ ✼✳✹✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✺✳✮

✭❙❡❝t✐♦♥ ✹✳✻✮ ❋✐♥❞ t❤❡ ♣r♦❞✉❝t (3x + 2) (x − 7)✳

❊①❡r❝✐s❡ ✼✳✹✳✹✵
✭❙❡❝t✐♦♥ ✺✳✹✮ ❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥ 3 [3 (x − 2) + 4x] − 24 = 0✳

❊①❡r❝✐s❡ ✼✳✹✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✺✳✮

✭❙❡❝t✐♦♥ ✼✳✸✮ ❙✉♣♣❧② t❤❡ ♠✐ss✐♥❣ ✇♦r❞✳ ❚❤❡ ❝♦♦r❞✐♥❛t❡ ❛①❡s ❞✐✈✐❞❡ t❤❡ ♣❧❛♥❡ ✐♥t♦ ❢♦✉r ❡q✉❛❧
r❡❣✐♦♥s ❝❛❧❧❡❞ ✳

✼✳✺ ❚❤❡ ❙❧♦♣❡✲■♥t❡r❝❡♣t ❋♦r♠ ♦❢ ❛ ▲✐♥❡✺

✼✳✺✳✶ ❖✈❡r✈✐❡✇

• ❚❤❡ ●❡♥❡r❛❧ ❋♦r♠ ♦❢ ❛ ▲✐♥❡
• ❚❤❡ ❙❧♦♣❡✲■♥t❡r❝❡♣t ❋♦r♠ ♦❢ ❛ ▲✐♥❡
• ❙❧♦♣❡ ❛♥❞ ■♥t❡r❝❡♣t
• ❚❤❡ ❋♦r♠✉❧❛ ❢♦r t❤❡ ❙❧♦♣❡ ♦❢ ❛ ▲✐♥❡

✼✳✺✳✷ ❚❤❡ ●❡♥❡r❛❧ ❋♦r♠ ♦❢ ❛ ▲✐♥❡

❲❡ ❤❛✈❡ s❡❡♥ t❤❛t t❤❡ ❣❡♥❡r❛❧ ❢♦r♠ ♦❢ ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ✐s ax+ by = c ✭❙❡❝t✐♦♥ ❙❡❝t✐♦♥ ✼✳✹✮✳
❲❤❡♥ t❤✐s ❡q✉❛t✐♦♥ ✐s s♦❧✈❡❞ ❢♦r y✱ t❤❡ r❡s✉❧t✐♥❣ ❢♦r♠ ✐s ❝❛❧❧❡❞ t❤❡ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠✳ ▲❡t✬s ❣❡♥❡r❛t❡ t❤✐s
♥❡✇ ❢♦r♠✳

ax + by = c ❙✉❜tr❛❝t ax ❢r♦♠ ❜♦t❤ s✐❞❡s✳

by = −ax + c ❉✐✈✐❞❡ both s✐❞❡s ❜② b
by
b = −ax

b + c
b

)by

)b
= −ax

b + c
b

y = −ax
b + c

b

y = −ax
b + c

b

❚❤✐s ❡q✉❛t✐♦♥ ✐s ♦❢ t❤❡ ❢♦r♠ y = mx + b ✐❢ ✇❡ r❡♣❧❛❝❡ −a
b ✇✐t❤ m ❛♥❞ ❝♦♥st❛♥t c

b ✇✐t❤ b✳ ✭◆♦t❡✿ ❚❤❡
❢❛❝t t❤❛t ✇❡ ❧❡t b = c

b ✐s ✉♥❢♦rt✉♥❛t❡ ❛♥❞ ♦❝❝✉rs ❜❡❛❝✉s❡ ♦❢ t❤❡ ❧❡tt❡rs ✇❡ ❤❛✈❡ ❝❤♦s❡♥ t♦ ✉s❡ ✐♥ t❤❡ ❣❡♥❡r❛❧
❢♦r♠✳ ❚❤❡ ❧❡tt❡r b ♦❝❝✉rs ♦♥ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❡q✉❛❧ s✐❣♥ ❛♥❞ ♠❛② ♥♦t r❡♣r❡s❡♥t t❤❡ s❛♠❡ ✈❛❧✉❡ ❛t ❛❧❧✳ ❚❤✐s
♣r♦❜❧❡♠ ✐s ♦♥❡ ♦❢ t❤❡ ❤✐st♦r✐❝❛❧ ❝♦♥✈❡♥t✐♦♥ ❛♥❞✱ ❢♦rt✉♥❛t❡❧②✱ ❞♦❡s ♥♦t ♦❝❝✉r ✈❡r② ♦❢t❡♥✳✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡s ✐❧❧✉str❛t❡ t❤✐s ♣r♦❝❡❞✉r❡✳

❊①❛♠♣❧❡ ✼✳✶✺
❙♦❧✈❡ 3x + 2y = 6 ❢♦r y✳

3x + 2y = 6 ❙✉❜tr❛❝t ✸x ❢r♦♠ ❜♦t❤ s✐❞❡s✳

2y = −3x + 6 ❉✐✈✐❞❡ ❜♦t❤ s✐❞❡s ❜② ✷✳

y = − 3
2x + 3

❚❤✐s ❡q✉❛t✐♦♥ ✐s ♦❢ t❤❡ ❢♦r♠ y = mx + b✳ ■♥ t❤✐s ❝❛s❡✱ m = − 3
2 ❛♥❞ b = 3✳

❊①❛♠♣❧❡ ✼✳✶✻
❙♦❧✈❡ −15x + 5y = 20 ❢♦r y✳

✺❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✷✵✶✹✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

−15x + 5y = 20

5y = 15x + 20

y = 3x + 4

❚❤✐s ❡q✉❛t✐♦♥ ✐s ♦❢ t❤❡ ❢♦r♠ y = mx + b✳ ■♥ t❤✐s ❝❛s❡✱ m = 3 ❛♥❞ b = 4✳

❊①❛♠♣❧❡ ✼✳✶✼
❙♦❧✈❡ 4x − y = 0 ❢♦r y✳

4x − y = 0

−y = −4x

y = 4x

❚❤✐s ❡q✉❛t✐♦♥ ✐s ♦❢ t❤❡ ❢♦r♠ y = mx + b✳ ■♥ t❤✐s ❝❛s❡✱ m = 4 ❛♥❞ b = 0✳ ◆♦t✐❝❡ t❤❛t ✇❡ ❝❛♥
✇r✐t❡ y = 4x ❛s y = 4x + 0✳

✼✳✺✳✸ ❚❤❡ ❙❧♦♣❡✲■♥t❡r❝❡♣t ❋♦r♠ ♦❢ ❛ ▲✐♥❡

❚❤❡ ❙❧♦♣❡✲■♥t❡r❝❡♣t ❋♦r♠ ♦❢ ❛ ▲✐♥❡ y = mx + b
❆ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠ y = mx + b ✐s s❛✐❞ t♦ ❜❡ ✐♥ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠✳

✼✳✺✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s ❛r❡ ✐♥ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠✿

❊①❛♠♣❧❡ ✼✳✶✽

y = 6x − 7. ■♥ t❤✐s ❝❛s❡m = 6 ❛♥❞ b = −7.

❊①❛♠♣❧❡ ✼✳✶✾

y = −2x + 9. ■♥ t❤✐s ❝❛s❡m = −2 ❛♥❞ b = 9.

❊①❛♠♣❧❡ ✼✳✷✵

y = 1
5x + 4.8 ■♥ t❤✐s ❝❛s❡m = 1

5 ❛♥❞ b = 4.8.

❊①❛♠♣❧❡ ✼✳✷✶

y = 7x. ■♥ t❤✐s ❝❛s❡m = 7 ❛♥❞ b = 0 s✐♥❝❡✇❡ ❝❛♥✇r✐t❡ y = 7x ❛s y = 7x + 0.

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s ❛r❡ ♥♦t ✐♥ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠✿

❊①❛♠♣❧❡ ✼✳✷✷

2y = 4x − 1. ❚❤❡ ❝♦❡✣❝✐❡♥t ♦❢ y ✐s 2. ❚♦❜❡ ✐♥ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠✱ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ y♠✉st ❜❡ 1.

❊①❛♠♣❧❡ ✼✳✷✸

y + 4x = 5. ❚❤❡ ❡q✉❛t✐♦♥ ✐s ♥♦t s♦❧✈❡❞ ❢♦r y. ❚❤❡x ❛♥❞ y ❛♣♣❡❛r ♦♥ t❤❡ s❛♠❡ s✐❞❡ ♦❢ t❤❡ ❡q✉❛❧ s✐❣♥✳

❊①❛♠♣❧❡ ✼✳✷✹

y + 1 = 2x. ❚❤❡ ❡q✉❛t✐♦♥ ✐s ♥♦t s♦❧✈❡❞ ❢♦r y.

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✼✳✺✳✺ Pr❛❝t✐❝❡ ❙❡t ❆

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ❛r❡ ✐♥ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠✳ ■♥ ❡❛❝❤ ❝❛s❡✱ s♣❡❝✐❢② t❤❡ s❧♦♣❡ ❛♥❞ y✲✐♥t❡r❝❡♣t✳

❊①❡r❝✐s❡ ✼✳✺✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✺✳✮

y = 2x + 7; m = b =

❊①❡r❝✐s❡ ✼✳✺✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✺✳✮

y = −4x + 2; m = b =

❊①❡r❝✐s❡ ✼✳✺✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✺✳✮

y = −5x − 1; m = b =

❊①❡r❝✐s❡ ✼✳✺✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✺✳✮

y = 2
3x − 10; m = b =

❊①❡r❝✐s❡ ✼✳✺✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✺✳✮

y = −5
8 x + 1

2 ; m = b =

❊①❡r❝✐s❡ ✼✳✺✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✺✳✮

y = −3x; m = b =

✼✳✺✳✻ ❙❧♦♣❡ ❛♥❞ ■♥t❡r❝❡♣t

❲❤❡♥ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ❛ ❧✐♥❡ ✐s ✇r✐tt❡♥ ✐♥ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠✱ t✇♦ ✐♠♣♦rt❛♥t ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❧✐♥❡ ❝❛♥
❜❡ s❡❡♥✿ t❤❡ s❧♦♣❡ ❛♥❞ t❤❡ ✐♥t❡r❝❡♣t✳ ▲❡t✬s ❧♦♦❦ ❛t t❤❡s❡ t✇♦ ♣r♦♣❡rt✐❡s ❜② ❣r❛♣❤✐♥❣ s❡✈❡r❛❧ ❧✐♥❡s ❛♥❞
♦❜s❡r✈✐♥❣ t❤❡♠ ❝❛r❡❢✉❧❧②✳

✼✳✺✳✼ ❙❛♠♣❧❡ ❙❡t ❇

❊①❛♠♣❧❡ ✼✳✷✺
●r❛♣❤ t❤❡ ❧✐♥❡ y = x − 3✳

x y (x, y)

✵ −3 (0, − 3)

✹ ✶ (4, 1)

−2 −5 (−2, − 5)

❚❛❜❧❡ ✼✳✶✷

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

▲♦♦❦✐♥❣ ❝❛r❡❢✉❧❧② ❛t t❤✐s ❧✐♥❡✱ ❛♥s✇❡r t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ q✉❡st✐♦♥s✳

Pr♦❜❧❡♠ ✶
❆t ✇❤❛t ♥✉♠❜❡r ❞♦❡s t❤✐s ❧✐♥❡ ❝r♦ss t❤❡ y✲❛①✐s❄ ❉♦ ②♦✉ s❡❡ t❤✐s ♥✉♠❜❡r ✐♥ t❤❡ ❡q✉❛t✐♦♥❄

❙♦❧✉t✐♦♥
❚❤❡ ❧✐♥❡ ❝r♦ss❡s t❤❡ y✲❛①✐s ❛t −3✳

Pr♦❜❧❡♠ ✷
P❧❛❝❡ ②♦✉r ♣❡♥❝✐❧ ❛t ❛♥② ♣♦✐♥t ♦♥ t❤❡ ❧✐♥❡✳ ▼♦✈❡ ②♦✉r ♣❡♥❝✐❧ ❡①❛❝t❧② ♦♥❡ ✉♥✐t ❤♦r✐③♦♥t❛❧❧② t♦ t❤❡
r✐❣❤t✳ ◆♦✇✱ ❤♦✇ ♠❛♥② ✉♥✐ts str❛✐❣❤t ✉♣ ♦r ❞♦✇♥ ♠✉st ②♦✉ ♠♦✈❡ ②♦✉r ♣❡♥❝✐❧ t♦ ❣❡t ❜❛❝❦ ♦♥ t❤❡
❧✐♥❡❄ ❉♦ ②♦✉ s❡❡ t❤✐s ♥✉♠❜❡r ✐♥ t❤❡ ❡q✉❛t✐♦♥❄

❙♦❧✉t✐♦♥
❆❢t❡r ♠♦✈✐♥❣ ❤♦r✐③♦♥t❛❧❧② ♦♥❡ ✉♥✐t t♦ t❤❡ r✐❣❤t✱ ✇❡ ♠✉st ♠♦✈❡ ❡①❛❝t❧② ♦♥❡ ✈❡rt✐❝❛❧ ✉♥✐t ✉♣✳ ❚❤✐s
♥✉♠❜❡r ✐s t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ x✳

❊①❛♠♣❧❡ ✼✳✷✻
●r❛♣❤ t❤❡ ❧✐♥❡ y = 2

3x + 1✳

x y (x, y)

✵ ✶ (0, 1)

✸ ✸ (3, 3)

−3 −1 (−3, − 1)

❚❛❜❧❡ ✼✳✶✸

▲♦♦❦✐♥❣ ❝❛r❡❢✉❧❧② ❛t t❤✐s ❧✐♥❡✱ ❛♥s✇❡r t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ q✉❡st✐♦♥s✳

Pr♦❜❧❡♠ ✶
❆t ✇❤❛t ♥✉♠❜❡r ❞♦❡s t❤✐s ❧✐♥❡ ❝r♦ss t❤❡ y✲❛①✐s❄ ❉♦ ②♦✉ s❡❡ t❤✐s ♥✉♠❜❡r ✐♥ t❤❡ ❡q✉❛t✐♦♥❄

❙♦❧✉t✐♦♥
❚❤❡ ❧✐♥❡ ❝r♦ss❡s t❤❡ y✲❛①✐s ❛t +1✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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Pr♦❜❧❡♠ ✷
P❧❛❝❡ ②♦✉r ♣❡♥❝✐❧ ❛t ❛♥② ♣♦✐♥t ♦♥ t❤❡ ❧✐♥❡✳ ▼♦✈❡ ②♦✉r ♣❡♥❝✐❧ ❡①❛❝t❧② ♦♥❡ ✉♥✐t ❤♦r✐③♦♥t❛❧❧② t♦ t❤❡
r✐❣❤t✳ ◆♦✇✱ ❤♦✇ ♠❛♥② ✉♥✐ts str❛✐❣❤t ✉♣ ♦r ❞♦✇♥ ♠✉st ②♦✉ ♠♦✈❡ ②♦✉r ♣❡♥❝✐❧ t♦ ❣❡t ❜❛❝❦ ♦♥ t❤❡
❧✐♥❡❄ ❉♦ ②♦✉ s❡❡ t❤✐s ♥✉♠❜❡r ✐♥ t❤❡ ❡q✉❛t✐♦♥❄

❙♦❧✉t✐♦♥
❆❢t❡r ♠♦✈✐♥❣ ❤♦r✐③♦♥t❛❧❧② ♦♥❡ ✉♥✐t t♦ t❤❡ r✐❣❤t✱ ✇❡ ♠✉st ♠♦✈❡ ❡①❛❝t❧② 2

3 ✉♥✐t ✉♣✇❛r❞✳ ❚❤✐s ♥✉♠❜❡r
✐s t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ x✳

✼✳✺✳✽ Pr❛❝t✐❝❡ ❙❡t ❇

❊①❛♠♣❧❡ ✼✳✷✼
●r❛♣❤ t❤❡ ❧✐♥❡ y = −3x + 4✳

x y (x, y)

✵

✸

✷

❚❛❜❧❡ ✼✳✶✹

▲♦♦❦✐♥❣ ❝❛r❡❢✉❧❧② ❛t t❤✐s ❧✐♥❡✱ ❛♥s✇❡r t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ q✉❡st✐♦♥s✳

❊①❡r❝✐s❡ ✼✳✺✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✺✳✮

❆t ✇❤❛t ♥✉♠❜❡r ❞♦❡s t❤❡ ❧✐♥❡ ❝r♦ss t❤❡ y✲❛①✐s❄ ❉♦ ②♦✉ s❡❡ t❤✐s ♥✉♠❜❡r ✐♥ t❤❡ ❡q✉❛t✐♦♥❄

❊①❡r❝✐s❡ ✼✳✺✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✺✳✮

P❧❛❝❡ ②♦✉r ♣❡♥❝✐❧ ❛t ❛♥② ♣♦✐♥t ♦♥ t❤❡ ❧✐♥❡✳ ▼♦✈❡ ②♦✉r ♣❡♥❝✐❧ ❡①❛❝t❧② ♦♥❡ ✉♥✐t ❤♦r✐③♦♥t❛❧❧② t♦ t❤❡
r✐❣❤t✳ ◆♦✇✱ ❤♦✇ ♠❛♥② ✉♥✐ts str❛✐❣❤t ✉♣ ♦r ❞♦✇♥ ♠✉st ②♦✉ ♠♦✈❡ ②♦✉r ♣❡♥❝✐❧ t♦ ❣❡t ❜❛❝❦ ♦♥ t❤❡
❧✐♥❡❄ ❉♦ ②♦✉ s❡❡ t❤✐s ♥✉♠❜❡r ✐♥ t❤❡ ❡q✉❛t✐♦♥❄

■♥ t❤❡ ❣r❛♣❤s ❝♦♥str✉❝t❡❞ ✐♥ ❙❛♠♣❧❡ ❙❡t ❇ ❛♥❞ Pr❛❝t✐❝❡ ❙❡t ❇✱ ❡❛❝❤ ❡q✉❛t✐♦♥ ❤❛❞ t❤❡ ❢♦r♠ y = mx + b✳ ❲❡
❝❛♥ ❛♥s✇❡r t❤❡ s❛♠❡ q✉❡st✐♦♥s ❜② ✉s✐♥❣ t❤✐s ❢♦r♠ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ✭s❤♦✇♥ ✐♥ t❤❡ ❞✐❛❣r❛♠✮✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

y✲■♥t❡r❝❡♣t
❊①❡r❝✐s❡ ✼✳✺✳✾
❆t ✇❤❛t ♥✉♠❜❡r ❞♦❡s t❤❡ ❧✐♥❡ ❝r♦ss t❤❡ y✲❛①✐s❄ ❉♦ ②♦✉ s❡❡ t❤✐s ♥✉♠❜❡r ✐♥ t❤❡ ❡q✉❛t✐♦♥❄

❙♦❧✉t✐♦♥
■♥ ❡❛❝❤ ❝❛s❡✱ t❤❡ ❧✐♥❡ ❝r♦ss❡s t❤❡ y✲❛①✐s ❛t t❤❡ ❝♦♥st❛♥t b✳ ❚❤❡ ♥✉♠❜❡r b ✐s t❤❡ ♥✉♠❜❡r ❛t ✇❤✐❝❤
t❤❡ ❧✐♥❡ ❝r♦ss❡s t❤❡ y✲❛①✐s✱ ❛♥❞ ✐t ✐s ❝❛❧❧❡❞ t❤❡ y✲✐♥t❡r❝❡♣t✳ ❚❤❡ ♦r❞❡r❡❞ ♣❛✐r ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡
y✲✐♥t❡r❝❡♣t ✐s (0, b) .

❊①❡r❝✐s❡ ✼✳✺✳✶✵
P❧❛❝❡ ②♦✉r ♣❡♥❝✐❧ ❛t ❛♥② ♣♦✐♥t ♦♥ t❤❡ ❧✐♥❡✳ ▼♦✈❡ ②♦✉r ♣❡♥❝✐❧ ❡①❛❝t❧② ♦♥❡ ✉♥✐t ❤♦r✐③♦♥t❛❧❧② t♦ t❤❡
r✐❣❤t✳ ◆♦✇✱ ❤♦✇ ♠❛♥② ✉♥✐ts str❛✐❣❤t ✉♣ ♦r ❞♦✇♥ ♠✉st ②♦✉ ♠♦✈❡ ②♦✉r ♣❡♥❝✐❧ t♦ ❣❡t ❜❛❝❦ ♦♥ t❤❡
❧✐♥❡❄ ❉♦ ②♦✉ s❡❡ t❤✐s ♥✉♠❜❡r ✐♥ t❤❡ ❡q✉❛t✐♦♥❄

❙♦❧✉t✐♦♥
❚♦ ❣❡t ❜❛❝❦ ♦♥ t❤❡ ❧✐♥❡✱ ✇❡ ♠✉st ♠♦✈❡ ♦✉r ♣❡♥❝✐❧ ❡①❛❝t❧② m ✈❡rt✐❝❛❧ ✉♥✐ts✳

❙❧♦♣❡
❚❤❡ ♥✉♠❜❡r m ✐s t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ✈❛r✐❛❜❧❡ x✳ ❚❤❡ ♥✉♠❜❡r m ✐s ❝❛❧❧❡❞ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ❧✐♥❡ ❛♥❞ ✐t ✐s t❤❡
♥✉♠❜❡r ♦❢ ✉♥✐ts t❤❛t y ❝❤❛♥❣❡s ✇❤❡♥ x ✐s ✐♥❝r❡❛s❡❞ ❜② ✶ ✉♥✐t✳ ❚❤✉s✱ ✐❢ x ❝❤❛♥❣❡s ❜② ✶ ✉♥✐t✱ y ❝❤❛♥❣❡s ❜② m
✉♥✐ts✳
❙✐♥❝❡ t❤❡ ❡q✉❛t✐♦♥ y = mx + b ❝♦♥t❛✐♥s ❜♦t❤ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ❧✐♥❡ ❛♥❞ t❤❡ y✲✐♥t❡r❝❡♣t✱ ✇❡ ❝❛❧❧ t❤❡ ❢♦r♠
y = mx + b t❤❡ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠✳
❚❤❡ ❙❧♦♣❡✲■♥t❡r❝❡♣t ❋♦r♠ ♦❢ t❤❡ ❊q✉❛t✐♦♥ ♦❢ ❛ ▲✐♥❡
❚❤❡ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠ ♦❢ ❛ str❛✐❣❤t ❧✐♥❡ ✐s
y = mx + b
❚❤❡ s❧♦♣❡ ♦❢ t❤❡ ❧✐♥❡ ✐s m✱ ❛♥❞ t❤❡ y✲✐♥t❡r❝❡♣t ✐s t❤❡ ♣♦✐♥t (0 , b)✳
❚❤❡ ❙❧♦♣❡ ✐s ❛ ▼❡❛s✉r❡ ♦❢ t❤❡ ❙t❡❡♣♥❡ss ♦❢ ❛ ▲✐♥❡
❚❤❡ ✇♦r❞ s❧♦♣❡ ✐s r❡❛❧❧② q✉✐t❡ ❛♣♣r♦♣r✐❛t❡✳ ■t ❣✐✈❡s ✉s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ st❡❡♣♥❡ss ♦❢ t❤❡ ❧✐♥❡✳ ❈♦♥s✐❞❡r t✇♦
❧✐♥❡s✱ ♦♥❡ ✇✐t❤ s❧♦♣❡ 1

2 ❛♥❞ t❤❡ ♦t❤❡r ✇✐t❤ s❧♦♣❡ ✸✳ ❚❤❡ ❧✐♥❡ ✇✐t❤ s❧♦♣❡ ✸ ✐s st❡❡♣❡r t❤❛♥ ✐s t❤❡ ❧✐♥❡ ✇✐t❤ s❧♦♣❡
1
2 ✳ ■♠❛❣✐♥❡ ②♦✉r ♣❡♥❝✐❧ ❜❡✐♥❣ ♣❧❛❝❡❞ ❛t ❛♥② ♣♦✐♥t ♦♥ t❤❡ ❧✐♥❡s✳ ❲❡ ♠❛❦❡ ❛ ✶✲✉♥✐t ✐♥❝r❡❛s❡ ✐♥ t❤❡ x✲✈❛❧✉❡
❜② ♠♦✈✐♥❣ t❤❡ ♣❡♥❝✐❧ ♦♥❡ ✉♥✐t t♦ t❤❡ r✐❣❤t✳ ❚♦ ❣❡t ❜❛❝❦ t♦ ♦♥❡ ❧✐♥❡ ✇❡ ♥❡❡❞ ♦♥❧② ♠♦✈❡ ✈❡rt✐❝❛❧❧② 1

2 ✉♥✐t✱
✇❤❡r❡❛s t♦ ❣❡t ❜❛❝❦ ♦♥t♦ t❤❡ ♦t❤❡r ❧✐♥❡ ✇❡ ♥❡❡❞ t♦ ♠♦✈❡ ✈❡rt✐❝❛❧❧② ✸ ✉♥✐ts✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✼✺

✼✳✺✳✾ ❙❛♠♣❧❡ ❙❡t ❈

❋✐♥❞ t❤❡ s❧♦♣❡ ❛♥❞ t❤❡ y✲✐♥t❡r❝❡♣t ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡s✳

❊①❛♠♣❧❡ ✼✳✷✽
y = 2x + 7.

❚❤❡ ❧✐♥❡ ✐s ✐♥ t❤❡ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠ y = mx + b. ❚❤❡ s❧♦♣❡ ✐s m✱ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ x✳
❚❤❡r❡❢♦r❡✱ m = 2. ❚❤❡ y✲✐♥t❡r❝❡♣t ✐s t❤❡ ♣♦✐♥t (0, b) . ❙✐♥❝❡ b = 7✱ t❤❡ y✲✐♥t❡r❝❡♣t ✐s (0, 7) .

❙❧♦♣❡ : 2

y✲✐♥t❡r❝❡♣t : (0, 7)

❊①❛♠♣❧❡ ✼✳✷✾
y = −4x + 1.

❚❤❡ ❧✐♥❡ ✐s ✐♥ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠ y = mx + b. ❚❤❡ s❧♦♣❡ ✐s m✱ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ x✳ ❙♦✱
m = −4. ❚❤❡ y✲✐♥t❡r❝❡♣t ✐s t❤❡ ♣♦✐♥t (0, b) . ❙✐♥❝❡ b = 1✱ t❤❡ y✲✐♥t❡r❝❡♣t ✐s (0, 1) .

❙❧♦♣❡ : −4

y✲✐♥t❡r❝❡♣t : (0, 1)

❊①❛♠♣❧❡ ✼✳✸✵
3x + 2y = 5.

❚❤❡ ❡q✉❛t✐♦♥ ✐s ✇r✐tt❡♥ ✐♥ ❣❡♥❡r❛❧ ❢♦r♠✳ ❲❡ ❝❛♥ ♣✉t t❤❡ ❡q✉❛t✐♦♥ ✐♥ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠
❜② s♦❧✈✐♥❣ ❢♦r y✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

3x + 2y = 5

2y = −3x + 5

y = − 3
2x + 5

2

◆♦✇ t❤❡ ❡q✉❛t✐♦♥ ✐s ✐♥ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠✳

❙❧♦♣❡✿ − 3
2

y✲✐♥t❡r❝❡♣t✿
(
0, 5

2

)

✼✳✺✳✶✵ Pr❛❝t✐❝❡ ❙❡t ❈

❊①❡r❝✐s❡ ✼✳✺✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✻✳✮

❋✐♥❞ t❤❡ s❧♦♣❡ ❛♥❞ y✲✐♥t❡r❝❡♣t ♦❢ t❤❡ ❧✐♥❡ 2x + 5y = 15.

✼✳✺✳✶✶ ❚❤❡ ❋♦r♠✉❧❛ ❢♦r t❤❡ ❙❧♦♣❡ ♦❢ ❛ ▲✐♥❡

❲❡ ❤❛✈❡ ♦❜s❡r✈❡❞ t❤❛t t❤❡ s❧♦♣❡ ✐s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ st❡❡♣♥❡ss ♦❢ ❛ ❧✐♥❡✳ ❲❡ ✇✐s❤ t♦ ❞❡✈❡❧♦♣ ❛ ❢♦r♠✉❧❛ ❢♦r
♠❡❛s✉r✐♥❣ t❤✐s st❡❡♣♥❡ss✳

■t s❡❡♠s r❡❛s♦♥❛❜❧❡ t♦ ❞❡✈❡❧♦♣ ❛ s❧♦♣❡ ❢♦r♠✉❧❛ t❤❛t ♣r♦❞✉❝❡s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts✿
❙t❡❡♣♥❡ss ♦❢ ❧✐♥❡ 1 > st❡❡♣♥❡ss ♦❢ ❧✐♥❡ ✷✳

❈♦♥s✐❞❡r ❛ ❧✐♥❡ ♦♥ ✇❤✐❝❤ ✇❡ s❡❧❡❝t ❛♥② t✇♦ ♣♦✐♥ts✳ ❲❡✬❧❧ ❞❡♥♦t❡ t❤❡s❡ ♣♦✐♥ts ✇✐t❤ t❤❡ ♦r❞❡r❡❞ ♣❛✐rs
(x1, y1 ) ❛♥❞ (x2, y2 )✳ ❚❤❡ s✉❜s❝r✐♣ts ❤❡❧♣ ✉s t♦ ✐❞❡♥t✐❢② t❤❡ ♣♦✐♥ts✳

(x1, y1 ) ✐s t❤❡ ✜rst ♣♦✐♥t✳ ❙✉❜s❝r✐♣t ✶ ✐♥❞✐❝❛t❡s t❤❡ ✜rst ♣♦✐♥t✳
(x2, y2 ) ✐s t❤❡ s❡❝♦♥❞ ♣♦✐♥t✳ ❙✉❜s❝r✐♣t ✷ ✐♥❞✐❝❛t❡s t❤❡ s❡❝♦♥❞ ♣♦✐♥t✳

❚❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ x ✈❛❧✉❡s (x2 − x1) ❣✐✈❡s ✉s t❤❡ ❤♦r✐③♦♥t❛❧ ❝❤❛♥❣❡✱ ❛♥❞ t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ y ✈❛❧✉❡s (y2 − y1)
❣✐✈❡s ✉s t❤❡ ✈❡rt✐❝❛❧ ❝❤❛♥❣❡✳ ■❢ t❤❡ ❧✐♥❡ ✐s ✈❡r② st❡❡♣✱ t❤❡♥ ✇❤❡♥ ❣♦✐♥❣ ❢r♦♠ t❤❡ ✜rst ♣♦✐♥t t♦ t❤❡ s❡❝♦♥❞

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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♣♦✐♥t✱ ✇❡ ✇♦✉❧❞ ❡①♣❡❝t ❛ ❧❛r❣❡ ✈❡rt✐❝❛❧ ❝❤❛♥❣❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❤♦r✐③♦♥t❛❧ ❝❤❛♥❣❡✳ ■❢ t❤❡ ❧✐♥❡ ✐s ♥♦t ✈❡r②
st❡❡♣✱ t❤❡♥ ✇❤❡♥ ❣♦✐♥❣ ❢r♦♠ t❤❡ ✜rst ♣♦✐♥t t♦ t❤❡ s❡❝♦♥❞ ♣♦✐♥t✱ ✇❡ ✇♦✉❧❞ ❡①♣❡❝t ❛ s♠❛❧❧ ✈❡rt✐❝❛❧ ❝❤❛♥❣❡
❝♦♠♣❛r❡❞ t♦ t❤❡ ❤♦r✐③♦♥t❛❧ ❝❤❛♥❣❡✳

❲❡ ❛r❡ ❝♦♠♣❛r✐♥❣ ❝❤❛♥❣❡s✳ ❲❡ s❡❡ t❤❛t ✇❡ ❛r❡ ❝♦♠♣❛r✐♥❣

❚❤❡ ✈❡rt✐❝❛❧ ❝❤❛♥❣❡ t♦ t❤❡ ❤♦r✐③♦♥t❛❧ ❝❤❛♥❣❡

❚❤❡ ❝❤❛♥❣❡ ✐♥ y t♦ t❤❡ ❝❤❛♥❣❡ ✐♥ x

y2 − y1 t♦ x2 − x1

❚❤✐s ✐s ❛ ❝♦♠♣❛r✐s♦♥ ❛♥❞ ✐s t❤❡r❡❢♦r❡ ❛ r❛t✐♦✳ ❘❛t✐♦s ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ❢r❛❝t✐♦♥s✳ ❚❤✉s✱ ❛ ♠❡❛s✉r❡ ♦❢
t❤❡ st❡❡♣♥❡ss ♦❢ ❛ ❧✐♥❡ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ❛ r❛t✐♦✳

❚❤❡ s❧♦♣❡ ♦❢ ❛ ❧✐♥❡ ✐s ❞❡✜♥❡❞ ❛s t❤❡ r❛t✐♦

❙❧♦♣❡ =
❝❤❛♥❣❡ ✐♥ y

❝❤❛♥❣❡ ✐♥x

▼❛t❤❡♠❛t✐❝❛❧❧②✱ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡s❡ ❝❤❛♥❣❡s ❛s

❙❧♦♣❡ =
y2 − y1

x2 − x1

❋✐♥❞✐♥❣ t❤❡ ❙❧♦♣❡ ♦❢ ❛ ▲✐♥❡
❚❤❡ s❧♦♣❡ ♦❢ ❛ ♥♦♥✈❡rt✐❝❛❧ ❧✐♥❡ ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ ♣♦✐♥ts (x1, y1 ) ❛♥❞ (x2, y2 ) ✐s ❢♦✉♥❞ ❜② t❤❡ ❢♦r♠✉❧❛

m =
y2 − y1

x2 − x1

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

✼✳✺✳✶✷ ❙❛♠♣❧❡ ❙❡t ❉

❋♦r t❤❡ t✇♦ ❣✐✈❡♥ ♣♦✐♥ts✱ ✜♥❞ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ❧✐♥❡ t❤❛t ♣❛ss❡s t❤r♦✉❣❤ t❤❡♠✳

❊①❛♠♣❧❡ ✼✳✸✶
(0, 1) ❛♥❞ (1, 3)✳

▲♦♦❦✐♥❣ ❧❡❢t t♦ r✐❣❤t ♦♥ t❤❡ ❧✐♥❡ ✇❡ ❝❛♥ ❝❤♦♦s❡ (x1, y1 ) t♦ ❜❡ (0, 1)✱ ❛♥❞ (x2, y2 ) t♦ ❜❡
(1, 3) .❚❤❡♥✱

m =
y2 − y1

x2 − x1
=

3 − 1

1 − 0
=

2

1
= 2

❚❤✐s ❧✐♥❡ ❤❛s s❧♦♣❡ ✷✳ ■t ❛♣♣❡❛rs ❢❛✐r❧② st❡❡♣✳ ❲❤❡♥ t❤❡ s❧♦♣❡ ✐s ✇r✐tt❡♥ ✐♥ ❢r❛❝t✐♦♥ ❢♦r♠✱ 2 = 2
1 ✱

✇❡ ❝❛♥ s❡❡✱ ❜② r❡❝❛❧❧✐♥❣ t❤❡ s❧♦♣❡ ❢♦r♠✉❧❛✱ t❤❛t ❛s x ❝❤❛♥❣❡s ✶ ✉♥✐t t♦ t❤❡ r✐❣❤t ✭❜❡❝❛✉s❡ ♦❢ t❤❡
+1✮ y ❝❤❛♥❣❡s ✷ ✉♥✐ts ✉♣✇❛r❞ ✭❜❡❝❛✉s❡ ♦❢ t❤❡ +2✮✳

m =
❝❤❛♥❣❡ ✐♥ y

❝❤❛♥❣❡ ✐♥x
=

2

1

◆♦t✐❝❡ t❤❛t ❛s ✇❡ ❧♦♦❦ ❧❡❢t t♦ r✐❣❤t✱ t❤❡ ❧✐♥❡ r✐s❡s✳

❊①❛♠♣❧❡ ✼✳✸✷
(2, 2) ❛♥❞ (4, 3) ✳

▲♦♦❦✐♥❣ ❧❡❢t t♦ r✐❣❤t ♦♥ t❤❡ ❧✐♥❡ ✇❡ ❝❛♥ ❝❤♦♦s❡ (x1, y1 ) t♦ ❜❡ (2, 2) ❛♥❞ (x2, y2 ) t♦ ❜❡ (4, 3) . ❚❤❡♥✱

m =
y2 − y1

x2 − x1
=

3 − 2

4 − 2
=

1

2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❚❤✐s ❧✐♥❡ ❤❛s s❧♦♣❡ 1
2 ✳ ❚❤✉s✱ ❛s x ❝❤❛♥❣❡s ✷ ✉♥✐ts t♦ t❤❡ r✐❣❤t ✭❜❡❝❛✉s❡ ♦❢ t❤❡ +2✮✱ y ❝❤❛♥❣❡s ✶

✉♥✐t ✉♣✇❛r❞ ✭❜❡❝❛✉s❡ ♦❢ t❤❡ +1✮✳

m =
❝❤❛♥❣❡ ✐♥ y

❝❤❛♥❣❡ ✐♥x
=

1

2

◆♦t✐❝❡ t❤❛t ✐♥ ❡①❛♠♣❧❡s ✶ ❛♥❞ ✷✱ ❜♦t❤ ❧✐♥❡s ❤❛✈❡ ♣♦s✐t✐✈❡ s❧♦♣❡s✱ +2 ❛♥❞ + 1
2 ✱ ❛♥❞ ❜♦t❤

❧✐♥❡s r✐s❡ ❛s ✇❡ ❧♦♦❦ ❧❡❢t t♦ r✐❣❤t✳

❊①❛♠♣❧❡ ✼✳✸✸
(−2, 4) ❛♥❞ (1, 1)✳

▲♦♦❦✐♥❣ ❧❡❢t t♦ r✐❣❤t ♦♥ t❤❡ ❧✐♥❡ ✇❡ ❝❛♥ ❝❤♦♦s❡ (x1, y1 ) t♦ ❜❡ (−2, 4) ❛♥❞ (x2, y2 ) t♦ ❜❡
(1, 1)✳ ❚❤❡♥✱

m =
y2 − y1

x2 − x1
=

1 − 4

1 − (−2)
=

−3

1 + 2
=

−3

3
= −1

❚❤✐s ❧✐♥❡ ❤❛s s❧♦♣❡ −1.

❲❤❡♥ t❤❡ s❧♦♣❡ ✐s ✇r✐tt❡♥ ✐♥ ❢r❛❝t✐♦♥ ❢♦r♠✱ m = −1 = −1
+1 ✱ ✇❡ ❝❛♥ s❡❡ t❤❛t ❛s x ❝❤❛♥❣❡s ✶

✉♥✐t t♦ t❤❡ r✐❣❤t ✭❜❡❝❛✉s❡ ♦❢ t❤❡ +1✮✱ y ❝❤❛♥❣❡s ✶ ✉♥✐t ❞♦✇♥✇❛r❞ ✭❜❡❝❛✉s❡ ♦❢ t❤❡ −1✮✳
◆♦t✐❝❡ ❛❧s♦ t❤❛t t❤✐s ❧✐♥❡ ❤❛s ❛ ♥❡❣❛t✐✈❡ s❧♦♣❡ ❛♥❞ ❞❡❝❧✐♥❡s ❛s ✇❡ ❧♦♦❦ ❧❡❢t t♦ r✐❣❤t✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❊①❛♠♣❧❡ ✼✳✸✹
(1, 3) ❛♥❞ (5, 3)✳

m =
y2 − y1

x2 − x1
=

3 − 3

5 − 1
=

0

4
= 0

❚❤✐s ❧✐♥❡ ❤❛s ✵ s❧♦♣❡✳ ❚❤✐s ♠❡❛♥s ✐t ❤❛s ♥♦ r✐s❡ ❛♥❞✱ t❤❡r❡❢♦r❡✱ ✐s ❛ ❤♦r✐③♦♥t❛❧ ❧✐♥❡✳ ❚❤✐s ❞♦❡s
♥♦t ♠❡❛♥ t❤❛t t❤❡ ❧✐♥❡ ❤❛s ♥♦ s❧♦♣❡✱ ❤♦✇❡✈❡r✳

❊①❛♠♣❧❡ ✼✳✸✺
(4, 4) ❛♥❞ (4, 0)✳

❚❤✐s ♣r♦❜❧❡♠ s❤♦✇s ✇❤② t❤❡ s❧♦♣❡ ❢♦r♠✉❧❛ ✐s ✈❛❧✐❞ ♦♥❧② ❢♦r ♥♦♥✈❡rt✐❝❛❧ ❧✐♥❡s✳

m =
y2 − y1

x2 − x1
=

0 − 4

4 − 4
=

−4

0

❙✐♥❝❡ ❞✐✈✐s✐♦♥ ❜② ✵ ✐s ✉♥❞❡✜♥❡❞✱ ✇❡ s❛② t❤❛t ✈❡rt✐❝❛❧ ❧✐♥❡s ❤❛✈❡ ✉♥❞❡✜♥❡❞ s❧♦♣❡✳ ❙✐♥❝❡ t❤❡r❡ ✐s ♥♦
r❡❛❧ ♥✉♠❜❡r t♦ r❡♣r❡s❡♥t t❤❡ s❧♦♣❡ ♦❢ t❤✐s ❧✐♥❡✱ ✇❡ s♦♠❡t✐♠❡s s❛② t❤❛t ✈❡rt✐❝❛❧ ❧✐♥❡s ❤❛✈❡ ✉♥❞❡✜♥❡❞
s❧♦♣❡✱ ♦r ♥♦ s❧♦♣❡✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✽✶

✼✳✺✳✶✸ Pr❛❝t✐❝❡ ❙❡t ❉

❊①❡r❝✐s❡ ✼✳✺✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✻✳✮

❋✐♥❞ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ❧✐♥❡ ♣❛ss✐♥❣ t❤r♦✉❣❤ (2, 1) ❛♥❞ (6, 3)✳ ●r❛♣❤ t❤✐s ❧✐♥❡ ♦♥ t❤❡ ❣r❛♣❤ ♦❢ ♣r♦❜❧❡♠
✷ ❜❡❧♦✇✳

❊①❡r❝✐s❡ ✼✳✺✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✻✳✮

❋✐♥❞ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ❧✐♥❡ ♣❛ss✐♥❣ t❤r♦✉❣❤ (3, 4) ❛♥❞ (5, 5)✳ ●r❛♣❤ t❤✐s ❧✐♥❡✳

❊①❡r❝✐s❡ ✼✳✺✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✻✳✮

❈♦♠♣❛r❡ t❤❡ ❧✐♥❡s ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✳ ❉♦ t❤❡ ❧✐♥❡s ❛♣♣❡❛r t♦ ❝r♦ss❄ ❲❤❛t ✐s ✐t ❝❛❧❧❡❞ ✇❤❡♥
❧✐♥❡s ❞♦ ♥♦t ♠❡❡t ✭♣❛r❛❧❧❡❧ ♦r ✐♥t❡rs❡❝t✐♥❣✮❄ ❈♦♠♣❛r❡ t❤❡✐r s❧♦♣❡s✳ ▼❛❦❡ ❛ st❛t❡♠❡♥t ❛❜♦✉t t❤❡
❝♦♥❞✐t✐♦♥ ♦❢ t❤❡s❡ ❧✐♥❡s ❛♥❞ t❤❡✐r s❧♦♣❡s✳

❇❡❢♦r❡ tr②✐♥❣ s♦♠❡ ♣r♦❜❧❡♠s✱ ❧❡t✬s s✉♠♠❛r✐③❡ ✇❤❛t ✇❡ ❤❛✈❡ ♦❜s❡r✈❡❞✳

❊①❡r❝✐s❡ ✼✳✺✳✶✺
❚❤❡ ❡q✉❛t✐♦♥ y = mx + b ✐s ❝❛❧❧❡❞ t❤❡ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ❛ ❧✐♥❡✳ ❚❤❡ ♥✉♠❜❡r

m ✐s t❤❡ s❧♦♣❡ ♦❢ t❤❡ ❧✐♥❡ ❛♥❞ t❤❡ ♣♦✐♥t (0, b) ✐s t❤❡ y✲✐♥t❡r❝❡♣t✳

❊①❡r❝✐s❡ ✼✳✺✳✶✻
❚❤❡ s❧♦♣❡✱ m, ♦❢ ❛ ❧✐♥❡ ✐s ❞❡✜♥❡❞ ❛s t❤❡ st❡❡♣♥❡ss ♦❢ t❤❡ ❧✐♥❡✱ ❛♥❞ ✐t ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✉♥✐ts t❤❛t y
❝❤❛♥❣❡s ✇❤❡♥ x ❝❤❛♥❣❡s ✶ ✉♥✐t✳

❊①❡r❝✐s❡ ✼✳✺✳✶✼
❚❤❡ ❢♦r♠✉❧❛ ❢♦r ✜♥❞✐♥❣ t❤❡ s❧♦♣❡ ♦❢ ❛ ❧✐♥❡ t❤r♦✉❣❤ ❛♥② t✇♦ ❣✐✈❡♥ ♣♦✐♥ts (x1, y1) ❛♥❞ (x2, y2)✐s

m = y2−y1

x2−x1

❊①❡r❝✐s❡ ✼✳✺✳✶✽
❚❤❡ ❢r❛❝t✐♦♥ y2−y1

x2−x1
r❡♣r❡s❡♥ts t❤❡ ❈❤❛♥❣❡ ✐♥ y

❈❤❛♥❣❡ ✐♥x .

❊①❡r❝✐s❡ ✼✳✺✳✶✾
❆s ✇❡ ❧♦♦❦ ❛t ❛ ❣r❛♣❤ ❢r♦♠ ❧❡❢t t♦ r✐❣❤t✱ ❧✐♥❡s ✇✐t❤ ♣♦s✐t✐✈❡ s❧♦♣❡ r✐s❡ ❛♥❞ ❧✐♥❡s ✇✐t❤ ♥❡❣❛t✐✈❡ s❧♦♣❡
❞❡❝❧✐♥❡✳

❊①❡r❝✐s❡ ✼✳✺✳✷✵
P❛r❛❧❧❡❧ ❧✐♥❡s ❤❛✈❡ t❤❡ s❛♠❡ s❧♦♣❡✳

❊①❡r❝✐s❡ ✼✳✺✳✷✶
❍♦r✐③♦♥t❛❧ ❧✐♥❡s ❤❛✈❡ ✵ s❧♦♣❡✳

❊①❡r❝✐s❡ ✼✳✺✳✷✷
❱❡rt✐❝❛❧ ❧✐♥❡s ❤❛✈❡ ✉♥❞❡✜♥❡❞ s❧♦♣❡ ✭♦r ♥♦ s❧♦♣❡✮✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

✼✳✺✳✶✹ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❞❡t❡r♠✐♥❡ t❤❡ s❧♦♣❡ ❛♥❞ y✲✐♥t❡r❝❡♣t ♦❢ t❤❡ ❧✐♥❡s✳

❊①❡r❝✐s❡ ✼✳✺✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✻✳✮

y = 3x + 4

❊①❡r❝✐s❡ ✼✳✺✳✷✹
y = 2x + 9

❊①❡r❝✐s❡ ✼✳✺✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✻✳✮

y = 9x + 1

❊①❡r❝✐s❡ ✼✳✺✳✷✻
y = 7x + 10

❊①❡r❝✐s❡ ✼✳✺✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✻✳✮

y = −4x + 5

❊①❡r❝✐s❡ ✼✳✺✳✷✽
y = −2x + 8

❊①❡r❝✐s❡ ✼✳✺✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✻✳✮

y = −6x − 1

❊①❡r❝✐s❡ ✼✳✺✳✸✵
y = −x − 6

❊①❡r❝✐s❡ ✼✳✺✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✻✳✮

y = −x + 2

❊①❡r❝✐s❡ ✼✳✺✳✸✷
2y = 4x + 8

❊①❡r❝✐s❡ ✼✳✺✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✻✳✮

4y = 16x + 20

❊①❡r❝✐s❡ ✼✳✺✳✸✹
−5y = 15x + 55

❊①❡r❝✐s❡ ✼✳✺✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✻✳✮

−3y = 12x − 27

❊①❡r❝✐s❡ ✼✳✺✳✸✻
y = 3

5x − 8

❊①❡r❝✐s❡ ✼✳✺✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✻✳✮

y = 2
7x − 12

❊①❡r❝✐s❡ ✼✳✺✳✸✽
y = −1

8 x + 2
3

❊①❡r❝✐s❡ ✼✳✺✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✼✳✮

y = −4
5 x − 4

7

❊①❡r❝✐s❡ ✼✳✺✳✹✵
−3y = 5x + 8

❊①❡r❝✐s❡ ✼✳✺✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✼✳✮

−10y = −12x + 1

❊①❡r❝✐s❡ ✼✳✺✳✹✷
−y = x + 1

❊①❡r❝✐s❡ ✼✳✺✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✼✳✮

−y = −x + 3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✼✳✺✳✹✹
3x − y = 7

❊①❡r❝✐s❡ ✼✳✺✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✼✳✮

5x + 3y = 6

❊①❡r❝✐s❡ ✼✳✺✳✹✻
−6x − 7y = −12

❊①❡r❝✐s❡ ✼✳✺✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✼✳✮

−x + 4y = −1

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✜♥❞ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ❧✐♥❡ t❤r♦✉❣❤ t❤❡ ♣❛✐rs ♦❢ ♣♦✐♥ts✳

❊①❡r❝✐s❡ ✼✳✺✳✹✽
(1, 6) , (4, 9)

❊①❡r❝✐s❡ ✼✳✺✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✼✳✮

(1, 3) , (4, 7)

❊①❡r❝✐s❡ ✼✳✺✳✺✵
(3, 5) , (4, 7)

❊①❡r❝✐s❡ ✼✳✺✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✼✳✮

(6, 1) , (2, 8)

❊①❡r❝✐s❡ ✼✳✺✳✺✷
(0, 5) , (2,−6)

❊①❡r❝✐s❡ ✼✳✺✳✺✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✼✳✮

(−2, 1) , (0, 5)

❊①❡r❝✐s❡ ✼✳✺✳✺✹
(3, − 9) , (5, 1)

❊①❡r❝✐s❡ ✼✳✺✳✺✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✼✳✮

(4, − 6) , (−2, 1)

❊①❡r❝✐s❡ ✼✳✺✳✺✻
(−5, 4) , (−1, 0)

❊①❡r❝✐s❡ ✼✳✺✳✺✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✼✳✮

(−3, 2) , (−4, 6)

❊①❡r❝✐s❡ ✼✳✺✳✺✽
(9, 12) , (6, 0)

❊①❡r❝✐s❡ ✼✳✺✳✺✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✼✳✮

(0, 0) , (6, 6)

❊①❡r❝✐s❡ ✼✳✺✳✻✵
(−2, − 6) , (−4,−1)

❊①❡r❝✐s❡ ✼✳✺✳✻✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✼✳✮

(−1, − 7) , (−2,−9)

❊①❡r❝✐s❡ ✼✳✺✳✻✷
(−6, − 6) , (−5,−4)

❊①❡r❝✐s❡ ✼✳✺✳✻✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✼✳✮

(−1, 0) , (−2,−2)

❊①❡r❝✐s❡ ✼✳✺✳✻✹
(−4, − 2) , (0, 0)

❊①❡r❝✐s❡ ✼✳✺✳✻✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✼✳✮

(2, 3) , (10, 3)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✼✳✺✳✻✻
(4, − 2) , (4, 7)

❊①❡r❝✐s❡ ✼✳✺✳✻✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✼✳✮

(8, − 1) , (8, 3)

❊①❡r❝✐s❡ ✼✳✺✳✻✽
(4, 2) , (6, 2)

❊①❡r❝✐s❡ ✼✳✺✳✻✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✼✳✮

(5, − 6) , (9,−6)

❊①❡r❝✐s❡ ✼✳✺✳✼✵
❉♦ ❧✐♥❡s ✇✐t❤ ❛ ♣♦s✐t✐✈❡ s❧♦♣❡ r✐s❡ ♦r ❞❡❝❧✐♥❡ ❛s ✇❡ ❧♦♦❦ ❧❡❢t t♦ r✐❣❤t❄

❊①❡r❝✐s❡ ✼✳✺✳✼✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✼✳✮

❉♦ ❧✐♥❡s ✇✐t❤ ❛ ♥❡❣❛t✐✈❡ s❧♦♣❡ r✐s❡ ♦r ❞❡❝❧✐♥❡ ❛s ✇❡ ❧♦♦❦ ❧❡❢t t♦ r✐❣❤t❄

❊①❡r❝✐s❡ ✼✳✺✳✼✷
▼❛❦❡ ❛ st❛t❡♠❡♥t ❛❜♦✉t t❤❡ s❧♦♣❡s ♦❢ ♣❛r❛❧❧❡❧ ❧✐♥❡s✳

✼✳✺✳✶✹✳✶ ❈❛❧❝✉❧❛t♦r Pr♦❜❧❡♠s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❞❡t❡r♠✐♥❡ t❤❡ s❧♦♣❡ ❛♥❞ y✲✐♥t❡r❝❡♣t ♦❢ t❤❡ ❧✐♥❡s✳ ❘♦✉♥❞ t♦ t✇♦ ❞❡❝✐♠❛❧ ♣❧❛❝❡s✳

❊①❡r❝✐s❡ ✼✳✺✳✼✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✼✳✮

3.8x + 12.1y = 4.26

❊①❡r❝✐s❡ ✼✳✺✳✼✹
8.09x + 5.57y = −1.42

❊①❡r❝✐s❡ ✼✳✺✳✼✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✼✳✮

10.813x − 17.0y = −45.99

❊①❡r❝✐s❡ ✼✳✺✳✼✻
−6.003x − 92.388y = 0.008

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✜♥❞ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ❧✐♥❡ t❤r♦✉❣❤ t❤❡ ♣❛✐rs ♦❢ ♣♦✐♥ts✳ ❘♦✉♥❞ t♦ t✇♦ ❞❡❝✐♠❛❧
♣❧❛❝❡s✳

❊①❡r❝✐s❡ ✼✳✺✳✼✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✼✳✮

(5.56, 9.37) , (2.16, 4.90)

❊①❡r❝✐s❡ ✼✳✺✳✼✽
(33.1, 8.9) , (42.7, − 1.06)

❊①❡r❝✐s❡ ✼✳✺✳✼✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✼✳✮

(155.89, 227.61) , (157.04, 227.61)

❊①❡r❝✐s❡ ✼✳✺✳✽✵
(0.00426, − 0.00404) , (−0.00191, − 0.00404)

❊①❡r❝✐s❡ ✼✳✺✳✽✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✼✳✮

(88.81, − 23.19) , (88.81, − 26.87)

❊①❡r❝✐s❡ ✼✳✺✳✽✷
(−0.0000567, − 0.0000567) , (−0.00765, 0.00764)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✽✺

✼✳✺✳✶✺ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✼✳✺✳✽✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✼✳✮

✭❙❡❝t✐♦♥ ✷✳✼✮ ❙✐♠♣❧✐❢②
(
x2y3w4

)0
✳

❊①❡r❝✐s❡ ✼✳✺✳✽✹
✭❙❡❝t✐♦♥ ✺✳✹✮ ❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥ 3x − 4 (2 − x) − 3 (x − 2) + 4 = 0✳

❊①❡r❝✐s❡ ✼✳✺✳✽✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✼✳✮

✭❙❡❝t✐♦♥ ✺✳✻✮ ❲❤❡♥ ❢♦✉r t✐♠❡s ❛ ♥✉♠❜❡r ✐s ❞✐✈✐❞❡❞ ❜② ✜✈❡✱ ❛♥❞ t❤❛t r❡s✉❧t ✐s ❞❡❝r❡❛s❡❞ ❜② ❡✐❣❤t✱
t❤❡ r❡s✉❧t ✐s ③❡r♦✳ ❲❤❛t ✐s t❤❡ ♦r✐❣✐♥❛❧ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✼✳✺✳✽✻
✭❙❡❝t✐♦♥ ✺✳✽✮ ❙♦❧✈❡ −3y + 10 = x + 2 ✐❢ x = −4✳

❊①❡r❝✐s❡ ✼✳✺✳✽✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✽✳✮

✭❙❡❝t✐♦♥ ✼✳✹✮ ●r❛♣❤ t❤❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥ x + y = 3✳

✼✳✻ ●r❛♣❤✐♥❣ ❊q✉❛t✐♦♥s ✐♥ ❙❧♦♣❡✲■♥t❡r❝❡♣t ❋♦r♠ ✻

✼✳✻✳✶ ❖✈❡r✈✐❡✇

• ❯s✐♥❣ t❤❡ ❙❧♦♣❡ ❛♥❞ ■♥t❡r❝❡♣t t♦ ●r❛♣❤ ❛ ▲✐♥❡

✼✳✻✳✷ ❯s✐♥❣ t❤❡ ❙❧♦♣❡ ❛♥❞ ■♥t❡r❝❡♣t t♦ ●r❛♣❤ ❛ ▲✐♥❡

❲❤❡♥ ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✐s ❣✐✈❡♥ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❢♦r♠✱ ax + by = c✱ ✇❡ ♦❜s❡r✈❡❞ t❤❛t ❛♥ ❡✣❝✐❡♥t ❣r❛♣❤✐❝❛❧
❛♣♣r♦❛❝❤ ✇❛s t❤❡ ✐♥t❡r❝❡♣t ♠❡t❤♦❞✳ ❲❡ ❧❡t x = 0 ❛♥❞ ❝♦♠♣✉t❡❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛❧✉❡ ♦❢ y✱ t❤❡♥ ❧❡t y = 0
❛♥❞ ❝♦♠♣✉t❡❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛❧✉❡ ♦❢ x✳

❲❤❡♥ ❛♥ ❡q✉❛t✐♦♥ ✐s ✇r✐tt❡♥ ✐♥ t❤❡ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠✱ y = mx + b✱ t❤❡r❡ ❛r❡ ❛❧s♦ ❡✣❝✐❡♥t ✇❛②s ♦❢
❝♦♥str✉❝t✐♥❣ t❤❡ ❣r❛♣❤✳ ❖♥❡ ✇❛②✱ ❜✉t ❧❡ss ❡✣❝✐❡♥t✱ ✐s t♦ ❝❤♦♦s❡ t✇♦ ♦r t❤r❡❡ x✲✈❛❧✉❡s ❛♥❞ ❝♦♠♣✉t❡ t♦ ✜♥❞
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ y✲✈❛❧✉❡s✳ ❍♦✇❡✈❡r✱ ❝♦♠♣✉t❛t✐♦♥s ❛r❡ t❡❞✐♦✉s✱ t✐♠❡ ❝♦♥s✉♠✐♥❣✱ ❛♥❞ ❝❛♥ ❧❡❛❞ t♦ ❡rr♦rs✳
❆♥♦t❤❡r ✇❛②✱ t❤❡ ♠❡t❤♦❞ ❧✐st❡❞ ❜❡❧♦✇✱ ♠❛❦❡s ✉s❡ ♦❢ t❤❡ s❧♦♣❡ ❛♥❞ t❤❡ y✲✐♥t❡r❝❡♣t ❢♦r ❣r❛♣❤✐♥❣ t❤❡ ❧✐♥❡✳ ■t
✐s q✉✐❝❦✱ s✐♠♣❧❡✱ ❛♥❞ ✐♥✈♦❧✈❡s ♥♦ ❝♦♠♣✉t❛t✐♦♥s✳

●r❛♣❤✐♥❣ ▼❡t❤♦❞

✶✳ P❧♦t t❤❡ y✲✐♥t❡r❝❡♣t (0, b)✳
✷✳ ❉❡t❡r♠✐♥❡ ❛♥♦t❤❡r ♣♦✐♥t ❜② ✉s✐♥❣ t❤❡ s❧♦♣❡m✳
✸✳ ❉r❛✇ ❛ ❧✐♥❡ t❤r♦✉❣❤ t❤❡ t✇♦ ♣♦✐♥ts✳

✻❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✷✵✵✵✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✽✻
❈❍❆P❚❊❘ ✼✳ ●❘❆P❍■◆● ▲■◆❊❆❘ ❊◗❯❆❚■❖◆❙ ❆◆❉ ■◆❊◗❯❆▲■❚■❊❙ ■◆

❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❘❡❝❛❧❧ t❤❛t ✇❡ ❞❡✜♥❡❞ t❤❡ s❧♦♣❡m ❛s t❤❡ r❛t✐♦ y2−y1

x2−x1
✳ ❚❤❡ ♥✉♠❡r❛t♦r y2 −y1 r❡♣r❡s❡♥ts t❤❡ ♥✉♠❜❡r ♦❢ ✉♥✐ts

t❤❛t y ❝❤❛♥❣❡s ❛♥❞ t❤❡ ❞❡♥♦♠✐♥❛t♦r x2−x1 r❡♣r❡s❡♥ts t❤❡ ♥✉♠❜❡r ♦❢ ✉♥✐ts t❤❛t x ❝❤❛♥❣❡s✳ ❙✉♣♣♦s❡ m = p
q ✳

❚❤❡♥ p ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✉♥✐ts t❤❛t y ❝❤❛♥❣❡s ❛♥❞ q ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✉♥✐ts t❤❛t x ❝❤❛♥❣❡s✳ ❙✐♥❝❡ t❤❡s❡
❝❤❛♥❣❡s ♦❝❝✉r s✐♠✉❧t❛♥❡♦✉s❧②✱ st❛rt ✇✐t❤ ②♦✉r ♣❡♥❝✐❧ ❛t t❤❡ y✲✐♥t❡r❝❡♣t✱ ♠♦✈❡ p ✉♥✐ts ✐♥ t❤❡ ❛♣♣r♦♣r✐❛t❡
✈❡rt✐❝❛❧ ❞✐r❡❝t✐♦♥✱ ❛♥❞ t❤❡♥ ♠♦✈❡ q ✉♥✐ts ✐♥ t❤❡ ❛♣♣r♦♣r✐❛t❡ ❤♦r✐③♦♥t❛❧ ❞✐r❡❝t✐♦♥✳ ▼❛r❦ ❛ ♣♦✐♥t ❛t t❤✐s
❧♦❝❛t✐♦♥✳

✼✳✻✳✸ ❙❛♠♣❧❡ ❙❡t ❆

●r❛♣❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡s✳

❊①❛♠♣❧❡ ✼✳✸✻
y = 3

4x + 2

❙t❡♣ ✶✿ ❚❤❡ y✲✐♥t❡r❝❡♣t ✐s t❤❡ ♣♦✐♥t (0, 2)✳ ❚❤✉s t❤❡ ❧✐♥❡ ❝r♦ss❡s t❤❡ y✲❛①✐s ✷ ✉♥✐ts ❛❜♦✈❡ t❤❡ ♦r✐❣✐♥✳
▼❛r❦ ❛ ♣♦✐♥t ❛t (0, 2)✳

❙t❡♣ ✷✿ ❚❤❡ s❧♦♣❡✱ m✱ ✐s 3
4 ✳ ❚❤✐s ♠❡❛♥s t❤❛t ✐❢ ✇❡ st❛rt ❛t ❛♥② ♣♦✐♥t ♦♥ t❤❡ ❧✐♥❡ ❛♥❞ ♠♦✈❡ ♦✉r

♣❡♥❝✐❧ 3 ✉♥✐ts ✉♣ ❛♥❞ t❤❡♥ 4 ✉♥✐ts t♦ t❤❡ r✐❣❤t✱ ✇❡✬❧❧ ❜❡ ❜❛❝❦ ♦♥ t❤❡ ❧✐♥❡✳ ❙t❛rt ❛t ❛
❦♥♦✇♥ ♣♦✐♥t✱ t❤❡ y✲✐♥t❡r❝❡♣t (0, 2)✳ ▼♦✈❡ ✉♣ 3 ✉♥✐ts✱ t❤❡♥ ♠♦✈❡ 4 ✉♥✐ts t♦ t❤❡ r✐❣❤t✳
▼❛r❦ ❛ ♣♦✐♥t ❛t t❤✐s ❧♦❝❛t✐♦♥✳ ✭◆♦t❡ ❛❧s♦ t❤❛t 3

4 = −3
−4 ✳ ❚❤✐s ♠❡❛♥s t❤❛t ✐❢ ✇❡ st❛rt

❛t ❛♥② ♣♦✐♥t ♦♥ t❤❡ ❧✐♥❡ ❛♥❞ ♠♦✈❡ ♦✉r ♣❡♥❝✐❧ 3 ✉♥✐ts ❞♦✇♥ ❛♥❞ 4 ✉♥✐ts t♦ t❤❡ ❧❡❢t✱

✇❡✬❧❧ ❜❡ ❜❛❝❦ ♦♥ t❤❡ ❧✐♥❡✳ ◆♦t❡ ❛❧s♦ t❤❛t 3
4 =

3
4

1 ✳ ❚❤✐s ♠❡❛♥s t❤❛t ✐❢ ✇❡ st❛rt ❛t ❛♥② ♣♦✐♥t
♦♥ t❤❡ ❧✐♥❡ ❛♥❞ ♠♦✈❡ t♦ t❤❡ r✐❣❤t 1 ✉♥✐t✱ ✇❡✬❧❧ ❤❛✈❡ t♦ ♠♦✈❡ ✉♣ 3/4 ✉♥✐t t♦ ❣❡t ❜❛❝❦ ♦♥ t❤❡ ❧✐♥❡✳✮

❙t❡♣ ✸✿ ❉r❛✇ ❛ ❧✐♥❡ t❤r♦✉❣❤ ❜♦t❤ ♣♦✐♥ts✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✽✼

❊①❛♠♣❧❡ ✼✳✸✼
y = − 1

2x + 7
2

❙t❡♣ ✶✿ ❚❤❡ y✲✐♥t❡r❝❡♣t ✐s t❤❡ ♣♦✐♥t
(
0, 7

2

)
✳ ❚❤✉s t❤❡ ❧✐♥❡ ❝r♦ss❡s t❤❡ y✲❛①✐s 7

2 ✉♥✐ts ❛❜♦✈❡ t❤❡ ♦r✐❣✐♥✳

▼❛r❦ ❛ ♣♦✐♥t ❛t
(
0, 7

2

)
✱ ♦r

(
0, 3 1

2

)
✳

❙t❡♣ ✷✿ ❚❤❡ s❧♦♣❡✱ m✱ ✐s − 1
2 ✳ ❲❡ ❝❛♥ ✇r✐t❡ − 1

2 ❛s −1
2 ✳ ❚❤✉s✱ ✇❡ st❛rt ❛t ❛ ❦♥♦✇♥ ♣♦✐♥t✱ t❤❡

y✲✐♥t❡r❝❡♣t
(
0, 3 1

2

)
✱ ♠♦✈❡ ❞♦✇♥ ♦♥❡ ✉♥✐t ✭❜❡❝❛✉s❡ ♦❢ t❤❡ −1✮✱ t❤❡♥ ♠♦✈❡ r✐❣❤t 2 ✉♥✐ts✳

▼❛r❦ ❛ ♣♦✐♥t ❛t t❤✐s ❧♦❝❛t✐♦♥✳

❙t❡♣ ✸✿ ❉r❛✇ ❛ ❧✐♥❡ t❤r♦✉❣❤ ❜♦t❤ ♣♦✐♥ts✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✽✽
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❊①❛♠♣❧❡ ✼✳✸✽
y = 2

5x

❙t❡♣ ✶✿ ❲❡ ❝❛♥ ♣✉t t❤✐s ❡q✉❛t✐♦♥ ✐♥t♦ ❡①♣❧✐❝✐t s❧♦♣❡✲✐♥t❡r❝❡♣t ❜② ✇r✐t✐♥❣ ✐t ❛s y = 2
5x + 0✳

❚❤❡ y✲✐♥t❡r❝❡♣t ✐s t❤❡ ♣♦✐♥t (0, 0)✱ t❤❡ ♦r✐❣✐♥✳ ❚❤✐s ❧✐♥❡ ❣♦❡s r✐❣❤t t❤r♦✉❣❤ t❤❡ ♦r✐✲
❣✐♥✳

❙t❡♣ ✷✿ ❚❤❡ s❧♦♣❡✱ m✱ ✐s 2
5 ✳ ❙t❛rt✐♥❣ ❛t t❤❡ ♦r✐❣✐♥✱ ✇❡ ♠♦✈❡ ✉♣ 2 ✉♥✐ts✱ t❤❡♥ ♠♦✈❡ t♦ t❤❡ r✐❣❤t 5

✉♥✐ts✳ ▼❛r❦ ❛ ♣♦✐♥t ❛t t❤✐s ❧♦❝❛t✐♦♥✳

❙t❡♣ ✸✿ ❉r❛✇ ❛ ❧✐♥❡ t❤r♦✉❣❤ t❤❡ t✇♦ ♣♦✐♥ts✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✽✾

❊①❛♠♣❧❡ ✼✳✸✾
y = 2x − 4

❙t❡♣ ✶✿ ❚❤❡ y✲✐♥t❡r❝❡♣t ✐s t❤❡ ♣♦✐♥t (0, − 4)✳ ❚❤✉s t❤❡ ❧✐♥❡ ❝r♦ss❡s t❤❡ y✲❛①✐s 4 ✉♥✐ts ❜❡❧♦✇ t❤❡
♦r✐❣✐♥✳ ▼❛r❦ ❛ ♣♦✐♥t ❛t (0, − 4)✳

❙t❡♣ ✷✿ ❚❤❡ s❧♦♣❡✱ m✱ ✐s ✷✳ ■❢ ✇❡ ✇r✐t❡ t❤❡ s❧♦♣❡ ❛s ❛ ❢r❛❝t✐♦♥✱ 2 = 2
1 ✱ ✇❡ ❝❛♥ r❡❛❞ ❤♦✇ t♦ ♠❛❦❡ t❤❡

❝❤❛♥❣❡s✳ ❙t❛rt ❛t t❤❡ ❦♥♦✇♥ ♣♦✐♥t (0, − 4)✱ ♠♦✈❡ ✉♣ 2 ✉♥✐ts✱ t❤❡♥ ♠♦✈❡ r✐❣❤t 1 ✉♥✐t✳ ▼❛r❦
❛ ♣♦✐♥t ❛t t❤✐s ❧♦❝❛t✐♦♥✳

❙t❡♣ ✸✿ ❉r❛✇ ❛ ❧✐♥❡ t❤r♦✉❣❤ t❤❡ t✇♦ ♣♦✐♥ts✳

✼✳✻✳✹ Pr❛❝t✐❝❡ ❙❡t ❆

❯s❡ t❤❡ y✲✐♥t❡r❝❡♣t ❛♥❞ t❤❡ s❧♦♣❡ t♦ ❣r❛♣❤ ❡❛❝❤ ❧✐♥❡✳

❊①❡r❝✐s❡ ✼✳✻✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✽✳✮

y = −2
3 x + 4

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❊①❡r❝✐s❡ ✼✳✻✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✽✳✮

y = 3
4x

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✾✶

✼✳✻✳✺ ❊①❝❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❣r❛♣❤ t❤❡ ❡q✉❛t✐♦♥s✳

❊①❡r❝✐s❡ ✼✳✻✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✽✳✮

y = 2
3x + 1

❊①❡r❝✐s❡ ✼✳✻✳✹
y = 1

4x − 2

❊①❡r❝✐s❡ ✼✳✻✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✾✳✮

y = 5x − 4

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❊①❡r❝✐s❡ ✼✳✻✳✻
y = − 6

5x − 3

❊①❡r❝✐s❡ ✼✳✻✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✾✳✮

y = 3
2x − 5

❊①❡r❝✐s❡ ✼✳✻✳✽
y = 1

5x + 2

❊①❡r❝✐s❡ ✼✳✻✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✹✾✳✮

y = − 8
3x + 4

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✾✸

❊①❡r❝✐s❡ ✼✳✻✳✶✵
y = − 10

3 x + 6

❊①❡r❝✐s❡ ✼✳✻✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✵✳✮

y = 1x − 4

❊①❡r❝✐s❡ ✼✳✻✳✶✷
y = −2x + 1

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❊①❡r❝✐s❡ ✼✳✻✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✵✳✮

y = x + 2

❊①❡r❝✐s❡ ✼✳✻✳✶✹
y = 3

5x

❊①❡r❝✐s❡ ✼✳✻✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✵✳✮

y = − 4
3x

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✾✺

❊①❡r❝✐s❡ ✼✳✻✳✶✻
y = x

❊①❡r❝✐s❡ ✼✳✻✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✶✳✮

y = −x

❊①❡r❝✐s❡ ✼✳✻✳✶✽
3y − 2x = −3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❊①❡r❝✐s❡ ✼✳✻✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✶✳✮

6x + 10y = 30

❊①❡r❝✐s❡ ✼✳✻✳✷✵
x + y = 0

✼✳✻✳✻ ❊①❝❡rs✐s❡ ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✼✳✻✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✶✳✮

✭❙❡❝t✐♦♥ ✺✳✼✮ ❙♦❧✈❡ t❤❡ ✐♥❡q✉❛❧✐t② 2 − 4x ≥ x − 3✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✾✼

❊①❡r❝✐s❡ ✼✳✻✳✷✷
✭❙❡❝t✐♦♥ ✼✳✷✮ ●r❛♣❤ t❤❡ ✐♥❡q✉❛❧✐t② y + 3 > 1✳

❊①❡r❝✐s❡ ✼✳✻✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✶✳✮

✭❙❡❝t✐♦♥ ✼✳✹✮ ●r❛♣❤ t❤❡ ❡q✉❛t✐♦♥ y = −2✳

❊①❡r❝✐s❡ ✼✳✻✳✷✹
✭❙❡❝t✐♦♥ ✼✳✺✮ ❉❡t❡r♠✐♥❡ t❤❡ s❧♦♣❡ ❛♥❞ y✲✐♥t❡r❝❡♣t ♦❢ t❤❡ ❧✐♥❡ −4y − 3x = 16✳

❊①❡r❝✐s❡ ✼✳✻✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✷✳✮

✭❙❡❝t✐♦♥ ✼✳✺✮ ❋✐♥❞ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ❧✐♥❡ ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ ♣♦✐♥ts (−1, 5) ❛♥❞ (2, 3)✳

✼✳✼ ❋✐♥❞✐♥❣ t❤❡ ❊q✉❛t✐♦♥ ♦❢ ❛ ▲✐♥❡ ✼

✼✳✼✳✶ ❖✈❡r✈✐❡✇

• ❚❤❡ ❙❧♦♣❡✲■♥t❡r❝❡♣t ❛♥❞ P♦✐♥t✲❙❧♦♣❡ ❋♦r♠s

✼✳✼✳✷ ❚❤❡ ❙❧♦♣❡✲■♥t❡r❝❡♣t ❛♥❞ P♦✐♥t✲❙❧♦♣❡ ❋♦r♠s

■♥ t❤❡ ♣❡r✈✐♦✉s s❡❝t✐♦♥s ✇❡ ❤❛✈❡ ❜❡❡♥ ❣✐✈❡♥ ❛♥ ❡q✉❛t✐♦♥ ❛♥❞ ❤❛✈❡ ❝♦♥str✉❝t❡❞ t❤❡ ❧✐♥❡ t♦ ✇❤✐❝❤ ✐t ❝♦rr❡s♣♦♥❞s✳
◆♦✇✱ ❤♦✇❡✈❡r✱ s✉♣♣♦s❡ ✇❡✬r❡ ❣✐✈❡♥ s♦♠❡ ❣❡♦♠❡tr✐❝ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❧✐♥❡ ❛♥❞ ✇❡ ✇✐s❤ t♦ ❝♦♥str✉❝t t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❡q✉❛t✐♦♥✳ ❲❡ ✇✐s❤ t♦ ✜♥❞ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ❛ ❧✐♥❡✳

❲❡ ❦♥♦✇ t❤❛t t❤❡ ❢♦r♠✉❧❛ ❢♦r t❤❡ s❧♦♣❡ ♦❢ ❛ ❧✐♥❡ ✐s m = y2−y1

x2−x1
.❲❡ ❝❛♥ ✜♥❞ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ❛ ❧✐♥❡ ✉s✐♥❣

t❤❡ s❧♦♣❡ ❢♦r♠✉❧❛ ✐♥ ❡✐t❤❡r ♦❢ t✇♦ ✇❛②s✿

❊①❛♠♣❧❡ ✼✳✹✵
■❢ ✇❡✬r❡ ❣✐✈❡♥ t❤❡ s❧♦♣❡✱ m✱ ❛♥❞ ❛♥② ♣♦✐♥t (x1, y1) ♦♥ t❤❡ ❧✐♥❡✱ ✇❡ ❝❛♥ s✉❜st✐t✉t❡ t❤✐s ✐♥❢♦r♠❛t✐♦♥
✐♥t♦ t❤❡ ❢♦r♠✉❧❛ ❢♦r s❧♦♣❡✳
▲❡t (x1, y1) ❜❡ t❤❡ ❦♥♦✇♥ ♣♦✐♥t ♦♥ t❤❡ ❧✐♥❡ ❛♥❞ ❧❡t (x, y) ❜❡ ❛♥② ♦t❤❡r ♣♦✐♥t ♦♥ t❤❡ ❧✐♥❡✳ ❚❤❡♥

✼❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✾✽✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

m = y−y1

x−x1
▼✉❧t✐♣❧② ❜♦t❤ s✐❞❡s ❜②x − x1.

m (x − x1) = ) (x − x1) · y−y1

)x−x1

m (x − x1) = y − y1 ❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡✬❧❧ r❡✇r✐t❡ t❤❡ ❡q✉❛t✐♦♥.

y − y1 = m (x − x1)

❙✐♥❝❡ t❤✐s ❡q✉❛t✐♦♥ ✇❛s ❞❡r✐✈❡❞ ✉s✐♥❣ ❛ ♣♦✐♥t ❛♥❞ t❤❡ s❧♦♣❡ ♦❢ ❛ ❧✐♥❡✱ ✐t ✐s ❝❛❧❧❡❞ t❤❡ ♣♦✐♥t✲s❧♦♣❡
❢♦r♠ ♦❢ ❛ ❧✐♥❡✳

❊①❛♠♣❧❡ ✼✳✹✶
■❢ ✇❡ ❛r❡ ❣✐✈❡♥ t❤❡ s❧♦♣❡✱ m✱ ②✲✐♥t❡r❝❡♣t, (0, b)✱ ✇❡ ❝❛♥ s✉❜st✐t✉t❡ t❤✐s ✐♥❢♦r♠❛t✐♦♥ ✐♥t♦ t❤❡ ❢♦r♠✉❧❛
❢♦r s❧♦♣❡✳
▲❡t (0, b) ❜❡ t❤❡ ②✲✐♥t❡r❝❡♣t ❛♥❞ (x, y) ❜❡ ❛♥② ♦t❤❡r ♣♦✐♥t ♦♥ t❤❡ ❧✐♥❡✳ ❚❤❡♥✱

m = y−b
x−0

m = y−b
x ▼✉❧t✐♣❧② ❜♦t❤ s✐❞❡s ❜②x✳

m · x = )x · y−b

)x

mx = y − b ❙♦❧✈❡ ❢♦r y.

mx + b = y ❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡✬❧❧ r❡✇r✐t❡ t❤✐s ❡q✉❛t✐♦♥✳

y = mx + b

❙✐♥❝❡ t❤✐s ❡q✉❛t✐♦♥ ✇❛s ❞❡r✐✈❡❞ ✉s✐♥❣ t❤❡ s❧♦♣❡ ❛♥❞ t❤❡ ✐♥t❡r❝❡♣t✱ ✐t ✇❛s ❝❛❧❧❡❞ t❤❡ s❧♦♣❡✲
✐♥t❡r❝❡♣t ❢♦r♠ ♦❢ ❛ ❧✐♥❡✳

❲❡ s✉♠♠❛r✐③❡ t❤❡s❡ t✇♦ ❞❡r✐✈❛t✐♦♥s ❛s ❢♦❧❧♦✇s✳
❋♦r♠s ♦❢ t❤❡ ❊q✉❛t✐♦♥ ♦❢ ❛ ▲✐♥❡
❲❡ ❝❛♥ ✜♥❞ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ❛ ❧✐♥❡ ✐❢ ✇❡✬r❡ ❣✐✈❡♥ ❡✐t❤❡r ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡ts ♦❢ ✐♥❢♦r♠❛t✐♦♥✿

✶✳ ❚❤❡ s❧♦♣❡✱ m,❛♥❞ t❤❡ y✲✐♥t❡r❝❡♣t✱ (0, b) ,❜② s✉❜st✐t✉t✐♥❣ t❤❡s❡ ✈❛❧✉❡s ✐♥t♦ ②❂♠①✰❜

❚❤✐s ✐s t❤❡ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠✳

✷✳ ❚❤❡ s❧♦♣❡✱ m,❛♥❞ ❛♥② ♣♦✐♥t✱ (x1, y1) ,❜② s✉❜st✐t✉t✐♥❣ t❤❡s❡ ✈❛❧✉❡s ✐♥t♦ ②✲②1 = m (x − x1)

❚❤✐s ✐s t❤❡ ♣♦✐♥t✲s❧♦♣❡ ❢♦r♠✳

◆♦t✐❝❡ t❤❛t ❜♦t❤ ❢♦r♠s r❡❧② ♦♥ ❦♥♦✇✐♥❣ t❤❡ s❧♦♣❡✳ ■❢ ✇❡ ❛r❡ ❣✐✈❡♥ t✇♦ ♣♦✐♥ts ♦♥ t❤❡ ❧✐♥❡ ✇❡ ♠❛② st✐❧❧ ✜♥❞
t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡ ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡♠ ❜② ✜rst ✜♥❞✐♥❣ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ❧✐♥❡✱ t❤❡♥ ✉s✐♥❣ t❤❡ ♣♦✐♥t✲s❧♦♣❡
❢♦r♠✳

■t ✐s ❝✉st♦♠❛r② t♦ ✉s❡ ❡✐t❤❡r t❤❡ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠ ♦r t❤❡ ❣❡♥❡r❛❧ ❢♦r♠ ❢♦r t❤❡ ✜♥❛❧ ❢♦r♠ ♦❢ t❤❡ ❧✐♥❡✳
❲❡ ✇✐❧❧ ✉s❡ t❤❡ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠ ❛s t❤❡ ✜♥❛❧ ❢♦r♠✳

✼✳✼✳✸ ❙❛♠♣❧❡ ❙❡t ❆

❋✐♥❞ t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡ ✉s✐♥❣ t❤❡ ❣✐✈❡♥ ✐♥❢♦r♠❛t✐♦♥✳

❊①❛♠♣❧❡ ✼✳✹✷
m = 6 , y✲✐♥t❡r❝❡♣t (0, 4)

❙✐♥❝❡ ✇❡✬r❡ ❣✐✈❡♥ t❤❡ s❧♦♣❡ ❛♥❞ t❤❡ y✲✐♥t❡r❝❡♣t✱✇❡✬❧❧ ✉s❡ t❤❡ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠✳ m = 6, b = 4.

y = mx + b

y = 6x + 4

❊①❛♠♣❧❡ ✼✳✹✸
m = − 3

4 , y✲✐♥t❡r❝❡♣t
(
0, 1

8

)

❙✐♥❝❡ ✇❡✬r❡ ❣✐✈❡♥ t❤❡ s❧♦♣❡ ❛♥❞ t❤❡ y✲✐♥t❡r❝❡♣t✱✇❡✬❧❧ ✉s❡ t❤❡ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠✳ m = −3
4 ,

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✹✾✾

b = 1
8 .

y = mx + b

y = − 3
4x + 1

8

❊①❛♠♣❧❡ ✼✳✹✹

m = 2, t❤❡ ♣♦✐♥t (4, 3) .

❲r✐t❡ t❤❡ ❡q✉❛t✐♦♥ ✐♥ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠✳
❙✐♥❝❡ ✇❡✬r❡ ❣✐✈❡♥ t❤❡ s❧♦♣❡ ❛♥❞ s♦♠❡ ♣♦✐♥t✱ ✇❡✬❧❧ ✉s❡ t❤❡ ♣♦✐♥t✲s❧♦♣❡ ❢♦r♠✳

y − y1 = m (x − x1) ▲❡t (x1, y1) ❜❡ ✭✹✱✸✮✳

y − 3 = 2 (x − 4) P✉t t❤✐s ❡q✉❛t✐♦♥ ✐♥ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠❜② s♦❧✈✐♥❣ ❢♦r y.

y − 3 = 2x − 8

y = 2x − 5

❊①❛♠♣❧❡ ✼✳✹✺

m = −5, t❤❡ ♣♦✐♥t (−3, 0) .

❲r✐t❡ t❤❡ ❡q✉❛t✐♦♥ ✐♥ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠✳
❙✐♥❝❡ ✇❡✬r❡ ❣✐✈❡♥ t❤❡ s❧♦♣❡ ❛♥❞ s♦♠❡ ♣♦✐♥t✱ ✇❡✬❧❧ ✉s❡ t❤❡ ♣♦✐♥t✲s❧♦♣❡ ❢♦r♠✳

y − y1 = m (x − x1) ▲❡t (x1, y1) ❜❡ ✭✲✸✱✵✮✳

y − 0 = −5 [x − (−3)]

y = −5 (x + 3) ❙♦❧✈❡ ❢♦r y.

y = −5x − 15

❊①❛♠♣❧❡ ✼✳✹✻

m = −1, t❤❡ ♣♦✐♥t (0, 7) .

❲r✐t❡ t❤❡ ❡q✉❛t✐♦♥ ✐♥ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠✳
❲❡✬r❡ ❣✐✈❡♥ t❤❡ s❧♦♣❡ ❛♥❞ ❛ ♣♦✐♥t✱ ❜✉t ❝❛r❡❢✉❧ ♦❜s❡r✈❛t✐♦♥ r❡✈❡❛❧s t❤❛t t❤✐s ♣♦✐♥t ✐s ❛❝t✉❛❧❧② t❤❡

y✲✐♥t❡r❝❡♣t✳ ❚❤✉s✱ ✇❡✬❧❧ ✉s❡ t❤❡ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠✳ ■❢ ✇❡ ❤❛❞ ♥♦t s❡❡♥ t❤❛t t❤✐s ♣♦✐♥t ✇❛s t❤❡
y✲✐♥t❡r❝❡♣t✇❡ ✇♦✉❧❞ ❤❛✈❡ ♣r♦❝❡❡❞❡❞ ✇✐t❤ t❤❡ ♣♦✐♥t✲s❧♦♣❡ ❢♦r♠✳ ❚❤✐s ✇♦✉❧❞ ❝r❡❛t❡ s❧✐❣❤t❧② ♠♦r❡
✇♦r❦✱ ❜✉t st✐❧❧ ❣✐✈❡ t❤❡ s❛♠❡ r❡s✉❧t✳

❙❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠
Ψ

P♦✐♥t✲s❧♦♣❡ ❢♦r♠
Ψ

y = mx + b

y = −1x + 7

y = −x + 7

y − y1 = m (x − x1)

y − 7 = −1 (x − 0)

y − 7 = −x

y = −x + 7

❊①❛♠♣❧❡ ✼✳✹✼
❚❤❡ t✇♦ ♣♦✐♥ts (4, 1)❛♥❞ (3, 5) .
❲r✐t❡ t❤❡ ❡q✉❛t✐♦♥ ✐♥ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠✳

❙✐♥❝❡ ✇❡✬r❡ ❣✐✈❡♥ t✇♦ ♣♦✐♥ts✱ ✇❡✬❧❧ ✜♥❞ t❤❡ s❧♦♣❡ ✜rst✳
m = y2−y1

x2−x1
= 5−1

3−4 = 4
−1 = −4

◆♦✇✱ ✇❡ ❤❛✈❡ t❤❡ s❧♦♣❡ ❛♥❞ t✇♦ ♣♦✐♥ts✳ ❲❡ ❝❛♥ ✉s❡ ❡✐t❤❡r ♣♦✐♥t ❛♥❞ t❤❡ ♣♦✐♥t✲s❧♦♣❡ ❢♦r♠✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❯s✐♥❣ (4, 1) ❯s✐♥❣ (3, 5)

y − y1 = m (x − x1)

y − 1 = −4 (x − 4)

y − 1 = −4x + 16

y = −4x + 17

y − y1 = m (x − x1)

y − 5 = −4 (x − 3)

y − 5 = −4x + 12

y = −4x + 17

❚❛❜❧❡ ✼✳✶✺

❲❡ ❝❛♥ s❡❡ t❤❛t t❤❡ ✉s❡ ♦❢ ❡✐t❤❡r ♣♦✐♥t ❣✐✈❡s t❤❡ s❛♠❡ r❡s✉❧t✳

✼✳✼✳✹ Pr❛❝t✐❝❡ ❙❡t ❆

❋✐♥❞ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ❡❛❝❤ ❧✐♥❡ ❣✐✈❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❢♦r♠❛t✐♦♥✳ ❯s❡ t❤❡ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠ ❛s t❤❡ ✜♥❛❧ ❢♦r♠
♦❢ t❤❡ ❡q✉❛t✐♦♥✳

❊①❡r❝✐s❡ ✼✳✼✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✷✳✮

m = 5, y✲✐♥t❡r❝❡♣t (0, 8) .

❊①❡r❝✐s❡ ✼✳✼✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✷✳✮

m = −8, y✲✐♥t❡r❝❡♣t (0, 3) .

❊①❡r❝✐s❡ ✼✳✼✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✷✳✮

m = 2, y✲✐♥t❡r❝❡♣t (0,−7) .

❊①❡r❝✐s❡ ✼✳✼✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✷✳✮

m = 1, y✲✐♥t❡r❝❡♣t (0,−1) .

❊①❡r❝✐s❡ ✼✳✼✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✷✳✮

m = −1, y✲✐♥t❡r❝❡♣t (0,−10) .

❊①❡r❝✐s❡ ✼✳✼✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✷✳✮

m = 4,t❤❡ ♣♦✐♥t (5, 2) .

❊①❡r❝✐s❡ ✼✳✼✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✷✳✮

m = −6,t❤❡ ♣♦✐♥t (−1, 0) .

❊①❡r❝✐s❡ ✼✳✼✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✷✳✮

m = −1,t❤❡ ♣♦✐♥t (−5,−5) .

❊①❡r❝✐s❡ ✼✳✼✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✷✳✮

❚❤❡ t✇♦ ♣♦✐♥ts (4, 1)❛♥❞ (6, 5) .

❊①❡r❝✐s❡ ✼✳✼✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✷✳✮

❚❤❡ t✇♦ ♣♦✐♥ts (−7,−1)❛♥❞ (−4, 8) .

✼✳✼✳✺ ❙❛♠♣❧❡ ❙❡t ❇

❊①❛♠♣❧❡ ✼✳✹✽
❋✐♥❞ t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡ ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ ♣♦✐♥t (4,−7)❤❛✈✐♥❣ s❧♦♣❡ ✵✳

❲❡✬r❡ ❣✐✈❡♥ t❤❡ s❧♦♣❡ ❛♥❞ s♦♠❡ ♣♦✐♥t✱ s♦ ✇❡✬❧❧ ✉s❡ t❤❡ ♣♦✐♥t✲s❧♦♣❡ ❢♦r♠✳ ❲✐t❤ m = 0❛♥❞
(x1, y1)❛s (4,−7) ,✇❡ ❤❛✈❡

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✵✶

y − y1 = m (x − x1)

y − (−7) = 0 (x − 4)

y + 7 = 0

y = −7

❚❤✐s ✐s ❛ ❤♦r✐③♦♥t❛❧ ❧✐♥❡✳

❊①❛♠♣❧❡ ✼✳✹✾
❋✐♥❞ t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡ ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ ♣♦✐♥t (1, 3)❣✐✈❡♥ t❤❛t t❤❡ ❧✐♥❡ ✐s ✈❡rt✐❝❛❧✳

❙✐♥❝❡ t❤❡ ❧✐♥❡ ✐s ✈❡rt✐❝❛❧✱ t❤❡ s❧♦♣❡ ❞♦❡s ♥♦t ❡①✐st✳ ❚❤✉s✱ ✇❡ ❝❛♥♥♦t ✉s❡ ❡✐t❤❡r t❤❡ s❧♦♣❡✲✐♥t❡r❝❡♣t
❢♦r♠ ♦r t❤❡ ♣♦✐♥t✲s❧♦♣❡ ❢♦r♠✳ ❲❡ ♠✉st r❡❝❛❧❧ ✇❤❛t ✇❡ ❦♥♦✇ ❛❜♦✉t ✈❡rt✐❝❛❧ ❧✐♥❡s✳ ❚❤❡ ❡q✉❛t✐♦♥ ♦❢
t❤✐s ❧✐♥❡ ✐s s✐♠♣❧② x = 1.

✼✳✼✳✻ Pr❛❝t✐❝❡ ❙❡t ❇

❊①❡r❝✐s❡ ✼✳✼✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✷✳✮

❋✐♥❞ t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡ ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ ♣♦✐♥t (−2, 9)❤❛✈✐♥❣ s❧♦♣❡ ✵✳

❊①❡r❝✐s❡ ✼✳✼✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✷✳✮

❋✐♥❞ t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡ ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ ♣♦✐♥t (−1, 6)❣✐✈❡♥ t❤❛t t❤❡ ❧✐♥❡ ✐s ✈❡rt✐❝❛❧✳

✼✳✼✳✼ ❙❛♠♣❧❡ ❙❡t ❈

❊①❛♠♣❧❡ ✼✳✺✵
❘❡❛❞✐♥❣ ♦♥❧② ❢r♦♠ t❤❡ ❣r❛♣❤✱ ❞❡t❡r♠✐♥❡ t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡✳

❚❤❡ s❧♦♣❡ ♦❢ t❤❡ ❧✐♥❡ ✐s 2
3 , ❛♥❞ t❤❡ ❧✐♥❡ ❝r♦ss❡s t❤❡ y✲❛①✐s❛t t❤❡ ♣♦✐♥t (0,−3) .❯s✐♥❣ t❤❡ s❧♦♣❡✲

✐♥t❡r❝❡♣t ❢♦r♠ ✇❡ ❣❡t
y = 2

3x − 3

✼✳✼✳✽ Pr❛❝t✐❝❡ ❙❡t ❈

❊①❡r❝✐s❡ ✼✳✼✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✷✳✮

❘❡❛❞✐♥❣ ♦♥❧② ❢r♦♠ t❤❡ ❣r❛♣❤✱ ❞❡t❡r♠✐♥❡ t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✺✵✸

✼✳✼✳✾ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✇r✐t❡ t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡ ✉s✐♥❣ t❤❡ ❣✐✈❡♥ ✐♥❢♦r♠❛t✐♦♥ ✐♥ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠✳

❊①❡r❝✐s❡ ✼✳✼✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✷✳✮

m = 3, y✲✐♥t❡r❝❡♣t (0, 4)

❊①❡r❝✐s❡ ✼✳✼✳✶✺
m = 2, y✲✐♥t❡r❝❡♣t (0, 5)

❊①❡r❝✐s❡ ✼✳✼✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✷✳✮

m = 8, y✲✐♥t❡r❝❡♣t (0, 1)

❊①❡r❝✐s❡ ✼✳✼✳✶✼
m = 5, y✲✐♥t❡r❝❡♣t (0,−3)

❊①❡r❝✐s❡ ✼✳✼✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✷✳✮

m = −6, y✲✐♥t❡r❝❡♣t (0,−1)

❊①❡r❝✐s❡ ✼✳✼✳✶✾
m = −4, y✲✐♥t❡r❝❡♣t (0, 0)

❊①❡r❝✐s❡ ✼✳✼✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✷✳✮

m = − 3
2 , y✲✐♥t❡r❝❡♣t (0, 0)

❊①❡r❝✐s❡ ✼✳✼✳✷✶
m = 3, (1, 4)

❊①❡r❝✐s❡ ✼✳✼✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✷✳✮

m = 1, (3, 8)

❊①❡r❝✐s❡ ✼✳✼✳✷✸
m = 2, (1, 4)

❊①❡r❝✐s❡ ✼✳✼✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✷✳✮

m = 8, (4, 0)

❊①❡r❝✐s❡ ✼✳✼✳✷✺
m = −3, (3, 0)

❊①❡r❝✐s❡ ✼✳✼✳✷✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✸✳✮

m = −1, (6, 0)

❊①❡r❝✐s❡ ✼✳✼✳✷✼
m = −6, (0, 0)

❊①❡r❝✐s❡ ✼✳✼✳✷✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✸✳✮

m = −2, (0, 1)

❊①❡r❝✐s❡ ✼✳✼✳✷✾
(0, 0) , (3, 2)

❊①❡r❝✐s❡ ✼✳✼✳✸✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✸✳✮

(0, 0) , (5, 8)

❊①❡r❝✐s❡ ✼✳✼✳✸✶
(4, 1) , (6, 3)

❊①❡r❝✐s❡ ✼✳✼✳✸✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✸✳✮

(2, 5) , (1, 4)

❊①❡r❝✐s❡ ✼✳✼✳✸✸
(5,−3) , (6, 2)

❊①❡r❝✐s❡ ✼✳✼✳✸✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✸✳✮

(2, 3) , (5, 3)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✵✹
❈❍❆P❚❊❘ ✼✳ ●❘❆P❍■◆● ▲■◆❊❆❘ ❊◗❯❆❚■❖◆❙ ❆◆❉ ■◆❊◗❯❆▲■❚■❊❙ ■◆

❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❊①❡r❝✐s❡ ✼✳✼✳✸✺
(−1, 5) , (4, 5)

❊①❡r❝✐s❡ ✼✳✼✳✸✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✸✳✮

(4, 1) , (4, 2)

❊①❡r❝✐s❡ ✼✳✼✳✸✼
(2, 7) , (2, 8)

❊①❡r❝✐s❡ ✼✳✼✳✸✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✸✳✮

(3, 3) , (5, 5)

❊①❡r❝✐s❡ ✼✳✼✳✸✾
(0, 0) , (1, 1)

❊①❡r❝✐s❡ ✼✳✼✳✹✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✸✳✮

(−2, 4) , (3,−5)

❊①❡r❝✐s❡ ✼✳✼✳✹✶
(1, 6) , (−1,−6)

❊①❡r❝✐s❡ ✼✳✼✳✹✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✸✳✮

(14, 12) , (−9,−11)

❊①❡r❝✐s❡ ✼✳✼✳✹✸
(0,−4) , (5, 0)

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ r❡❛❞ ♦♥❧② ❢r♦♠ t❤❡ ❣r❛♣❤ ❛♥❞ ❞❡t❡r♠✐♥❡ t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡s✳
❊①❡r❝✐s❡ ✼✳✼✳✹✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✸✳✮

❊①❡r❝✐s❡ ✼✳✼✳✹✺

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✵✺

❊①❡r❝✐s❡ ✼✳✼✳✹✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✸✳✮

❊①❡r❝✐s❡ ✼✳✼✳✹✼

❊①❡r❝✐s❡ ✼✳✼✳✹✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✸✳✮

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✵✻
❈❍❆P❚❊❘ ✼✳ ●❘❆P❍■◆● ▲■◆❊❆❘ ❊◗❯❆❚■❖◆❙ ❆◆❉ ■◆❊◗❯❆▲■❚■❊❙ ■◆

❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❊①❡r❝✐s❡ ✼✳✼✳✹✾

❊①❡r❝✐s❡ ✼✳✼✳✺✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✸✳✮

✼✳✼✳✶✵ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✼✳✼✳✺✶
✭❙❡❝t✐♦♥ ✼✳✷✮ ●r❛♣❤ t❤❡ ❡q✉❛t✐♦♥ x − 3 = 0.

❊①❡r❝✐s❡ ✼✳✼✳✺✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✸✳✮

✭❙❡❝t✐♦♥ ✼✳✹✮ ❙✉♣♣❧② t❤❡ ♠✐ss✐♥❣ ✇♦r❞✳ ❚❤❡ ♣♦✐♥t ❛t ✇❤✐❝❤ ❛ ❧✐♥❡ ❝r♦ss❡s t❤❡ y✲❛①✐s✐s ❝❛❧❧❡❞ t❤❡
✳

❊①❡r❝✐s❡ ✼✳✼✳✺✸
✭❙❡❝t✐♦♥ ✼✳✺✮ ❙✉♣♣❧② t❤❡ ♠✐ss✐♥❣ ✇♦r❞✳ ❚❤❡ ♦❢ ❛ ❧✐♥❡ ✐s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ st❡❡♣♥❡ss ♦❢
t❤❡ ❧✐♥❡✳

❊①❡r❝✐s❡ ✼✳✼✳✺✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✸✳✮

✭❙❡❝t✐♦♥ ✼✳✺✮ ❋✐♥❞ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ❧✐♥❡ t❤❛t ♣❛ss❡s t❤r♦✉❣❤ t❤❡ ♣♦✐♥ts (4, 0)❛♥❞ (−2,−6) .

❊①❡r❝✐s❡ ✼✳✼✳✺✺
✭❙❡❝t✐♦♥ ✼✳✻✮ ●r❛♣❤ t❤❡ ❡q✉❛t✐♦♥ 3y = 2x + 3.

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✵✼

✼✳✽ ●r❛♣❤✐♥❣ ▲✐♥❡❛r ■♥❡q✉❛❧✐t✐❡s ✐♥ ❚✇♦ ❱❛r✐❛❜❧❡s ✽

✼✳✽✳✶ ❖✈❡r✈✐❡✇

• ▲♦❝❛t✐♦♥ ♦❢ ❙♦❧✉t✐♦♥s
• ▼❡t❤♦❞ ♦❢ ●r❛♣❤✐♥❣

✼✳✽✳✷ ▲♦❝❛t✐♦♥ ♦❢ ❙♦❧✉t✐♦♥s

■♥ ♦✉r st✉❞② ♦❢ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ✐♥ t✇♦ ✈❛r✐❛❜❧❡s✱ ✇❡ ♦❜s❡r✈❡❞ t❤❛t ❛❧❧ t❤❡ s♦❧✉t✐♦♥s t♦ t❤❡ ❡q✉❛t✐♦♥✱ ❛♥❞
♦♥❧② t❤❡ s♦❧✉t✐♦♥s t♦ t❤❡ ❡q✉❛t✐♦♥✱ ✇❡r❡ ❧♦❝❛t❡❞ ♦♥ t❤❡ ❣r❛♣❤ ♦❢ t❤❡ ❡q✉❛t✐♦♥✳ ❲❡ ♥♦✇ ✇✐s❤ t♦ ❞❡t❡r♠✐♥❡
t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥s t♦ ❧✐♥❡❛r ✐♥❡q✉❛❧✐t✐❡s ✐♥ t✇♦ ✈❛r✐❛❜❧❡s✳ ▲✐♥❡❛r ✐♥❡q✉❛❧✐t✐❡s ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ❛r❡
✐♥❡q✉❛❧✐t✐❡s ♦❢ t❤❡ ❢♦r♠s✿

ax + by ≤ c ax + by ≥ c

ax + by < c ax + by > c

❍❛❧❢✲P❧❛♥❡s
❆ str❛✐❣❤t ❧✐♥❡ ❞r❛✇♥ t❤r♦✉❣❤ t❤❡ ♣❧❛♥❡ ❞✐✈✐❞❡s t❤❡ ♣❧❛♥❡ ✐♥t♦ t✇♦ ❤❛❧❢✲♣❧❛♥❡s✳
❇♦✉♥❞❛r② ▲✐♥❡
❚❤❡ str❛✐❣❤t ❧✐♥❡ ✐s ❝❛❧❧❡❞ t❤❡ ❜♦✉♥❞❛r② ❧✐♥❡✳

✽❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✷✵✶✶✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✵✽
❈❍❆P❚❊❘ ✼✳ ●❘❆P❍■◆● ▲■◆❊❆❘ ❊◗❯❆❚■❖◆❙ ❆◆❉ ■◆❊◗❯❆▲■❚■❊❙ ■◆

❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❙♦❧✉t✐♦♥ t♦ ❛♥ ■♥❡q✉❛❧✐t② ✐♥ ❚✇♦ ❱❛r✐❛❜❧❡s
❘❡❝❛❧❧ t❤❛t ✇❤❡♥ ✇♦r❦✐♥❣ ✇✐t❤ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ✐♥ t✇♦ ✈❛r✐❛❜❧❡s✱ ✇❡ ♦❜s❡r✈❡❞ t❤❛t ♦r❞❡r❡❞ ♣❛✐rs t❤❛t
♣r♦❞✉❝❡❞ tr✉❡ st❛t❡♠❡♥ts ✇❤❡♥ s✉❜st✐t✉t❡❞ ✐♥t♦ ❛♥ ❡q✉❛t✐♦♥ ✇❡r❡ ❝❛❧❧❡❞ s♦❧✉t✐♦♥s t♦ t❤❛t ❡q✉❛t✐♦♥✳ ❲❡ ❝❛♥
♠❛❦❡ ❛ s✐♠✐❧❛r st❛t❡♠❡♥t ❢♦r ✐♥❡q✉❛❧✐t✐❡s ✐♥ t✇♦ ✈❛r✐❛❜❧❡s✳ ❲❡ s❛② t❤❛t ❛♥ ✐♥❡q✉❛❧✐t② ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ❤❛s ❛
s♦❧✉t✐♦♥ ✇❤❡♥ ❛ ♣❛✐r ♦❢ ✈❛❧✉❡s ❤❛s ❜❡❡♥ ❢♦✉♥❞ s✉❝❤ t❤❛t ✇❤❡♥ t❤❡s❡ ✈❛❧✉❡s ❛r❡ s✉❜st✐t✉t❡❞ ✐♥t♦ t❤❡ ✐♥❡q✉❛❧✐t②
❛ tr✉❡ st❛t❡♠❡♥t r❡s✉❧ts✳
❚❤❡ ▲♦❝❛t✐♦♥ ♦❢ ❙♦❧✉t✐♦♥s ✐♥ t❤❡ P❧❛♥❡
❆s ✇✐t❤ ❡q✉❛t✐♦♥s✱ s♦❧✉t✐♦♥s t♦ ❧✐♥❡❛r ✐♥❡q✉❛❧✐t✐❡s ❤❛✈❡ ♣❛rt✐❝✉❧❛r ❧♦❝❛t✐♦♥s ✐♥ t❤❡ ♣❧❛♥❡✳ ❆❧❧ s♦❧✉t✐♦♥s t♦ ❛
❧✐♥❡❛r ✐♥❡q✉❛❧✐t② ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ❛r❡ ❧♦❝❛t❡❞ ✐♥ ♦♥❡ ❛♥❞ ♦♥❧② ✐♥ ♦♥❡ ❡♥t✐r❡ ❤❛❧❢✲♣❧❛♥❡✳ ❋♦r ❡①❛♠♣❧❡✱ ❝♦♥s✐❞❡r
t❤❡ ✐♥❡q✉❛❧✐t②

2x + 3y ≤ 6

❆❧❧ t❤❡ s♦❧✉t✐♦♥s t♦ t❤❡ ✐♥❡q✉❛❧✐t②2x + 3y ≤ 6 ❧✐❡ ✐♥ t❤❡ s❤❛❞❡❞ ❤❛❧❢✲♣❧❛♥❡✳

❊①❛♠♣❧❡ ✼✳✺✶
P♦✐♥t A (1, − 1)✐s ❛ s♦❧✉t✐♦♥ s✐♥❝❡

2x + 3y ≤ 6

2 (1) + 3 (−1) ≤ 6?

2 − 3 ≤ 6?

−1 ≤ 6. ❚r✉❡

❊①❛♠♣❧❡ ✼✳✺✷
P♦✐♥t B (2, 5)✐s ♥♦t ❛ s♦❧✉t✐♦♥ s✐♥❝❡

2x + 3y ≤ 6

2 (2) + 3 (5) ≤ 6?

4 + 15 ≤ 6?

19 ≤ 6. False

✼✳✽✳✸ ▼❡t❤♦❞ ♦❢ ●r❛♣❤✐♥❣

❚❤❡ ♠❡t❤♦❞ ♦❢ ❣r❛♣❤✐♥❣ ❧✐♥❡❛r ✐♥❡q✉❛❧✐t✐❡s ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ✐s ❛s ❢♦❧❧♦✇s✿

✶✳ ●r❛♣❤ t❤❡ ❜♦✉♥❞❛r② ❧✐♥❡ ✭❝♦♥s✐❞❡r t❤❡ ✐♥❡q✉❛❧✐t② ❛s ❛♥ ❡q✉❛t✐♦♥✱ t❤❛t ✐s✱ r❡♣❧❛❝❡ t❤❡ ✐♥❡q✉❛❧✐t② s✐❣♥
✇✐t❤ ❛♥ ❡q✉❛❧ s✐❣♥✮✳

❛✳ ■❢ t❤❡ ✐♥❡q✉❛❧✐t② ✐s≤ ♦r ≥✱ ❞r❛✇ t❤❡ ❜♦✉♥❞❛r② ❧✐♥❡ s♦❧✐❞✳ ❚❤✐s ♠❡❛♥s t❤❛t ♣♦✐♥ts ♦♥ t❤❡ ❧✐♥❡ ❛r❡
s♦❧✉t✐♦♥s ❛♥❞ ❛r❡ ♣❛rt ♦❢ t❤❡ ❣r❛♣❤✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✵✾

❜✳ ■❢ t❤❡ ✐♥❡q✉❛❧✐t② ✐s < ♦r > ✱ ❞r❛✇ t❤❡ ❜♦✉♥❞❛r② ❧✐♥❡ ❞♦tt❡❞✳ ❚❤✐s ♠❡❛♥s t❤❛t ♣♦✐♥ts ♦♥ t❤❡ ❧✐♥❡
❛r❡ ♥♦t s♦❧✉t✐♦♥s ❛♥❞ ❛r❡ ♥♦t ♣❛rt ♦❢ t❤❡ ❣r❛♣❤✳

✷✳ ❉❡t❡r♠✐♥❡ ✇❤✐❝❤ ❤❛❧❢✲♣❧❛♥❡ t♦ s❤❛❞❡ ❜② ❝❤♦♦s✐♥❣ ❛ t❡st ♣♦✐♥t✳

❛✳ ■❢✱ ✇❤❡♥ s✉❜st✐t✉t❡❞✱ t❤❡ t❡st ♣♦✐♥t ②✐❡❧❞s ❛ tr✉❡ st❛t❡♠❡♥t✱ s❤❛❞❡ t❤❡ ❤❛❧❢✲♣❧❛♥❡ ❝♦♥t❛✐♥✐♥❣ ✐t✳
❜✳ ■❢✱ ✇❤❡♥ s✉❜st✐t✉t❡❞✱ t❤❡ t❡st ♣♦✐♥t ②✐❡❧❞s ❛ ❢❛❧s❡ st❛t❡♠❡♥t✱ s❤❛❞❡ t❤❡ ❤❛❧❢✲♣❧❛♥❡ ♦♥ t❤❡ ♦♣♣♦s✐t❡

s✐❞❡ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❧✐♥❡✳

✼✳✽✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❊①❛♠♣❧❡ ✼✳✺✸
●r❛♣❤ 3x − 2y ≥ − 4✳

✶✳ ●r❛♣❤ t❤❡ ❜♦✉♥❞❛r② ❧✐♥❡✳ ❚❤❡ ✐♥❡q✉❛❧✐t② ✐s ≥ s♦ ✇❡✬❧❧ ❞r❛✇ t❤❡ ❧✐♥❡ s♦❧✐❞✳ ❈♦♥s✐❞❡r t❤❡
✐♥❡q✉❛❧✐t② ❛s ❛♥ ❡q✉❛t✐♦♥✳

3x − 2y = −4 ✭✼✳✶✮

x y (x, y)

0

−4
3

2

0

(0, 2)
(−4

3 , 0
)

❚❛❜❧❡ ✼✳✶✻

✷✳ ❈❤♦♦s❡ ❛ t❡st ♣♦✐♥t✳ ❚❤❡ ❡❛s✐❡st ♦♥❡ ✐s(0, 0)✳ ❙✉❜st✐t✉t❡ (0, 0) ✐♥t♦ t❤❡ ♦r✐❣✐♥❛❧ ✐♥❡q✉❛❧✐t②✳

3x − 2y ≥ −4

3 (0) − 2 (0) ≥ −4?

0 − 0 ≥ −4?

0 ≥ −4. True

✭✼✳✷✮

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❙❤❛❞❡ t❤❡ ❤❛❧❢✲♣❧❛♥❡ ❝♦♥t❛✐♥✐♥❣ (0, 0)✳

❊①❛♠♣❧❡ ✼✳✺✹
●r❛♣❤ x + y − 3 < 0✳

✶✳ ●r❛♣❤ t❤❡ ❜♦✉♥❞❛r② ❧✐♥❡✿ x + y − 3 = 0✳ ❚❤❡ ✐♥❡q✉❛❧✐t② ✐s < s♦ ✇❡✬❧❧ ❞r❛✇ t❤❡ ❧✐♥❡ ❞♦tt❡❞✳

✷✳ ❈❤♦♦s❡ ❛ t❡st ♣♦✐♥t✱ s❛② (0, 0)✳

x + y − 3 < 0

0 + 0 − 3 < 0?

−3 < 0. True

✭✼✳✸✮

❙❤❛❞❡ t❤❡ ❤❛❧❢✲♣❧❛♥❡ ❝♦♥t❛✐♥✐♥❣ (0, 0)✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✶✶

❊①❛♠♣❧❡ ✼✳✺✺
●r❛♣❤ y ≤ 2x✳

✶✳ ●r❛♣❤ t❤❡ ❜♦✉♥❞❛r② ❧✐♥❡ y = 2x✳ ❚❤❡ ✐♥❡q✉❛❧✐t② ✐s ≤✱ s♦ ✇❡✬❧❧ ❞r❛✇ t❤❡ ❧✐♥❡ s♦❧✐❞✳

✷✳ ❈❤♦♦s❡ ❛ t❡st ♣♦✐♥t✱ s❛② (0, 0)✳

y ≤ 2x

0 ≤ 2 (0)?

0 ≤ 0. True

❙❤❛❞❡ t❤❡ ❤❛❧❢✲♣❧❛♥❡ ❝♦♥t❛✐♥✐♥❣ (0, 0)✳ ❲❡ ❝❛♥✬t✦ (0, 0) ✐s r✐❣❤t ♦♥ t❤❡ ❧✐♥❡✦ P✐❝❦ ❛♥♦t❤❡r t❡st

♣♦✐♥t✱ s❛② (1, 6)✳

y ≤ 2x

6 ≤ 2 (1)?

6 ≤ 2. False

❙❤❛❞❡ t❤❡ ❤❛❧❢✲♣❧❛♥❡ ♦♥ t❤❡ ♦♣♣♦s✐t❡ s✐❞❡ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❧✐♥❡✳

❊①❛♠♣❧❡ ✼✳✺✻
●r❛♣❤ y > 2✳

✶✳ ●r❛♣❤ t❤❡ ❜♦✉♥❞❛r② ❧✐♥❡ y = 2✳ ❚❤❡ ✐♥❡q✉❛❧✐t② ✐s > s♦ ✇❡✬❧❧ ❞r❛✇ t❤❡ ❧✐♥❡ ❞♦tt❡❞✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✶✷
❈❍❆P❚❊❘ ✼✳ ●❘❆P❍■◆● ▲■◆❊❆❘ ❊◗❯❆❚■❖◆❙ ❆◆❉ ■◆❊◗❯❆▲■❚■❊❙ ■◆

❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

✷✳ ❲❡ ❞♦♥✬t r❡❛❧❧② ♥❡❡❞ ❛ t❡st ♣♦✐♥t✳ ❲❤❡r❡ ✐s y > 2?❆❜♦✈❡ t❤❡ ❧✐♥❡ y = 2! ❆♥② ♣♦✐♥t ❛❜♦✈❡
t❤❡ ❧✐♥❡ ❝❧❡❛r❧② ❤❛s ❛ y✲❝♦♦r❞✐♥❛t❡ ❣r❡❛t❡r t❤❛♥ ✷✳

✼✳✽✳✺ Pr❛❝t✐❝❡ ❙❡t ❆

❙♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t✐❡s ❜② ❣r❛♣❤✐♥❣✳

❊①❡r❝✐s❡ ✼✳✽✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✸✳✮

−3x + 2y ≤ 4

❊①❡r❝✐s❡ ✼✳✽✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✸✳✮

x − 4y < 4

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✶✸

❊①❡r❝✐s❡ ✼✳✽✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✹✳✮

3x + y > 0

❊①❡r❝✐s❡ ✼✳✽✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✹✳✮

x ≥ 1

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✼✳✽✳✻ ❊①❡r❝✐s❡s

❙♦❧✈❡ t❤❡ ✐♥❡q✉❛❧✐t✐❡s ❜② ❣r❛♣❤✐♥❣✳

❊①❡r❝✐s❡ ✼✳✽✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✹✳✮

y < x + 1

❊①❡r❝✐s❡ ✼✳✽✳✻
x + y ≤ 1

❊①❡r❝✐s❡ ✼✳✽✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✺✳✮

−x + 2y + 4 ≥ 0

❊①❡r❝✐s❡ ✼✳✽✳✽
−x + 5y − 10 < 0

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✶✺

❊①❡r❝✐s❡ ✼✳✽✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✺✳✮

−3x + 4y > − 12

❊①❡r❝✐s❡ ✼✳✽✳✶✵
2x + 5y − 15 ≥ 0

❊①❡r❝✐s❡ ✼✳✽✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✺✳✮

y ≤ 4

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✼✳✽✳✶✷
x ≥ 2

❊①❡r❝✐s❡ ✼✳✽✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✻✳✮

x ≤ 0

❊①❡r❝✐s❡ ✼✳✽✳✶✹
x − y < 0

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✶✼

❊①❡r❝✐s❡ ✼✳✽✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✻✳✮

x + 3y ≥ 0

❊①❡r❝✐s❡ ✼✳✽✳✶✻
−2x + 4y > 0

✼✳✽✳✼ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✼✳✽✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✻✳✮

✭❙❡❝t✐♦♥ ✼✳✷✮ ●r❛♣❤ t❤❡ ✐♥❡q✉❛❧✐t②−3x + 5 ≥ −1✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✼✳✽✳✶✽
✭❙❡❝t✐♦♥ ✼✳✷✮ ❙✉♣♣❧② t❤❡ ♠✐ss✐♥❣ ✇♦r❞✳ ❚❤❡ ❣❡♦♠❡tr✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ✭♣✐❝t✉r❡✮ ♦❢ t❤❡ s♦❧✉t✐♦♥s
t♦ ❛♥ ❡q✉❛t✐♦♥ ✐s ❝❛❧❧❡❞ t❤❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥✳

❊①❡r❝✐s❡ ✼✳✽✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✻✳✮

✭❙❡❝t✐♦♥ ✼✳✺✮ ❙✉♣♣❧② t❤❡ ❞❡♥♦♠✐♥❛t♦r✿m = y2−y1

? ✳

❊①❡r❝✐s❡ ✼✳✽✳✷✵
✭❙❡❝t✐♦♥ ✼✳✻✮ ●r❛♣❤ t❤❡ ❡q✉❛t✐♦♥ y = −3x + 2✳

❊①❡r❝✐s❡ ✼✳✽✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✻✳✮

✭❙❡❝t✐♦♥ ✼✳✼✮ ❲r✐t❡ t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡ t❤❛t ❤❛s s❧♦♣❡ ✹ ❛♥❞ ♣❛ss❡s t❤r♦✉❣❤ t❤❡ ♣♦✐♥t (−1, 2)✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✶✾

✼✳✾ ❙✉♠♠❛r② ♦❢ ❑❡② ❈♦♥❝❡♣ts ✾

✼✳✾✳✶ ❙✉♠♠❛r② ♦❢ ❑❡② ❈♦♥❝❡♣ts

●r❛♣❤ ♦❢ ❛ ❋✉♥❝t✐♦♥ ✭❙❡❝t✐♦♥ ✼✳✷✮
❚❤❡ ❣❡♦♠❡tr✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ✭♣✐❝t✉r❡✮ ♦❢ t❤❡ s♦❧✉t✐♦♥s t♦ ❛♥ ❡q✉❛t✐♦♥ ✐s ❝❛❧❧❡❞ t❤❡ ❣r❛♣❤ ♦❢ t❤❡ ❡q✉❛t✐♦♥✳
❆①✐s ✭❙❡❝t✐♦♥ ✼✳✷✮
❆♥ ❛①✐s ✐s t❤❡ ♠♦st ❜❛s✐❝ str✉❝t✉r❡ ♦❢ ❛ ❣r❛♣❤✳ ■♥ ♠❛t❤❡♠❛t✐❝s✱ t❤❡ ♥✉♠❜❡r ❧✐♥❡ ✐s ✉s❡❞ ❛s ❛♥ ❛①✐s✳
◆✉♠❜❡r ♦❢ ❱❛r✐❛❜❧❡s ❛♥❞ t❤❡ ◆✉♠❜❡r ♦❢ ❆①❡s ✭❙❡❝t✐♦♥ ✼✳✷✮

❆♥ ❡q✉❛t✐♦♥ ✐♥ ♦♥❡ ✈❛r✐❛❜❧❡ r❡q✉✐r❡s ♦♥❡ ❛①✐s✳ ❖♥❡✲❞✐♠❡♥s✐♦♥✳

❆♥ ❡q✉❛t✐♦♥ ✐♥ t✇♦ ✈❛r✐❛❜❧❡ r❡q✉✐r❡s t✇♦ ❛①❡s✳ ❚✇♦✲❞✐♠❡♥s✐♦♥s✳

❆♥ ❡q✉❛t✐♦♥ ✐♥ t❤r❡❡ ✈❛r✐❛❜❧❡ r❡q✉✐r❡s t❤r❡❡ ❛①❡s✳ ❚❤r❡❡✲❞✐♠❡♥s✐♦♥s✳

·
·
·
❆♥ ❡q✉❛t✐♦♥ ✐♥n ✈❛r✐❛❜❧❡ r❡q✉✐r❡sn ❛①❡s✳ n✲❞✐♠❡♥s✐♦♥s✳

❈♦♦r❞✐♥❛t❡ ❙②st❡♠ ✭❙❡❝t✐♦♥ ✼✳✷✮
❆ s②st❡♠ ♦❢ ❛①❡s t❤❛t ✐s ❝♦♥str✉❝t❡❞ ❢♦r ❣r❛♣❤✐♥❣ ❛♥ ❡q✉❛t✐♦♥ ✐s ❝❛❧❧❡❞ ❛ ❝♦♦r❞✐♥❛t❡ s②st❡♠✳
●r❛♣❤✐♥❣ ❛♥ ❊q✉❛t✐♦♥ ✭❙❡❝t✐♦♥ ✼✳✷✮
❚❤❡ ♣❤r❛s❡ ❣r❛♣❤✐♥❣ ❛♥ ❡q✉❛t✐♦♥ ✐s ✐♥t❡r♣r❡t❡❞ ❛s ♠❡❛♥✐♥❣ ❣❡♦♠❡tr✐❝❛❧❧② ❧♦❝❛t✐♥❣ t❤❡ s♦❧✉t✐♦♥s t♦ t❤❛t
❡q✉❛t✐♦♥✳
❯s❡s ♦❢ ❛ ●r❛♣❤ ✭❙❡❝t✐♦♥ ✼✳✷✮
❆ ❣r❛♣❤ ♠❛② r❡✈❡❛❧ ✐♥❢♦r♠❛t✐♦♥ t❤❛t ♠❛② ♥♦t ❜❡ ❡✈✐❞❡♥t ❢r♦♠ t❤❡ ❡q✉❛t✐♦♥✳
❘❡❝t❛♥❣✉❧❛r ❈♦♦r❞✐♥❛t❡ ❙②st❡♠ xy✲P❧❛♥❡ ✭❙❡❝t✐♦♥ ✼✳✸✮
❆ r❡❝t❛♥❣✉❧❛r ❝♦♦r❞✐♥❛t❡ s②st❡♠ ✐s ❝♦♥str✉❝t❡❞ ❜② ♣❧❛❝✐♥❣ t✇♦ ♥✉♠❜❡r ❧✐♥❡s ❛t 90

◦

❛♥❣❧❡s✳ ❚❤❡s❡ ❧✐♥❡s
❢♦r♠ ❛ ♣❧❛♥❡ t❤❛t ✐s r❡❢❡rr❡❞ t♦ ❛s t❤❡ xy✲♣❧❛♥❡✳
❖r❞❡r❡❞ P❛✐rs ❛♥❞ P♦✐♥ts ✭❙❡❝t✐♦♥ ✼✳✸✮
❋♦r ❡❛❝❤ ♦r❞❡r❡❞ ♣❛✐r (a, b) , t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♣♦✐♥t ✐♥ t❤❡ ♣❧❛♥❡✱ ❛♥❞ ❢♦r ❡❛❝❤ ♣♦✐♥t ✐♥ t❤❡ ♣❧❛♥❡ ✇❡ ❝❛♥
❛ss♦❝✐❛t❡ ❛ ✉♥✐q✉❡ ♦r❞❡r❡❞ ♣❛✐r (a, b) ♦❢ r❡❛❧ ♥✉♠❜❡rs✳
●r❛♣❤s ♦❢ ▲✐♥❡❛r ❊q✉❛t✐♦♥s ✭❙❡❝t✐♦♥ ✼✳✹✮
❲❤❡♥ ❣r❛♣❤❡❞✱ ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ♣r♦❞✉❝❡s ❛ str❛✐❣❤t ❧✐♥❡✳
●❡♥❡r❛❧ ❋♦r♠ ♦❢ ❛ ▲✐♥❡❛r ❊q✉❛t✐♦♥ ✐♥ ❚✇♦ ❱❛r✐❛❜❧❡s ✭❙❡❝t✐♦♥ ✼✳✹✮
❚❤❡ ❣❡♥❡r❛❧ ❢♦r♠ ♦❢ ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ✐s ax + by = c, ✇❤❡r❡ a ❛♥❞ b ❛r❡ ♥♦t ❜♦t❤ ✵✳
●r❛♣❤s✱ ❖r❞❡r❡❞ P❛✐rs✱ ❙♦❧✉t✐♦♥s✱ ❛♥❞ ▲✐♥❡s ✭❙❡❝t✐♦♥ ✼✳✹✮
❚❤❡ ❣r❛♣❤✐♥❣ ♦❢ ❛❧❧ ♦r❞❡r❡❞ ♣❛✐rs t❤❛t s♦❧✈❡ ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ♣r♦❞✉❝❡s ❛ str❛✐❣❤t ❧✐♥❡✳
❚❤❡ ❣r❛♣❤ ♦❢ ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ✐s ❛ str❛✐❣❤t ❧✐♥❡✳
■❢ ❛♥ ♦r❞❡r❡❞ ♣❛✐r ✐s ❛ s♦❧✉t✐♦♥ t♦ ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✐♥ t✇♦ ✈❛r✐❛❜❧❡s✱ t❤❡♥ ✐t ❧✐❡s ♦♥ t❤❡ ❣r❛♣❤ ♦❢ t❤❡ ❡q✉❛t✐♦♥✳
❆♥② ♣♦✐♥t ✭♦r❞❡r❡❞ ♣❛✐r✮ t❤❛t ❧✐❡s ♦♥ t❤❡ ❣r❛♣❤ ♦❢ ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ✐s ❛ s♦❧✉t✐♦♥ t♦ t❤❛t
❡q✉❛t✐♦♥✳
■♥t❡r❝❡♣t ✭❙❡❝t✐♦♥ ✼✳✹✮
❆♥ ✐♥t❡r❝❡♣t ✐s ❛ ♣♦✐♥t ✇❤❡r❡ ❛ ❧✐♥❡ ✐♥t❡r❝❡♣ts ❛ ❝♦♦r❞✐♥❛t❡ ❛①✐s✳
■♥t❡r❝❡♣t ▼❡t❤♦❞ ✭❙❡❝t✐♦♥ ✼✳✹✮
❚❤❡ ✐♥t❡r❝❡♣t ♠❡t❤♦❞ ✐s ❛ ♠❡t❤♦❞ ♦❢ ❣r❛♣❤✐♥❣ ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ❜② ✜♥❞✐♥❣ t❤❡ ✐♥t❡r❝❡♣ts✱
t❤❛t ✐s✱ ❜② ✜♥❞✐♥❣ t❤❡ ♣♦✐♥ts ✇❤❡r❡ t❤❡ ❧✐♥❡ ❝r♦ss❡s t❤❡ x✲❛①✐s ❛♥❞ t❤❡ y✲❛①✐s✳
❙❧❛♥t❡❞✱ ❱❡rt✐❝❛❧✱ ❛♥❞ ❍♦r✐③♦♥t❛❧ ▲✐♥❡s ✭❙❡❝t✐♦♥ ✼✳✹✮
❆♥ ❡q✉❛t✐♦♥ ✐♥ ✇❤✐❝❤ ❜♦t❤ ✈❛r✐❛❜❧❡s ❛♣♣❡❛r ✇✐❧❧ ❣r❛♣❤ ❛s ❛ s❧❛♥t❡❞ ❧✐♥❡✳
❆ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✐♥ ✇❤✐❝❤ ♦♥❧② ♦♥❡ ✈❛r✐❛❜❧❡ ❛♣♣❡❛rs ✇✐❧❧ ❣r❛♣❤ ❛s ❡✐t❤❡r ❛ ✈❡rt✐❝❛❧ ♦r ❤♦r✐③♦♥t❛❧ ❧✐♥❡✳

✾❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✷✵✵✽✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

x = a ❣r❛♣❤s ❛s ❛ ✈❡rt✐❝❛❧ ❧✐♥❡ ♣❛ss✐♥❣ t❤r♦✉❣❤ a ♦♥ t❤❡ x✲❛①✐s✳
y = b ❣r❛♣❤s ❛s ❛ ❤♦r✐③♦♥t❛❧ ❧✐♥❡ ♣❛ss✐♥❣ t❤r♦✉❣❤ b ♦♥ t❤❡ y✲❛①✐s✳
❙❧♦♣❡ ♦❢ ❛ ▲✐♥❡ ✭❙❡❝t✐♦♥ ✼✳✺✮
❚❤❡ s❧♦♣❡ ♦❢ ❛ ❧✐♥❡ ✐s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ❧✐♥❡✬s st❡❡♣♥❡ss✳ ■❢ (x1, y1) ❛♥❞ (x2, y2) ❛r❡ ❛♥② t✇♦ ♣♦✐♥ts ♦♥ ❛ ❧✐♥❡✱
t❤❡ s❧♦♣❡ ♦❢ t❤❡ ❧✐♥❡ ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡s❡ ♣♦✐♥ts ❝❛♥ ❜❡ ❢♦✉♥❞ ✉s✐♥❣ t❤❡ s❧♦♣❡ ❢♦r♠✉❧❛✳

m =
y2 − y1

x2 − x1
=

✈❡rt✐❝❛❧ ❝❤❛♥❣❡

❤♦r✐③♦♥t❛❧ ❝❤❛♥❣❡

❙❧♦♣❡ ❛♥❞ ❘✐s❡ ❛♥❞ ❉❡❝❧✐♥❡ ✭❙❡❝t✐♦♥ ✼✳✺✮
▼♦✈✐♥❣ ❧❡❢t t♦ r✐❣❤t✱ ❧✐♥❡s ✇✐t❤ ♣♦s✐t✐✈❡ s❧♦♣❡ r✐s❡✱ ❛♥❞ ❧✐♥❡s ✇✐t❤ ♥❡❣❛t✐✈❡ s❧♦♣❡ ❞❡❝❧✐♥❡✳
●r❛♣❤✐♥❣ ❛♥ ❊q✉❛t✐♦♥ ●✐✈❡♥ ✐♥ ❙❧♦♣❡✲■♥t❡r❝❡♣t ❋♦r♠ ✭❙❡❝t✐♦♥ ✼✳✻✮
❆♥ ❡q✉❛t✐♦♥ ✇r✐tt❡♥ ✐♥ s❧♦♣❡ ✐♥t❡r❝❡♣t ❢♦r♠ ❝❛♥ ❜❡ ❣r❛♣❤❡❞ ❜②

✶✳ P❧♦tt✐♥❣ t❤❡ y✲✐♥t❡r❝❡♣t (0, b)✳
✷✳ ❉❡t❡r♠✐♥✐♥❣ ❛♥♦t❤❡r ♣♦✐♥t ✉s✐♥❣ t❤❡ s❧♦♣❡✱ m✳
✸✳ ❉r❛✇✐♥❣ ❛ ❧✐♥❡ t❤r♦✉❣❤ t❤❡s❡ t✇♦ ♣♦✐♥ts✳

❋♦r♠s ♦❢ ❊q✉❛t✐♦♥s ♦❢ ▲✐♥❡s ✭❙❡❝t✐♦♥ ✻✳✼✮

●❡♥❡r❛❧ ❢♦r♠
Ψ

❙❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠
Ψ

♣♦✐♥t✲s❧♦♣❡ ❢r♦♠
Ψ

ax + by = c y = mx + b y − y1 = m (x − x1)

❚♦✉s❡ t❤✐s ❢♦r♠✱ t❤❡

s❧♦♣❡ ❛♥❞ y✲✐♥t❡r❝❡♣t

❛r❡ ♥❡❡❞❡❞✳

❚♦ ✉s❡ t❤✐s ❢♦r♠✱ t❤❡

s❧♦♣❡ ❛♥❞ ♦♥❡ ♣♦✐♥t✱

♦r t✇♦ ♣♦✐♥ts✱ ❛r❡ ♥❡❡❞❡❞✳

❍❛❧❢✲P❧❛♥❡s ❛♥❞ ❇♦✉♥❞❛r② ▲✐♥❡s ✭❙❡❝t✐♦♥ ✼✳✽✮
❆ str❛✐❣❤t ❧✐♥❡ ❞r❛✇♥ t❤r♦✉❣❤ t❤❡ ♣❧❛♥❡ ❞✐✈✐❞❡s t❤❡ ♣❧❛♥❡ ✐♥t♦ t✇♦ ❤❛❧❢✲♣❧❛♥❡s✳ ❚❤❡ str❛✐❣❤t ❧✐♥❡ ✐s ❝❛❧❧❡❞
❛ ❜♦✉♥❞❛r② ❧✐♥❡✳
❙♦❧✉t✐♦♥ t♦ ❛♥ ■♥❡q✉❛❧✐t② ✐♥ ❚✇♦ ❱❛r✐❛❜❧❡s ✭❙❡❝t✐♦♥ ✼✳✽✮
❆ s♦❧✉t✐♦♥ t♦ ❛♥ ✐♥❡q✉❛❧✐t② ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ✐s ❛ ♣❛✐r ♦❢ ✈❛❧✉❡s t❤❛t ♣r♦❞✉❝❡ ❛ tr✉❡ st❛t❡♠❡♥t ✇❤❡♥ s✉❜st✐t✉t❡❞
✐♥t♦ t❤❡ ✐♥❡q✉❛❧✐t②✳
▲♦❝❛t✐♦♥ ♦❢ ❙♦❧✉t✐♦♥s t♦ ■♥❡q✉❛❧✐t✐❡s ✐♥ ❚✇♦ ❱❛r✐❛❜❧❡s ✭❙❡❝t✐♦♥ ✼✳✽✮
❆❧❧ s♦❧✉t✐♦♥s t♦ ❛ ❧✐♥❡❛r ✐♥❡q✉❛❧✐t② ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ❛r❡ ❧♦❝❛t❡❞ ✐♥ ♦♥❡✱ ❛♥❞ ♦♥❧② ♦♥❡✱ ❤❛❧❢✲♣❧❛♥❡✳

✼✳✶✵ ❊①❡r❝✐s❡ ❙✉♣♣❧❡♠❡♥t ✶✵

✼✳✶✵✳✶ ❊①❡r❝✐s❡ ❙✉♣♣❧❡♠❡♥t

✼✳✶✵✳✶✳✶ ●r❛♣❤✐♥❣ ▲✐♥❡❛r ❊q✉❛t✐♦♥s ❛♥❞ ■♥❡q✉❛❧✐t✐❡s ✐♥ ❖♥❡ ❱❛r✐❛❜❧❡ ✭❙❡❝t✐♦♥ ✼✳✷✮

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❣r❛♣❤ t❤❡ ❡q✉❛t✐♦♥s ❛♥❞ ✐♥❡q✉❛❧✐t✐❡s✳

❊①❡r❝✐s❡ ✼✳✶✵✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✻✳✮

6x − 18 = 6

❊①❡r❝✐s❡ ✼✳✶✵✳✷
4x − 3 = −7

✶✵❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✷✵✵✹✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✷✶

❊①❡r❝✐s❡ ✼✳✶✵✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✼✳✮

5x − 1 = 2

❊①❡r❝✐s❡ ✼✳✶✵✳✹
10x − 16 < 4

❊①❡r❝✐s❡ ✼✳✶✵✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✼✳✮

−2y + 1 ≤ 5

❊①❡r❝✐s❡ ✼✳✶✵✳✻
−7a
12 ≥ 2

❊①❡r❝✐s❡ ✼✳✶✵✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✼✳✮

3x + 4 ≤ 12

❊①❡r❝✐s❡ ✼✳✶✵✳✽
−16 ≤ 5x − 1 ≤ −11

❊①❡r❝✐s❡ ✼✳✶✵✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✼✳✮

0 < − 3y + 9 ≤ 9

❊①❡r❝✐s❡ ✼✳✶✵✳✶✵
−5c
2 + 1 = 7

✼✳✶✵✳✶✳✷ P❧♦tt✐♥❣ P♦✐♥ts ✐♥ t❤❡ P❧❛♥❡ ✭❙❡❝t✐♦♥ ✼✳✸✮

❊①❡r❝✐s❡ ✼✳✶✵✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✼✳✮

❉r❛✇ ❛ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ❛♥❞ ♣❧♦t t❤❡ ❢♦❧❧♦✇✐♥❣ ♦r❞❡r❡❞ ♣❛✐rs✳
(3, 1) , (4,−2) , (−1,−3) , (0, 3) , (3, 0) ,

(
5,− 2

3

)

❊①❡r❝✐s❡ ✼✳✶✵✳✶✷
❆s ❛❝❝✉r❛t❡❧② ❛s ♣♦ss✐❜❧❡✱ st❛t❡ t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ♣♦✐♥ts t❤❛t ❤❛✈❡ ❜❡❡♥ ♣❧♦tt❡❞ ♦♥ t❤❡ ❣r❛♣❤✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

✼✳✶✵✳✶✳✸ ●r❛♣❤✐♥❣ ▲✐♥❡❛r ❊q✉❛t✐♦♥s ✐♥ ❚✇♦ ❱❛r✐❛❜❧❡s ✭❙❡❝t✐♦♥ ✼✳✹✮

❊①❡r❝✐s❡ ✼✳✶✵✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✼✳✮

❲❤❛t ✐s t❤❡ ❣❡♦♠❡tr✐❝ str✉❝t✉r❡ ♦❢ t❤❡ ❣r❛♣❤ ♦❢ ❛❧❧ t❤❡ s♦❧✉t✐♦♥s t♦ t❤❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥ y = 4x− 9❄

✼✳✶✵✳✶✳✹ ●r❛♣❤✐♥❣ ▲✐♥❡❛r ❊q✉❛t✐♦♥s ✐♥ ❚✇♦ ❱❛r✐❛❜❧❡s ✭❙❡❝t✐♦♥ ✼✳✹✮ ✲ ●r❛♣❤✐♥❣ ❊q✉❛t✐♦♥s ✐♥
❙❧♦♣❡✲■♥t❡r❝❡♣t ❋♦r♠ ✭❙❡❝t✐♦♥ ✼✳✻✮

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❣r❛♣❤ t❤❡ ❡q✉❛t✐♦♥s✳

❊①❡r❝✐s❡ ✼✳✶✵✳✶✹
y − x = 2

❊①❡r❝✐s❡ ✼✳✶✵✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✼✳✮

y + x − 3 = 0

❊①❡r❝✐s❡ ✼✳✶✵✳✶✻
−2x + 3y = −6

❊①❡r❝✐s❡ ✼✳✶✵✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✽✳✮

2y + x − 8 = 0

❊①❡r❝✐s❡ ✼✳✶✵✳✶✽
4 (x − y) = 12

❊①❡r❝✐s❡ ✼✳✶✵✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✽✳✮

3y − 4x + 12 = 0

❊①❡r❝✐s❡ ✼✳✶✵✳✷✵
y = −3

❊①❡r❝✐s❡ ✼✳✶✵✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✽✳✮

y − 2 = 0

❊①❡r❝✐s❡ ✼✳✶✵✳✷✷
x = 4

❊①❡r❝✐s❡ ✼✳✶✵✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✾✳✮

x + 1 = 0

❊①❡r❝✐s❡ ✼✳✶✵✳✷✹
x = 0

❊①❡r❝✐s❡ ✼✳✶✵✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✾✳✮

y = 0

✼✳✶✵✳✶✳✺ ❚❤❡ ❙❧♦♣❡✲■♥t❡r❝❡♣t ❋♦r♠ ♦❢ ❛ ▲✐♥❡ ✭❙❡❝t✐♦♥ ✼✳✺✮

❊①❡r❝✐s❡ ✼✳✶✵✳✷✻
❲r✐t❡ t❤❡ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠ ♦❢ ❛ str❛✐❣❤t ❧✐♥❡✳

❊①❡r❝✐s❡ ✼✳✶✵✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✾✳✮

❚❤❡ s❧♦♣❡ ♦❢ ❛ str❛✐❣❤t ❧✐♥❡ ✐s ❛ ♦❢ t❤❡ st❡❡♣♥❡ss ♦❢ t❤❡ ❧✐♥❡✳

❊①❡r❝✐s❡ ✼✳✶✵✳✷✽
❲r✐t❡ t❤❡ ❢♦r♠✉❧❛ ❢♦r t❤❡ s❧♦♣❡ ♦❢ ❛ ❧✐♥❡ t❤❛t ♣❛ss❡s t❤r♦✉❣❤ t❤❡ ♣♦✐♥ts (x1, y1) ❛♥❞ (x2, y2)✳

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❞❡t❡r♠✐♥❡ t❤❡ s❧♦♣❡ ❛♥❞ y✲✐♥t❡r❝❡♣t ♦❢ t❤❡ ❧✐♥❡s✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✷✸

❊①❡r❝✐s❡ ✼✳✶✵✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✾✳✮

y = 4x + 10

❊①❡r❝✐s❡ ✼✳✶✵✳✸✵
y = 3x − 11

❊①❡r❝✐s❡ ✼✳✶✵✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✾✳✮

y = 9x − 1

❊①❡r❝✐s❡ ✼✳✶✵✳✸✷
y = −x + 2

❊①❡r❝✐s❡ ✼✳✶✵✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✺✾✳✮

y = −5x − 4

❊①❡r❝✐s❡ ✼✳✶✵✳✸✹
y = x

❊①❡r❝✐s❡ ✼✳✶✵✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✵✳✮

y = −6x

❊①❡r❝✐s❡ ✼✳✶✵✳✸✻
3y = 4x + 9

❊①❡r❝✐s❡ ✼✳✶✵✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✵✳✮

4y = 5x + 1

❊①❡r❝✐s❡ ✼✳✶✵✳✸✽
2y = 9x

❊①❡r❝✐s❡ ✼✳✶✵✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✵✳✮

5y + 4x = 6

❊①❡r❝✐s❡ ✼✳✶✵✳✹✵
7y + 3x = 10

❊①❡r❝✐s❡ ✼✳✶✵✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✵✳✮

6y − 12x = 24

❊①❡r❝✐s❡ ✼✳✶✵✳✹✷
5y − 10x − 15 = 0

❊①❡r❝✐s❡ ✼✳✶✵✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✵✳✮

3y + 3x = 1

❊①❡r❝✐s❡ ✼✳✶✵✳✹✹
7y + 2x = 0

❊①❡r❝✐s❡ ✼✳✶✵✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✵✳✮

y = 4

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✜♥❞ t❤❡ s❧♦♣❡✱ ✐❢ ✐t ❡①✐sts✱ ♦❢ t❤❡ ❧✐♥❡ t❤r♦✉❣❤ t❤❡ ❣✐✈❡♥ ♣❛✐rs ♦❢ ♣♦✐♥ts✳

❊①❡r❝✐s❡ ✼✳✶✵✳✹✻

(5, 2) , (6, 3)

❊①❡r❝✐s❡ ✼✳✶✵✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✵✳✮

(8,−2) , (10,−6)

❊①❡r❝✐s❡ ✼✳✶✵✳✹✽

(0, 5) , (3, 4)

❊①❡r❝✐s❡ ✼✳✶✵✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✵✳✮

(1,−4) , (3, 3)

❊①❡r❝✐s❡ ✼✳✶✵✳✺✵

(0, 0) , (−8,−5)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❊①❡r❝✐s❡ ✼✳✶✵✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✵✳✮

(−6, 1) , (−2, 7)

❊①❡r❝✐s❡ ✼✳✶✵✳✺✷

(−3,−2) , (−4,−5)

❊①❡r❝✐s❡ ✼✳✶✵✳✺✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✵✳✮

(4, 7) , (4,−2)

❊①❡r❝✐s❡ ✼✳✶✵✳✺✹

(−3, 1) , (4, 1)

❊①❡r❝✐s❡ ✼✳✶✵✳✺✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✵✳✮
(

1
3 , 3

4

)
,
(

2
9 ,− 5

6

)

❊①❡r❝✐s❡ ✼✳✶✵✳✺✻
▼♦✈✐♥❣ ❧❡❢t t♦ r✐❣❤t✱ ❧✐♥❡s ✇✐t❤ s❧♦♣❡ r✐s❡ ✇❤✐❧❡ ❧✐♥❡s ✇✐t❤ s❧♦♣❡ ❞❡❝❧✐♥❡✳

❊①❡r❝✐s❡ ✼✳✶✵✳✺✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✵✳✮

❈♦♠♣❛r❡ t❤❡ s❧♦♣❡s ♦❢ ♣❛r❛❧❧❡❧ ❧✐♥❡s✳

✼✳✶✵✳✶✳✻ ❋✐♥❞✐♥❣ t❤❡ ❊q✉❛t✐♦♥ ♦❢ ❛ ▲✐♥❡ ✭❙❡❝t✐♦♥ ✼✳✼✮

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✇r✐t❡ t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡ ✉s✐♥❣ t❤❡ ❣✐✈❡♥ ✐♥❢♦r♠❛t✐♦♥✳ ❲r✐t❡ t❤❡ ❡q✉❛t✐♦♥
✐♥ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠✳

❊①❡r❝✐s❡ ✼✳✶✵✳✺✽

❙❧♦♣❡❂4, y✲✐♥t❡r❝❡♣t❂5

❊①❡r❝✐s❡ ✼✳✶✵✳✺✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✵✳✮

❙❧♦♣❡❂3, y✲✐♥t❡r❝❡♣t❂− 6

❊①❡r❝✐s❡ ✼✳✶✵✳✻✵

❙❧♦♣❡❂1, y✲✐♥t❡r❝❡♣t❂8

❊①❡r❝✐s❡ ✼✳✶✵✳✻✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✵✳✮

❙❧♦♣❡❂1, y✲✐♥t❡r❝❡♣t❂− 2

❊①❡r❝✐s❡ ✼✳✶✵✳✻✷

❙❧♦♣❡❂− 5, y✲✐♥t❡r❝❡♣t❂1

❊①❡r❝✐s❡ ✼✳✶✵✳✻✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✵✳✮

❙❧♦♣❡❂− 11, y✲✐♥t❡r❝❡♣t❂− 4

❊①❡r❝✐s❡ ✼✳✶✵✳✻✹

❙❧♦♣❡❂2, y✲✐♥t❡r❝❡♣t❂0

❊①❡r❝✐s❡ ✼✳✶✵✳✻✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✵✳✮

❙❧♦♣❡❂− 1, y✲✐♥t❡r❝❡♣t❂0

❊①❡r❝✐s❡ ✼✳✶✵✳✻✻

m = 3, (4, 1)

❊①❡r❝✐s❡ ✼✳✶✵✳✻✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✵✳✮

m = 2, (1, 5)

❊①❡r❝✐s❡ ✼✳✶✵✳✻✽

m = 6, (5,−2)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✷✺

❊①❡r❝✐s❡ ✼✳✶✵✳✻✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✵✳✮

m = −5, (2,−3)

❊①❡r❝✐s❡ ✼✳✶✵✳✼✵

m = −9, (−4,−7)

❊①❡r❝✐s❡ ✼✳✶✵✳✼✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✵✳✮

m = −2, (0, 2)

❊①❡r❝✐s❡ ✼✳✶✵✳✼✷

m = −1, (2, 0)

❊①❡r❝✐s❡ ✼✳✶✵✳✼✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✶✳✮

(2, 3) , (3, 5)

❊①❡r❝✐s❡ ✼✳✶✵✳✼✹

(4, 4) , (5, 1)

❊①❡r❝✐s❡ ✼✳✶✵✳✼✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✶✳✮

(6, 1) , (5, 3)

❊①❡r❝✐s❡ ✼✳✶✵✳✼✻

(8, 6) , (7, 2)

❊①❡r❝✐s❡ ✼✳✶✵✳✼✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✶✳✮

(−3, 1) , (2, 3)

❊①❡r❝✐s❡ ✼✳✶✵✳✼✽

(−1, 4) , (−2,−4)

❊①❡r❝✐s❡ ✼✳✶✵✳✼✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✶✳✮

(0,−5) , (6,−1)

❊①❡r❝✐s❡ ✼✳✶✵✳✽✵

(2, 1) , (6, 1)

❊①❡r❝✐s❡ ✼✳✶✵✳✽✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✶✳✮

(−5, 7) , (−2, 7)

❊①❡r❝✐s❡ ✼✳✶✵✳✽✷

(4, 1) , (4, 3)

❊①❡r❝✐s❡ ✼✳✶✵✳✽✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✶✳✮

(−1,−1) , (−1, 5)

❊①❡r❝✐s❡ ✼✳✶✵✳✽✹

(0, 4) , (0,−3)

❊①❡r❝✐s❡ ✼✳✶✵✳✽✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✶✳✮

(0, 2) , (1, 0)

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ r❡❛❞✐♥❣ ♦♥❧② ❢r♦♠ t❤❡ ❣r❛♣❤✱ ❞❡t❡r♠✐♥❡ t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✷✻
❈❍❆P❚❊❘ ✼✳ ●❘❆P❍■◆● ▲■◆❊❆❘ ❊◗❯❆❚■❖◆❙ ❆◆❉ ■◆❊◗❯❆▲■❚■❊❙ ■◆

❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❊①❡r❝✐s❡ ✼✳✶✵✳✽✻

❊①❡r❝✐s❡ ✼✳✶✵✳✽✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✶✳✮

❊①❡r❝✐s❡ ✼✳✶✵✳✽✽

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✷✼

❊①❡r❝✐s❡ ✼✳✶✵✳✽✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✶✳✮

❊①❡r❝✐s❡ ✼✳✶✵✳✾✵

❊①❡r❝✐s❡ ✼✳✶✵✳✾✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✶✳✮

✼✳✶✵✳✶✳✼ ●r❛♣❤✐♥❣ ▲✐♥❡❛r ■♥❡q✉❛❧✐t✐❡s ✐♥ ❚✇♦ ❱❛r✐❛❜❧❡s ✭❙❡❝t✐♦♥ ✼✳✽✮

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❣r❛♣❤ t❤❡ ✐♥❡q✉❛❧✐t✐❡s✳

❊①❡r❝✐s❡ ✼✳✶✵✳✾✷
y ≤ x + 2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✷✽
❈❍❆P❚❊❘ ✼✳ ●❘❆P❍■◆● ▲■◆❊❆❘ ❊◗❯❆❚■❖◆❙ ❆◆❉ ■◆❊◗❯❆▲■❚■❊❙ ■◆

❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❊①❡r❝✐s❡ ✼✳✶✵✳✾✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✶✳✮

y < − 1
2x + 3

❊①❡r❝✐s❡ ✼✳✶✵✳✾✹
y > 1

3x − 3

❊①❡r❝✐s❡ ✼✳✶✵✳✾✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✶✳✮

−2x + 3y ≤ −6

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✷✾

❊①❡r❝✐s❡ ✼✳✶✵✳✾✻
2x + 5y ≥ 20

❊①❡r❝✐s❡ ✼✳✶✵✳✾✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✶✳✮

4x − y + 12 > 0

❊①❡r❝✐s❡ ✼✳✶✵✳✾✽
y ≥ −2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✸✵
❈❍❆P❚❊❘ ✼✳ ●❘❆P❍■◆● ▲■◆❊❆❘ ❊◗❯❆❚■❖◆❙ ❆◆❉ ■◆❊◗❯❆▲■❚■❊❙ ■◆

❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❊①❡r❝✐s❡ ✼✳✶✵✳✾✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✷✳✮

x < 3

❊①❡r❝✐s❡ ✼✳✶✵✳✶✵✵
y ≤ 0

✼✳✶✶ Pr♦✜❝✐❡♥❝② ❊①❛♠ ✶✶

✼✳✶✶✳✶ Pr♦✜❝✐❡♥❝② ❊①❛♠

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❝♦♥str✉❝t ❛ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ❛♥❞ ❣r❛♣❤ t❤❡ ✐♥❡q✉❛❧✐t②✳

✶✶❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✷✵✶✺✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✸✶

❊①❡r❝✐s❡ ✼✳✶✶✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✷✳✮

✭❙❡❝t✐♦♥ ✼✳✷✮ −6x + 4 > − 14

❊①❡r❝✐s❡ ✼✳✶✶✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✷✳✮

✭❙❡❝t✐♦♥ ✼✳✷✮ −8 < x + 6 ≤ −4

❊①❡r❝✐s❡ ✼✳✶✶✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✷✳✮

✭❙❡❝t✐♦♥ ✼✳✷✮ P❧♦t t❤❡ ♦r❞❡r❡❞ ♣❛✐rs (3, 1) , (−2, 4) , (0, 5) , (−2, − 2)✳

❊①❡r❝✐s❡ ✼✳✶✶✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✷✳✮

✭❙❡❝t✐♦♥ ✼✳✸✮ ❆s ❛❝❝✉r❛t❡❧② ❛s ♣♦ss✐❜❧❡✱ ❧❛❜❡❧ t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ♣♦✐♥ts t❤❛t ❤❛✈❡ ❜❡❡♥
♣❧♦tt❡❞ ♦♥ t❤❡ ❣r❛♣❤✳

❊①❡r❝✐s❡ ✼✳✶✶✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✷✳✮

✭❙❡❝t✐♦♥ ✼✳✹✮ ❲❤❛t ✐s t❤❡ ❣❡♦♠❡tr✐❝ str✉❝t✉r❡ ♦❢ t❤❡ ❣r❛♣❤ ♦❢ ❛❧❧ t❤❡ s♦❧✉t✐♦♥s t♦ t❤❡ ❡q✉❛t✐♦♥
2y + 3x = −4❄

❊①❡r❝✐s❡ ✼✳✶✶✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✸✳✮

✭❙❡❝t✐♦♥ ✼✳✹✮ ■♥ ✇❤❛t ❢♦r♠ ✐s t❤❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ax + by = c❄

❊①❡r❝✐s❡ ✼✳✶✶✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✸✳✮

✭❙❡❝t✐♦♥ ✼✳✺✮ ■♥ ✇❤❛t ❢♦r♠ ✐s t❤❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✐♥ t✇♦ ✈❛r✐❛❜❧❡s y = mx + b❄

❊①❡r❝✐s❡ ✼✳✶✶✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✸✳✮

✭❙❡❝t✐♦♥ ✼✳✹✮ ■❢ ❛♥ ♦r❞❡r❡❞ ♣❛✐r ✐s ❛ s♦❧✉t✐♦♥ t♦ ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✐♥ t✇♦ ✈❛r✐❛❜❧❡s✱ ✇❤❡r❡ ❞♦❡s ✐t
❧✐❡ ❣❡♦♠❡tr✐❝❛❧❧②❄

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✼✳✶✶✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✸✳✮

✭❙❡❝t✐♦♥ ✼✳✺✮ ❈♦♥s✐❞❡r t❤❡ ❣r❛♣❤ ♦❢ y = 2
7x + 16✳ ■❢ ✇❡ ✇❡r❡ t♦ ♣❧❛❝❡ ♦✉r ♣❡♥❝✐❧ ❛t ❛♥② ♣♦✐♥t ♦♥

t❤❡ ❧✐♥❡ ❛♥❞ t❤❡♥ ♠♦✈❡ ✐t ❤♦r✐③♦♥t❛❧❧② 7 ✉♥✐ts t♦ t❤❡ r✐❣❤t✱ ❤♦✇ ♠❛♥② ✉♥✐ts ❛♥❞ ✐♥ ✇❤❛t ❞✐r❡❝t✐♦♥
✇♦✉❧❞ ✇❡ ❤❛✈❡ t♦ ♠♦✈❡ ♦✉r ♣❡♥❝✐❧ t♦ ❣❡t ❜❛❝❦ ♦♥ t❤❡ ❧✐♥❡❄

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ♣r♦❜❧❡♠s✱ ✜♥❞ t❤❡ s❧♦♣❡✱ ✐❢ ✐t ❡①✐sts✱ ♦❢ t❤❡ ❧✐♥❡ ❝♦♥t❛✐♥✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦✐♥ts✳

❊①❡r❝✐s❡ ✼✳✶✶✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✸✳✮

✭❙❡❝t✐♦♥ ✼✳✺✮ (−6, − 1) ❛♥❞ (0, 8)

❊①❡r❝✐s❡ ✼✳✶✶✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✸✳✮

✭❙❡❝t✐♦♥ ✼✳✺✮ (−2, − 8) ❛♥❞ (−2, 10)

❊①❡r❝✐s❡ ✼✳✶✶✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✸✳✮

✭❙❡❝t✐♦♥ ✼✳✺✮ ❉❡t❡r♠✐♥❡ t❤❡ s❧♦♣❡ ❛♥❞ y − ✐♥t❡r❝❡♣t ♦❢ t❤❡ ❧✐♥❡ 3y + 2x + 1 = 0✳

❊①❡r❝✐s❡ ✼✳✶✶✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✸✳✮

✭❙❡❝t✐♦♥ ✼✳✺✮ ❆s ✇❡ ❧♦♦❦ ❛t ❛ ❣r❛♣❤ ❧❡❢t t♦ r✐❣❤t✱ ❞♦ ❧✐♥❡s ✇✐t❤ ❛ ♣♦s✐t✐✈❡ s❧♦♣❡ r✐s❡ ♦r ❞❡❝❧✐♥❡❄

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✜♥❞ t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡ ✉s✐♥❣ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♣r♦✈✐❞❡❞✳ ❲r✐t❡ t❤❡ ❡q✉❛t✐♦♥
✐♥ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠✳

❊①❡r❝✐s❡ ✼✳✶✶✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✸✳✮

✭❙❡❝t✐♦♥ ✼✳✼✮ ❙❧♦♣❡❂ ✹✱ y✲✐♥t❡r❝❡♣t = − 3✳

❊①❡r❝✐s❡ ✼✳✶✶✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✸✳✮

✭❙❡❝t✐♦♥ ✼✳✼✮ ❙❧♦♣❡❂ − 3
2 ✱ y✲✐♥t❡r❝❡♣t = 4

3 ✳

❊①❡r❝✐s❡ ✼✳✶✶✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✸✳✮

✭❙❡❝t✐♦♥ ✼✳✼✮ s❧♦♣❡❂ ✷
✸
, ♣❛ss❡s t❤r♦✉❣❤ (−1, 2)✳

❊①❡r❝✐s❡ ✼✳✶✶✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✸✳✮

✭❙❡❝t✐♦♥ ✼✳✼✮ s❧♦♣❡❂ ✼✱ ♣❛ss❡s t❤r♦✉❣❤ ✭✵✱ ✵✮✳

❊①❡r❝✐s❡ ✼✳✶✶✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✸✳✮

✭❙❡❝t✐♦♥ ✼✳✼✮ ♣❛ss❡s t❤r♦✉❣❤ t❤❡ ♣♦✐♥ts (5, 2) ❛♥❞ (2, 1)✳

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❣r❛♣❤ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ✐♥❡q✉❛❧✐t②✳

❊①❡r❝✐s❡ ✼✳✶✶✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✸✳✮

✭❙❡❝t✐♦♥ ✼✳✹✲❙❡❝t✐♦♥ ✼✳✻✮ y = 1
3x − 2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✸✸

❊①❡r❝✐s❡ ✼✳✶✶✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✸✳✮

✭❙❡❝t✐♦♥ ✼✳✹✲❙❡❝t✐♦♥ ✼✳✻✮ 5y − 2x + 15 = 0

❊①❡r❝✐s❡ ✼✳✶✶✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✹✳✮

✭❙❡❝t✐♦♥ ✼✳✹✲❙❡❝t✐♦♥ ✼✳✻✮ 4 (x + y) = 8

❊①❡r❝✐s❡ ✼✳✶✶✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✹✳✮

✭❙❡❝t✐♦♥ ✼✳✹✖❙❡❝t✐♦♥ ✼✳✻✮ 3
2y + 2 = 0

❊①❡r❝✐s❡ ✼✳✶✶✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✹✳✮

✭❙❡❝t✐♦♥ ✼✳✹✖❙❡❝t✐♦♥ ✼✳✻✮ x = −2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❊①❡r❝✐s❡ ✼✳✶✶✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✺✳✮

✭❙❡❝t✐♦♥ ✼✳✾✮ 2x + 3y > 6

❊①❡r❝✐s❡ ✼✳✶✶✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✺✻✺✳✮

✭❙❡❝t✐♦♥ ✼✳✼✮ ❘❡❛❞✐♥❣ ♦♥❧② ❢r♦♠ t❤❡ ❣r❛♣❤✱ ❞❡t❡r♠✐♥❡ t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✸✺

❙♦❧✉t✐♦♥s t♦ ❊①❡r❝✐s❡s ✐♥ ❈❤❛♣t❡r ✼

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✷✳✶ ✭♣✳ ✹✸✺✮
x = −2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✷✳✷ ✭♣✳ ✹✸✻✮
x ≤ 6

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✷✳✸ ✭♣✳ ✹✸✻✮
m > − 4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✷✳✹ ✭♣✳ ✹✸✻✮
2 ≤ x < 10

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✷✳✺ ✭♣✳ ✹✸✻✮
y = −80

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✷✳✻ ✭♣✳ ✹✸✼✮
x = 3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✷✳✽ ✭♣✳ ✹✸✼✮
x = 1

2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✷✳✶✵ ✭♣✳ ✹✸✼✮
y = 1

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✷✳✶✷ ✭♣✳ ✹✸✼✮
z = 1

3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✷✳✶✹ ✭♣✳ ✹✸✼✮
r = 1

28

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✷✳✶✻ ✭♣✳ ✹✸✽✮
x ≤ 5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✷✳✶✽ ✭♣✳ ✹✸✽✮
x > − 17

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✷✳✷✵ ✭♣✳ ✹✸✽✮
m ≤ 5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✷✳✷✷ ✭♣✳ ✹✸✽✮
x ≤ −5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✷✳✷✹ ✭♣✳ ✹✸✽✮
y ≤ 21

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✷✳✷✻ ✭♣✳ ✹✸✾✮
y ≥ −32

5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✷✳✷✽ ✭♣✳ ✹✸✾✮
2 ≤ x < 3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✷✳✸✵ ✭♣✳ ✹✸✾✮
3 ≤ x < 5

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✸✼

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✷✳✸✷ ✭♣✳ ✹✸✾✮
5x2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✷✳✸✹ ✭♣✳ ✹✸✾✮
(−2, 18)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✸✳✶ ✭♣✳ ✹✹✷✮
✭◆♦t✐❝❡ t❤❛t t❤❡ ❞♦tt❡❞ ❧✐♥❡s ♦♥ t❤❡ ❣r❛♣❤ ❛r❡ ♦♥❧② ❢♦r ✐❧❧✉str❛t✐♦♥ ❛♥❞ s❤♦✉❧❞ ♥♦t ❜❡ ✐♥❝❧✉❞❡❞ ✇❤❡♥ ♣❧♦tt✐♥❣
♣♦✐♥ts✳✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✸✳✷ ✭♣✳ ✹✹✸✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✸✳✹ ✭♣✳ ✹✹✸✮
❈♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ♦r✐❣✐♥ ❛r❡ (0, 0)✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✸✳✻ ✭♣✳ ✹✹✹✮

■ ■■ ■■■ ■❱

x > 0 x < 0 x < 0 x > 0

y > 0 y > 0 y < 0 y < 0

❚❛❜❧❡ ✼✳✶✼

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✸✽
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✸✳✽ ✭♣✳ ✹✹✺✮
❨❡s✱ t❤❡r❡ ❞♦❡s ❛♣♣❡❛r t♦ ❜❡ ❛ r❡❧❛t✐♦♥✳

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✸✳✶✵ ✭♣✳ ✹✹✼✮
❨❡s✱ t❤❡r❡ ❞♦❡s ❛♣♣❡❛r t♦ ❜❡ ❛ r❡❧❛t✐♦♥✳

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✸✳✶✷ ✭♣✳ ✹✹✽✮
❡q✉❛t✐♦♥
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✸✳✶✹ ✭♣✳ ✹✹✽✮
❝♦♥tr❛❞✐❝t✐♦♥
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✹✳✶ ✭♣✳ ✹✺✷✮
❲❤❡♥ x = 0✱ y = 3❀ ✇❤❡♥ y = 0✱ x = 1

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✸✾

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✹✳✷ ✭♣✳ ✹✺✹✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✹✳✸ ✭♣✳ ✹✺✺✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✹✳✹ ✭♣✳ ✹✺✺✮

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✹✳✺ ✭♣✳ ✹✺✽✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✹✳✻ ✭♣✳ ✹✺✽✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✹✳✼ ✭♣✳ ✹✺✾✮

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✹✶

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✹✳✾ ✭♣✳ ✹✺✾✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✹✳✶✶ ✭♣✳ ✹✻✵✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✹✳✶✸ ✭♣✳ ✹✻✵✮

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✹✷
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✹✳✶✺ ✭♣✳ ✹✻✶✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✹✳✶✼ ✭♣✳ ✹✻✷✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✹✳✶✾ ✭♣✳ ✹✻✷✮

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✹✸

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✹✳✷✶ ✭♣✳ ✹✻✸✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✹✳✷✸ ✭♣✳ ✹✻✹✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✹✳✷✺ ✭♣✳ ✹✻✹✮
x = 3

2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✹✳✷✼ ✭♣✳ ✹✻✺✮
y = −2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✹✹
❈❍❆P❚❊❘ ✼✳ ●❘❆P❍■◆● ▲■◆❊❆❘ ❊◗❯❆❚■❖◆❙ ❆◆❉ ■◆❊◗❯❆▲■❚■❊❙ ■◆

❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✹✳✷✾ ✭♣✳ ✹✻✻✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✹✳✸✶ ✭♣✳ ✹✻✻✮

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✹✺

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✹✳✸✸ ✭♣✳ ✹✻✼✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✹✳✸✺ ✭♣✳ ✹✻✽✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✹✳✸✼ ✭♣✳ ✹✻✽✮
❝♦♠♠✉t❛t✐✈❡ ♣r♦♣❡rt② ♦❢ ❛❞❞✐t✐♦♥
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✹✳✸✾ ✭♣✳ ✹✻✾✮
3x2 − 19x − 14
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✹✳✹✶ ✭♣✳ ✹✻✾✮
q✉❛❞r❛♥ts
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✶ ✭♣✳ ✹✼✶✮
m = 2, b = 7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✷ ✭♣✳ ✹✼✶✮
m = −4, b = 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✸ ✭♣✳ ✹✼✶✮
m = −5, b = −1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✹ ✭♣✳ ✹✼✶✮
m = 2

3 , b = − 10
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✺ ✭♣✳ ✹✼✶✮
m = −5

8 , b = 1
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✻ ✭♣✳ ✹✼✶✮
m = −3, b = 0
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✼ ✭♣✳ ✹✼✸✮
❚❤❡ ❧✐♥❡ ❝r♦ss❡s t❤❡ y✲❛①✐s ❛t +4✳ ❆❢t❡r ♠♦✈✐♥❣ ❤♦r✐③♦♥t❛❧❧② ✶ ✉♥✐t t♦ t❤❡ r✐❣❤t✱ ✇❡ ♠✉st ♠♦✈❡ ❡①❛❝t❧② ✸
✉♥✐ts ❞♦✇♥✇❛r❞✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✽ ✭♣✳ ✹✼✸✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✶✶ ✭♣✳ ✹✼✻✮
❙♦❧✈✐♥❣ ❢♦r y ✇❡ ❣❡t y = −2

5 x + 3. ◆♦✇✱ m = −2
5 ❛♥❞ b = 3.

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✶✷ ✭♣✳ ✹✽✶✮
m = 3−1

6−2 = 2
4 = 1

2 .
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✶✸ ✭♣✳ ✹✽✶✮
❚❤❡ ❧✐♥❡ ❤❛s s❧♦♣❡ 1

2 ✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✶✹ ✭♣✳ ✹✽✶✮
❚❤❡ ❧✐♥❡s ❛♣♣❡❛r t♦ ❜❡ ♣❛r❛❧❧❡❧✳ P❛r❛❧❧❡❧ ❧✐♥❡s ❤❛✈❡ t❤❡ s❛♠❡ s❧♦♣❡✱ ❛♥❞ ❧✐♥❡s t❤❛t ❤❛✈❡ t❤❡ s❛♠❡ s❧♦♣❡ ❛r❡
♣❛r❛❧❧❡❧✳

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✷✸ ✭♣✳ ✹✽✷✮
s❧♦♣❡ = 3❀ y✲✐♥t❡r❝❡♣t = (0, 4)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✷✺ ✭♣✳ ✹✽✷✮
s❧♦♣❡ = 9❀ y✲✐♥t❡r❝❡♣t = (0, 1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✷✼ ✭♣✳ ✹✽✷✮
s❧♦♣❡ = −4❀ y✲✐♥t❡r❝❡♣t = (0, 5)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✷✾ ✭♣✳ ✹✽✷✮
s❧♦♣❡ = −6❀ y✲✐♥t❡r❝❡♣t = (0,−1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✸✶ ✭♣✳ ✹✽✷✮
s❧♦♣❡ = −1❀ y✲✐♥t❡r❝❡♣t = (0, 2)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✸✸ ✭♣✳ ✹✽✷✮
s❧♦♣❡ = 4❀ y✲✐♥t❡r❝❡♣t = (0, 5)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✸✺ ✭♣✳ ✹✽✷✮
s❧♦♣❡ = −4❀ y✲✐♥t❡r❝❡♣t = (0, 9)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✹✼

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✸✼ ✭♣✳ ✹✽✷✮
s❧♦♣❡ = 2

7 ❀ y✲✐♥t❡r❝❡♣t = (0,−12)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✸✾ ✭♣✳ ✹✽✷✮
s❧♦♣❡ = − 4

5 ❀ y✲✐♥t❡r❝❡♣t =
(
0,− 4

7

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✹✶ ✭♣✳ ✹✽✷✮
s❧♦♣❡ = 6

5 ❀ y✲✐♥t❡r❝❡♣t =
(
0,− 1

10

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✹✸ ✭♣✳ ✹✽✷✮
s❧♦♣❡ = ✶❀ y✲✐♥t❡r❝❡♣t = (0,−3)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✹✺ ✭♣✳ ✹✽✸✮
s❧♦♣❡ = − 5

3 ❀ y✲✐♥t❡r❝❡♣t = (0, 2)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✹✼ ✭♣✳ ✹✽✸✮
s❧♦♣❡ = 1

4 ❀ y✲✐♥t❡r❝❡♣t =
(
0,− 1

4

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✹✾ ✭♣✳ ✹✽✸✮
m = 4

3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✺✶ ✭♣✳ ✹✽✸✮
m = − 7

4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✺✸ ✭♣✳ ✹✽✸✮
m = 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✺✺ ✭♣✳ ✹✽✸✮
m = − 7

6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✺✼ ✭♣✳ ✹✽✸✮
m = −4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✺✾ ✭♣✳ ✹✽✸✮
m = 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✻✶ ✭♣✳ ✹✽✸✮
m = 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✻✸ ✭♣✳ ✹✽✸✮
m = 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✻✺ ✭♣✳ ✹✽✸✮
m = 0 (❤♦r✐③♦♥t❛❧ ❧✐♥❡ y = 3)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✻✼ ✭♣✳ ✹✽✹✮
◆♦ s❧♦♣❡ (✈❡rt✐❝❛❧ ❧✐♥❡ ❛tx = 8)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✻✾ ✭♣✳ ✹✽✹✮
m = 0 (❤♦r✐③♦♥t❛❧ ❧✐♥❡ ❛t y = −6)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✼✶ ✭♣✳ ✹✽✹✮
❞❡❝❧✐♥❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✼✸ ✭♣✳ ✹✽✹✮

s❧♦♣❡ = −0.31

y − ✐♥t❡r❝❡♣t = (0, 0.35)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✼✺ ✭♣✳ ✹✽✹✮

s❧♦♣❡ = 0.64

y − ✐♥t❡r❝❡♣t = (0, 2.71)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✼✼ ✭♣✳ ✹✽✹✮
m = 1.31
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✼✾ ✭♣✳ ✹✽✹✮
m = 0 (❤♦r✐③♦♥t❛❧ ❧✐♥❡ ❛t y = 227.61)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✽✶ ✭♣✳ ✹✽✹✮
◆♦ s❧♦♣❡ (✈❡rt✐❝❛❧ ❧✐♥❡x = 88.81)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✽✸ ✭♣✳ ✹✽✺✮
1 ✐❢xyw 6= 0

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✽✺ ✭♣✳ ✹✽✺✮
✶✵
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✺✳✽✼ ✭♣✳ ✹✽✺✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✻✳✶ ✭♣✳ ✹✽✾✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✻✳✷ ✭♣✳ ✹✾✵✮

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✹✾

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✻✳✸ ✭♣✳ ✹✾✶✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✻✳✺ ✭♣✳ ✹✾✶✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✻✳✼ ✭♣✳ ✹✾✷✮

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✺✵
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✻✳✾ ✭♣✳ ✹✾✷✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✻✳✶✶ ✭♣✳ ✹✾✸✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✻✳✶✸ ✭♣✳ ✹✾✹✮

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✺✶

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✻✳✶✺ ✭♣✳ ✹✾✹✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✻✳✶✼ ✭♣✳ ✹✾✺✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✻✳✶✾ ✭♣✳ ✹✾✻✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✻✳✷✶ ✭♣✳ ✹✾✻✮
x ≤ 1

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✺✷
❈❍❆P❚❊❘ ✼✳ ●❘❆P❍■◆● ▲■◆❊❆❘ ❊◗❯❆❚■❖◆❙ ❆◆❉ ■◆❊◗❯❆▲■❚■❊❙ ■◆

❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✻✳✷✸ ✭♣✳ ✹✾✼✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✻✳✷✺ ✭♣✳ ✹✾✼✮
m = −2

3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✼✳✶ ✭♣✳ ✺✵✵✮
y = 5x + 8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✼✳✷ ✭♣✳ ✺✵✵✮
y = −8x + 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✼✳✸ ✭♣✳ ✺✵✵✮
y = 2x − 7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✼✳✹ ✭♣✳ ✺✵✵✮
y = x − 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✼✳✺ ✭♣✳ ✺✵✵✮
y = −x − 10
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✼✳✻ ✭♣✳ ✺✵✵✮
y = 4x − 18
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✼✳✼ ✭♣✳ ✺✵✵✮
y = −6x − 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✼✳✽ ✭♣✳ ✺✵✵✮
y = −x − 10
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✼✳✾ ✭♣✳ ✺✵✵✮
y = 2x − 7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✼✳✶✵ ✭♣✳ ✺✵✵✮
y = 3x + 20
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✼✳✶✶ ✭♣✳ ✺✵✶✮
y = 9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✼✳✶✷ ✭♣✳ ✺✵✶✮
x = −1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✼✳✶✸ ✭♣✳ ✺✵✶✮
y = −2

3 x + 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✼✳✶✹ ✭♣✳ ✺✵✸✮
y = 3x + 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✼✳✶✻ ✭♣✳ ✺✵✸✮
y = 8x + 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✼✳✶✽ ✭♣✳ ✺✵✸✮
y = −6x − 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✼✳✷✵ ✭♣✳ ✺✵✸✮
y = − 3

2x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✼✳✷✷ ✭♣✳ ✺✵✸✮
y = x + 5

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✺✸

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✼✳✷✹ ✭♣✳ ✺✵✸✮
y = 8x − 32
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✼✳✷✻ ✭♣✳ ✺✵✸✮
y = −x + 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✼✳✷✽ ✭♣✳ ✺✵✸✮
y = −2x + 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✼✳✸✵ ✭♣✳ ✺✵✸✮
y = 8

5x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✼✳✸✷ ✭♣✳ ✺✵✸✮
y = x + 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✼✳✸✹ ✭♣✳ ✺✵✸✮
y = 3 (❤♦r✐③♦♥t❛❧ ❧✐♥❡)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✼✳✸✻ ✭♣✳ ✺✵✹✮
x = 4 (✈❡rt✐❝❛❧ ❧✐♥❡)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✼✳✸✽ ✭♣✳ ✺✵✹✮
y = x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✼✳✹✵ ✭♣✳ ✺✵✹✮
y = − 9

5x + 2
5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✼✳✹✷ ✭♣✳ ✺✵✹✮
y = x − 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✼✳✹✹ ✭♣✳ ✺✵✹✮
y = 2

5x + 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✼✳✹✻ ✭♣✳ ✺✵✺✮
y = 1

4x + 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✼✳✹✽ ✭♣✳ ✺✵✺✮
x = −4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✼✳✺✵ ✭♣✳ ✺✵✻✮
y = −3x − 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✼✳✺✷ ✭♣✳ ✺✵✻✮
y✲✐♥t❡r❝❡♣t
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✼✳✺✹ ✭♣✳ ✺✵✻✮
m = 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✽✳✶ ✭♣✳ ✺✶✷✮

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✺✹
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✽✳✷ ✭♣✳ ✺✶✷✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✽✳✸ ✭♣✳ ✺✶✸✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✽✳✹ ✭♣✳ ✺✶✸✮

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✺✺

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✽✳✺ ✭♣✳ ✺✶✹✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✽✳✼ ✭♣✳ ✺✶✹✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✽✳✾ ✭♣✳ ✺✶✺✮

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✽✳✶✶ ✭♣✳ ✺✶✺✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✽✳✶✸ ✭♣✳ ✺✶✻✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✽✳✶✺ ✭♣✳ ✺✶✼✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✽✳✶✼ ✭♣✳ ✺✶✼✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✽✳✶✾ ✭♣✳ ✺✶✽✮
m = y2−y1

x2−x1

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✽✳✷✶ ✭♣✳ ✺✶✽✮
y = 4x + 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✶ ✭♣✳ ✺✷✵✮
x = 4

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✺✼

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✸ ✭♣✳ ✺✷✶✮
x = 3

5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✺ ✭♣✳ ✺✷✶✮
y ≥ −2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✼ ✭♣✳ ✺✷✶✮
x ≤ 8

3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✾ ✭♣✳ ✺✷✶✮
0 ≤ y < 3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✶✶ ✭♣✳ ✺✷✶✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✶✸ ✭♣✳ ✺✷✷✮
❛ str❛✐❣❤t ❧✐♥❡

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✶✺ ✭♣✳ ✺✷✷✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✶✼ ✭♣✳ ✺✷✷✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✶✾ ✭♣✳ ✺✷✷✮

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✺✾

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✷✶ ✭♣✳ ✺✷✷✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✷✸ ✭♣✳ ✺✷✷✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✷✺ ✭♣✳ ✺✷✷✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✷✼ ✭♣✳ ✺✷✷✮
♠❡❛s✉r❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✷✾ ✭♣✳ ✺✷✷✮

s❧♦♣❡✿ 4

y✲✐♥t❡r❝❡♣t✿ (0, 10)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✸✶ ✭♣✳ ✺✷✸✮

s❧♦♣❡✿ 9

y✲✐♥t❡r❝❡♣t✿ (0,−1)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✸✸ ✭♣✳ ✺✷✸✮

s❧♦♣❡✿ − 5

y✲✐♥t❡r❝❡♣t✿ (0,−4)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✸✺ ✭♣✳ ✺✷✸✮

s❧♦♣❡✿ − 6

y✲✐♥t❡r❝❡♣t✿ (0, 0)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✸✼ ✭♣✳ ✺✷✸✮

s❧♦♣❡✿ 5
4

y✲✐♥t❡r❝❡♣t✿
(
0, 1

4

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✸✾ ✭♣✳ ✺✷✸✮

s❧♦♣❡✿ − 4
5

y✲✐♥t❡r❝❡♣t✿
(
0, 6

5

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✹✶ ✭♣✳ ✺✷✸✮

s❧♦♣❡✿ 2

y✲✐♥t❡r❝❡♣t✿ (0, 4)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✹✸ ✭♣✳ ✺✷✸✮

s❧♦♣❡✿ − 1

y✲✐♥t❡r❝❡♣t✿
(
0, 1

3

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✹✺ ✭♣✳ ✺✷✸✮

s❧♦♣❡✿ 0

y✲✐♥t❡r❝❡♣t✿ (0, 4)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✹✼ ✭♣✳ ✺✷✸✮
s❧♦♣❡✿ − 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✹✾ ✭♣✳ ✺✷✸✮
s❧♦♣❡✿ 7

2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✺✶ ✭♣✳ ✺✷✹✮
s❧♦♣❡✿ 3

2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✺✸ ✭♣✳ ✺✷✹✮
◆♦ ❙❧♦♣❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✺✺ ✭♣✳ ✺✷✹✮
s❧♦♣❡✿ 57

4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✺✼ ✭♣✳ ✺✷✹✮
❚❤❡ s❧♦♣❡s ♦❢ ♣❛r❛❧❧❡❧ ❧✐♥❡s ❛r❡ ❡q✉❛❧✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✺✾ ✭♣✳ ✺✷✹✮
y = 3x − 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✻✶ ✭♣✳ ✺✷✹✮
y = x − 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✻✸ ✭♣✳ ✺✷✹✮
y = −11x − 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✻✺ ✭♣✳ ✺✷✹✮
y = −x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✻✼ ✭♣✳ ✺✷✹✮
y = 2x + 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✻✾ ✭♣✳ ✺✷✹✮
y = −5x + 7

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✻✶

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✼✶ ✭♣✳ ✺✷✺✮
y = −2x + 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✼✸ ✭♣✳ ✺✷✺✮
y = 2x − 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✼✺ ✭♣✳ ✺✷✺✮
y = −2x + 13
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✼✼ ✭♣✳ ✺✷✺✮
y = 2

5x + 11
5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✼✾ ✭♣✳ ✺✷✺✮
y = 2

3x − 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✽✶ ✭♣✳ ✺✷✺✮
y = 7 (③❡r♦ s❧♦♣❡)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✽✸ ✭♣✳ ✺✷✺✮
x = −1 (♥♦ s❧♦♣❡)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✽✺ ✭♣✳ ✺✷✺✮
y = −2x + 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✽✼ ✭♣✳ ✺✷✻✮
y = 2

3x − 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✽✾ ✭♣✳ ✺✷✼✮
y = −2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✾✶ ✭♣✳ ✺✷✼✮
y = 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✾✸ ✭♣✳ ✺✷✽✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✾✺ ✭♣✳ ✺✷✽✮

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✻✷
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✾✼ ✭♣✳ ✺✷✾✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✵✳✾✾ ✭♣✳ ✺✸✵✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✶✳✶ ✭♣✳ ✺✸✶✮
x < 3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✶✳✷ ✭♣✳ ✺✸✶✮
−14 < x ≤ −10

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✶✳✸ ✭♣✳ ✺✸✶✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✶✳✹ ✭♣✳ ✺✸✶✮
(0, 1) , (3, 3) , (−3, 0) , (2,−3)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✻✸

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✶✳✺ ✭♣✳ ✺✸✶✮
str❛✐❣❤t ❧✐♥❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✶✳✻ ✭♣✳ ✺✸✶✮
❣❡♥❡r❛❧ ❢♦r♠
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✶✳✼ ✭♣✳ ✺✸✶✮
s❧♦♣❡✲✐♥t❡r❝❡♣t
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✶✳✽ ✭♣✳ ✺✸✶✮
■t ❧✐❡s ♦♥ t❤❡ ❧✐♥❡✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✶✳✾ ✭♣✳ ✺✸✷✮
✷ ✉♥✐ts ✉♣
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✶✳✶✵ ✭♣✳ ✺✸✷✮
3
2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✶✳✶✶ ✭♣✳ ✺✸✷✮
♥♦ s❧♦♣❡❀ ✈❡rt✐❝❛❧ ❧✐♥❡ ❛tx = −2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✶✳✶✷ ✭♣✳ ✺✸✷✮
s❧♦♣❡ = − 2

3 , y✲✐♥t❡r❝❡♣t ✐s
(
0,− 1

3

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✶✳✶✸ ✭♣✳ ✺✸✷✮
r✐s❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✶✳✶✹ ✭♣✳ ✺✸✷✮
y = 4x − 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✶✳✶✺ ✭♣✳ ✺✸✷✮
y = − 3

2x + 4
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✶✳✶✻ ✭♣✳ ✺✸✷✮
y = 2

3x + 8
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✶✳✶✼ ✭♣✳ ✺✸✷✮
y = 7x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✶✳✶✽ ✭♣✳ ✺✸✷✮
y = 1

3x + 1
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✶✳✶✾ ✭♣✳ ✺✸✷✮
y = 1

3x − 2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✶✳✷✵ ✭♣✳ ✺✸✸✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✶✳✷✶ ✭♣✳ ✺✸✸✮
4 (x + y) = 8

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✶✳✷✷ ✭♣✳ ✺✸✸✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✶✳✷✸ ✭♣✳ ✺✸✸✮
x = −2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✻✺

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✶✳✷✹ ✭♣✳ ✺✸✹✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✼✳✶✶✳✷✺ ✭♣✳ ✺✸✹✮
y = − 1

3x + 3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❖◆❊ ❆◆❉ ❚❲❖ ❱❆❘■❆❇▲❊❙

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



❈❤❛♣t❡r ✽

❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s

✽✳✶ ❖❜❥❡❝t✐✈❡s✶

❆❢t❡r ❝♦♠♣❧❡t✐♥❣ t❤✐s ❝❤❛♣t❡r✱ ②♦✉ s❤♦✉❧❞

❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s ✭❙❡❝t✐♦♥ ✽✳✷✮

• ❜❡ ❛❜❧❡ t♦ r❡❝♦❣♥✐③❡ ❛ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥
• ❜❡ ❢❛♠✐❧❛r ✇✐t❤ t❤❡ ❡q✉❛❧✐t② ❛♥❞ ♥❡❣❛t✐✈❡ ♣r♦♣❡rt✐❡s ♦❢ ❢r❛❝t✐♦♥s

❘❡❞✉❝✐♥❣ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s ✭❙❡❝t✐♦♥ ✽✳✸✮

• ✉♥❞❡rst❛♥❞ ❛♥❞ ❜❡ ❛❜❧❡ t♦ ✉s❡ t❤❡ ♣r♦❝❡ss ♦❢ r❡❞✉❝✐♥❣ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s

▼✉❧t✐♣❧②✐♥❣ ❛♥❞ ❉✐✈✐❞✐♥❣ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s ✭❙❡❝t✐♦♥ ✽✳✹✮

• ❜❡ ❛❜❧❡ t♦ ♠✉❧t✐♣❧② ❛♥❞ ❞✐✈✐❞❡ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s

❇✉✐❧❞✐♥❣ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s ❛♥❞ t❤❡ ▲❈❉ ✭❙❡❝t✐♦♥ ✽✳✺✮

• ✉♥❞❡rst❛♥❞ ❛♥❞ ❜❡ ❛❜❧❡ t♦ ✉s❡ t❤❡ ♣r♦❝❡ss ♦❢ ❜✉✐❧❞✐♥❣ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s ❛♥❞ ❦♥♦✇ ✇❤② ✐t ✐s ♦❢t❡♥
♥❡❝❡ss❛r② t♦ ❜✉✐❧❞ t❤❡♠

• ❜❡ ❛❜❧❡ t♦ ✜♥❞ t❤❡ ▲❈❉ ♦❢ ♦♥❡ ♦r ♠♦r❡ ❡①♣r❡ss✐♦♥s

❆❞❞✐♥❣ ❛♥❞ ❙✉❜tr❛❝t✐♥❣ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s ✭❙❡❝t✐♦♥ ✽✳✻✮

• ❜❡ ❢❛♠✐❧✐❛r ✇✐t❤ t❤❡ ❜❛s✐❝ r✉❧❡ ❢♦r ❛❞❞✐♥❣ ❛♥❞ s✉❜tr❛❝t✐♥❣ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s
• ❜❡ ❛❜❧❡ t♦ ❛❞❞ ❛♥❞ s✉❜tr❛❝t ❢r❛❝t✐♦♥s ✇✐t❤ t❤❡ s❛♠❡ ❛♥❞ ✇✐t❤ ❞✐✛❡r❡♥t ❞❡♥♦♠✐♥❛t♦rs

❘❛t✐♦♥❛❧ ❊q✉❛t✐♦♥s ✭❙❡❝t✐♦♥ ✽✳✼✮

• ❜❡ ❛❜❧❡ t♦ ✐❞❡♥t✐❢② r❛t✐♦♥❛❧ ❡q✉❛t✐♦♥s
• ✉♥❞❡rst❛♥❞ ❛♥❞ ❜❡ ❛❜❧❡ t♦ ✉s❡ t❤❡ ♠❡t❤♦❞ ♦❢ s♦❧✈✐♥❣ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s
• ❜❡ ❛❜❧❡ t♦ r❡❝♦❣♥✐③❡ ❡①tr❛♥❡♦✉s s♦❧✉t✐♦♥s

❆♣♣❧✐❝❛t✐♦♥s ✭❙❡❝t✐♦♥ ✽✳✽✮

• ❜❡ ❛❜❧❡ t♦ ✉s❡ t❤❡ ✜✈❡✲st❡♣ ♠❡t❤♦❞ t♦ s♦❧✈❡ ✈❛r✐♦✉s ❛♣♣❧✐❡❞ ♣r♦❜❧❡♠s

❈♦♠♣❧❡① ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s ✭❙❡❝t✐♦♥ ✽✳✾✮

✶❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✷✼✾✻✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃

✺✻✼



✺✻✽ ❈❍❆P❚❊❘ ✽✳ ❘❆❚■❖◆❆▲ ❊❳P❘❊❙❙■❖◆❙

• ❜❡ ❛❜❧❡ t♦ ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ s✐♠♣❧❡ ❛♥❞ ❝♦♠♣❧❡① ❢r❛❝t✐♦♥s
• ❜❡ ❛❜❧❡ t♦ s✐♠♣❧✐❢② ❝♦♠♣❧❡① ❢r❛❝t✐♦♥s ✉s✐♥❣ t❤❡ ❝♦♠❜✐♥❡✲❞✐✈✐❞❡ ❛♥❞ t❤❡ ▲❈❉✲♠✉❧t✐♣❧②✲❞✐✈✐❞❡ ♠❡t❤♦❞

❉✐✈✐❞✐♥❣ P♦❧②♥♦♠✐❛❧s ✭❙❡❝t✐♦♥ ✽✳✶✵✮

• ❜❡ ❛❜❧❡ t♦ ❞✐✈✐❞❡ ❛ ♣♦❧②♥♦♠✐❛❧ ❜② ❛ ♠♦♥♦♠✐❛❧
• ✉♥❞❡rst❛♥❞ t❤❡ ♣r♦❝❡ss ❛♥❞ ❜❡ ❛❜❧❡ t♦ ❞✐✈✐❞❡ ❛ ♣♦❧②♥♦♠✐❛❧ ❜② ❛ ♣♦❧②♥♦♠✐❛❧

✽✳✷ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s✷

✽✳✷✳✶ ❖✈❡r✈✐❡✇

• ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s
• ❩❡r♦✲❋❛❝t♦r Pr♦♣❡rt②
• ❚❤❡ ❊q✉❛❧✐t② Pr♦♣❡rt② ♦❢ ❋r❛❝t✐♦♥s
• ❚❤❡ ◆❡❣❛t✐✈❡ Pr♦♣❡rt② ♦❢ ❋r❛❝t✐♦♥s

✽✳✷✳✷ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s

■♥ ❛r✐t❤♠❡t✐❝ ✐t ✐s ♥♦t❡❞ t❤❛t ❛ ❢r❛❝t✐♦♥ ✐s ❛ q✉♦t✐❡♥t ♦❢ t✇♦ ✇❤♦❧❡ ♥✉♠❜❡rs✳ ❚❤❡ ❡①♣r❡ss✐♦♥ a
b ✱ ✇❤❡r❡ a ❛♥❞

b ❛r❡ ❛♥② t✇♦ ✇❤♦❧❡ ♥✉♠❜❡rs ❛♥❞ b 6= 0✱ ✐s ❝❛❧❧❡❞ ❛ ❢r❛❝t✐♦♥✳ ❚❤❡ t♦♣ ♥✉♠❜❡r✱ a✱ ✐s ❝❛❧❧❡❞ t❤❡ ♥✉♠❡r❛t♦r✱
❛♥❞ t❤❡ ❜♦tt♦♠ ♥✉♠❜❡r✱ b✱ ✐s ❝❛❧❧❡❞ t❤❡ ❞❡♥♦♠✐♥❛t♦r✳
❙✐♠♣❧❡ ❆❧❣❡❜r❛✐❝ ❋r❛❝t✐♦♥
❲❡ ❞❡✜♥❡ ❛ s✐♠♣❧❡ ❛❧❣❡❜r❛✐❝ ❢r❛❝t✐♦♥ ✐♥ ❛ s✐♠✐❧❛r ♠❛♥♥❡r✳ ❘❛t❤❡r t❤❛♥ r❡str✐❝t✐♥❣ ♦✉rs❡❧✈❡s ♦♥❧② t♦ ♥✉♠❜❡rs✱
✇❡ ✉s❡ ♣♦❧②♥♦♠✐❛❧s ❢♦r t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r✳ ❆♥♦t❤❡r t❡r♠ ❢♦r ❛ s✐♠♣❧❡ ❛❧❣❡❜r❛✐❝ ❢r❛❝t✐♦♥ ✐s ❛
r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥✳ ❆ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥ ✐s ❛♥ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❢♦r♠ P

Q ✱ ✇❤❡r❡ P ❛♥❞ Q ❛r❡ ❜♦t❤
♣♦❧②♥♦♠✐❛❧s ❛♥❞ Q ♥❡✈❡r r❡♣r❡s❡♥ts t❤❡ ③❡r♦ ♣♦❧②♥♦♠✐❛❧✳
❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥
❆ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥ ✐s ❛♥ ❛❧❣❡❜r❛✐❝ ❡①♣r❡ss✐♦♥ t❤❛t ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s t❤❡ q✉♦t✐❡♥t ♦❢ t✇♦ ♣♦❧②♥♦♠✐❛❧s✳

❊①❛♠♣❧❡s ✶✕✹ ❛r❡ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s✿

❊①❛♠♣❧❡ ✽✳✶
x+9
x−7 ✐s ❛ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥✿ P ✐s x + 9 ❛♥❞ Q ✐s x − 7✳

❊①❛♠♣❧❡ ✽✳✷
x3+5x2−12x+1

x4−10 ✐s ❛ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥✿ P ✐s x3 + 5x2 − 12x + 1 ❛♥❞ Q ✐s x4 − 10✳

❊①❛♠♣❧❡ ✽✳✸
3
8 ✐s ❛ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥✿ P ✐s ✸ ❛♥❞ Q ✐s ✽✳

❊①❛♠♣❧❡ ✽✳✹
4x − 5 ✐s ❛ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥ s✐♥❝❡ 4x − 5 ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s 4x−5

1 ✿ P ✐s 4x − 5 ❛♥❞ Q ✐s ✶✳

❊①❛♠♣❧❡ ✽✳✺√
5x2−8
2x−1 ✐s ♥♦t ❛ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥ s✐♥❝❡

√
5x2 − 8 ✐s ♥♦t ❛ ♣♦❧②♥♦♠✐❛❧✳

■♥ t❤❡ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥ P
Q ✱ P ✐s ❝❛❧❧❡❞ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ Q ✐s ❝❛❧❧❡❞ t❤❡ ❞❡♥♦♠✐♥❛t♦r✳

❉♦♠❛✐♥ ♦❢ ❛ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥
❙✐♥❝❡ ❞✐✈✐s✐♦♥ ❜② ③❡r♦ ✐s ♥♦t ❞❡✜♥❡❞✱ ✇❡ ♠✉st ❜❡ ❝❛r❡❢✉❧ t♦ ♥♦t❡ t❤❡ ✈❛❧✉❡s ❢♦r ✇❤✐❝❤ t❤❡ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥
✐s ✈❛❧✐❞✳ ❚❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ✈❛❧✉❡s ❢♦r ✇❤✐❝❤ t❤❡ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥ ✐s ❞❡✜♥❡❞ ✐s ❝❛❧❧❡❞ t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡
r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥✳ ✭❘❡❝❛❧❧ ♦✉r st✉❞② ♦❢ t❤❡ ❞♦♠❛✐♥ ♦❢ ❛♥ ❡q✉❛t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ❙❡❝t✐♦♥ ✹✳✽✳✮

✷❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✶✽✽✼✽✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✻✾

❋✐♥❞✐♥❣ t❤❡ ❉♦♠❛✐♥ ♦❢ ❛ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥
❚♦ ✜♥❞ t❤❡ ❞♦♠❛✐♥ ♦❢ ❛ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥ ✇❡ ♠✉st ❛s❦✱ ✧❲❤❛t ✈❛❧✉❡s✱ ✐❢ ❛♥②✱ ♦❢ t❤❡ ✈❛r✐❛❜❧❡ ✇✐❧❧ ♠❛❦❡
t❤❡ ❞❡♥♦♠✐♥❛t♦r ③❡r♦❄✧ ❚♦ ✜♥❞ t❤❡s❡ ✈❛❧✉❡s✱ ✇❡ s❡t t❤❡ ❞❡♥♦♠✐♥❛t♦r ❡q✉❛❧ t♦ ③❡r♦ ❛♥❞ s♦❧✈❡✳ ■❢ ❛♥② ③❡r♦✲
♣r♦❞✉❝✐♥❣ ✈❛❧✉❡s ❛r❡ ♦❜t❛✐♥❡❞✱ t❤❡② ❛r❡ ♥♦t ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❞♦♠❛✐♥✳ ❆❧❧ ♦t❤❡r r❡❛❧ ♥✉♠❜❡rs ❛r❡ ✐♥❝❧✉❞❡❞ ✐♥
t❤❡ ❞♦♠❛✐♥ ✭✉♥❧❡ss s♦♠❡ ❤❛✈❡ ❜❡❡♥ ❡①❝❧✉❞❡❞ ❢♦r ♣❛rt✐❝✉❧❛r s✐t✉❛t✐♦♥❛❧ r❡❛s♦♥s✮✳

✽✳✷✳✸ ❩❡r♦✲❋❛❝t♦r Pr♦♣❡rt②

❙♦♠❡t✐♠❡s t♦ ✜♥❞ t❤❡ ❞♦♠❛✐♥ ♦❢ ❛ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❢❛❝t♦r t❤❡ ❞❡♥♦♠✐♥❛t♦r ❛♥❞ ✉s❡ t❤❡
③❡r♦✲❢❛❝t♦r ♣r♦♣❡rt② ♦❢ r❡❛❧ ♥✉♠❜❡rs✳
❩❡r♦✲❢❛❝t♦r Pr♦♣❡rt②
■❢ t✇♦ r❡❛❧ ♥✉♠❜❡rs a ❛♥❞ b ❛r❡ ♠✉❧t✐♣❧✐❡❞ t♦❣❡t❤❡r ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ ♣r♦❞✉❝t ✐s ✵✱ t❤❡♥ ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡
❢❛❝t♦rs ♠✉st ❜❡ ③❡r♦✱ t❤❛t ✐s✱ ❡✐t❤❡r a = 0✱ b = 0✱ ♦r ❜♦t❤ a = 0 ❛♥❞ b = 0✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡s ✐❧❧✉str❛t❡ t❤❡ ✉s❡ ♦❢ t❤❡ ③❡r♦✲❢❛❝t♦r ♣r♦♣❡rt②✳

❊①❛♠♣❧❡ ✽✳✻
❲❤❛t ✈❛❧✉❡ ✇✐❧❧ ♣r♦❞✉❝❡ ③❡r♦ ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ 4x❄ ❇② t❤❡ ③❡r♦✲❢❛❝t♦r ♣r♦♣❡rt②✱ ✐❢ 4x = 0✱ t❤❡♥
x = 0✳

❊①❛♠♣❧❡ ✽✳✼
❲❤❛t ✈❛❧✉❡ ✇✐❧❧ ♣r♦❞✉❝❡ ③❡r♦ ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ 8 (x − 6)❄ ❇② t❤❡ ③❡r♦✲❢❛❝t♦r ♣r♦♣❡rt②✱ ✐❢
8 (x − 6) = 0✱ t❤❡♥

x − 6 = 0

x = 6

❚❤✉s✱ 8 (x − 6) = 0 ✇❤❡♥ x = 6✳

❊①❛♠♣❧❡ ✽✳✽
❲❤❛t ✈❛❧✉❡✭s✮ ✇✐❧❧ ♣r♦❞✉❝❡ ③❡r♦ ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ (x − 3) (x + 5)❄ ❇② t❤❡ ③❡r♦✲❢❛❝t♦r ♣r♦♣❡rt②✱ ✐❢
(x − 3) (x + 5) = 0✱ t❤❡♥

x − 3 = 0 ♦r x + 5 = 0

x = 3 x = −5

❚❤✉s✱ (x − 3) (x + 5) = 0 ✇❤❡♥ x = 3 ♦r x = −5✳

❊①❛♠♣❧❡ ✽✳✾
❲❤❛t ✈❛❧✉❡✭s✮ ✇✐❧❧ ♣r♦❞✉❝❡ ③❡r♦ ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ x2 + 6x + 8❄ ❲❡ ♠✉st ❢❛❝t♦r x2 + 6x + 8 t♦ ♣✉t
✐t ✐♥t♦ t❤❡ ③❡r♦✲❢❛❝t♦r ♣r♦♣❡rt② ❢♦r♠✳

x2 + 6x + 8 = (x + 2) (x + 4)

◆♦✇✱ (x + 2) (x + 4) = 0 ✇❤❡♥

x + 2 = 0 ♦r x + 4 = 0

x = −2 x = −4

❚❤✉s✱ x2 + 6x + 8 = 0 ✇❤❡♥ x = −2 ♦r x = −4✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✼✵ ❈❍❆P❚❊❘ ✽✳ ❘❆❚■❖◆❆▲ ❊❳P❘❊❙❙■❖◆❙

❊①❛♠♣❧❡ ✽✳✶✵
❲❤❛t ✈❛❧✉❡✭s✮ ✇✐❧❧ ♣r♦❞✉❝❡ ③❡r♦ ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ 6x2 − 19x− 7❄ ❲❡ ♠✉st ❢❛❝t♦r 6x2 − 19x− 7 t♦
♣✉t ✐t ✐♥t♦ t❤❡ ③❡r♦✲❢❛❝t♦r ♣r♦♣❡rt② ❢♦r♠✳

6x2 − 19x − 7 = (3x + 1) (2x − 7)

◆♦✇✱ (3x + 1) (2x − 7) = 0 ✇❤❡♥

3x + 1 = 0 ♦r 2x − 7 = 0

3x = −1 2x = 7

x = −1
3 x = 7

2

❚❤✉s✱ 6x2 − 19x − 7 = 0 ✇❤❡♥ x = −1
3 ♦r 7

2 ✳

✽✳✷✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❋✐♥❞ t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥s✳

❊①❛♠♣❧❡ ✽✳✶✶
5

x−1 ✳

❚❤❡ ❞♦♠❛✐♥ ✐s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ r❡❛❧ ♥✉♠❜❡rs ❡①❝❡♣t ✶✳ ❖♥❡ ✐s ♥♦t ✐♥❝❧✉❞❡❞✱ ❢♦r ✐❢ x = 1 ✱
❞✐✈✐s✐♦♥ ❜② ③❡r♦ r❡s✉❧ts✳

❊①❛♠♣❧❡ ✽✳✶✷
3a

2a−8 ✳

■❢ ✇❡ s❡t 2a − 8 ❡q✉❛❧ t♦ ③❡r♦✱ ✇❡ ✜♥❞ t❤❛t a = 4✳

2a − 8 = 0

2a = 8

a = 4

❚❤✉s ✹ ♠✉st ❜❡ ❡①❝❧✉❞❡❞ ❢r♦♠ t❤❡ ❞♦♠❛✐♥ s✐♥❝❡ ✐t ✇✐❧❧ ♣r♦❞✉❝❡ ❞✐✈✐s✐♦♥ ❜② ③❡r♦✳ ❚❤❡ ❞♦♠❛✐♥ ✐s
t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ r❡❛❧ ♥✉♠❜❡rs ❡①❝❡♣t ✹✳

❊①❛♠♣❧❡ ✽✳✶✸
5x−1

(x+2)(x−6) ✳

❙❡tt✐♥❣ (x + 2) (x − 6) = 0✱ ✇❡ ✜♥❞ t❤❛t x = −2 ❛♥❞ x = 6✳ ❇♦t❤ t❤❡s❡ ✈❛❧✉❡s ♣r♦❞✉❝❡
❞✐✈✐s✐♦♥ ❜② ③❡r♦ ❛♥❞ ♠✉st ❜❡ ❡①❝❧✉❞❡❞ ❢r♦♠ t❤❡ ❞♦♠❛✐♥✳ ❚❤❡ ❞♦♠❛✐♥ ✐s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ r❡❛❧
♥✉♠❜❡rs ❡①❝❡♣t ✕✷ ❛♥❞ ✻✳

❊①❛♠♣❧❡ ✽✳✶✹
9

x2−2x−✶✺
✳

❙❡tt✐♥❣ x2 − 2x − 15 = 0✱ ✇❡ ❣❡t

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✼✶

(x + 3) (x − 5) = 0

x = −3, 5

❚❤✉s✱ x = −3 ❛♥❞ x = 5 ♣r♦❞✉❝❡ ❞✐✈✐s✐♦♥ ❜② ③❡r♦ ❛♥❞ ♠✉st ❜❡ ❡①❝❧✉❞❡❞ ❢r♦♠ t❤❡ ❞♦♠❛✐♥✳ ❚❤❡
❞♦♠❛✐♥ ✐s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ r❡❛❧ ♥✉♠❜❡rs ❡①❝❡♣t ✕✸ ❛♥❞ ✺✳

❊①❛♠♣❧❡ ✽✳✶✺
2x2+x−7

x(x−1)(x−3)(x+10) ✳

❙❡tt✐♥❣ x (x − 1) (x − 3) (x + 10) = 0✱ ✇❡ ❣❡t x = 0, 1, 3,−10✳ ❚❤❡s❡ ♥✉♠❜❡rs ♠✉st ❜❡ ❡①✲
❝❧✉❞❡❞ ❢r♦♠ t❤❡ ❞♦♠❛✐♥✳ ❚❤❡ ❞♦♠❛✐♥ ✐s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ r❡❛❧ ♥✉♠❜❡rs ❡①❝❡♣t ✵✱ ✶✱ ✸✱
✕✶✵✳

❊①❛♠♣❧❡ ✽✳✶✻
8b+7

(2b+1)(3b−2) ✳

❙❡tt✐♥❣ (2b + 1) (3b − 2) = 0✱ ✇❡ ❣❡t b ❂ − 1
2 ✱

2
3 ✳ ❚❤❡ ❞♦♠❛✐♥ ✐s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ r❡❛❧

♥✉♠❜❡rs ❡①❝❡♣t − 1
2 ❛♥❞ 2

3 ✳

❊①❛♠♣❧❡ ✽✳✶✼
4x−5
x2+1 ✳

◆♦ ✈❛❧✉❡ ♦❢ x ✐s ❡①❝❧✉❞❡❞ s✐♥❝❡ ❢♦r ❛♥② ❝❤♦✐❝❡ ♦❢ x✱ t❤❡ ❞❡♥♦♠✐♥❛t♦r ✐s ♥❡✈❡r ③❡r♦✳ ❚❤❡
❞♦♠❛✐♥ ✐s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ r❡❛❧ ♥✉♠❜❡rs✳

❊①❛♠♣❧❡ ✽✳✶✽
x−9

6 ✳

◆♦ ✈❛❧✉❡ ♦❢ x ✐s ❡①❝❧✉❞❡❞ s✐♥❝❡ ❢♦r ❛♥② ❝❤♦✐❝❡ ♦❢ x✱ t❤❡ ❞❡♥♦♠✐♥❛t♦r ✐s ♥❡✈❡r ③❡r♦✳ ❚❤❡
❞♦♠❛✐♥ ✐s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ r❡❛❧ ♥✉♠❜❡rs✳

✽✳✷✳✺ Pr❛❝t✐❝❡ ❙❡t ❆

❋✐♥❞ t❤❡ ❞♦♠❛✐♥ ♦❢ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s✳

❊①❡r❝✐s❡ ✽✳✷✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✷✳✮
2

x−7

❊①❡r❝✐s❡ ✽✳✷✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✷✳✮
5x

x(x+4)

❊①❡r❝✐s❡ ✽✳✷✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✷✳✮
2x+1

(x+2)(1−x)

❊①❡r❝✐s❡ ✽✳✷✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✷✳✮
5a+2

a2+6a+8

❊①❡r❝✐s❡ ✽✳✷✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✷✳✮
12y

3y2−2y−8

❊①❡r❝✐s❡ ✽✳✷✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✷✳✮
2m−5
m2+3

❊①❡r❝✐s❡ ✽✳✷✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✷✳✮
k2−4

5

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✽✳✷✳✻ ❚❤❡ ❊q✉❛❧✐t② Pr♦♣❡rt② ♦❢ ❋r❛❝t✐♦♥s

❋r♦♠ ♦✉r ❡①♣❡r✐❡♥❝❡ ✇✐t❤ ❛r✐t❤♠❡t✐❝ ✇❡ ♠❛② r❡❝❛❧❧ t❤❡ ❡q✉❛❧✐t② ♣r♦♣❡rt② ♦❢ ❢r❛❝t✐♦♥s✳ ▲❡t a✱ b✱ c✱ d ❜❡ r❡❛❧
♥✉♠❜❡rs s✉❝❤ t❤❛t b 6= 0 ❛♥❞ d 6= 0✳
❊q✉❛❧✐t② Pr♦♣❡rt② ♦❢ ❋r❛❝t✐♦♥s

✶✳ ■❢ a
b = c

d ✱ t❤❡♥ ad = bc✳
✷✳ ■❢ ad = bc✱ t❤❡♥ a

b = c
d ✳

❚✇♦ ❢r❛❝t✐♦♥s ❛r❡ ❡q✉❛❧ ✇❤❡♥ t❤❡✐r ❝r♦ss✲♣r♦❞✉❝ts ❛r❡ ❡q✉❛❧✳
❲❡ s❡❡ t❤✐s ♣r♦♣❡rt② ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡s✿

❊①❛♠♣❧❡ ✽✳✶✾
2
3 = 8

✶✷
✱ s✐♥❝❡ 2 · ✶✷ = 3 · 8✳

❊①❛♠♣❧❡ ✽✳✷✵
5y
2 = 15y2

6y ✱ s✐♥❝❡ 5y · 6y = 2 · ✶✺y2 ❛♥❞ 30y2 = 30y2✳

❊①❛♠♣❧❡ ✽✳✷✶
❙✐♥❝❡ 9a · 4 = ✶✽a · 2✱ 9a

18a = 2
4 ✳

✽✳✷✳✼ ❚❤❡ ◆❡❣❛t✐✈❡ Pr♦♣❡rt② ♦❢ ❋r❛❝t✐♦♥s

❆ ✉s❡❢✉❧ ♣r♦♣❡rt② ♦❢ ❢r❛❝t✐♦♥s ✐s t❤❡ ♥❡❣❛t✐✈❡ ♣r♦♣❡rt② ♦❢ ❢r❛❝t✐♦♥s✳
◆❡❣❛t✐✈❡ Pr♦♣❡rt② ♦❢ ❋r❛❝t✐♦♥s

❚❤❡ ♥❡❣❛t✐✈❡ s✐❣♥ ♦❢ ❛ ❢r❛❝t✐♦♥ ♠❛② ❜❡ ♣❧❛❝❡❞

✶✳ ✐♥ ❢r♦♥t ♦❢ t❤❡ ❢r❛❝t✐♦♥✱ −a
b ✱

✷✳ ✐♥ t❤❡ ♥✉♠❡r❛t♦r ♦❢ t❤❡ ❢r❛❝t✐♦♥✱ −a
b ✱

✸✳ ✐♥ t❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ t❤❡ ❢r❛❝t✐♦♥✱ a
−b ✳

❆❧❧ t❤r❡❡ ❢r❛❝t✐♦♥s ✇✐❧❧ ❤❛✈❡ t❤❡ s❛♠❡ ✈❛❧✉❡✱ t❤❛t ✐s✱

−a
b = −a

b = a
−b

❚❤❡ ♥❡❣❛t✐✈❡ ♣r♦♣❡rt② ♦❢ ❢r❛❝t✐♦♥s ✐s ✐❧❧✉str❛t❡❞ ❜② t❤❡ ❢r❛❝t✐♦♥s
− 3

4 = −3
4 = 3

−4

❚♦ s❡❡ t❤✐s✱ ❝♦♥s✐❞❡r − 3
4 = −3

4 ✳ ■s t❤✐s ❝♦rr❡❝t❄

❇② t❤❡ ❡q✉❛❧✐t② ♣r♦♣❡rt② ♦❢ ❢r❛❝t✐♦♥s✱ − (3 · 4) = −✶✷ ❛♥❞ −3 · 4 = −✶✷✳ ❚❤✉s✱ − 3
4 = −3

4 ✳ ❈♦♥✲
✈✐♥❝❡ ②♦✉rs❡❧❢ t❤❛t t❤❡ ♦t❤❡r t✇♦ ❢r❛❝t✐♦♥s ❛r❡ ❡q✉❛❧ ❛s ✇❡❧❧✳

❚❤✐s s❛♠❡ ♣r♦♣❡rt② ❤♦❧❞s ❢♦r r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s ❛♥❞ ♥❡❣❛t✐✈❡ s✐❣♥s✳ ❚❤✐s ♣r♦♣❡rt② ✐s ♦❢t❡♥ q✉✐t❡ ❤❡❧♣❢✉❧
✐♥ s✐♠♣❧✐❢②✐♥❣ ❛ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥ ✭❛s ✇❡ s❤❛❧❧ ♥❡❡❞ t♦ ❞♦ ✐♥ s✉❜s❡q✉❡♥t s❡❝t✐♦♥s✮✳

■❢ ❡✐t❤❡r t❤❡ ♥✉♠❡r❛t♦r ♦r ❞❡♥♦♠✐♥❛t♦r ♦❢ ❛ ❢r❛❝t✐♦♥ ♦r ❛ ❢r❛❝t✐♦♥ ✐ts❡❧❢ ✐s ✐♠♠❡❞✐❛t❡❧② ♣r❡❝❡❞❡❞ ❜② ❛
♥❡❣❛t✐✈❡ s✐❣♥✱ ✐t ✐s ✉s✉❛❧❧② ♠♦st ❝♦♥✈❡♥✐❡♥t t♦ ♣❧❛❝❡ t❤❡ ♥❡❣❛t✐✈❡ s✐❣♥ ✐♥ t❤❡ ♥✉♠❡r❛t♦r ❢♦r ❧❛t❡r ♦♣❡r❛t✐♦♥s✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✼✸

✽✳✷✳✽ ❙❛♠♣❧❡ ❙❡t ❇

❊①❛♠♣❧❡ ✽✳✷✷
x
−4 ✐s ❜❡st ✇r✐tt❡♥ ❛s −x

4 ✳

❊①❛♠♣❧❡ ✽✳✷✸
−y

9 ✐s ❜❡st ✇r✐tt❡♥ ❛s −y
9 ✳

❊①❛♠♣❧❡ ✽✳✷✹

− x−4
2x−5 ❝♦✉❧❞ ❜❡ ✇r✐tt❡♥ ❛s −(x−4)

2x−5 ✱ ✇❤✐❝❤ ✇♦✉❧❞ t❤❡♥ ②✐❡❧❞ −x+4
2x−5 ✳

❊①❛♠♣❧❡ ✽✳✷✺

−5
−10−x . ❋❛❝t♦r ♦✉t − ✶ ❢r♦♠ t❤❡ ❞❡♥♦♠✐♥❛t♦r✳

−5
−(10+x) ❆ ♥❡❣❛t✐✈❡ ❞✐✈✐❞❡❞ ❜② ❛ ♥❡❣❛t✐✈❡ ✐s ❛ ♣♦s✐t✐✈❡✳

5
10+x

❊①❛♠♣❧❡ ✽✳✷✻

− 3
7−x . ❘❡✇r✐t❡ t❤✐s✳

−3
7−x ❋❛❝t♦r ♦✉t− ✶ ❢r♦♠ t❤❡ ❞❡♥♦min❛t♦r✳

−3
−(−7+x) ❆ ♥❡❣❛t✐✈❡ ❞✐✈✐❞❡❞ ❜② ❛ ♥❡❣❛t✐✈❡ ✐s ♣♦s✐t✐✈❡.

3
−7+x ❘❡✇r✐t❡.

3
x−7

❚❤✐s ❡①♣r❡ss✐♦♥ s❡❡♠s ❧❡ss ❝✉♠❜❡rs♦♠❡ t❤❛♥ ❞♦❡s t❤❡ ♦r✐❣✐♥❛❧ ✭❢❡✇❡r ♠✐♥✉s s✐❣♥s✮✳

✽✳✷✳✾ Pr❛❝t✐❝❡ ❙❡t ❇

❋✐❧❧ ✐♥ t❤❡ ♠✐ss✐♥❣ t❡r♠✳

❊①❡r❝✐s❡ ✽✳✷✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✷✳✮

− 5
y−2 = y−2

❊①❡r❝✐s❡ ✽✳✷✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✷✳✮

− a+2
−a+3 = a−3

❊①❡r❝✐s❡ ✽✳✷✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✷✳✮

− 8
5−y = y−5

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✽✳✷✳✶✵ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✜♥❞ t❤❡ ❞♦♠❛✐♥ ♦❢ ❡❛❝❤ ♦❢ t❤❡ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s✳

❊①❡r❝✐s❡ ✽✳✷✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✷✳✮
6

x−4

❊①❡r❝✐s❡ ✽✳✷✳✶✷
−3
x−8

❊①❡r❝✐s❡ ✽✳✷✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✷✳✮
−✶✶x
x+1

❊①❡r❝✐s❡ ✽✳✷✳✶✹
x+✶✵
x+4

❊①❡r❝✐s❡ ✽✳✷✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✷✳✮
x−1
x2−4

❊①❡r❝✐s❡ ✽✳✷✳✶✻
x+7
x2−9

❊①❡r❝✐s❡ ✽✳✷✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✷✳✮
−x+4
x2−✸✻

❊①❡r❝✐s❡ ✽✳✷✳✶✽
−a+5
a(a−5)

❊①❡r❝✐s❡ ✽✳✷✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✷✳✮
2b

b(b+6)

❊①❡r❝✐s❡ ✽✳✷✳✷✵
3b+1

b(b−4)(b+5)

❊①❡r❝✐s❡ ✽✳✷✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✷✳✮
3x+4

x(x−✶✵)(x+1)

❊①❡r❝✐s❡ ✽✳✷✳✷✷
−2x

x2(4−x)

❊①❡r❝✐s❡ ✽✳✷✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✷✳✮
6a

a3(a−5)(7−a)

❊①❡r❝✐s❡ ✽✳✷✳✷✹
−5

a2+6a+8

❊①❡r❝✐s❡ ✽✳✷✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✷✳✮
−8

b2−4b+3

❊①❡r❝✐s❡ ✽✳✷✳✷✻
x−1

x2−9x+2

❊①❡r❝✐s❡ ✽✳✷✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✷✳✮
y−9

y2−y−✷✵

❊①❡r❝✐s❡ ✽✳✷✳✷✽
y−6

2y2−3y−2

❊①❡r❝✐s❡ ✽✳✷✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✷✳✮
2x+7

6x3+x2−2x

❊①❡r❝✐s❡ ✽✳✷✳✸✵
−x+4

x3−8x2+12x

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s❤♦✇ t❤❛t t❤❡ ❢r❛❝t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✳

❊①❡r❝✐s❡ ✽✳✷✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✷✳✮
−3
5 ❛♥❞ − 3

5

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✼✺

❊①❡r❝✐s❡ ✽✳✷✳✸✷
−2
7 ❛♥❞ − 2

7

❊①❡r❝✐s❡ ✽✳✷✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✷✳✮

− 1
4 ❛♥❞

−1
4

❊①❡r❝✐s❡ ✽✳✷✳✸✹
−2
3 ❛♥❞ − 2

3

❊①❡r❝✐s❡ ✽✳✷✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✷✳✮
−9
✶✵

❛♥❞ 9
−✶✵

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✜❧❧ ✐♥ t❤❡ ♠✐ss✐♥❣ t❡r♠✳

❊①❡r❝✐s❡ ✽✳✷✳✸✻
− 4

x−1 = x−1

❊①❡r❝✐s❡ ✽✳✷✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✷✳✮

− 2
x+7 = x+7

❊①❡r❝✐s❡ ✽✳✷✳✸✽
− 3x+4

2x−1 = 2x−1

❊①❡r❝✐s❡ ✽✳✷✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✷✳✮

− 2x+7
5x−1 = 5x−1

❊①❡r❝✐s❡ ✽✳✷✳✹✵
− x−2

6x−1 = 6x−1

❊①❡r❝✐s❡ ✽✳✷✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✷✳✮

− x−4
2x−3 = 2x−3

❊①❡r❝✐s❡ ✽✳✷✳✹✷
− x+5

−x−3 = x+3

❊①❡r❝✐s❡ ✽✳✷✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✸✳✮

− a+1
−a−6 = a+6

❊①❡r❝✐s❡ ✽✳✷✳✹✹
x−7
−x+2 = x−2

❊①❡r❝✐s❡ ✽✳✷✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✸✳✮
y+✶✵
−y−6 = y+6

✽✳✷✳✶✶ ❊①❡r❝✐s❡s ❋♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✽✳✷✳✹✻

✭❙❡❝t✐♦♥ ✸✳✼✮ ❲r✐t❡
(

15x−3y4

5x2y−7

)−2

s♦ t❤❛t ♦♥❧② ♣♦s✐t✐✈❡ ❡①♣♦♥❡♥ts ❛♣♣❡❛r✳

❊①❡r❝✐s❡ ✽✳✷✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✸✳✮

✭❙❡❝t✐♦♥ ✺✳✼✮ ❙♦❧✈❡ t❤❡ ❝♦♠♣♦✉♥❞ ✐♥❡q✉❛❧✐t② 1 ≤ 6x − 5 < 13✳

❊①❡r❝✐s❡ ✽✳✷✳✹✽
✭❙❡❝t✐♦♥ ✻✳✽✮ ❋❛❝t♦r 8x2 − 18x − 5✳

❊①❡r❝✐s❡ ✽✳✷✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✸✳✮

✭❙❡❝t✐♦♥ ✻✳✽✮ ❋❛❝t♦r x2 − 12x + 36✳

❊①❡r❝✐s❡ ✽✳✷✳✺✵
✭❙❡❝t✐♦♥ ✼✳✷✮ ❙✉♣♣❧② t❤❡ ♠✐ss✐♥❣ ✇♦r❞✳ ❚❤❡ ♣❤r❛s❡ ✧❣r❛♣❤✐♥❣ ❛♥ ❡q✉❛t✐♦♥✧ ✐s ✐♥t❡r♣r❡t❡❞ ❛s
♠❡❛♥✐♥❣ ✧❣❡♦♠❡tr✐❝❛❧❧② ❧♦❝❛t❡ t❤❡ t♦ ❛♥ ❡q✉❛t✐♦♥✳✧

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✽✳✸ ❘❡❞✉❝✐♥❣ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s ✸

✽✳✸✳✶ ❖✈❡r✈✐❡✇

• ❚❤❡ ▲♦❣✐❝ ❇❡❤✐♥❞ ❚❤❡ Pr♦❝❡ss
• ❚❤❡ Pr♦❝❡ss

✽✳✸✳✷ ❚❤❡ ▲♦❣✐❝ ❇❡❤✐♥❞ ❚❤❡ Pr♦❝❡ss

❲❤❡♥ ✇♦r❦✐♥❣ ✇✐t❤ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s✱ ✐t ✐s ♦❢t❡♥ ❜❡st t♦ ✇r✐t❡ t❤❡♠ ✐♥ t❤❡ s✐♠♣❧❡st ♣♦ss✐❜❧❡ ❢♦r♠✳ ❋♦r
❡①❛♠♣❧❡✱ t❤❡ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥

x2 − 4

x2 − 6x + 8

❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ t❤❡ s✐♠♣❧❡r ❡①♣r❡ss✐♦♥ x+2
x−4 ❢♦r ❛❧❧ x ❡①❝❡♣t x = 2, 4✳

❋r♦♠ ♦✉r ❞✐s❝✉ss✐♦♥ ♦❢ ❡q✉❛❧✐t② ♦❢ ❢r❛❝t✐♦♥s ✐♥ ❙❡❝t✐♦♥ ❙❡❝t✐♦♥ ✽✳✷✱ ✇❡ ❦♥♦✇ t❤❛t a
b = c

d ✇❤❡♥ ad = bc✳

❚❤✐s ❢❛❝t ❛❧❧♦✇s ✉s t♦ ❞❡❞✉❝❡ t❤❛t✱ ✐❢ k 6= 0, ak
bk = a

b , s✐♥❝❡ akb = abk ✭r❡❝❛❧❧ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ♣r♦♣❡rt② ♦❢
♠✉❧t✐♣❧✐❝❛t✐♦♥✮✳ ❇✉t t❤✐s ❢❛❝t ♠❡❛♥s t❤❛t ✐❢ ❛ ❢❛❝t♦r ✭✐♥ t❤✐s ❝❛s❡✱ k✮ ✐s ❝♦♠♠♦♥ t♦ ❜♦t❤ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞
❞❡♥♦♠✐♥❛t♦r ♦❢ ❛ ❢r❛❝t✐♦♥✱ ✇❡ ♠❛② r❡♠♦✈❡ ✐t ✇✐t❤♦✉t ❝❤❛♥❣✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❢r❛❝t✐♦♥✳

ak

bk
=

a)k

b)k
=

a

b

✽✳✸✳✷✳✶ ❈❛♥❝❡❧❧✐♥❣

❚❤❡ ♣r♦❝❡ss ♦❢ r❡♠♦✈✐♥❣ ❝♦♠♠♦♥ ❢❛❝t♦rs ✐s ❝♦♠♠♦♥❧② ❝❛❧❧❡❞ ❝❛♥❝❡❧❧✐♥❣✳

❊①❛♠♣❧❡ ✽✳✷✼
16
40 ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ 2

5 ✳ Pr♦❝❡ss✿

16
40 = 2·2·2·2

2·2·2·5

❘❡♠♦✈❡ t❤❡ t❤r❡❡ ❢❛❝t♦rs ♦❢ ✶❀ 2
2 · 2

2 · 2
2 .

)2·)2·)2·2
)2·)2·)2·5 = 2

5

◆♦t✐❝❡ t❤❛t ✐♥ 2
5 ✱ t❤❡r❡ ✐s ♥♦ ❢❛❝t♦r ❝♦♠♠♦♥ t♦ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r✳

❊①❛♠♣❧❡ ✽✳✷✽
111
148 ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ 3

4 ✳ Pr♦❝❡ss✿

111
148 = 3·37

4·37

❘❡♠♦✈❡ t❤❡ ❢❛❝t♦r ♦❢ ✶❀ 3737 ✳

3·)37
4·)37

3
4

◆♦t✐❝❡ t❤❛t ✐♥ 3
4 ✱ t❤❡r❡ ✐s ♥♦ ❢❛❝t♦r ❝♦♠♠♦♥ t♦ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r✳

✸❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✺✸✴✶✳✸✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✼✼

❊①❛♠♣❧❡ ✽✳✷✾
3
9 ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ 1

3 ✳ Pr♦❝❡ss✿

3
9 = 3·1

3·3

❘❡♠♦✈❡ t❤❡ ❢❛❝t♦r ♦❢ ✶❀ 33 ✳

)3·1
)3·3 = 1

3

◆♦t✐❝❡ t❤❛t ✐♥ 1
3 t❤❡r❡ ✐s ♥♦ ❢❛❝t♦r ❝♦♠♠♦♥ t♦ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r✳

❊①❛♠♣❧❡ ✽✳✸✵
5
7 ❝❛♥♥♦t ❜❡ r❡❞✉❝❡❞ s✐♥❝❡ t❤❡r❡ ❛r❡ ♥♦ ❢❛❝t♦rs ❝♦♠♠♦♥ t♦ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r✳

Pr♦❜❧❡♠s ✶✱ ✷✱ ❛♥❞ ✸ s❤♦✇♥ ❛❜♦✈❡ ❝♦✉❧❞ ❛❧❧ ❜❡ r❡❞✉❝❡❞✳ ❚❤❡ ♣r♦❝❡ss ✐♥ ❡❛❝❤ r❡❞✉❝t✐♦♥
✐♥❝❧✉❞❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ st❡♣s✿

✶✳ ❇♦t❤ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ✇❡r❡ ❢❛❝t♦r❡❞✳
✷✳ ❋❛❝t♦rs t❤❛t ✇❡r❡ ❝♦♠♠♦♥ t♦ ❜♦t❤ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ✇❡r❡ ♥♦t❡❞ ❛♥❞ r❡♠♦✈❡❞

❜② ❞✐✈✐❞✐♥❣ t❤❡♠ ♦✉t✳

❲❡ ❦♥♦✇ t❤❛t ✇❡ ❝❛♥ ❞✐✈✐❞❡ ❜♦t❤ s✐❞❡s ♦❢ ❛♥ ❡q✉❛t✐♦♥ ❜② t❤❡ s❛♠❡ ♥♦♥③❡r♦ ♥✉♠❜❡r✱ ❜✉t ✇❤② s❤♦✉❧❞ ✇❡ ❜❡
❛❜❧❡ t♦ ❞✐✈✐❞❡ ❜♦t❤ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ♦❢ ❛ ❢r❛❝t✐♦♥ ❜② t❤❡ s❛♠❡ ♥♦♥③❡r♦ ♥✉♠❜❡r❄ ❚❤❡ r❡❛s♦♥
✐s t❤❛t ❛♥② ♥♦♥③❡r♦ ♥✉♠❜❡r ❞✐✈✐❞❡❞ ❜② ✐ts❡❧❢ ✐s ✶✱ ❛♥❞ t❤❛t ✐❢ ❛ ♥✉♠❜❡r ✐s ♠✉❧t✐♣❧✐❡❞ ❜② ✶✱ ✐t ✐s ❧❡❢t ✉♥❝❤❛♥❣❡❞✳

❈♦♥s✐❞❡r t❤❡ ❢r❛❝t✐♦♥ 6
24 ✳ ▼✉❧t✐♣❧② t❤✐s ❢r❛❝t✐♦♥ ❜② ✶✳ ❚❤✐s ✐s ✇r✐tt❡♥ 6

24 · 1✳ ❇✉t ✶ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s
1
6
1
6

✳

6
24 ·

1
6
1
6

=
6· 16
24· 16

= 1
4

❚❤❡ ❛♥s✇❡r✱ 1
4 ✱ ✐s t❤❡ r❡❞✉❝❡❞ ❢♦r♠✳ ◆♦t✐❝❡ t❤❛t ✐♥ 1

4 t❤❡r❡ ✐s ♥♦ ❢❛❝t♦r ❝♦♠♠♦♥ t♦ ❜♦t❤ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞
❞❡♥♦♠✐♥❛t♦r✳ ❚❤✐s r❡❛s♦♥✐♥❣ ♣r♦✈✐❞❡s ❥✉st✐✜❝❛t✐♦♥ ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡✳
❈❛♥❝❡❧❧✐♥❣
▼✉❧t✐♣❧②✐♥❣ ♦r ❞✐✈✐❞✐♥❣ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ❜② t❤❡ s❛♠❡ ♥♦♥③❡r♦ ♥✉♠❜❡r ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡
✈❛❧✉❡ ♦❢ ❛ ❢r❛❝t✐♦♥✳

✽✳✸✳✸ ❚❤❡ Pr♦❝❡ss

❲❡ ❝❛♥ ♥♦✇ st❛t❡ ❛ ♣r♦❝❡ss ❢♦r r❡❞✉❝✐♥❣ ❛ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥✳
❘❡❞✉❝✐♥❣ ❛ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥

✶✳ ❋❛❝t♦r t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ❝♦♠♣❧❡t❡❧②✳
✷✳ ❉✐✈✐❞❡ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ❜② ❛❧❧ ❢❛❝t♦rs t❤❡② ❤❛✈❡ ✐♥ ❝♦♠♠♦♥✱ t❤❛t ✐s✱ r❡♠♦✈❡ ❛❧❧ ❢❛❝t♦rs

♦❢ ✶✳

❘❡❞✉❝❡❞ t♦ ▲♦✇❡st ❚❡r♠s

✶✳ ❆ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥ ✐s s❛✐❞ t♦ ❜❡ r❡❞✉❝❡❞ t♦ ❧♦✇❡st t❡r♠s ✇❤❡♥ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r
❤❛✈❡ ♥♦ ❢❛❝t♦rs ✐♥ ❝♦♠♠♦♥✳

✽✳✸✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❘❡❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❛♠♣❧❡ ✽✳✸✶

15x
20x . ❋❛❝t♦r✳

15x
20x = 5·3·x

5·2·2·x
❚❤❡ ❢❛❝t♦rs t❤❛t ❛r❡ ❝♦♠♠♦♥ t♦ ❜♦t❤ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞

❞❡♥♦♠✐♥❛t♦r ❛r❡ ✺ ❛♥❞ x✳ ❉✐✈✐❞❡ ❡❛❝❤ ❜② 5x✳
)5·3·)x

)5·2·2·)x = 3
4 , x 6= 0

■t ✐s ❤❡❧♣❢✉❧ t♦ ❞r❛✇ ❛ ❧✐♥❡ t❤r♦✉❣❤ t❤❡ ❞✐✈✐❞❡❞✲♦✉t ❢❛❝t♦rs.

❊①❛♠♣❧❡ ✽✳✸✷

x2−4
x2−6x+8 . ❋❛❝t♦r✳

(x+2)(x−2)
(x−2)(x−4)

❚❤❡ ❢❛❝t♦r t❤❛t ✐s ❝♦♠♠♦♥ t♦ ❜♦t❤ t❤❡ ♥✉♠❡r❛t♦r

❛♥❞ ❞❡♥♦♠✐♥❛t♦r ✐s x − 2.❉✐✈✐❞❡ ❡❛❝❤ ❜②x − 2.
(x+2))(x−2)

)(x−2)(x−4)
= x+2

x−4 , x 6= 2, 4

❚❤❡ ❡①♣r❡ss✐♦♥ x−2
x−4 ✐s t❤❡ r❡❞✉❝❡❞ ❢♦r♠ s✐♥❝❡ t❤❡r❡ ❛r❡ ♥♦ ❢❛❝t♦rs ❝♦♠♠♦♥ t♦ ❜♦t❤ t❤❡

♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r✳ ❆❧t❤♦✉❣❤ t❤❡r❡ ✐s ❛♥ x ✐♥ ❜♦t❤✱ ✐t ✐s ❛ ❝♦♠♠♦♥ t❡r♠✱ ♥♦t ❛
❝♦♠♠♦♥ ❢❛❝t♦r✱ ❛♥❞ t❤❡r❡❢♦r❡ ❝❛♥♥♦t ❜❡ ❞✐✈✐❞❡❞ ♦✉t✳

❈❆❯❚■❖◆ ✖ ❚❤✐s ✐s ❛ ❝♦♠♠♦♥ ❡rr♦r✿ x−2
x−4 = )x−2

)x−4
= 2

4 ✐s ✐♥❝♦rr❡❝t✦

❊①❛♠♣❧❡ ✽✳✸✸

a+2b
6a+12b . ❋❛❝t♦r✳

a+2b
6(a+2b) = )a+2b

6)(a+2b)
= 1

6 , a 6= − 2b

❙✐♥❝❡ a+2b ✐s ❛ ❝♦♠♠♦♥ ❢❛❝t♦r t♦ ❜♦t❤ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r✱ ✇❡ ❞✐✈✐❞❡ ❜♦t❤ ❜② a+2b✳

❙✐♥❝❡ (a+2b)
(a+2b) = 1✱ ✇❡ ❣❡t ✶ ✐♥ t❤❡ ♥✉♠❡r❛t♦r✳

❙♦♠❡t✐♠❡s ✇❡ ♠❛② r❡❞✉❝❡ ❛ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥ ❜② ✉s✐♥❣ t❤❡ ❞✐✈✐s✐♦♥ r✉❧❡ ♦❢ ❡①♣♦♥❡♥ts✳

❊①❛♠♣❧❡ ✽✳✸✹

8x2y5

4xy2 . ❋❛❝t♦r ❛♥❞ ✉s❡ t❤❡ r✉❧❡ an

am = an−m.
8x2y5

4xy2 = 2·2·2
2·2 x2−1y5−2

= 2xy3, x 6= 0, y 6= 0

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✼✾

❊①❛♠♣❧❡ ✽✳✸✺

−10x3a(x2−36)
2x3−10x2−12x . ❋❛❝t♦r✳
−10x3a(x2−36)
2x3−10x2−12x = −5·2x3a(x+6)(x−6)

2x(x2−5x−6)

= −5·2x3a(x+6)(x−6)
2x(x−6)(x+1)

= −5·)2x

2

)3
a(x+6))(x−6)

)2)x)(x−6)(x+1)

= −5x2a(x+6)
x−1 , x 6= −1, 6

❊①❛♠♣❧❡ ✽✳✸✻

x2−x−12
−x2+2x+8 .

❙✐♥❝❡ ✐t ✐s ♠♦st ❝♦♥✈❡♥✐❡♥t t♦ ❤❛✈❡ t❤❡ ❧❡❛❞✐♥❣ t❡r♠s ♦❢ ❛

♣♦❧②♥♦♠✐❛❧ ♣♦s✐t✐✈❡✱ ❢❛❝t♦r ♦✉t − ✶ ❢r♦♠ t❤❡ ❞❡♥♦♠✐♥❛t♦r✳

x2−x−12
−(x2−2x−8) ❘❡✇r✐t❡ t❤✐s✳

−x2−x−12
x2−2x−8 ❋❛❝t♦r✳

− )(x−4)(x+3)

)(x−4)(x+2)

−x+3
x+2 = −(x+3)

x+2 = −x−3
x+2 , x 6= −2, 4

❊①❛♠♣❧❡ ✽✳✸✼

a−b
b−a .

❚❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ❤❛✈❡ t❤❡ s❛♠❡ t❡r♠s ❜✉t t❤❡②

♦❝❝✉r ✇✐t❤ ♦♣♣♦s✐t❡ s✐❣♥s✳ ❋❛❝t♦r − ✶ ❢r♦♠ t❤❡ ❞❡♥♦♠✐♥❛t♦r✳

a−b
−(−b+a) = a−b

−(a−b) = − )a−b

)a−b
= −1, a 6= b

✽✳✸✳✺ Pr❛❝t✐❝❡ ❙❡t ❆

❘❡❞✉❝❡ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢r❛❝t✐♦♥s t♦ ❧♦✇❡st t❡r♠s✳

❊①❡r❝✐s❡ ✽✳✸✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✸✳✮
30y
35y

❊①❡r❝✐s❡ ✽✳✸✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✸✳✮
x2−9

x2+5x+6

❊①❡r❝✐s❡ ✽✳✸✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✸✳✮
x+2b
4x+8b

❊①❡r❝✐s❡ ✽✳✸✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✸✳✮
18a3b5c7

3ab3c5

❊①❡r❝✐s❡ ✽✳✸✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✸✳✮
−3a4+75a2

2a3−16a2+30a

❊①❡r❝✐s❡ ✽✳✸✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✸✳✮
x2−5x+4

−x2+12x−32

❊①❡r❝✐s❡ ✽✳✸✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✸✳✮
2x−y
y−2x

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✽✳✸✳✻ ❊①❝❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ r❡❞✉❝❡ ❡❛❝❤ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥ t♦ ❧♦✇❡st t❡r♠s✳

❊①❡r❝✐s❡ ✽✳✸✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✸✳✮
6

3x−12

❊①❡r❝✐s❡ ✽✳✸✳✾
8

4a−16

❊①❡r❝✐s❡ ✽✳✸✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✸✳✮
9

3y−21

❊①❡r❝✐s❡ ✽✳✸✳✶✶
10

5x−5

❊①❡r❝✐s❡ ✽✳✸✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✸✳✮
7

7x−14

❊①❡r❝✐s❡ ✽✳✸✳✶✸
6

6x−18

❊①❡r❝✐s❡ ✽✳✸✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✸✳✮
2y2

8y

❊①❡r❝✐s❡ ✽✳✸✳✶✺
4x3

2x

❊①❡r❝✐s❡ ✽✳✸✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✸✳✮
16a2b3

2ab2

❊①❡r❝✐s❡ ✽✳✸✳✶✼
20a4b4

4ab2

❊①❡r❝✐s❡ ✽✳✸✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✸✳✮
(x+3)(x−2)
(x+3)(x+5)

❊①❡r❝✐s❡ ✽✳✸✳✶✾
(y−1)(y−7)
(y−1)(y+6)

❊①❡r❝✐s❡ ✽✳✸✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✸✳✮
(a+6)(a−5)
(a−5)(a+2)

❊①❡r❝✐s❡ ✽✳✸✳✷✶
(m−3)(m−1)
(m−1)(m+4)

❊①❡r❝✐s❡ ✽✳✸✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✸✳✮
(y−2)(y−3)
(y−3)(y−2)

❊①❡r❝✐s❡ ✽✳✸✳✷✸
(x+7)(x+8)
(x+8)(x+7)

❊①❡r❝✐s❡ ✽✳✸✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✸✳✮
−12x2(x+4)

4x

❊①❡r❝✐s❡ ✽✳✸✳✷✺
−3a4(a−1)(a+5)
−2a3(a−1)(a+9)

❊①❡r❝✐s❡ ✽✳✸✳✷✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✸✳✮
6x2y5(x−1)(x+4)

−2xy(x+4)

❊①❡r❝✐s❡ ✽✳✸✳✷✼
22a4b6c7(a+2)(a−7)

4c(a+2)(a−5)

❊①❡r❝✐s❡ ✽✳✸✳✷✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✸✳✮
(x+10)3

x+10

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✽✶

❊①❡r❝✐s❡ ✽✳✸✳✷✾
(y−6)7

y−6

❊①❡r❝✐s❡ ✽✳✸✳✸✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✸✳✮
(x−8)2(x+6)4

(x−8)(x+6)

❊①❡r❝✐s❡ ✽✳✸✳✸✶
(a+1)5(a−1)7

(a+1)3(a−1)4

❊①❡r❝✐s❡ ✽✳✸✳✸✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✸✳✮
(y−2)6(y−1)4

(y−2)3(y−1)2

❊①❡r❝✐s❡ ✽✳✸✳✸✸
(x+10)5(x−6)3

(x−6)(x+10)2

❊①❡r❝✐s❡ ✽✳✸✳✸✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✸✳✮
(a+6)2(a−7)6

(a+6)5(a−7)2

❊①❡r❝✐s❡ ✽✳✸✳✸✺
(m+7)4(m−8)5

(m+7)7(m−8)2

❊①❡r❝✐s❡ ✽✳✸✳✸✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✹✳✮
(a+2)(a−1)3

(a+1)(a−1)

❊①❡r❝✐s❡ ✽✳✸✳✸✼
(b+6)(b−2)4

(b−1)(b−2)

❊①❡r❝✐s❡ ✽✳✸✳✸✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✹✳✮
8(x+2)3(x−5)6

2(x+2)(x−5)2

❊①❡r❝✐s❡ ✽✳✸✳✸✾
14(x−4)3(x−10)6

−7(x−4)2(x−10)2

❊①❡r❝✐s❡ ✽✳✸✳✹✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✹✳✮
x2+x−12
x2−4x+3

❊①❡r❝✐s❡ ✽✳✸✳✹✶
x2+3x−10
x2+2x−15

❊①❡r❝✐s❡ ✽✳✸✳✹✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✹✳✮
x2−10x+21
x2−6x−7

❊①❡r❝✐s❡ ✽✳✸✳✹✸
x2+10x+24

x2+6x

❊①❡r❝✐s❡ ✽✳✸✳✹✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✹✳✮
x2+9x+14

x2+7x

❊①❡r❝✐s❡ ✽✳✸✳✹✺
6b2−b

6b2+11b−2

❊①❡r❝✐s❡ ✽✳✸✳✹✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✹✳✮
3b2+10b+3
3b2+7b+2

❊①❡r❝✐s❡ ✽✳✸✳✹✼
4b2−1

2b2+5b−3

❊①❡r❝✐s❡ ✽✳✸✳✹✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✹✳✮
16a2−9

4a2−a−3

❊①❡r❝✐s❡ ✽✳✸✳✹✾
20x2+28xy+9y2

4x2+4xy+y2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✽✷ ❈❍❆P❚❊❘ ✽✳ ❘❆❚■❖◆❆▲ ❊❳P❘❊❙❙■❖◆❙

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ r❡❞✉❝❡ ❡❛❝❤ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥ ✐❢ ♣♦ss✐❜❧❡✳ ■❢ ♥♦t ♣♦ss✐❜❧❡✱ st❛t❡ t❤❡ ❛♥s✇❡r ✐♥
❧♦✇❡st t❡r♠s✳

❊①❡r❝✐s❡ ✽✳✸✳✺✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✹✳✮
x+3
x+4

❊①❡r❝✐s❡ ✽✳✸✳✺✶
a+7
a−1

❊①❡r❝✐s❡ ✽✳✸✳✺✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✹✳✮
3a+6

3

❊①❡r❝✐s❡ ✽✳✸✳✺✸
4x+12

4

❊①❡r❝✐s❡ ✽✳✸✳✺✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✹✳✮
5a−5
−5

❊①❡r❝✐s❡ ✽✳✸✳✺✺
6b−6
−3

❊①❡r❝✐s❡ ✽✳✸✳✺✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✹✳✮
8x−16
−4

❊①❡r❝✐s❡ ✽✳✸✳✺✼
4x−7
−7

❊①❡r❝✐s❡ ✽✳✸✳✺✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✹✳✮
−3x+10

10

❊①❡r❝✐s❡ ✽✳✸✳✺✾
x−2
2−x

❊①❡r❝✐s❡ ✽✳✸✳✻✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✹✳✮
a−3
3−a

❊①❡r❝✐s❡ ✽✳✸✳✻✶
x3−x

x

❊①❡r❝✐s❡ ✽✳✸✳✻✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✹✳✮
y4−y

y

❊①❡r❝✐s❡ ✽✳✸✳✻✸
a5−a2

a

❊①❡r❝✐s❡ ✽✳✸✳✻✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✹✳✮
a6−a4

a3

❊①❡r❝✐s❡ ✽✳✸✳✻✺
4b2+3b

b

❊①❡r❝✐s❡ ✽✳✸✳✻✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✹✳✮
2a3+5a

a

❊①❡r❝✐s❡ ✽✳✸✳✻✼
a

a3+a

❊①❡r❝✐s❡ ✽✳✸✳✻✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✹✳✮
x4

x5−3x

❊①❡r❝✐s❡ ✽✳✸✳✻✾
−a

−a2−a

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✽✸

✽✳✸✳✼ ❊①❝❡r❝✐s❡s ❋♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✽✳✸✳✼✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✹✳✮

✭❙❡❝t✐♦♥ ✸✳✼✮ ❲r✐t❡
(

44a8b10

42a6b2

)−1

s♦ t❤❛t ♦♥❧② ♣♦s✐t✐✈❡ ❡①♣♦♥❡♥ts ❛♣♣❡❛r✳

❊①❡r❝✐s❡ ✽✳✸✳✼✶
✭❙❡❝t✐♦♥ ✻✳✻✮ ❋❛❝t♦r y4 − 16✳

❊①❡r❝✐s❡ ✽✳✸✳✼✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✹✳✮

✭❙❡❝t✐♦♥ ✻✳✽✮ ❋❛❝t♦r 10x2 − 17x + 3✳

❊①❡r❝✐s❡ ✽✳✸✳✼✸
✭❙❡❝t✐♦♥ ✼✳✹✮ ❙✉♣♣❧② t❤❡ ♠✐ss✐♥❣ ✇♦r❞✳ ❆♥ ❡q✉❛t✐♦♥ ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❢♦r♠ ax + by = c ✐s s❛✐❞ t♦
❜❡ ❡①♣r❡ss❡❞ ✐♥ ❢♦r♠✳

❊①❡r❝✐s❡ ✽✳✸✳✼✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✹✳✮

✭❙❡❝t✐♦♥ ✽✳✷✮ ❋✐♥❞ t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥ 2
x2−3x−18 ✳

✽✳✹ ▼✉❧t✐♣❧②✐♥❣ ❛♥❞ ❉✐✈✐❞✐♥❣ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s ✹

✽✳✹✳✶ ❖✈❡r✈✐❡✇

• ▼✉❧t✐♣❧✐❝❛t✐♦♥ ❖❢ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s
• ❉✐✈✐s✐♦♥ ❖❢ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s

✽✳✹✳✷ ▼✉❧t✐♣❧✐❝❛t✐♦♥ ❖❢ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s

❘❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s ❛r❡ ♠✉❧t✐♣❧✐❡❞ t♦❣❡t❤❡r ✐♥ ♠✉❝❤ t❤❡ s❛♠❡ ✇❛② t❤❛t ❛r✐t❤♠❡t✐❝ ❢r❛❝t✐♦♥s ❛r❡ ♠✉❧t✐♣❧✐❡❞
t♦❣❡t❤❡r✳ ❚♦ ♠✉❧t✐♣❧② r❛t✐♦♥❛❧ ♥✉♠❜❡rs✱ ✇❡ ❞♦ t❤❡ ❢♦❧❧♦✇✐♥❣✿

❉❡✜♥✐t✐♦♥ ✽✳✶✿ ▼❡t❤♦❞ ❢♦r ▼✉❧t✐♣❧②✐♥❣ ❘❛t✐♦♥❛❧ ◆✉♠❜❡rs

✶✳ ❘❡❞✉❝❡ ❡❛❝❤ ❢r❛❝t✐♦♥ t♦ ❧♦✇❡st t❡r♠s✳
✷✳ ▼✉❧t✐♣❧② t❤❡ ♥✉♠❡r❛t♦rs t♦❣❡t❤❡r✳
✸✳ ▼✉❧t✐♣❧② t❤❡ ❞❡♥♦♠✐♥❛t♦rs t♦❣❡t❤❡r✳

❘❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s ❛r❡ ♠✉❧t✐♣❧✐❡❞ t♦❣❡t❤❡r ✉s✐♥❣ ❡①❛❝t❧② t❤❡ s❛♠❡ t❤r❡❡ st❡♣s✳ ❙✐♥❝❡ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s
t❡♥❞ t♦ ❜❡ ❧♦♥❣❡r t❤❛♥ ❛r✐t❤♠❡t✐❝ ❢r❛❝t✐♦♥s✱ ✇❡ ❝❛♥ s✐♠♣❧✐❢② t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♣r♦❝❡ss ❜② ❛❞❞✐♥❣ ♦♥❡ ♠♦r❡
st❡♣✳

❉❡✜♥✐t✐♦♥ ✽✳✷✿ ▼❡t❤♦❞ ❢♦r ▼✉❧t✐♣❧②✐♥❣ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s

✶✳ ❋❛❝t♦r ❛❧❧ ♥✉♠❡r❛t♦rs ❛♥❞ ❞❡♥♦♠✐♥❛t♦rs✳
✷✳ ❘❡❞✉❝❡ t♦ ❧♦✇❡st t❡r♠s ✜rst ❜② ❞✐✈✐❞✐♥❣ ♦✉t ❛❧❧ ❝♦♠♠♦♥ ❢❛❝t♦rs✳ ✭■t ✐s ♣❡r❢❡❝t❧② ❧❡❣✐t✐♠❛t❡ t♦

❝❛♥❝❡❧ t❤❡ ♥✉♠❡r❛t♦r ♦❢ ♦♥❡ ❢r❛❝t✐♦♥ ✇✐t❤ t❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ ❛♥♦t❤❡r✳✮
✸✳ ▼✉❧t✐♣❧② ♥✉♠❡r❛t♦rs t♦❣❡t❤❡r✳
✹✳ ▼✉❧t✐♣❧② ❞❡♥♦♠✐♥❛t♦rs✳ ■t ✐s ♦❢t❡♥ ❝♦♥✈❡♥✐❡♥t✱ ❜✉t ♥♦t ♥❡❝❡ss❛r②✱ t♦ ❧❡❛✈❡ ❞❡♥♦♠✐♥❛t♦rs ✐♥

❢❛❝t♦r❡❞ ❢♦r♠✳

✹❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✻✹✴✶✳✸✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✽✳✹✳✸ ❙❛♠♣❧❡ ❙❡t ❆

P❡r❢♦r♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠✉❧t✐♣❧✐❝❛t✐♦♥s✳

❊①❛♠♣❧❡ ✽✳✸✽

3

4
· 1

2
=

3 · 1
4 · 2 =

3

8

❊①❛♠♣❧❡ ✽✳✸✾

8

9
· 1

6
=

4

)8

9
· 1

)6
3

=
4 · 1
9 · 3 =

4

27

❊①❛♠♣❧❡ ✽✳✹✵

3x

5y
· 7

12y
=

1

)3 x

5y
· 7

)12
4

y
=

x · 7
5y · 4y

=
7x

20y2

❊①❛♠♣❧❡ ✽✳✹✶

x+4
x−2 · x+7

x+4 ❉✐✈✐❞❡ ♦✉t t❤❡ ❝♦♠♠♦♥ ❢❛❝t♦r x + 4.
)x+4
x−2 · x+7

)x+4
▼✉❧t✐♣❧② ♥✉♠❡r❛t♦rs ❛♥❞ ❞❡♥♦♠✐♥❛t♦rs t♦❣❡t❤❡r✳

x+7
x−2

❊①❛♠♣❧❡ ✽✳✹✷

x2+x−6
x2−4x+3 · x2−2x−3

x2+4x−12 . ❋❛❝t♦r✳
(x+3)(x−2)
(x−3)(x−1) ·

(x−3)(x+1)
(x+6)(x−2) ❉✐✈✐❞❡ ♦✉t t❤❡ ❝♦♠♠♦♥ ❢❛❝t♦rs x − 2 ❛♥❞x − 3.

(x+3))(x−2)

)(x−3)(x−1)
· )(x−3)(x+1)

(x+6))(x−2)
▼✉❧t✐♣❧②.

(x+3)(x+1)
(x−1)(x+6) ♦r x2+4x+3

(x−1)(x+6) ♦r x2+4x+3
x2+5x−6

❊❛❝❤ ♦❢ t❤❡s❡ t❤r❡❡ ❢♦r♠s ✐s ❛♥ ❛❝❝❡♣t❛❜❧❡ ❢♦r♠ ♦❢ t❤❡ s❛♠❡ ❛♥s✇❡r.

❊①❛♠♣❧❡ ✽✳✹✸

2x+6
8x−16 · x2−4

x2−x−12 . ❋❛❝t♦r✳
2(x+3)
8(x−2) ·

(x+2)(x−2)
(x−4)(x+3) ❉✐✈✐❞❡ ♦✉t t❤❡ ❝♦♠♠♦♥ ❢❛❝t♦rs ✷✱ x + 3 ❛♥❞x − 2.

1

)2)(x+3)

)8
4
)(x−2)

· (x+2))(x−2)

)(x+3)(x−4)
▼✉❧t✐♣❧②.

x+2
4(x−4) ♦r x+2

4x−16

❇♦t❤ t❤❡s❡ ❢♦r♠s ❛r❡ ❛❝❝❡♣t❛❜❧❡ ❢♦r♠s ♦❢ t❤❡ s❛♠❡ ❛♥s✇❡r.

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✽✺

❊①❛♠♣❧❡ ✽✳✹✹

3x2 · x+7
x−5 . ❘❡✇r✐t❡ 3x2 ❛s 3x2

1 .

3x2

1 · x+7
x−5 ▼✉❧t✐♣❧②.

3x2(x+7)
x−5

❊①❛♠♣❧❡ ✽✳✹✺

(x − 3) · 4x−9
x2−6x+9 .

)(x−3)
1 · 4x−9

)(x−3)(x−3)

4x−9
x−3

❊①❛♠♣❧❡ ✽✳✹✻

−x2−3x−2
x2+8x+15 · 4x+20

x2+2x . ❋❛❝t♦r ✕✶ ❢r♦♠ t❤❡ ✜rst ♥✉♠❡r❛t♦r.
−(x2+3x+2)

x2+8x+15 · 4x+20
x2+2x ❋❛❝t♦r.

−(x+1))(x+2)

(x+3))(x+5)
· 4)(x+5)

x)(x+2)
▼✉❧t✐♣❧②✳

−4(x+1)
x(x+3) = −4x−1

x(x+3) ♦r −4x−1
x2+3x

✽✳✹✳✹ Pr❛❝t✐❝❡ ❙❡t ❆

P❡r❢♦r♠ ❡❛❝❤ ♠✉❧t✐♣❧✐❝❛t✐♦♥✳

❊①❡r❝✐s❡ ✽✳✹✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✹✳✮
5
3 · 6

7

❊①❡r❝✐s❡ ✽✳✹✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✹✳✮
a3

b2c2 · c5

a5

❊①❡r❝✐s❡ ✽✳✹✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✹✳✮
y−1
y2+1 · y+1

y2−1

❊①❡r❝✐s❡ ✽✳✹✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✹✳✮
x2−x−12
x2+7x+6 · x2−4x−5

x2−9x+20

❊①❡r❝✐s❡ ✽✳✹✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✺✳✮
x2+6x+8
x2−6x+8 · x2−2x−8

x2+2x−8

✽✳✹✳✺ ❉✐✈✐s✐♦♥ ❖❢ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s

❚♦ ❞✐✈✐❞❡ ♦♥❡ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥ ❜② ❛♥♦t❤❡r✱ ✇❡ ✜rst ✐♥✈❡rt t❤❡ ❞✐✈✐s♦r t❤❡♥ ♠✉❧t✐♣❧② t❤❡ t✇♦ ❡①♣r❡ss✐♦♥s✳
❙②♠❜♦❧✐❝❛❧❧②✱ ✐❢ ✇❡ ❧❡t P,Q, R, ❛♥❞ S r❡♣r❡s❡♥t ♣♦❧②♥♦♠✐❛❧s✱ ✇❡ ❝❛♥ ✇r✐t❡

P
Q ÷ R

S = P
Q · S

R = P ·S
Q·R

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✽✳✹✳✻ ❙❛♠♣❧❡ ❙❡t ❇

P❡r❢♦r♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐✈✐s✐♦♥s✳

❊①❛♠♣❧❡ ✽✳✹✼

6x2

5a ÷ 2x
10a3 . ■♥✈❡rt t❤❡ ❞✐✈✐s♦r ❛♥❞ ♠✉❧t✐♣❧②✳

3

)6x)2

)5)a
·

2

)10a

2
)3

)2)x
= 3x·2a2

1 = 6a2x

❊①❛♠♣❧❡ ✽✳✹✽

x2+3x−10
2x−2 ÷ x2+9x+20

x2+3x−4 ■♥✈❡rt ❛♥❞ ♠✉❧t✐♣❧②✳

x2+3x−10
2x−2 · x2+3x−4

x2+9x+20 ❋❛❝t♦r✳
)(x+5)(x−2)

2)(x−1)
· )(x+4))(x−1)

)(x+5))(x+4)

x−2
2

❊①❛♠♣❧❡ ✽✳✹✾

(4x + 7) ÷ 12x+21
x−2 . ❲r✐t❡ 4x + 7 ❛s 4x+7

1 .

4x+7
1 ÷ 12x+21

x−2 ■♥✈❡rt ❛♥❞ ♠✉❧t✐♣❧②✳

4x+7
1 · x−2

12x+21 ❋❛❝t♦r✳
)4x+7

1 · x−2

3()4x+7)
= x−2

3

✽✳✹✳✼ Pr❛❝t✐❝❡ ❙❡t ❇

P❡r❢♦r♠ ❡❛❝❤ ❞✐✈✐s✐♦♥✳

❊①❡r❝✐s❡ ✽✳✹✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✺✳✮
8m2n
3a5b2 ÷ 2m

15a7b2

❊①❡r❝✐s❡ ✽✳✹✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✺✳✮
x2−4

x2+x−6 ÷ x2+x−2
x2+4x+3

❊①❡r❝✐s❡ ✽✳✹✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✺✳✮
6a2+17a+12

3a+2 ÷ (2a + 3)

✽✳✹✳✽ ❊①❝❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ♣❡r❢♦r♠ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥s ❛♥❞ ❞✐✈✐s✐♦♥s✳

❊①❡r❝✐s❡ ✽✳✹✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✺✳✮
4a3

5b · 3b
2a

❊①❡r❝✐s❡ ✽✳✹✳✶✵
9x4

4y3 · 10y
x2

❊①❡r❝✐s❡ ✽✳✹✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✺✳✮
a
b · b

a

❊①❡r❝✐s❡ ✽✳✹✳✶✷
2x
5y · 5y

2x

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✽✼

❊①❡r❝✐s❡ ✽✳✹✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✺✳✮
12a3

7 · 28
15a

❊①❡r❝✐s❡ ✽✳✹✳✶✹
39m4

16 · 4
13m2

❊①❡r❝✐s❡ ✽✳✹✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✺✳✮
18x6

7 · 1
4x2

❊①❡r❝✐s❡ ✽✳✹✳✶✻
34a6

21 · 42
17a5

❊①❡r❝✐s❡ ✽✳✹✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✺✳✮
16x6y3

15x2 · 25x
4y

❊①❡r❝✐s❡ ✽✳✹✳✶✽
27a7b4

39b · 13a4b2

16a5

❊①❡r❝✐s❡ ✽✳✹✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✺✳✮
10x2y3

7y5 · 49y
15x6

❊①❡r❝✐s❡ ✽✳✹✳✷✵
22m3n4

11m6n · 33mn
4mn3

❊①❡r❝✐s❡ ✽✳✹✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✺✳✮
−10p2q
7a3b2 · 21a5b3

2p

❊①❡r❝✐s❡ ✽✳✹✳✷✷
−25m4n3

14r3s3 · 21rs4

10mn

❊①❡r❝✐s❡ ✽✳✹✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✺✳✮
9
a ÷ 3

a2

❊①❡r❝✐s❡ ✽✳✹✳✷✹
10
b2 ÷ 4

b3

❊①❡r❝✐s❡ ✽✳✹✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✺✳✮
21a4

5b2 ÷ 14a
15b3

❊①❡r❝✐s❡ ✽✳✹✳✷✻
42x5

16y4 ÷ 21x4

8y3

❊①❡r❝✐s❡ ✽✳✹✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✺✳✮
39x2y2

55p2 ÷ 13x3y
15p6

❊①❡r❝✐s❡ ✽✳✹✳✷✽
14mn3

25n6 ÷ 32m
20m2n3

❊①❡r❝✐s❡ ✽✳✹✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✺✳✮
12a2b3

−5xy4 ÷ 6a2

15x2

❊①❡r❝✐s❡ ✽✳✹✳✸✵
24p3q
9mn3 ÷ 10pq

−21n2

❊①❡r❝✐s❡ ✽✳✹✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✺✳✮
x+8
x+1 · x+2

x+8

❊①❡r❝✐s❡ ✽✳✹✳✸✷
x+10
x−4 · x−4

x−1

❊①❡r❝✐s❡ ✽✳✹✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✺✳✮
2x+5
x+8 · x+8

x−2

❊①❡r❝✐s❡ ✽✳✹✳✸✹
y+2
2y−1 · 2y−1

y−2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✽✳✹✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✺✳✮
x−5
x−1 ÷ x−5

4

❊①❡r❝✐s❡ ✽✳✹✳✸✻
x

x−4 ÷ 2x
5x+1

❊①❡r❝✐s❡ ✽✳✹✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✺✳✮
a+2b
a−1 ÷ 4a+8b

3a−3

❊①❡r❝✐s❡ ✽✳✹✳✸✽
6m+2
m−1 ÷ 4m−4

m−1

❊①❡r❝✐s❡ ✽✳✹✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✺✳✮

x3 · 4ab
x

❊①❡r❝✐s❡ ✽✳✹✳✹✵
y4 · 3x2

y2

❊①❡r❝✐s❡ ✽✳✹✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✺✳✮

2a5 ÷ 6a2

4b

❊①❡r❝✐s❡ ✽✳✹✳✹✷
16x2y3 ÷ 10xy

3

❊①❡r❝✐s❡ ✽✳✹✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✺✳✮

21m4n2 ÷ 3mn2

7n

❊①❡r❝✐s❡ ✽✳✹✳✹✹
(x + 8) · x+2

x+8

❊①❡r❝✐s❡ ✽✳✹✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✺✳✮

(x − 2) · x−1
x−2

❊①❡r❝✐s❡ ✽✳✹✳✹✻
(a − 6)

3 · (a+2)2

a−6

❊①❡r❝✐s❡ ✽✳✹✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✺✳✮

(b + 1)
4 · (b−7)3

b+1

❊①❡r❝✐s❡ ✽✳✹✳✹✽
(
b2 + 2

)3 · b−3
(b2+2)2

❊①❡r❝✐s❡ ✽✳✹✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✻✳✮
(
x3 − 7

)4 · x2−1
(x3−7)2

❊①❡r❝✐s❡ ✽✳✹✳✺✵
(x − 5) ÷ x−5

x−2

❊①❡r❝✐s❡ ✽✳✹✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✻✳✮

(y − 2) ÷ y−2
y−1

❊①❡r❝✐s❡ ✽✳✹✳✺✷
(y + 6)

3 ÷ (y+6)2

y−6

❊①❡r❝✐s❡ ✽✳✹✳✺✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✻✳✮

(a − 2b)
4 ÷ (a−2b)2

a+b

❊①❡r❝✐s❡ ✽✳✹✳✺✹
x2+3x+2
x2−4x+3 · x2−2x−3

2x+2

❊①❡r❝✐s❡ ✽✳✹✳✺✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✻✳✮
6x−42

x2−2x−3 · x2−1
x−7

❊①❡r❝✐s❡ ✽✳✹✳✺✻
3a+3b

a2−4a−5 ÷ 9a+9b
a2−3a−10

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✽✾

❊①❡r❝✐s❡ ✽✳✹✳✺✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✻✳✮
a2−4a−12

a2−9 ÷ a2−5a−6
a2+6a+9

❊①❡r❝✐s❡ ✽✳✹✳✺✽
b2−5b+6
b2−b−2 · b2−2b−3

b2−9b+20

❊①❡r❝✐s❡ ✽✳✹✳✺✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✻✳✮
m2−4m+3
m2+5m−6 · m2+4m−12

m2−5m+6

❊①❡r❝✐s❡ ✽✳✹✳✻✵
r2+7r+10
r2−2r−8 ÷ r2+6r+5

r2−3r−4

❊①❡r❝✐s❡ ✽✳✹✳✻✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✻✳✮
2a2+7a+3
3a2−5a−2 · a2−5a+6

a2+2a−3

❊①❡r❝✐s❡ ✽✳✹✳✻✷
6x2+x−2
2x2+7x−4 · x2+2x−12

3x2−4x−4

❊①❡r❝✐s❡ ✽✳✹✳✻✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✻✳✮
x3y−x2y2

x2y−y2 · x2−y
x−xy

❊①❡r❝✐s❡ ✽✳✹✳✻✹
4a3b−4a2b2

15a−10 · 3a−2
4ab−2b2

❊①❡r❝✐s❡ ✽✳✹✳✻✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✻✳✮
x+3
x−4 · x−4

x+1 · x−2
x+3

❊①❡r❝✐s❡ ✽✳✹✳✻✻
x−7
x+8 · x+1

x−7 · x+8
x−2

❊①❡r❝✐s❡ ✽✳✹✳✻✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✻✳✮
2a−b
a+b · a+3b

a−5b · a−5b
2a−b

❊①❡r❝✐s❡ ✽✳✹✳✻✽
3a(a+1)2

a−5 · 6(a−5)2

5a+5 · 15a+30
4a−20

❊①❡r❝✐s❡ ✽✳✹✳✻✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✻✳✮
−3a2

4b · −8b3

15a

❊①❡r❝✐s❡ ✽✳✹✳✼✵
−6x3

5y2 · 20y
−2x

❊①❡r❝✐s❡ ✽✳✹✳✼✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✻✳✮
−8x2y3

−5x ÷ 4
−15xy

❊①❡r❝✐s❡ ✽✳✹✳✼✷
−4a3

3b ÷ 2a
6b2

❊①❡r❝✐s❡ ✽✳✹✳✼✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✻✳✮
−3a−3
2a+2 · a2−3a+2

a2−5a−6

❊①❡r❝✐s❡ ✽✳✹✳✼✹
x2−x−2
x2−3x−4 · −x2+2x+3

−4x−8

❊①❡r❝✐s❡ ✽✳✹✳✼✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✻✳✮
−5x−10
x2−4x+3 · x2+4x+1

x2+x−2

❊①❡r❝✐s❡ ✽✳✹✳✼✻
−a2−2a+15

−6a−12 ÷ a2−2a−8
−2a−10

❊①❡r❝✐s❡ ✽✳✹✳✼✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✻✳✮
−b2−5b+14

3b−6 ÷ −b2−9b−14
−b+8

❊①❡r❝✐s❡ ✽✳✹✳✼✽
3a+6
4a−24 · 6−a

3a+15

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✽✳✹✳✼✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✻✳✮
4x+12
x−7 · 7−x

2x+2

❊①❡r❝✐s❡ ✽✳✹✳✽✵
−2b−2
b2+b−6 · −b+2

b+5

❊①❡r❝✐s❡ ✽✳✹✳✽✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✻✳✮
3x2−6x−9
2x2−6x−4 ÷ 3x2−5x−2

6x2−7x−3

❊①❡r❝✐s❡ ✽✳✹✳✽✷
−2b2−2b+4
8b2−28b−16 ÷ b2−2b+1

2b2−5b−3

❊①❡r❝✐s❡ ✽✳✹✳✽✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✻✳✮
x2+4x+3
x2+5x+4 ÷ (x + 3)

❊①❡r❝✐s❡ ✽✳✹✳✽✹
x2−3x+2
x2−4x+3 ÷ (x − 3)

❊①❡r❝✐s❡ ✽✳✹✳✽✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✻✳✮
3x2−21x+18

x2+5x+6 ÷ (x + 2)

✽✳✹✳✾ ❊①❡r❝✐s❡s ❋♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✽✳✹✳✽✻
✭❙❡❝t✐♦♥ ✸✳✸✮ ■❢ a < 0✱ t❤❡♥ |a| = ✳

❊①❡r❝✐s❡ ✽✳✹✳✽✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✻✳✮

✭❙❡❝t✐♦♥ ✹✳✹✮ ❈❧❛ss✐❢② t❤❡ ♣♦❧②♥♦♠✐❛❧ 4xy + 2y ❛s ❛ ♠♦♥♦♠✐❛❧✱ ❜✐♥♦♠✐❛❧✱ ♦r tr✐♥♦♠✐❛❧✳ ❙t❛t❡ ✐ts
❞❡❣r❡❡ ❛♥❞ ✇r✐t❡ t❤❡ ♥✉♠❡r✐❝❛❧ ❝♦❡✣❝✐❡♥t ♦❢ ❡❛❝❤ t❡r♠✳

❊①❡r❝✐s❡ ✽✳✹✳✽✽
✭❙❡❝t✐♦♥ ✹✳✺✮ ❋✐♥❞ t❤❡ ♣r♦❞✉❝t✿ y2 (2y − 1) (2y + 1)✳

❊①❡r❝✐s❡ ✽✳✹✳✽✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✻✳✮

✭❙❡❝t✐♦♥ ✺✳✺✮ ❚r❛♥s❧❛t❡ t❤❡ s❡♥t❡♥❝❡ ✏❢♦✉r ❧❡ss t❤❛♥ t✇✐❝❡ s♦♠❡ ♥✉♠❜❡r ✐s t✇♦ ♠♦r❡ t❤❛♥ t❤❡
♥✉♠❜❡r✑ ✐♥t♦ ❛♥ ❡q✉❛t✐♦♥✳

❊①❡r❝✐s❡ ✽✳✹✳✾✵
✭❙❡❝t✐♦♥ ✽✳✸✮ ❘❡❞✉❝❡ t❤❡ ❢r❛❝t✐♦♥ x2−4x+4

x2−4 ✳

✽✳✺ ❇✉✐❧❞✐♥❣ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s ❛♥❞ t❤❡ ▲❈❉ ✺

✽✳✺✳✶ ❖✈❡r✈✐❡✇

• ❚❤❡ Pr♦❝❡ss
• ❚❤❡ ❘❡❛s♦♥ ❋♦r ❇✉✐❧❞✐♥❣ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s
• ❚❤❡ ▲❡❛st ❈♦♠♠♦♥ ❉❡♥♦♠✐♥❛t♦r ✭▲❈❉✮

✺❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✹✶✴✶✳✸✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✾✶

✽✳✺✳✷ ❚❤❡ Pr♦❝❡ss

❘❡❝❛❧❧✱ ❢r♦♠ ❙❡❝t✐♦♥ ❙❡❝t✐♦♥ ✽✳✷✱ t❤❡ ❡q✉❛❧✐t② ♣r♦♣❡rt② ♦❢ ❢r❛❝t✐♦♥s✳
❊q✉❛❧✐t② Pr♦♣❡rt② ❖❢ ❋r❛❝t✐♦♥s
■❢ a

b = c
d , t❤❡♥ ad = bc.

❯s✐♥❣ t❤❡ ❢❛❝t t❤❛t 1 = b
b , b 6= 0✱ ❛♥❞ t❤❛t ✶ ✐s t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ✐❞❡♥t✐t②✱ ✐t ❢♦❧❧♦✇s t❤❛t ✐❢ P

Q ✐s ❛ r❛t✐♦♥❛❧
❡①♣r❡ss✐♦♥✱ t❤❡♥

P
Q · b

b = Pb
Qb , b 6= 0

❚❤✐s ❡q✉❛t✐♦♥ ❛ss❡rts t❤❛t ❛ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥ ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛♥ ❡q✉✐✈❛❧❡♥t r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥
❜② ♠✉❧t✐♣❧②✐♥❣ ❜♦t❤ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ❜② t❤❡ s❛♠❡ ♥♦♥③❡r♦ ♥✉♠❜❡r✳
Pr♦❝❡ss ♦❢ ❇✉✐❧❞✐♥❣ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s
❚❤✐s ♣r♦❝❡ss ✐s ❦♥♦✇♥ ❛s t❤❡ ♣r♦❝❡ss ♦❢ ❜✉✐❧❞✐♥❣ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s ❛♥❞ ✐t ✐s ❡①❛❝t❧② t❤❡ ♦♣♣♦s✐t❡ ♦❢
r❡❞✉❝✐♥❣ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s✳ ❚❤❡ ♣r♦❝❡ss ✐s s❤♦✇♥ ✐♥ t❤❡s❡ ❡①❛♠♣❧❡s✿

❊①❛♠♣❧❡ ✽✳✺✵
3
4 ❝❛♥ ❜❡ ❜✉✐❧t t♦ 12

16 s✐♥❝❡

3
4 · 1 = 3

4 · 4
4 = 3 · 4

4 · 4 = 12
16

❊①❛♠♣❧❡ ✽✳✺✶
−4
5 ❝❛♥ ❜❡ ❜✉✐❧t t♦ −8

10 s✐♥❝❡

−4
5 · 1 = −4

5 · 2
2 = −4 · 2

5 · 2 = −8
10

❊①❛♠♣❧❡ ✽✳✺✷
3
7 ❝❛♥ ❜❡ ❜✉✐❧t t♦ 3xy

7xy s✐♥❝❡

3
7 · 1 = 3

7 · xy
xy = 3xy

7xy

❊①❛♠♣❧❡ ✽✳✺✸
4a
3b ❝❛♥ ❜❡ ❜✉✐❧t t♦ 4a2(a+1)

3ab(a+1) s✐♥❝❡

4a
3b · 1 = 4a

3b · a(a+1)
a(a+1) = 4a2(a+1)

3ab(a+1)

❙✉♣♣♦s❡ ✇❡✬r❡ ❣✐✈❡♥ ❛ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥ P
Q ❛♥❞ ✇✐s❤ t♦ ❜✉✐❧❞ ✐t ✐♥t♦ ❛ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥ ✇✐t❤ ❞❡♥♦♠✐♥❛t♦r

Qb2✱ t❤❛t ✐s✱

P
Q → ?

Qb2

❙✐♥❝❡ ✇❡ ❝❤❛♥❣❡❞ t❤❡ ❞❡♥♦♠✐♥❛t♦r✱ ✇❡ ♠✉st ❝❡rt❛✐♥❧② ❝❤❛♥❣❡ t❤❡ ♥✉♠❡r❛t♦r ✐♥ t❤❡ s❛♠❡ ✇❛②✳ ❚♦
❞❡t❡r♠✐♥❡ ❤♦✇ t♦ ❝❤❛♥❣❡ t❤❡ ♥✉♠❡r❛t♦r ✇❡ ♥❡❡❞ t♦ ❦♥♦✇ ❤♦✇ t❤❡ ❞❡♥♦♠✐♥❛t♦r ✇❛s ❝❤❛♥❣❡❞✳ ❙✐♥❝❡ ♦♥❡
r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥ ✐s ❜✉✐❧t ✐♥t♦ ❛♥♦t❤❡r ❡q✉✐✈❛❧❡♥t ❡①♣r❡ss✐♦♥ ❜② ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② ✶✱ t❤❡ ✜rst ❞❡♥♦♠✐♥❛t♦r
♠✉st ❤❛✈❡ ❜❡❡♥ ♠✉❧t✐♣❧✐❡❞ ❜② s♦♠❡ q✉❛♥t✐t②✳ ❖❜s❡r✈❛t✐♦♥ ♦❢

P
Q → ?

Qb2

t❡❧❧s ✉s t❤❛t Q ✇❛s ♠✉❧t✐♣❧✐❡❞ ❜② b2✳ ❍❡♥❝❡✱ ✇❡ ♠✉st ♠✉❧t✐♣❧② t❤❡ ♥✉♠❡r❛t♦r P ❜② b2✳ ❚❤✉s✱

P
Q = Pb2

Qb2

◗✉✐t❡ ♦❢t❡♥ ❛ s✐♠♣❧❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❞❡♥♦♠✐♥❛t♦r ✇✐t❤ t❤❡ ♥❡✇ ❞❡♥♦♠✐♥❛t♦r ✇✐❧❧ t❡❧❧ ✉s t❤❡
❢❛❝t♦r ❜❡✐♥❣ ✉s❡❞✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ✇✐❧❧ ❜❡ t✐♠❡s ✇❤❡♥ t❤❡ ❢❛❝t♦r ✐s ✉♥❝❧❡❛r ❜② s✐♠♣❧❡ ♦❜s❡r✈❛t✐♦♥✳ ❲❡ ♥❡❡❞
❛ ♠❡t❤♦❞ ❢♦r ✜♥❞✐♥❣ t❤❡ ❢❛❝t♦r✳

❖❜s❡r✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡s❀ t❤❡♥ tr② t♦ s♣❡❝✉❧❛t❡ ♦♥ t❤❡ ♠❡t❤♦❞✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✾✷ ❈❍❆P❚❊❘ ✽✳ ❘❆❚■❖◆❆▲ ❊❳P❘❊❙❙■❖◆❙

❊①❛♠♣❧❡ ✽✳✺✹
3
4 = ?

20 .

❚❤❡ ♦r✐❣✐♥❛❧ ❞❡♥♦♠✐♥❛t♦r ✹ ✇❛s ♠✉❧t✐♣❧✐❡❞ ❜② ✺ t♦ ②✐❡❧❞ ✷✵✳ ❲❤❛t ❛r✐t❤♠❡t✐❝ ♣r♦❝❡ss ✇✐❧❧
②✐❡❧❞ ✺ ✉s✐♥❣ ✹ ❛♥❞ ✷✵❄

❊①❛♠♣❧❡ ✽✳✺✺
9
10 = ?

10y .

❚❤❡ ♦r✐❣✐♥❛❧ ❞❡♥♦♠✐♥❛t♦r ✶✵ ✇❛s ♠✉❧t✐♣❧✐❡❞ ❜② y t♦ ②✐❡❧❞ 10y✳

❊①❛♠♣❧❡ ✽✳✺✻
−6xy
2a3b = ?

16a5b3 .

❚❤❡ ♦r✐❣✐♥❛❧ ❞❡♥♦♠✐♥❛t♦r 2a3b ✇❛s ♠✉❧t✐♣❧✐❡❞ ❜② 8a2b2 t♦ ②✐❡❧❞ 16a5b3.

❊①❛♠♣❧❡ ✽✳✺✼
5ax

(a+1)2
= ?

4(a+1)2(a−2)
.

❚❤❡ ♦r✐❣✐♥❛❧ ❞❡♥♦♠✐♥❛t♦r (a + 1)
2
✇❛s ♠✉❧t✐♣❧✐❡❞ ❜② 4 (a − 2) t♦ ②✐❡❧❞ 4(a + 1)

2
(a − 2)✳

❚♦ ❞❡t❡r♠✐♥❡ t❤❡ q✉❛♥t✐t② t❤❛t t❤❡ ♦r✐❣✐♥❛❧ ❞❡♥♦♠✐♥❛t♦r ✇❛s ♠✉❧t✐♣❧✐❡❞ ❜② t♦ ②✐❡❧❞ t❤❡ ♥❡✇ ❞❡♥♦♠✐♥❛t♦r✱
✇❡ ❛s❦✱ ✧❲❤❛t ❞✐❞ ■ ♠✉❧t✐♣❧② t❤❡ ♦r✐❣✐♥❛❧ ❞❡♥♦♠✐♥❛t♦r ❜② t♦ ❣❡t t❤❡ ♥❡✇ ❞❡♥♦♠✐♥❛t♦r❄✧ ❲❡ ✜♥❞ t❤✐s ❢❛❝t♦r
❜② ❞✐✈✐❞✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ❞❡♥♦♠✐♥❛t♦r ✐♥t♦ t❤❡ ♥❡✇ ❞❡♥♦♠✐♥❛t♦r✳

■t ✐s ♣r❡❝✐s❡❧② t❤✐s q✉❛♥t✐t② t❤❛t ✇❡ ♠✉❧t✐♣❧② t❤❡ ♥✉♠❡r❛t♦r ❜② t♦ ❜✉✐❧❞ t❤❡ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥✳

✽✳✺✳✸ ❙❛♠♣❧❡ ❙❡t ❆

❉❡t❡r♠✐♥❡ ◆ ✐♥ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✳

❊①❛♠♣❧❡ ✽✳✺✽

8
3 = N

15 .

❚❤❡ ♦r✐❣✐♥❛❧ ❞❡♥♦♠✐♥❛t♦r ✐s ✸ ❛♥❞ t❤❡ ♥❡✇

❞❡♥♦♠✐♥❛t♦ ✐s ✶✺✳❉✐✈✐❞❡ t❤❡ ♦r✐❣✐♥❛❧

❞❡♥♦♠✐♥❛t♦r ✐♥t♦ t❤❡ ♥❡✇❞❡♥♦♠✐♥❛t♦r ❛♥❞

♠✉❧t✐♣❧② t❤❡ ♥✉♠❡r❛t♦r ✽ ❜② t❤✐s r❡s✉❧t✳

15 ÷ 3 = 5

❚❤❡♥✱ 8 · 5 = 40. ❙♦✱

8
3 = 40

15 ❛♥❞N = 40.

❈❤❡❝❦ ❜② r❡❞✉❝✐♥❣ 40
15 .

❊①❛♠♣❧❡ ✽✳✺✾

2x
5b2y = N

20b5y4 .

❚❤❡ ♦r✐❣✐♥❛❧ ❞❡♥♦♠✐♥❛t♦r ✐s 5b2y ❛♥❞ t❤❡ ♥❡✇

❞❡♥♦♠✐♥❛t♦r ✐s 20b5y4✳ ❉✐✈✐❞❡ t❤❡ ♦r✐❣✐♥❛❧

❞❡♥♦♠✐♥❛t♦r ✐♥t♦ t❤❡ ♥❡✇❞❡♥♦♠✐♥❛t♦r ❛♥❞

♠✉❧t✐♣❧② t❤❡ ♥✉♠❡r❛t♦r 2x ❜② t❤✐s r❡s✉❧t✳
20b5y4

5b2y = 4b3y3

❙♦✱ 2x · 4b3y3 = 8b3xy3.❚❤✉s✱

2x
5b2y = 8b3xy3

20b5y4 ❛♥❞N = 8b3xy3.

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✾✸

❊①❛♠♣❧❡ ✽✳✻✵

−6a
a+2 = N

(a+2)(a−7) . ❚❤❡ ♥❡✇❞❡♥♦♠✐♥❛t♦r ❞✐✈✐❞❡❞ ❜② t❤❡ ♦r✐❣✐♥❛❧ ❞❡♥♦♠✐♥❛t♦r ✐s
(a+2)(a−7)

a+2 = a − 7

▼✉❧t✐♣❧② − 6a ❜② a − 7.

−6a (a − 7) = −6a2 + 42a

−6a
a+2 = −6a2+42a

(a+2)(a−7) ❛♥❞N = −6a2 + 42a.

❊①❛♠♣❧❡ ✽✳✻✶

−3(a−1)
a−4 = N

a2−16 . ❚❤❡ ♥❡✇❞❡♥♦♠✐♥❛t♦r ❞✐✈✐❞❡❞ ❜② t❤❡ ♦r✐❣✐♥❛❧ ❞❡♥♦♠✐♥❛t♦r ✐s

a2−16
a−4 = (a+4))(a−4)

)a−4

= a + 4

▼✉❧t✐♣❧② − 3 (a − 1) ❜② a + 4.

−3 (a − 1) (a + 4) = −3
(
a2 + 3a − 4

)

= −3a2 − 9a + 12
−3(a−1)

a−4 = −3a2−9a+12
a2−16 ❛♥❞N = −3a2 − 9a + 12

❊①❛♠♣❧❡ ✽✳✻✷

7x = N
x2y3 . ❲r✐t❡ 7x ❛s 7x

1 .

7x
1 = N

x2y3

◆♦✇✇❡ ❝❛♥ s❡❡ ❝❧❡❛r❧② t❤❛t t❤❡ ♦r✐❣✐♥❛❧ ❞❡♥♦♠✐♥❛t♦r

✶✇❛s♠✉❧t✐♣❧✐❡❞ ❜②x2y3.❲❡♥❡❡❞ t♦♠✉❧t✐♣❧② t❤❡

♥✉♠❡r❛t♦r 7x ❜②x2y3.

7x = 7x ·x2y3

x2y3

7x = 7x3y3

x2y3 ❛♥❞N = 7x3y3.

❊①❛♠♣❧❡ ✽✳✻✸

5x
x+3 = 5x2−20x

N .
❚❤❡ s❛♠❡ ♣r♦❝❡ss ✇♦r❦s ✐♥ t❤✐s ❝❛s❡.❉✐✈✐❞❡ t❤❡ ♦r✐❣✐♥❛❧

♥✉♠❡r❛t♦r 5x ✐♥t♦ t❤❡ ♥❡✇♥✉♠❡r❛t♦r 5x2 − 20x.

5x2−20x
5x = )5x(x−4)

)5x

= x − 4

▼✉❧t✐♣❧② t❤❡ ❞❡♥♦♠✐♥❛t♦r ❜② x − 4.

(x + 3) (x − 4)

5x
x+3 = 5x2−20

(x+3)(x−4) ❛♥❞N = 5x2 − 20.

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❛♠♣❧❡ ✽✳✻✹

4x
3−x = N

x−3 .
❚❤❡ t✇♦ ❞❡♥♦♠✐♥❛t♦rs ❤❛✈❡ ♥❡❛r❧② t❤❡ s❛♠❡ t❡r♠s; ❡❛❝❤ ❤❛s

t❤❡ ♦♣♣♦s✐t❡ s✐❣♥.❋❛❝t♦r − 1 ❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ ❞❡♥♦♠✐♥❛t♦r.

3 − x = −1 (−3 + x)

= − (x − 3)

4x
3−x = 4x

−(x−3) = −4x
x−3 ❛♥❞N = −4x.

■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t ✇❡ ❢❛❝t♦r❡❞ −1 ❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ ❞❡♥♦♠✐♥❛t♦r✳ ❲❡ ❞✐❞ ♥♦t
♠✉❧t✐♣❧② ✐t ❜② −1✳ ❍❛❞ ✇❡ ♠✉❧t✐♣❧✐❡❞ ♦♥❧② t❤❡ ❞❡♥♦♠✐♥❛t♦r ❜② −1 ✇❡ ✇♦✉❧❞ ❤❛✈❡ ❤❛❞ t♦ ♠✉❧t✐♣❧②
t❤❡ ♥✉♠❡r❛t♦r ❜② −1 ❛❧s♦✳

✽✳✺✳✹ Pr❛❝t✐❝❡ ❙❡t ❆

❉❡t❡r♠✐♥❡ ◆✳

❊①❡r❝✐s❡ ✽✳✺✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✻✳✮
3
8 = N

48

❊①❡r❝✐s❡ ✽✳✺✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✻✳✮
9a
5b = N

35b2x3

❊①❡r❝✐s❡ ✽✳✺✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✻✳✮
−2y
y−1 = N

y2−1

❊①❡r❝✐s❡ ✽✳✺✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✼✳✮
a+7
a−5 = N

a2−3a−10

❊①❡r❝✐s❡ ✽✳✺✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✼✳✮

4a = N
6a3(a−1)

❊①❡r❝✐s❡ ✽✳✺✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✼✳✮

−2x = N
8x3y3z5

❊①❡r❝✐s❡ ✽✳✺✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✼✳✮
6ab
b+3 = N

b2+6b+9

❊①❡r❝✐s❡ ✽✳✺✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✼✳✮
3m

m+5 = 3m2−18m
N

❊①❡r❝✐s❡ ✽✳✺✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✼✳✮
−2r2

r−3 = −2r3+8r2

N

❊①❡r❝✐s❡ ✽✳✺✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✼✳✮
−8ab2

a−4 = N
4−a

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✾✺

✽✳✺✳✺ ❚❤❡ ❘❡❛s♦♥ ❋♦r ❇✉✐❧❞✐♥❣ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s

❇✉✐❧❞✐♥❣ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s
◆♦r♠❛❧❧②✱ ✇❤❡♥ ✇❡ ✇r✐t❡ ❛ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥✱ ✇❡ ✇r✐t❡ ✐t ✐♥ r❡❞✉❝❡❞ ❢♦r♠✳ ❚❤❡ r❡❛s♦♥ ❢♦r ❜✉✐❧❞✐♥❣ r❛t✐♦♥❛❧
❡①♣r❡ss✐♦♥s ✐s t♦ ♠❛❦❡ ❛❞❞✐t✐♦♥ ❛♥❞ s✉❜tr❛❝t✐♦♥ ♦❢ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s ❝♦♥✈❡♥✐❡♥t ✭s✐♠♣❧❡r✮✳

❚♦ ❛❞❞ ♦r s✉❜tr❛❝t t✇♦ ♦r ♠♦r❡ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s t❤❡② ♠✉st ❤❛✈❡ t❤❡ s❛♠❡ ❞❡♥♦♠✐♥❛t♦r✳
❇✉✐❧❞✐♥❣ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s ❛❧❧♦✇s ✉s t♦ tr❛♥s❢♦r♠ ❢r❛❝t✐♦♥s ✐♥t♦ ❢r❛❝t✐♦♥s ✇✐t❤ t❤❡ s❛♠❡ ❞❡♥♦♠✐♥❛✲

t♦rs ✭✇❤✐❝❤ ✇❡ ❝❛♥ t❤❡♥ ❛❞❞ ♦r s✉❜tr❛❝t✮✳ ❚❤❡ ♠♦st ❝♦♥✈❡♥✐❡♥t ♥❡✇ ❞❡♥♦♠✐♥❛t♦r ✐s t❤❡ ❧❡❛st ❝♦♠♠♦♥
❞❡♥♦♠✐♥❛t♦r ✭▲❈❉✮ ♦❢ t❤❡ ❣✐✈❡♥ ❢r❛❝t✐♦♥s✳

✽✳✺✳✻ ❚❤❡ ▲❡❛st ❈♦♠♠♦♥ ❉❡♥♦♠✐♥❛t♦r ✭▲❈❉✮

■♥ ❛r✐t❤♠❡t✐❝✱ t❤❡ ❧❡❛st ❝♦♠♠♦♥ ❞❡♥♦♠✐♥❛t♦r ✐s t❤❡ s♠❛❧❧❡st ✭❧❡❛st✮ q✉❛♥t✐t② t❤❛t ❡❛❝❤ ♦❢ t❤❡ ❣✐✈❡♥
❞❡♥♦♠✐♥❛t♦rs ✇✐❧❧ ❞✐✈✐❞❡ ✐♥t♦ ✇✐t❤♦✉t ❛ r❡♠❛✐♥❞❡r✳ ❋♦r ❛❧❣❡❜r❛✐❝ ❡①♣r❡ss✐♦♥s✱ t❤❡ ▲❈❉ ✐s t❤❡ ♣♦❧②♥♦♠✐❛❧ ♦❢
❧❡❛st ❞❡❣r❡❡ ❞✐✈✐s✐❜❧❡ ❜② ❡❛❝❤ ❞❡♥♦♠✐♥❛t♦r✳ ❙♦♠❡ ❡①❛♠♣❧❡s ❛r❡ s❤♦✇♥ ❜❡❧♦✇✳

❊①❛♠♣❧❡ ✽✳✻✺
3
4 , 1

6 , 5
12 .

❚❤❡ ▲❈❉ ✐s ✶✷ s✐♥❝❡ ✶✷ ✐s t❤❡ s♠❛❧❧❡st ♥✉♠❜❡r t❤❛t ✹✱ ✻✱ ❛♥❞ ✶✷ ✇✐❧❧ ❞✐✈✐❞❡ ✐♥t♦ ✇✐t❤♦✉t ❛
r❡♠❛✐♥❞❡r✳

❊①❛♠♣❧❡ ✽✳✻✻
1
3 , 5

6 , 5
8 , 7

12 .

❚❤❡ ▲❈❉ ✐s ✷✹ s✐♥❝❡ ✷✹ ✐s t❤❡ s♠❛❧❧❡st ♥✉♠❜❡r t❤❛t ✸✱ ✻✱ ✽✱ ❛♥❞ ✶✷ ✇✐❧❧ ❞✐✈✐❞❡ ✐♥t♦ ✇✐t❤✲
♦✉t ❛ r❡♠❛✐♥❞❡r✳

❊①❛♠♣❧❡ ✽✳✻✼
2
x , 3

x2 .

❚❤❡ ▲❈❉ ✐s x2 s✐♥❝❡ x2 ✐s t❤❡ s♠❛❧❧❡st q✉❛♥t✐t② t❤❛t x ❛♥❞ x2 ✇✐❧❧ ❞✐✈✐❞❡ ✐♥t♦ ✇✐t❤♦✉t ❛
r❡♠❛✐♥❞❡r✳

❊①❛♠♣❧❡ ✽✳✻✽
5a

6a2b ,
3a

8ab3 .

❚❤❡ ▲❈❉ ✐s 24a2b3 s✐♥❝❡ 24a2b3 ✐s t❤❡ s♠❛❧❧❡st q✉❛♥t✐t② t❤❛t 6a2b ❛♥❞ 8ab3 ✇✐❧❧ ❞✐✈✐❞❡ ✐♥t♦
✇✐t❤♦✉t ❛ r❡♠❛✐♥❞❡r✳

❊①❛♠♣❧❡ ✽✳✻✾
2y

y−6 , 4y2

(y−6)3
, y

y−1 .

❚❤❡ ▲❈❉ ✐s (y − 6)
3
(y − 1) s✐♥❝❡ (y − 6)

3 · (y − 1) ✐s t❤❡ s♠❛❧❧❡st q✉❛♥t✐t② t❤❛t y − 6, (y − 6)
3

❛♥❞ y − 1 ✇✐❧❧ ❞✐✈✐❞❡ ✐♥t♦ ✇✐t❤♦✉t ❛ r❡♠❛✐♥❞❡r✳

❲❡✬❧❧ ♥♦✇ ♣r♦♣♦s❡ ❛♥❞ ❞❡♠♦♥str❛t❡ ❛ ♠❡t❤♦❞ ❢♦r ♦❜t❛✐♥✐♥❣ t❤❡ ▲❈❉✳
▼❡t❤♦❞ ❢♦r ❖❜t❛✐♥✐♥❣ t❤❡ ▲❈❉

✶✳ ❋❛❝t♦r ❡❛❝❤ ❞❡♥♦♠✐♥❛t♦r✳ ❯s❡ ❡①♣♦♥❡♥ts ❢♦r r❡♣❡❛t❡❞ ❢❛❝t♦rs✳ ■t ✐s ✉s✉❛❧❧② ♥♦t ♥❡❝❡ss❛r② t♦ ❢❛❝t♦r
♥✉♠❡r✐❝❛❧ q✉❛♥t✐t✐❡s✳

✷✳ ❲r✐t❡ ❞♦✇♥ ❡❛❝❤ ❞✐✛❡r❡♥t ❢❛❝t♦r t❤❛t ❛♣♣❡❛rs✳ ■❢ ❛ ❢❛❝t♦r ❛♣♣❡❛rs ♠♦r❡ t❤❛♥ ♦♥❝❡✱ ✉s❡ ♦♥❧② t❤❡ ❢❛❝t♦r
✇✐t❤ t❤❡ ❤✐❣❤❡st ❡①♣♦♥❡♥t✳

✸✳ ❚❤❡ ▲❈❉ ✐s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ❢❛❝t♦rs ✇r✐tt❡♥ ✐♥ st❡♣ ✷✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✽✳✺✳✼ ❙❛♠♣❧❡ ❙❡t ❇

❋✐♥❞ t❤❡ ▲❈❉✳

❊①❛♠♣❧❡ ✽✳✼✵

1
x , 3

x3 , 2
4y

✶✳ ❚❤❡ ❞❡♥♦♠✐♥❛t♦rs ❛r❡ ❛❧r❡❛❞② ❢❛❝t♦r❡❞✳
✷✳ ◆♦t❡ t❤❛t x ❛♣♣❡❛rs ❛s x ❛♥❞ x3✳ ❯s❡ ♦♥❧② t❤❡ x ✇✐t❤ t❤❡ ❤✐❣❤❡r ❡①♣♦♥❡♥t✱ x3✳ ❚❤❡ t❡r♠ 4y

❛♣♣❡❛rs✱ s♦ ✇❡ ♠✉st ❛❧s♦ ✉s❡ 4y✳
✸✳ ❚❤❡ ▲❈❉ ✐s 4x3y✳

❊①❛♠♣❧❡ ✽✳✼✶

5
(x−1)2

, 2x
(x−1)(x−4) ,

−5x
x2−3x+2

✶✳ ❖♥❧② t❤❡ t❤✐r❞ ❞❡♥♦♠✐♥❛t♦r ♥❡❡❞s t♦ ❜❡ ❢❛❝t♦r❡❞✳

x2 − 3x + 2 = (x − 2) (x − 1)

◆♦✇ t❤❡ t❤r❡❡ ❞❡♥♦♠✐♥❛t♦rs ❛r❡ (x − 1)
2
, (x − 1) (x − 4)✱ ❛♥❞ (x − 2) (x − 1) .

✷✳ ◆♦t❡ t❤❛t x − 1 ❛♣♣❡❛rs ❛s (x − 1)
2
, x − 1✱ ❛♥❞ x − 1. ❯s❡ ♦♥❧② t❤❡ x − 1 ✇✐t❤ t❤❡ ❤✐❣❤❡st

❡①♣♦♥❡♥t✱ (x − 1)
2
✳ ❆❧s♦ ❛♣♣❡❛r✐♥❣ ❛r❡ x − 4 ❛♥❞ x − 2.

✸✳ ❚❤❡ ▲❈❉ ✐s (x − 1)
2
(x − 4) (x − 2) .

❊①❛♠♣❧❡ ✽✳✼✷

−1
6a4 , 3

4a3b ,
1

3a3(b+5)

✶✳ ❚❤❡ ❞❡♥♦♠✐♥❛t♦rs ❛r❡ ❛❧r❡❛❞② ❢❛❝t♦r❡❞✳
✷✳ ❲❡ ❝❛♥ s❡❡ t❤❛t t❤❡ ▲❈❉ ♦❢ t❤❡ ♥✉♠❜❡rs ✻✱ ✹✱ ❛♥❞ ✸ ✐s ✶✷✳ ❲❡ ❛❧s♦ ♥❡❡❞ a4✱ b✱ ❛♥❞ b + 5✳
✸✳ ❚❤❡ ▲❈❉ ✐s 12a4b (b + 5) .

❊①❛♠♣❧❡ ✽✳✼✸

9
x , 4

8y

✶✳ ❚❤❡ ❞❡♥♦♠✐♥❛t♦rs ❛r❡ ❛❧r❡❛❞② ❢❛❝t♦r❡❞✳
✷✳ x, 8y.
✸✳ ❚❤❡ ▲❈❉ ✐s 8xy✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✾✼

✽✳✺✳✽ Pr❛❝t✐❝❡ ❙❡t ❇

❋✐♥❞ t❤❡ ▲❈❉✳

❊①❡r❝✐s❡ ✽✳✺✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✼✳✮
3
x2 , 4

x5 , −6
xy

❊①❡r❝✐s❡ ✽✳✺✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✼✳✮
x+1
x−4 , x−7

(x−4)2
, −6

x+1

❊①❡r❝✐s❡ ✽✳✺✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✼✳✮
2

m−6 , −5m
(m+1)2(m−2)

, 12m2

(m−2)3(m−6)

❊①❡r❝✐s❡ ✽✳✺✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✼✳✮
1

x2−1 , 2
x2−2x−3 , −3x

x2−6x+9

❊①❡r❝✐s❡ ✽✳✺✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✼✳✮
3

4y2−8y , 8
y2−4y+4 , 10y−1

3y3−6y2

✽✳✺✳✾ ❙❛♠♣❧❡ ❙❡t ❈

❈❤❛♥❣❡ t❤❡ ❣✐✈❡♥ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s ✐♥t♦ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s ❤❛✈✐♥❣ t❤❡ s❛♠❡ ❞❡♥♦♠✐♥❛t♦r✳

❊①❛♠♣❧❡ ✽✳✼✹

3
x2 , 4

x .
❚❤❡▲❈❉✱ ❜② ✐♥s♣❡❝t✐♦♥✱ ✐sx2✳ ❘❡✇r✐t❡ ❡❛❝❤ ❡①♣r❡ss✐♦♥

✇✐t❤x2 ❛s t❤❡ ♥❡✇❞❡♥♦♠✐♥❛t♦r✳

x2 , x2

❉❡t❡r♠✐♥❡ t❤❡ ♥✉♠❡r❛t♦rs✳ ■♥ 3
x2 ✱ t❤❡ ❞❡♥♦♠✐♥❛t♦r✇❛s ♥♦t

❝❤❛♥❣❡❞ s♦✇❡ ♥❡❡❞ ♥♦t ❝❤❛♥❣❡ t❤❡ ♥✉♠❡r❛t♦r✳

3
x2 , x2

■♥ t❤❡ s❡❝♦♥❞ ❢r❛❝t✐♦♥✱ t❤❡ ♦r✐❣✐♥❛❧ ❞❡♥♦♠✐♥❛t♦r✇❛s x✳

❲❡ ❝❛♥ s❡❡ t❤❛t x♠✉st ❜❡♠✉❧t✐♣❧✐❡❞ ❜②x t♦ ❜✉✐❧❞ ✐t t♦x2✳

❙♦✇❡♠✉st ❛❧s♦♠✉❧t✐♣❧② t❤❡ ♥✉♠❡r❛t♦r ✹ ❜② x✳ ❚❤✉s✱ ✹ · x = 4x✳

3
x2 , 4x

x2

❊①❛♠♣❧❡ ✽✳✼✺

4b
b−1 , −2b

b+3 . ❇② ✐♥s♣❡❝t✐♦♥✱ t❤❡ ▲❈❉ ✐s (b − 1) (b + 3) .

❘❡✇r✐t❡ ❡❛❝❤ ❢r❛❝t✐♦♥✇✐t❤ ♥❡✇❞❡♥♦♠✐♥❛t♦r (b − 1) (b + 3) .

(b−1)(b+3) , (b−1)(b+3)

❚❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ t❤❡ ✜rst r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥ ❤❛s ❜❡❡♥♠✉❧t✐♣❧✐❡❞

❜② b + 3, s♦ t❤❡ ♥✉♠❡r❛t♦r 4b♠✉st ❜❡♠✉❧t✐♣❧✐❡❞ ❜② b + 3.

4b (b + 3) = 4b2 + 12b

4b2+12b
(b−1)(b+3) , (b−1)(b+3)

❚❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ t❤❡ s❡❝♦♥❞ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥ ❤❛s ❜❡❡♥♠✉❧t✐♣❧✐❡❞

❜② b − 1✱ s♦ t❤❡ ♥✉♠❡r❛t♦r − 2b♠✉st ❜❡♠✉❧t✐♣❧✐❡❞ ❜② b − 1.

−2b (b − 1) = −2b2 + 2b

4b2+12b
(b−1)(b+3) ,

−2b2+2b
(b−1)(b+3)

❊①❛♠♣❧❡ ✽✳✼✻

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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6x

x2
−8x+15

, −2x
2

x2
−7x+12

. ❲❡✜rst ✜♥❞ t❤❡ ▲❈❉.❋❛❝t♦r.

6x

(x−3)(x−5)
, −2x

2

(x−3)(x−4)

❚❤❡▲❈❉ ✐s (x − 3) (x − 5) (x − 4) .❘❡✇r✐t❡ ❡❛❝❤ ♦❢ t❤❡s❡

❢r❛❝t✐♦♥s✇✐t❤ ♥❡✇❞❡♥♦♠✐♥❛t♦r (x − 3) (x − 5) (x − 4) .

(x−3)(x−5)(x−4)
,

(x−3)(x−5)(x−4)

❇② ❝♦♠♣❛r✐♥❣ t❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ t❤❡ ✜rst ❢r❛❝t✐♦♥✇✐t❤ t❤❡ ▲❈❉

✇❡ s❡❡ t❤❛t✇❡♠✉st♠✉❧t✐♣❧② t❤❡ ♥✉♠❡r❛t♦r 6x ❜②x − 4.

6x (x − 4) = 6x2 − 24x

6x
2
−24x

(x−3)(x−5)(x−4)
,

(x−3)(x−5)(x−4)

❇② ❝♦♠♣❛r✐♥❣ t❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ t❤❡ s❡❝♦♥❞ ❢r❛❝t✐♦♥✇✐t❤ t❤❡ ▲❈❉✱

✇❡ s❡❡ t❤❛t✇❡♠✉st♠✉❧t✐♣❧② t❤❡ ♥✉♠❡r❛t♦r − 2x2 ❜②x − 5.

−2x2 (x − 5) = −2x3 + 10x2

6x
2
−24x

(x−3)(x−5)(x−4)
, −2x

3+10x
2

(x−3)(x−5)(x−4)

❚❤❡s❡ ❡①❛♠♣❧❡s ❤❛✈❡ ❜❡❡♥ ❞♦♥❡ st❡♣✲❜②✲st❡♣ ❛♥❞ ✐♥❝❧✉❞❡ ❡①♣❧❛♥❛t✐♦♥s✳ ❚❤✐s ♠❛❦❡s t❤❡ ♣r♦❝❡ss
s❡❡♠ ❢❛✐r❧② ❧♦♥❣✳ ■♥ ♣r❛❝t✐❝❡✱ ❤♦✇❡✈❡r✱ t❤❡ ♣r♦❝❡ss ✐s ♠✉❝❤ q✉✐❝❦❡r✳

❊①❛♠♣❧❡ ✽✳✼✼

6ab
a2−5a+4 , a+b

a2−8a+16

6ab
(a−1)(a−4) ,

a+b
(a−4)2

▲❈❉ = (a − 1) (a − 4)
2
.

6ab(a−4)

(a−1)(a−4)2
, (a+b)(a−1)

(a−1)(a−4)2

❊①❛♠♣❧❡ ✽✳✼✽

x+1
x3+3x2 , 2x

x3−4x , x−4
x2−4x+4

x+1
x2(x+3) ,

2x
x(x+2)(x−2) ,

x−4
(x−2)2

▲❈❉ = x2 (x + 3) (x + 2) (x − 2)
2
.

(x+1)(x+2)(x−2)2

x2(x+3)(x+2)(x−2)2
, 2x2(x+3)(x−2)

x2(x+3)(x+2)(x−2)2
, x2(x+3)(x+2)(x−4)

x2(x+3)(x+2)(x−2)2

✽✳✺✳✶✵ Pr❛❝t✐❝❡ ❙❡t ❈

❈❤❛♥❣❡ t❤❡ ❣✐✈❡♥ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s ✐♥t♦ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s ✇✐t❤ t❤❡ s❛♠❡ ❞❡♥♦♠✐♥❛t♦rs✳

❊①❡r❝✐s❡ ✽✳✺✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✼✳✮
4
x3 , 7

x5

❊①❡r❝✐s❡ ✽✳✺✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✼✳✮
2x

x+6 , x
x−1

❊①❡r❝✐s❡ ✽✳✺✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✼✳✮
−3

b2−b ,
4b

b2−1

❊①❡r❝✐s❡ ✽✳✺✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✼✳✮
8

x2−x−6 , −1
x2+x−2

❊①❡r❝✐s❡ ✽✳✺✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✼✳✮
10x

x2+8x+16 , 5x
x2−16

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✺✾✾

❊①❡r❝✐s❡ ✽✳✺✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✼✳✮
−2ab2

a3−6a2 , 6b
a4−2a3 , −2a

a2−4a+4

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✽✳✺✳✶✶ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ r❡♣❧❛❝❡ N ✇✐t❤ t❤❡ ♣r♦♣❡r q✉❛♥t✐t②✳

❊①❡r❝✐s❡ ✽✳✺✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✼✳✮
3
x = N

x3

❊①❡r❝✐s❡ ✽✳✺✳✷✸
4
a = N

a2

❊①❡r❝✐s❡ ✽✳✺✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✼✳✮
−2
x = N

xy

❊①❡r❝✐s❡ ✽✳✺✳✷✺
−7
m = N

ms

❊①❡r❝✐s❡ ✽✳✺✳✷✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✼✳✮
6a
5 = N

10b

❊①❡r❝✐s❡ ✽✳✺✳✷✼
a
3z = N

12z

❊①❡r❝✐s❡ ✽✳✺✳✷✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✼✳✮
x2

4y2 = N
20y4

❊①❡r❝✐s❡ ✽✳✺✳✷✾
b3

6a = N
18a5

❊①❡r❝✐s❡ ✽✳✺✳✸✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✼✳✮
−4a
5x2y = N

15x3y3

❊①❡r❝✐s❡ ✽✳✺✳✸✶
−10z
7a3b = N

21a4b5

❊①❡r❝✐s❡ ✽✳✺✳✸✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✼✳✮
8x2y
5a3 = N

25a3x2

❊①❡r❝✐s❡ ✽✳✺✳✸✸
2
a2 = N

a2(a−1)

❊①❡r❝✐s❡ ✽✳✺✳✸✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✽✳✮
5
x3 = N

x3(x−2)

❊①❡r❝✐s❡ ✽✳✺✳✸✺
2a
b2 = N

b3−b

❊①❡r❝✐s❡ ✽✳✺✳✸✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✽✳✮
4x
a = N

a4−4a2

❊①❡r❝✐s❡ ✽✳✺✳✸✼
6b3

5a = N
10a2−30a

❊①❡r❝✐s❡ ✽✳✺✳✸✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✽✳✮
4x
3b = N

3b5−15b

❊①❡r❝✐s❡ ✽✳✺✳✸✾
2m

m−1 = N
(m−1)(m+2)

❊①❡r❝✐s❡ ✽✳✺✳✹✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✽✳✮
3s

s+12 = N
(s+12)(s−7)

❊①❡r❝✐s❡ ✽✳✺✳✹✶
a+1
a−3 = N

(a−3)(a−4)

❊①❡r❝✐s❡ ✽✳✺✳✹✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✽✳✮
a+2
a−2 = N

(a−2)(a−4)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✽✳✺✳✹✸
b+7
b−6 = N

(b−6)(b+6)

❊①❡r❝✐s❡ ✽✳✺✳✹✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✽✳✮
5m

2m+1 = N
(2m+1)(m−2)

❊①❡r❝✐s❡ ✽✳✺✳✹✺
4

a+6 = N
a2+5a−6

❊①❡r❝✐s❡ ✽✳✺✳✹✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✽✳✮
9

b−2 = N
b2−6b+8

❊①❡r❝✐s❡ ✽✳✺✳✹✼
3b

b−3 = N
b2−11b+24

❊①❡r❝✐s❡ ✽✳✺✳✹✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✽✳✮
−2x
x−7 = N

x2−4x−21

❊①❡r❝✐s❡ ✽✳✺✳✹✾
−6m
m+6 = N

m2+10m+24

❊①❡r❝✐s❡ ✽✳✺✳✺✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✽✳✮
4y

y+1 = N
y2+9y+8

❊①❡r❝✐s❡ ✽✳✺✳✺✶
x+2
x−2 = N

x2−4

❊①❡r❝✐s❡ ✽✳✺✳✺✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✽✳✮
y−3
y+3 = N

y2−9

❊①❡r❝✐s❡ ✽✳✺✳✺✸
a+5
a−5 = N

a2−25

❊①❡r❝✐s❡ ✽✳✺✳✺✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✽✳✮
z−4
z+4 = N

z2−16

❊①❡r❝✐s❡ ✽✳✺✳✺✺
4

2a+1 = N
2a2−5a−3

❊①❡r❝✐s❡ ✽✳✺✳✺✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✽✳✮
1

3b−1 = N
3b2+11b−4

❊①❡r❝✐s❡ ✽✳✺✳✺✼
a+2
2a−1 = N

2a2+9a−5

❊①❡r❝✐s❡ ✽✳✺✳✺✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✽✳✮
−3

4x+3 = N
4x2−13x−12

❊①❡r❝✐s❡ ✽✳✺✳✺✾
b+2
3b−1 = N

6b2+7b−3

❊①❡r❝✐s❡ ✽✳✺✳✻✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✽✳✮
x−1
4x−5 = N

12x2−11x−5

❊①❡r❝✐s❡ ✽✳✺✳✻✶
3

x+2 = 3x−21
N

❊①❡r❝✐s❡ ✽✳✺✳✻✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✽✳✮
4

y+6 = 4y+8
N

❊①❡r❝✐s❡ ✽✳✺✳✻✸
−6
a−1 = −6a−18

N

❊①❡r❝✐s❡ ✽✳✺✳✻✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✽✳✮
−8a
a+3 = −8a2−40a

N

❊①❡r❝✐s❡ ✽✳✺✳✻✺
y+1
y−8 = y2−2y−3

N

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✽✳✺✳✻✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✽✳✮
x−4
x+9 = x2+x−20

N

❊①❡r❝✐s❡ ✽✳✺✳✻✼
3x

2−x = N
x−2

❊①❡r❝✐s❡ ✽✳✺✳✻✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✽✳✮
7a

5−a = N
a−5

❊①❡r❝✐s❡ ✽✳✺✳✻✾
−m+1
3−m = N

m−3

❊①❡r❝✐s❡ ✽✳✺✳✼✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✽✳✮
k+6
10−k = N

k−10

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❝♦♥✈❡rt t❤❡ ❣✐✈❡♥ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s t♦ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s ❤❛✈✐♥❣ t❤❡ s❛♠❡
❞❡♥♦♠✐♥❛t♦rs✳

❊①❡r❝✐s❡ ✽✳✺✳✼✶
2
a , 3

a4

❊①❡r❝✐s❡ ✽✳✺✳✼✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✽✳✮
5
b2 , 4

b3

❊①❡r❝✐s❡ ✽✳✺✳✼✸
8
z , 3

4z3

❊①❡r❝✐s❡ ✽✳✺✳✼✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✽✳✮
9
x2 , 1

4x

❊①❡r❝✐s❡ ✽✳✺✳✼✺
2

a+3 , 4
a+1

❊①❡r❝✐s❡ ✽✳✺✳✼✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✽✳✮
2

x+5 , 4
x−5

❊①❡r❝✐s❡ ✽✳✺✳✼✼
1

x−7 , 4
x−1

❊①❡r❝✐s❡ ✽✳✺✳✼✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✽✳✮
10

y+2 , 1
y+8

❊①❡r❝✐s❡ ✽✳✺✳✼✾
4
a2 , a

a+4

❊①❡r❝✐s❡ ✽✳✺✳✽✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✽✳✮
−3
b2 , b2

b+5

❊①❡r❝✐s❡ ✽✳✺✳✽✶
−6
b−1 , 5b

4b

❊①❡r❝✐s❡ ✽✳✺✳✽✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✽✳✮
10a
a−6 , 2

a2−6a

❊①❡r❝✐s❡ ✽✳✺✳✽✸
4

x2+2x , 1
x2−4

❊①❡r❝✐s❡ ✽✳✺✳✽✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✾✳✮
x+1

x2−x−6 , x+4
x2+x−2

❊①❡r❝✐s❡ ✽✳✺✳✽✺
x−5

x2−9x+20 , 4
x2−3x−10

❊①❡r❝✐s❡ ✽✳✺✳✽✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✾✳✮
−4

b2+5b−6 , b+6
b2−1

❊①❡r❝✐s❡ ✽✳✺✳✽✼
b+2

b2+6b+8 , b−1
b2+8b+12

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✽✳✺✳✽✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✾✳✮
x+7

x2−2x−3 , x+3
x2−6x−7

❊①❡r❝✐s❡ ✽✳✺✳✽✾
2

a2+a , a+3
a2−1

❊①❡r❝✐s❡ ✽✳✺✳✾✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✾✳✮
x−2

x2+7x+6 , 2x
x2+4x−12

❊①❡r❝✐s❡ ✽✳✺✳✾✶
x−2

2x2+5x−3 , x.−1
5x2+16x+3

❊①❡r❝✐s❡ ✽✳✺✳✾✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✾✳✮
2

x−5 , −3
5−x

❊①❡r❝✐s❡ ✽✳✺✳✾✸
4

a−6 , −5
6−a

❊①❡r❝✐s❡ ✽✳✺✳✾✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✾✳✮
6

2−x , 5
x−2

❊①❡r❝✐s❡ ✽✳✺✳✾✺
k

5−k , 3k
k−5

❊①❡r❝✐s❡ ✽✳✺✳✾✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✾✳✮
2m

m−8 , 7
8−m

✽✳✺✳✶✷ ❊①❝❡r❝✐s❡s ❋♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✽✳✺✳✾✼
✭❙❡❝t✐♦♥ ✻✳✹✮ ❋❛❝t♦r m2x3 + mx2 + mx.

❊①❡r❝✐s❡ ✽✳✺✳✾✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✾✳✮

✭❙❡❝t✐♦♥ ✻✳✼✮ ❋❛❝t♦r y2 − 10y + 21.

❊①❡r❝✐s❡ ✽✳✺✳✾✾
✭❙❡❝t✐♦♥ ✼✳✼✮ ❲r✐t❡ t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡ t❤❛t ♣❛ss❡s t❤r♦✉❣❤ t❤❡ ♣♦✐♥ts (1, 1) ❛♥❞ (4, − 2)✳
❊①♣r❡ss t❤❡ ❡q✉❛t✐♦♥ ✐♥ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠✳

❊①❡r❝✐s❡ ✽✳✺✳✶✵✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✾✳✮

✭❙❡❝t✐♦♥ ✽✳✸✮ ❘❡❞✉❝❡ y2−y−6
y−3 .

❊①❡r❝✐s❡ ✽✳✺✳✶✵✶
✭❙❡❝t✐♦♥ ✽✳✹✮ ❋✐♥❞ t❤❡ q✉♦t✐❡♥t✿ x2−6x+9

x2−x−6 ÷ x2+2x−15
x2+2x .

✽✳✻ ❆❞❞✐♥❣ ❛♥❞ ❙✉❜tr❛❝t✐♥❣ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s ✻

✽✳✻✳✶ ❖✈❡r✈✐❡✇

• ❇❛s✐❝ ❘✉❧❡
• ❋r❛❝t✐♦♥s ✇✐t❤ t❤❡ ❙❛♠❡ ❉❡♥♦♠✐♥❛t♦r
• ❋r❛❝t✐♦♥s ✇✐t❤ ❉✐✛❡r❡♥t ❉❡♥♦♠✐♥❛t♦rs

✻❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✸✻✴✶✳✸✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✽✳✻✳✷ ❇❛s✐❝ ❘✉❧❡

❲❡ ❛r❡ ♥♦✇ ✐♥ ❛ ♣♦s✐t✐♦♥ t♦ st✉❞② t❤❡ ♣r♦❝❡ss ♦❢ ❛❞❞✐♥❣ ❛♥❞ s✉❜tr❛❝t✐♥❣ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s✳ ❚❤❡r❡ ✐s ❛ ♠♦st
❜❛s✐❝ r✉❧❡ t♦ ✇❤✐❝❤ ✇❡ ♠✉st str✐❝t❧② ❛❞❤❡r❡ ✐❢ ✇❡ ✇✐s❤ t♦ ❝♦♥✈❡♥✐❡♥t❧② ❛❞❞ ♦r s✉❜tr❛❝t r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s✳

❚♦ ❛❞❞ ♦r s✉❜tr❛❝t r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s ❝♦♥✈❡♥✐❡♥t❧②✱ t❤❡② s❤♦✉❧❞ ❤❛✈❡ t❤❡ s❛♠❡ ❞❡♥♦♠✐♥❛t♦rs✳
❚❤✉s✱ t♦ ❛❞❞ ♦r s✉❜tr❛❝t t✇♦ ♦r ♠♦r❡ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s ❝♦♥✈❡♥✐❡♥t❧②✱ ✇❡ ♠✉st ❡♥s✉r❡ t❤❛t t❤❡② ❛❧❧

❤❛✈❡ t❤❡ s❛♠❡ ❞❡♥♦♠✐♥❛t♦r✳ ❚❤❡ ❞❡♥♦♠✐♥❛t♦r t❤❛t ✐s ♠♦st ❝♦♥✈❡♥✐❡♥t ✐s t❤❡ ▲❈❉✳

✽✳✻✳✸ ❋r❛❝t✐♦♥s ❲✐t❤ ❚❤❡ ❙❛♠❡ ❉❡♥♦♠✐♥❛t♦r

❚❤❡ ❘✉❧❡ ❢♦r ❆❞❞✐♥❣ ❛♥❞ ❙✉❜tr❛❝t✐♥❣ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s
❚♦ ❛❞❞ ✭♦r s✉❜tr❛❝t✮ t✇♦ ♦r ♠♦r❡ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s ✇✐t❤ t❤❡ s❛♠❡ ❞❡♥♦♠✐♥❛t♦rs✱ ❛❞❞ ✭♦r s✉❜tr❛❝t✮ t❤❡
♥✉♠❡r❛t♦rs ❛♥❞ ♣❧❛❝❡ t❤❡ r❡s✉❧t ♦✈❡r t❤❡ ▲❈❉✳ ❘❡❞✉❝❡ ✐❢ ♥❡❝❡ss❛r②✳ ❙②♠❜♦❧✐❝❛❧❧②✱

a

c
+

b

c
=

a + b

c

a

c
− b

c
=

a − b

c

◆♦t❡ t❤❛t ✇❡ ❝♦♠❜✐♥❡ ♦♥❧② t❤❡ ♥✉♠❡r❛t♦rs✳

✽✳✻✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❆❞❞ ♦r s✉❜tr❛❝t t❤❡ ❢♦❧❧♦✇✐♥❣ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s✳

❊①❛♠♣❧❡ ✽✳✼✾

1
6 + 3

6 ❚❤❡ ❞❡♥♦♠✐♥❛t♦rs ❛r❡ t❤❡ s❛♠❡✳❆❞❞ t❤❡ ♥✉♠❡r❛t♦rs✳

1
6 + 3

6 = 1+3
6 = 4

6 ❘❡❞✉❝❡✳

1
6 + 3

6 = 2
3

❊①❛♠♣❧❡ ✽✳✽✵

5
x + 8

x ❚❤❡ ❞❡♥♦♠✐♥❛t♦rs ❛r❡ t❤❡ s❛♠❡✳❆❞❞ t❤❡ ♥✉♠❡r❛t♦rs✳

5
x + 8

x = 5+8
x = 13

x

❊①❛♠♣❧❡ ✽✳✽✶

2ab
y2w − 5b

y2w ❚❤❡ ❞❡♥♦♠✐♥❛t♦rs ❛r❡ t❤❡ s❛♠❡✳ ❙✉❜tr❛❝t t❤❡ ♥✉♠❡r❛t♦rs✳

2ab
y2w − 5b

y2w = 2ab−5b
y2w

❊①❛♠♣❧❡ ✽✳✽✷

3x2+x+2
x−7 + x2−4x+1

x−7 ❚❤❡ ❞❡♥♦♠✐♥❛t♦rs ❛r❡ t❤❡ s❛♠❡✳❆❞❞ t❤❡ ♥✉♠❡r❛t♦rs✳

3x2+x+2
x−7 + x2−4x+1

x−7 = 3x2+x+2+x2−4x+1
x−7

= 4x2−3x+3
x−7

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✵✺

❊①❛♠♣❧❡ ✽✳✽✸

5y+3
2y−5 − 2y+4

2y−5

❚❤❡ ❞❡♥♦♠✐♥❛t♦rs ❛r❡ t❤❡ s❛♠❡✳ ❙✉❜tr❛❝t t❤❡ ♥✉♠❡r❛t♦rs✳

❇✉t be careful t♦ s✉❜tr❛❝t t❤❡ entire ♥✉♠❡r❛t♦r✳ ❯s❡ ♣❛r❡♥t❤❡s❡s✦
5y+3
2y−5 − 2y+4

2y−5 = 5y+3−(2y+4)
2y−5

= 5y+3−2y−4
2y−5

= 3y−1
2y−5

Note : 5y+3
2y−5 − 2y+4

2y − 5
︸ ︷︷ ︸

❖❜s❡r✈❡ t❤✐s ♣❛rt

.

❚❤❡ t❡r♠− 2y+4
2y−5 ❝♦✉❧❞ ❜❡✇r✐tt❡♥ ❛s

+−(2y+4)
2y−5 = −2y−4

2y−5

❆ ❝♦♠♠♦♥ ♠✐st❛❦❡ ✐s t♦ ✇r✐t❡

−2y + 4

2y − 5
❛s

−2y + 4

2y − 5

❚❤✐s ✐s ♥♦t ❝♦rr❡❝t✱ ❛s t❤❡ ♥❡❣❛t✐✈❡ s✐❣♥ ✐s ♥♦t ❜❡✐♥❣ ❛♣♣❧✐❡❞ t♦ t❤❡ ❡♥t✐r❡ ♥✉♠❡r❛t♦r✳

❊①❛♠♣❧❡ ✽✳✽✹

3x2+4x+5
(x+6)(x−2) + 2x2+x+6

x2+4x−12 − x2−4x−6
x2+4x−12

❋❛❝t♦r t❤❡ ❞❡♥♦♠✐♥❛t♦rs t♦ ❞❡t❡r♠✐♥❡ ✐❢ t❤❡②✬r❡ t❤❡ s❛♠❡✳

3x2+4x+5
(x+6)(x−2) + 2x2+x+6

(x+6)(x−2) − x2−4x−6
(x+6)(x−2)

❚❤❡ ❞❡♥♦♠✐♥❛t♦rs ❛r❡ t❤❡ s❛♠❡✳❈♦♠❜✐♥❡ t❤❡ ♥✉♠❡r❛t♦rs ❜❡✐♥❣ ❝❛r❡❢✉❧ t♦ ♥♦t❡ t❤❡ ♥❡❣❛t✐✈❡ s✐❣♥✳

3x2+4x+5+2x2+x+6−(x2−4x+6)
(x+6)(x−2)

3x2+4x+5+2x2+x+6−x2+4x+6
(x+6)(x−2)

4x2+9x+17
(x+6)(x−2)

✽✳✻✳✺ Pr❛❝t✐❝❡ ❙❡t ❆

❆❞❞ ♦r ❙✉❜tr❛❝t t❤❡ ❢♦❧❧♦✇✐♥❣ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s✳

❊①❡r❝✐s❡ ✽✳✻✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✾✳✮
4
9 + 2

9

❊①❡r❝✐s❡ ✽✳✻✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✾✳✮
3
b + 2

b

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✵✻ ❈❍❆P❚❊❘ ✽✳ ❘❆❚■❖◆❆▲ ❊❳P❘❊❙❙■❖◆❙

❊①❡r❝✐s❡ ✽✳✻✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✾✳✮
5x
2y2 − 3x

2y2

❊①❡r❝✐s❡ ✽✳✻✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✾✳✮
x+y
x−y + 2x+3y

x−y

❊①❡r❝✐s❡ ✽✳✻✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✾✳✮
4x2−x+4
3x+10 − x2+2x+5

3x+10

❊①❡r❝✐s❡ ✽✳✻✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✾✳✮
x(x+1)
x(2x+3) + 3x2−x+7

2x2+3x

❊①❡r❝✐s❡ ✽✳✻✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✾✳✮
4x+3

x2−x−6 − 8x−4
(x+2)(x−3)

❊①❡r❝✐s❡ ✽✳✻✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✾✳✮
5a2+a−4
2a(a−6) + 2a2+3a+4

2a2−12a + a2+2
2a2−12a

❊①❡r❝✐s❡ ✽✳✻✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✾✳✮
8x2+x−1
x2−6x+8 + 2x2+3x

x2−6x+8 − 5x2+3x−4
(x−4)(x−2)

✽✳✻✳✻ ❋r❛❝t✐♦♥s ✇✐t❤ ❉✐✛❡r❡♥t ❉❡♥♦♠✐♥❛t♦rs

✽✳✻✳✼ ❙❛♠♣❧❡ ❙❡t ❇

❆❞❞ ♦r ❙✉❜tr❛❝t t❤❡ ❢♦❧❧♦✇✐♥❣ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s✳

❊①❛♠♣❧❡ ✽✳✽✺

4a
3y + 2a

9y2 . ❚❤❡ ❞❡♥♦♠✐♥❛t♦rs ❛r❡not t❤❡ s❛♠❡✳ ❋✐♥❞ t❤❡ ▲❈❉✳❇② ✐♥s♣❡❝t✐♦♥✱ t❤❡ ▲❈❉ ✐s 9y2.

9y2 + 2a
9y2

❚❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ t❤❡ ✜rst r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥ ❤❛s ❜❡❡♥♠✉❧t✐♣❧✐❡❞ ❜② 3y,

s♦ t❤❡ ♥✉♠❡r❛t♦r♠✉st ❜❡♠✉❧t✐♣❧✐❡❞ ❜② 3y.

4a · 3y = 12ay
12ay
9y2 + 2a

9y2 ❚❤❡ ❞❡♥♦♠✐♥❛t♦rs ❛r❡ ♥♦✇ t❤❡ s❛♠❡✳❆❞❞ t❤❡ ♥✉♠❡r❛t♦rs✳
12ay+2a

9y2

❊①❛♠♣❧❡ ✽✳✽✻

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✵✼

3b

b+2
+ 5b

b−3
.

❚❤❡ ❞❡♥♦♠✐♥❛t♦rs ❛r❡not t❤❡ s❛♠❡✳❚❤❡ ▲❈❉ ✐s (b + 2) (b − 3) .

(b+2)(b−3)
+

(b+2)(b−3)

❚❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ t❤❡ ✜rst r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥ ❤❛s ❜❡❡♥♠✉❧t✐♣❧✐❡❞ ❜② b − 3,

s♦ t❤❡ ♥✉♠❡r❛t♦r♠✉st ❜❡♠✉❧t✐♣❧✐❡❞ ❜② b − 3. 3b (b − 3)

3b(b−3)
(b+2)(b−3)

+
(b+2)(b−3)

❚❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ t❤❡ s❡❝♦♥❞ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥ ❤❛s ❜❡❡♥♠✉❧t✐♣❧✐❡❞ ❜② b +

s♦ t❤❡ ♥✉♠❡r❛t♦r♠✉st ❜❡♠✉❧t✐♣❧✐❡❞ ❜② b + 2. 5b (b + 2)

3b(b−3)
(b+2)(b−3)

+ 5b(b+2)
(b+2)(b−3)

❚❤❡ ❞❡♥♦♠✐♥❛t♦rs ❛r❡ ♥♦✇ t❤❡ s❛♠❡✳❆❞❞ t❤❡ ♥✉♠❡r❛t♦rs✳

3b(b−3)+5b(b+2)
(b−3)(b+2)

= 3b
2
−9b+5b

2+10b

(b−3)(b+2)

= 8b
2+b

(b−3)(b−2)

❊①❛♠♣❧❡ ✽✳✽✼

x+3
x−1

+ x−2
4x+4

.
❚❤❡ ❞❡♥♦♠✐♥❛t♦rs ❛r❡not t❤❡ s❛♠❡✳

❋✐♥❞ t❤❡ ▲❈❉✳

x+3
x−1

+ x−2
4(x+1)

❚❤❡▲❈❉ ✐s (x + 1) (x − 1)

4(x+1)(x−1)
+

4(x+1)(x−1)

❚❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ t❤❡ ✜rst r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥ ❤❛s ❜❡❡♥♠✉❧t✐♣❧✐❡❞ ❜② s♦

t❤❡ ♥✉♠❡r❛t♦r♠✉st ❜❡♠✉❧t✐♣❧✐❡❞ ❜② 4 (x + 1) . 4 (x + 3) (x +

4(x+3)(x+1)
4(x+1)(x−1)

+
4(x+1)(x−1)

❚❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ t❤❡ s❡❝♦♥❞ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥ ❤❛s ❜❡❡♥♠✉❧t✐♣❧✐❡❞ ❜②

s♦ t❤❡ ♥✉♠❡r❛t♦r♠✉st ❜❡♠✉❧t✐♣❧✐❡❞ ❜②x − 1. (x − 1) (x − 2)

4(x+3)(x+1)
4(x+1)(x−1)

+ (x−1)(x−2)
4(x+1)(x−1)

❚❤❡ ❞❡♥♦♠✐♥❛t♦rs ❛r❡ ♥♦✇ t❤❡ s❛♠❡✳

❆❞❞ t❤❡ ♥✉♠❡r❛t♦rs✳

4(x+3)(x+1)+(x−1)(x−2)
4(x+1)(x−1)

4(x
2+4x+3)+x

2
−3x+2

4(x+1)(x−1)

4x
2+16x+12+x

2
−3x+2

4(x+1)(x−1)
= 5x

2+13x+14
4(x+1)(x−1)

❊①❛♠♣❧❡ ✽✳✽✽

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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x+5
x2
−7x+12

+ 3x−1
x2
−2x−3

❉❡t❡r♠✐♥❡ t❤❡ ▲❈❉✳

x+5
(x−4)(x−3)

+ 3x−1
(x−3)(x+1)

❚❤❡▲❈❉ ✐s (x − 4) (x − 3) (x + 1) .

(x−4)(x−3)(x+1)
+

(x−4)(x−3)(x+1)
❚❤❡ ✜rst ♥✉♠❡r❛t♦r♠✉st ❜❡♠✉❧t✐♣❧✐❡❞ ❜②x + 1 ❛♥❞ t❤❡ s❡❝♦♥❞ ❜②x −

(x+5)(x+1)
(x−4)(x−3)(x+1)

+ (3x−1)(x−4)
(x−4)(x−3)(x+1)

❚❤❡ ❞❡♥♦♠✐♥❛t♦rs ❛r❡ ♥♦✇ t❤❡ s❛♠❡✳❆❞❞ t❤❡ ♥✉♠❡r❛t♦rs✳

(x+5)(x+1)+(3x−1)(x−4)
(x−4)(x−3)(x+1)

x
2+6x+5+3x

2
−13x+4

(x−4)(x−3)(x+1)

4x
2
−7x+9

(x−4)(x−3)(x+1)

❊①❛♠♣❧❡ ✽✳✽✾

a+4
a2+5a+6

− a−4
a2
−5a−24

❉❡t❡r♠✐♥❡ t❤❡ ▲❈❉✳

a+4
(a+3)(a+2)

− a−4
(a+3)(a−8)

❚❤❡▲❈❉ ✐s (a + 3) (a + 2) (a − 8) .

(a+3)(a+2)(a−8)
−

(a+3)(a+2)(a−8)
❚❤❡ ✜rst ♥✉♠❡r❛t♦r♠✉st ❜❡♠✉❧t✐♣❧✐❡❞ ❜② a − 8 ❛♥❞ t❤❡ s❡❝♦♥❞ ❜② a +

(a+4)(a−8)
(a+3)(a+2)(a−8)

− (a−4)(a+2)
(a+3)(a+2)(a−8)

❚❤❡ ❞❡♥♦♠✐♥❛t♦rs ❛r❡ ♥♦✇ t❤❡ s❛♠❡✳ ❙✉❜tr❛❝t t❤❡ ♥✉♠❡r❛t♦rs✳

(a+4)(a−8)−(a−4)(a+2)
(a+3)(a+2)(a−8)

a
2
−4a−32−(a

2
−2a−8)

(a+3)(a+2)(a−8)

a
2
−4a−32−a

2+2a+8
(a+3)(a+2)(a−8)

−2a−24
(a+3)(a+2)(a−8)

❋❛❝t♦r − 2 ❢r♦♠ t❤❡ ♥✉♠❡r❛t♦r✳

−2(a+12)
(a+3)(a+2)(a−8)

❊①❛♠♣❧❡ ✽✳✾✵

3x
7−x + 5x

x−7 .
❚❤❡ ❞❡♥♦♠✐♥❛t♦rs ❛r❡nearly t❤❡ s❛♠❡✳❚❤❡② ❞✐✛❡r ♦♥❧② ✐♥ s✐❣♥✳

❖✉r t❡❝❤♥✐q✉❡ ✐s t♦ ❢❛❝t♦r − 1 ❢r♦♠ ♦♥❡ ♦❢ t❤❡♠✳

3x
7−x = 3x

−(x−7) = −3x
x−7 ❋❛❝t♦r − 1 ❢r♦♠ t❤❡ ✜rst t❡r♠✳

3x
7−x + 5x

x−7 = −3x
x−7 + 5x

x−7

= −3x+5x
x−7

= 2x
x−7

✽✳✻✳✽ Pr❛❝t✐❝❡ ❙❡t ❇

❆❞❞ ♦r ❙✉❜tr❛❝t t❤❡ ❢♦❧❧♦✇✐♥❣ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s✳

❊①❡r❝✐s❡ ✽✳✻✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✾✳✮
3x
4a2 + 5x

12a3

❊①❡r❝✐s❡ ✽✳✻✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✾✳✮
5b

b+1 + 3b
b−2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✵✾

❊①❡r❝✐s❡ ✽✳✻✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✾✳✮
a−7
a+2 + a−2

a+3

❊①❡r❝✐s❡ ✽✳✻✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✾✳✮
4x+1
x+3 − x+5

x−3

❊①❡r❝✐s❡ ✽✳✻✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✻✾✳✮
2y−3

y + 3y+1
y+4

❊①❡r❝✐s❡ ✽✳✻✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✵✳✮
a−7

a2−3a+2 + a+2
a2−6a+8

❊①❡r❝✐s❡ ✽✳✻✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✵✳✮
6

b2+6b+9 − 2
b2+4b+4

❊①❡r❝✐s❡ ✽✳✻✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✵✳✮
x

x+4 − x−2
3x−3

❊①❡r❝✐s❡ ✽✳✻✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✵✳✮
5x

4−x + 7x
x−4

✽✳✻✳✾ ❙❛♠♣❧❡ ❙❡t ❈

❈♦♠❜✐♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s✳

❊①❛♠♣❧❡ ✽✳✾✶

3 + 7
x−1 . ❘❡✇r✐t❡ t❤❡ ❡①♣r❡ss✐♦♥✳

3
1 + 7

x−1 ❚❤❡▲❈❉ ✐sx − 1.
3(x−1)

x−1 + 7
x−1 = 3x−3

x−1 + 7
x−1 = 3x−3+7

x−1

= 3x+4
x−1

❊①❛♠♣❧❡ ✽✳✾✷

3y + 4 − y2−y+3
y−6 . ❘❡✇r✐t❡ t❤❡ ❡①♣r❡ss✐♦♥✳

3y+4
1 − y2−y+3

y−6 ❚❤❡▲❈❉ ✐s y − 6.

(3y+4)(y−6)
y−6 − y2−y+3

y−6 =
(3y+4)(y−6)−(y2−y+3)

y−6

= 3y2−14y−24−y2+y−3
y−6

= 2y2−13y−27
y−6

✽✳✻✳✶✵ Pr❛❝t✐❝❡ ❙❡t ❈

❊①❡r❝✐s❡ ✽✳✻✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✵✳✮

❙✐♠♣❧✐❢② 8 + 3
x−6 .

❊①❡r❝✐s❡ ✽✳✻✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✵✳✮

❙✐♠♣❧✐❢② 2a − 5 − a2+2a−1
a+3 .

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✽✳✻✳✶✶ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❛❞❞ ♦r s✉❜tr❛❝t t❤❡ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s✳

❊①❡r❝✐s❡ ✽✳✻✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✵✳✮
3
8 + 1

8

❊①❡r❝✐s❡ ✽✳✻✳✷✷
1
9 + 4

9

❊①❡r❝✐s❡ ✽✳✻✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✵✳✮
7
10 − 2

5

❊①❡r❝✐s❡ ✽✳✻✳✷✹
3
4 − 5

12

❊①❡r❝✐s❡ ✽✳✻✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✵✳✮
3
4x + 5

4x

❊①❡r❝✐s❡ ✽✳✻✳✷✻
2
7y + 3

7y

❊①❡r❝✐s❡ ✽✳✻✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✵✳✮
6y
5x + 8y

5x

❊①❡r❝✐s❡ ✽✳✻✳✷✽
9a
7b + 3a

7b

❊①❡r❝✐s❡ ✽✳✻✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✵✳✮
15n
2m − 6n

2m

❊①❡r❝✐s❡ ✽✳✻✳✸✵
8p
11q − 3p

11q

❊①❡r❝✐s❡ ✽✳✻✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✵✳✮
y+4
y−6 + y+8

y−6

❊①❡r❝✐s❡ ✽✳✻✳✸✷
y−1
y+4 + y+7

y+4

❊①❡r❝✐s❡ ✽✳✻✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✵✳✮
a+6
a−1 + 3a+5

a−1

❊①❡r❝✐s❡ ✽✳✻✳✸✹
5a+1
a+7 + 2a−6

a+7

❊①❡r❝✐s❡ ✽✳✻✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✵✳✮
x+1
5x + x+3

5x

❊①❡r❝✐s❡ ✽✳✻✳✸✻
a−6
a+2 + a−2

a+2

❊①❡r❝✐s❡ ✽✳✻✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✵✳✮
b+1
b−3 + b+2

b−3

❊①❡r❝✐s❡ ✽✳✻✳✸✽
a+2
a−5 − a+3

a−5

❊①❡r❝✐s❡ ✽✳✻✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✵✳✮
b+7
b−6 − b−1

b−6

❊①❡r❝✐s❡ ✽✳✻✳✹✵
2b+3
b+1 − b−4

b+1

❊①❡r❝✐s❡ ✽✳✻✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✵✳✮
3y+4
y+8 − 2y−5

y+8

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✶✶

❊①❡r❝✐s❡ ✽✳✻✳✹✷
2a−7
a−9 + 3a+5

a−9

❊①❡r❝✐s❡ ✽✳✻✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✵✳✮
8x−1
x+2 − 15x+7

x+2

❊①❡r❝✐s❡ ✽✳✻✳✹✹
7

2x2 + 1
6x3

❊①❡r❝✐s❡ ✽✳✻✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✵✳✮
2
3x + 4

6x2

❊①❡r❝✐s❡ ✽✳✻✳✹✻
5

6y3 − 2
18y5

❊①❡r❝✐s❡ ✽✳✻✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✵✳✮
2

5a2 − 1
10a3

❊①❡r❝✐s❡ ✽✳✻✳✹✽
3

x+1 + 5
x−2

❊①❡r❝✐s❡ ✽✳✻✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✵✳✮
4

x−6 + 1
x−1

❊①❡r❝✐s❡ ✽✳✻✳✺✵
2a

a+1 − 3a
a+4

❊①❡r❝✐s❡ ✽✳✻✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✵✳✮
6y

y+4 + 2y
y+3

❊①❡r❝✐s❡ ✽✳✻✳✺✷
x−1
x−3 + x+4

x−4

❊①❡r❝✐s❡ ✽✳✻✳✺✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✵✳✮
x+2
x−5 + x−1

x+2

❊①❡r❝✐s❡ ✽✳✻✳✺✹
a+3
a−3 − a+2

a−2

❊①❡r❝✐s❡ ✽✳✻✳✺✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✵✳✮
y+1
y−1 − y+4

y−4

❊①❡r❝✐s❡ ✽✳✻✳✺✻
x−1

(x+2)(x−3) + x+4
x−3

❊①❡r❝✐s❡ ✽✳✻✳✺✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✶✳✮
y+2

(y+1)(y+6) + y−2
y+6

❊①❡r❝✐s❡ ✽✳✻✳✺✽
2a+1

(a+3)(a−3) − a+2
a+3

❊①❡r❝✐s❡ ✽✳✻✳✺✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✶✳✮
3a+5

(a+4)(a−1) − 2a−1
a−1

❊①❡r❝✐s❡ ✽✳✻✳✻✵
2x

x2−3x+2 + 3
x−2

❊①❡r❝✐s❡ ✽✳✻✳✻✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✶✳✮
4a

a2−2a−3 + 3
a+1

❊①❡r❝✐s❡ ✽✳✻✳✻✷
3y

y2−7y+12 − y2

y−3

❊①❡r❝✐s❡ ✽✳✻✳✻✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✶✳✮
x−1

x2+6x+8 + x+3
x2+2x−8

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✽✳✻✳✻✹
a−4

a2+2a−3 + a+2
a2+3a−4

❊①❡r❝✐s❡ ✽✳✻✳✻✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✶✳✮
b−3

b2+9b+20 + b+4
b2+b−12

❊①❡r❝✐s❡ ✽✳✻✳✻✻
y−1

y2+4y−12 − y+3
y2+6y−16

❊①❡r❝✐s❡ ✽✳✻✳✻✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✶✳✮
x+3

x2+9x+14 − x−5
x2−4

❊①❡r❝✐s❡ ✽✳✻✳✻✽
x−1

x2−4x+3 + x+3
x2−5x+6 + 2x

x2−3x+2

❊①❡r❝✐s❡ ✽✳✻✳✻✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✶✳✮
4x

x2+6x+8 + 3
x2+x−6 + x−1

x2+x−12

❊①❡r❝✐s❡ ✽✳✻✳✼✵
y+2
y2−1 + y−3

y2−3y−4 − y+3
y2−5y+4

❊①❡r❝✐s❡ ✽✳✻✳✼✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✶✳✮
a−2

a2−9a+18 + a−2
a2−4a−12 − a−2

a2−a−6

❊①❡r❝✐s❡ ✽✳✻✳✼✷
y−2

y2+6y + y+4
y2+5y−6

❊①❡r❝✐s❡ ✽✳✻✳✼✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✶✳✮
a+1

a3+3a2 − a+6
a2−a

❊①❡r❝✐s❡ ✽✳✻✳✼✹
4

3b2−12b − 2
6b2−6b

❊①❡r❝✐s❡ ✽✳✻✳✼✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✶✳✮
3

2x5−4x4 + −2
8x3+24x2

❊①❡r❝✐s❡ ✽✳✻✳✼✻
x+2
12x3 + x+1

4x2+8x−12 − x+3
16x2−32x+16

❊①❡r❝✐s❡ ✽✳✻✳✼✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✶✳✮
2x

x2−9 − x+1
4x2−12x − x−4

8x3

❊①❡r❝✐s❡ ✽✳✻✳✼✽
4 + 3

x+2

❊①❡r❝✐s❡ ✽✳✻✳✼✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✶✳✮

8 + 2
x+6

❊①❡r❝✐s❡ ✽✳✻✳✽✵
1 + 4

x−7

❊①❡r❝✐s❡ ✽✳✻✳✽✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✶✳✮

3 + 5
x−6

❊①❡r❝✐s❡ ✽✳✻✳✽✷
−2 + 4x

x+5

❊①❡r❝✐s❡ ✽✳✻✳✽✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✶✳✮

−1 + 3a
a−1

❊①❡r❝✐s❡ ✽✳✻✳✽✹
6 − 4y

y+2

❊①❡r❝✐s❡ ✽✳✻✳✽✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✶✳✮

2x + x2−4
x+1

❊①❡r❝✐s❡ ✽✳✻✳✽✻
−3y + 4y2+2y−5

y+3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✽✳✻✳✽✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✶✳✮

x + 2 + x2+4
x−1

❊①❡r❝✐s❡ ✽✳✻✳✽✽
b + 6 + 2b+5

b−2

❊①❡r❝✐s❡ ✽✳✻✳✽✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✶✳✮
3x−1
x−4 − 8

❊①❡r❝✐s❡ ✽✳✻✳✾✵
4y+5
y+1 − 9

❊①❡r❝✐s❡ ✽✳✻✳✾✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✶✳✮
2y2+11y−1

y+4 − 3y

❊①❡r❝✐s❡ ✽✳✻✳✾✷
5y2−2y+1
y2+y−6 − 2

❊①❡r❝✐s❡ ✽✳✻✳✾✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✶✳✮
4a3+2a2+a−1

a2+11a+28 + 3a

❊①❡r❝✐s❡ ✽✳✻✳✾✹
2x

1−x + 6x
x−1

❊①❡r❝✐s❡ ✽✳✻✳✾✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✶✳✮
5m

6−m + 3m
m−6

❊①❡r❝✐s❡ ✽✳✻✳✾✻
−a+7
8−3a + 2a+1

3a−8

❊①❡r❝✐s❡ ✽✳✻✳✾✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✶✳✮
−2y+4
4−5y − 9

5y−4

❊①❡r❝✐s❡ ✽✳✻✳✾✽
m−1
1−m − 2

m−1

✽✳✻✳✶✷ ❊①❡r❝✐s❡s ❋♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✽✳✻✳✾✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✶✳✮

✭❙❡❝t✐♦♥ ✷✳✼✮ ❙✐♠♣❧✐❢②
(
x3y2z5

)6(
x2yz

)2
.

❊①❡r❝✐s❡ ✽✳✻✳✶✵✵
✭❙❡❝t✐♦♥ ✸✳✼✮ ❲r✐t❡ 6a−3b4c−2a−1b−5c3 s♦ t❤❛t ♦♥❧② ♣♦s✐t✐✈❡ ❡①♣♦♥❡♥ts ❛♣♣❡❛r✳

❊①❡r❝✐s❡ ✽✳✻✳✶✵✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✶✳✮

✭❙❡❝t✐♦♥ ✼✳✻✮ ❈♦♥str✉❝t t❤❡ ❣r❛♣❤ ♦❢ y = −2x + 4.

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✽✳✻✳✶✵✷
✭❙❡❝t✐♦♥ ✽✳✹✮ ❋✐♥❞ t❤❡ ♣r♦❞✉❝t✿ x2−3x−4

x2+6x+5 · x2+5x+6
x2−2x−8 .

❊①❡r❝✐s❡ ✽✳✻✳✶✵✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✷✳✮

✭❙❡❝t✐♦♥ ✽✳✺✮ ❘❡♣❧❛❝❡ ◆ ✇✐t❤ t❤❡ ♣r♦♣❡r q✉❛♥t✐t②✿ x+3
x−5 = N

x2−7x+10 .

✽✳✼ ❘❛t✐♦♥❛❧ ❊q✉❛t✐♦♥s ✼

✽✳✼✳✶ ❖✈❡r✈✐❡✇

• ❘❛t✐♦♥❛❧ ❊q✉❛t✐♦♥s
• ❚❤❡ ▲♦❣✐❝ ❇❡❤✐♥❞ ❚❤❡ Pr♦❝❡ss
• ❚❤❡ Pr♦❝❡ss
• ❊①tr❛♥❡♦✉s ❙♦❧✉t✐♦♥s

✽✳✼✳✷ ❘❛t✐♦♥❛❧ ❊q✉❛t✐♦♥s

✽✳✼✳✷✳✶ ❘❛t✐♦♥❛❧ ❊q✉❛t✐♦♥s

❲❤❡♥ ♦♥❡ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥ ✐s s❡t ❡q✉❛❧ t♦ ❛♥♦t❤❡r r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥✱ ❛ r❛t✐♦♥❛❧ ❡q✉❛t✐♦♥ r❡s✉❧ts✳

❙♦♠❡ ❡①❛♠♣❧❡s ♦❢ r❛t✐♦♥❛❧ ❡q✉❛t✐♦♥s ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✭❡①❝❡♣t ❢♦r ♥✉♠❜❡r ✺✮✿

❊①❛♠♣❧❡ ✽✳✾✸

3x

4
=

15

2

❊①❛♠♣❧❡ ✽✳✾✹

x + 1

x − 2
=

x − 7

x − 3

❊①❛♠♣❧❡ ✽✳✾✺

5a

2
= 10

❊①❛♠♣❧❡ ✽✳✾✻

3

x
+

x − 3

x + 1
=

6

5x

❊①❛♠♣❧❡ ✽✳✾✼
x−6
x+1 ✐s ❛ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥✱ ♥♦t ❛ r❛t✐♦♥❛❧ ❡q✉❛t✐♦♥✳

✼❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✺✶✴✶✳✸✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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■t s❡❡♠s ♠♦st r❡❛s♦♥❛❜❧❡ t❤❛t ❛♥ ❡q✉❛t✐♦♥ ✇✐t❤♦✉t ❛♥② ❢r❛❝t✐♦♥s ✇♦✉❧❞ ❜❡ ❡❛s✐❡r t♦ s♦❧✈❡ t❤❛♥ ❛♥ ❡q✉❛t✐♦♥
✇✐t❤ ❢r❛❝t✐♦♥s✳ ❖✉r ❣♦❛❧✱ t❤❡♥✱ ✐s t♦ ❝♦♥✈❡rt ❛♥② r❛t✐♦♥❛❧ ❡q✉❛t✐♦♥ t♦ ❛♥ ❡q✉❛t✐♦♥ t❤❛t ❝♦♥t❛✐♥s ♥♦ ❢r❛❝t✐♦♥s✳
❚❤✐s ✐s ❡❛s✐❧② ❞♦♥❡✳

❚♦ ❞❡✈❡❧♦♣ t❤✐s ♠❡t❤♦❞✱ ❧❡t✬s ❝♦♥s✐❞❡r t❤❡ r❛t✐♦♥❛❧ ❡q✉❛t✐♦♥

1

6
+

x

4
=

17

12

❚❤❡ ▲❈❉ ✐s ✶✷✳ ❲❡ ❦♥♦✇ t❤❛t ✇❡ ❝❛♥ ♠✉❧t✐♣❧② ❜♦t❤ s✐❞❡s ♦❢ ❛♥ ❡q✉❛t✐♦♥ ❜② t❤❡ s❛♠❡ ♥♦♥③❡r♦ q✉❛♥t✐t②✱
s♦ ✇❡✬❧❧ ♠✉❧t✐♣❧② ❜♦t❤ s✐❞❡s ❜② t❤❡ ▲❈❉✱ ✶✷✳

12

(
1

6
+

x

4

)

= 12 · 17

12

◆♦✇ ❞✐str✐❜✉t❡ ✶✷ t♦ ❡❛❝❤ t❡r♠ ♦♥ t❤❡ ❧❡❢t s✐❞❡ ✉s✐♥❣ t❤❡ ❞✐str✐❜✉t✐✈❡ ♣r♦♣❡rt②✳

12 · 1

6
+ 12 · x

4
= 12 · 17

12

◆♦✇ ❞✐✈✐❞❡ t♦ ❡❧✐♠✐♥❛t❡ ❛❧❧ ❞❡♥♦♠✐♥❛t♦rs✳

2 · 1 + 3 · x = 17

2 + 3x = 17

◆♦✇ t❤❡r❡ ❛r❡ ♥♦ ♠♦r❡ ❢r❛❝t✐♦♥s✱ ❛♥❞ ✇❡ ❝❛♥ s♦❧✈❡ t❤✐s ❡q✉❛t✐♦♥ ✉s✐♥❣ ♦✉r ♣r❡✈✐♦✉s t❡❝❤♥✐q✉❡s t♦ ♦❜t❛✐♥
✺ ❛s t❤❡ s♦❧✉t✐♦♥✳

✽✳✼✳✹ ❚❤❡ Pr♦❝❡ss

❲❡ ❤❛✈❡ ❝❧❡❛r❡❞ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ❢r❛❝t✐♦♥s ❜② ♠✉❧t✐♣❧②✐♥❣ ❜♦t❤ s✐❞❡s ❜② t❤❡ ▲❈❉✳ ❚❤✐s ❞❡✈❡❧♦♣♠❡♥t ❣❡♥❡r❛t❡s
t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡✳
❈❧❡❛r✐♥❣ ❛♥ ❊q✉❛t✐♦♥ ♦❢ ❋r❛❝t✐♦♥s
❚♦ ❝❧❡❛r ❛♥ ❡q✉❛t✐♦♥ ♦❢ ❢r❛❝t✐♦♥s✱ ♠✉❧t✐♣❧② ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❡q✉❛t✐♦♥ ❜② t❤❡ ▲❈❉✳

❲❤❡♥ ♠✉❧t✐♣❧②✐♥❣ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❡q✉❛t✐♦♥ ❜② t❤❡ ▲❈❉✱ ✇❡ ✉s❡ t❤❡ ❞✐str✐❜✉t✐✈❡ ♣r♦♣❡rt② t♦ ❞✐str✐❜✉t❡
t❤❡ ▲❈❉ t♦ ❡❛❝❤ t❡r♠✳ ❚❤✐s ♠❡❛♥s ✇❡ ❝❛♥ s✐♠♣❧✐❢② t❤❡ ❛❜♦✈❡ r✉❧❡✳
❈❧❡❛r✐♥❣ ❛♥ ❊q✉❛t✐♦♥ ♦❢ ❋r❛❝t✐♦♥s
❚♦ ❝❧❡❛r ❛♥ ❡q✉❛t✐♦♥ ♦❢ ❢r❛❝t✐♦♥s✱ ♠✉❧t✐♣❧② ❡✈❡r② t❡r♠ ♦♥ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❡q✉❛t✐♦♥ ❜② t❤❡ ▲❈❉✳

❚❤❡ ❝♦♠♣❧❡t❡ ♠❡t❤♦❞ ❢♦r s♦❧✈✐♥❣ ❛ r❛t✐♦♥❛❧ ❡q✉❛t✐♦♥ ✐s
✶✳ ❉❡t❡r♠✐♥❡ ❛❧❧ t❤❡ ✈❛❧✉❡s t❤❛t ♠✉st ❜❡ ❡①❝❧✉❞❡❞ ❢r♦♠ ❝♦♥s✐❞❡r❛t✐♦♥ ❜② ✜♥❞✐♥❣ t❤❡ ✈❛❧✉❡s t❤❛t ✇✐❧❧

♣r♦❞✉❝❡ ③❡r♦ ✐♥ t❤❡ ❞❡♥♦♠✐♥❛t♦r ✭❛♥❞ t❤✉s✱ ❞✐✈✐s✐♦♥ ❜② ③❡r♦✮✳ ❚❤❡s❡ ❡①❝❧✉❞❡❞ ✈❛❧✉❡s ❛r❡ ♥♦t ✐♥ t❤❡ ❞♦♠❛✐♥
♦❢ t❤❡ ❡q✉❛t✐♦♥ ❛♥❞ ❛r❡ ❝❛❧❧❡❞ ♥♦♥❞♦♠❛✐♥ ✈❛❧✉❡s✳

✷✳ ❈❧❡❛r t❤❡ ❡q✉❛t✐♦♥ ♦❢ ❢r❛❝t✐♦♥s ❜② ♠✉❧t✐♣❧②✐♥❣ ❡✈❡r② t❡r♠ ❜② t❤❡ ▲❈❉✳
✸✳ ❙♦❧✈❡ t❤✐s ♥♦♥❢r❛❝t✐♦♥❛❧ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ✈❛r✐❛❜❧❡✳ ❈❤❡❝❦ t♦ s❡❡ ✐❢ ❛♥② ♦❢ t❤❡s❡ ♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥s ❛r❡

❡①❝❧✉❞❡❞ ✈❛❧✉❡s✳
✹✳ ❈❤❡❝❦ t❤❡ s♦❧✉t✐♦♥ ❜② s✉❜st✐t✉t✐♦♥✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✽✳✼✳✺ ❊①tr❛♥❡♦✉s ❙♦❧✉t✐♦♥s

❊①tr❛♥❡♦✉s ❙♦❧✉t✐♦♥s
P♦t❡♥t✐❛❧ s♦❧✉t✐♦♥s t❤❛t ❤❛✈❡ ❜❡❡♥ ❡①❝❧✉❞❡❞ ❜❡❝❛✉s❡ t❤❡② ♠❛❦❡ ❛♥ ❡①♣r❡ss✐♦♥ ✉♥❞❡✜♥❡❞ ✭♦r ♣r♦❞✉❝❡ ❛ ❢❛❧s❡
st❛t❡♠❡♥t ❢♦r ❛♥ ❡q✉❛t✐♦♥✮ ❛r❡ ❝❛❧❧❡❞ ❡①tr❛♥❡♦✉s s♦❧✉t✐♦♥s✳ ❊①tr❛♥❡♦✉s s♦❧✉t✐♦♥s ❛r❡ ❞✐s❝❛r❞❡❞✳ ■❢ t❤❡r❡
❛r❡ ♥♦ ♦t❤❡r ♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥s✱ t❤❡ ❡q✉❛t✐♦♥ ❤❛s ♥♦ s♦❧✉t✐♦♥✳

✽✳✼✳✻ ❙❛♠♣❧❡ ❙❡t ❆

❙♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❛t✐♦♥❛❧ ❡q✉❛t✐♦♥s✳

❊①❛♠♣❧❡ ✽✳✾✽

3x
4 = 15

2 .
❙✐♥❝❡ t❤❡ ❞❡♥♦♠✐♥❛t♦rs ❛r❡ ❝♦♥st❛♥ts✱ t❤❡r❡ ❛r❡ ♥♦ ❡①❝❧✉❞❡❞ ✈❛❧✉❡s✳

◆♦ ✈❛❧✉❡s♠✉st ❜❡ ❡①❝❧✉❞❡❞✳ ❚❤❡ ▲❈❉ ✐s ✹✳▼✉❧t✐♣❧② ❡❛❝❤ t❡r♠❜② ✹✳

4 · 3x
4 = 4 · 15

2

)4 · 3x

)4
=

2

)4 · 15

)2

3x = 2 · 15

3x = 30

x = 10 ✶✵ ✐s ♥♦t ❛♥ ❡①❝❧✉❞❡❞ ✈❛❧✉❡✳ ❈❤❡❝❦ ✐t ❛s ❛ s♦❧✉t✐♦♥✳

Check : 3x
4 = 15

2
3(10)

4 = 15
2 ■s t❤✐s ❝♦rr❡❝t❄

30
4 = 15

2 ■s t❤✐s ❝♦rr❡❝t❄

15
2 = 15

2 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

10 ✐s t❤❡ s♦❧✉t✐♦♥✳

❊①❛♠♣❧❡ ✽✳✾✾

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✶✼

4
x−1

= 2
x+6

.
✶ ❛♥❞ − ✻ ❛r❡ ♥♦♥❞♦♠❛✐♥ ✈❛❧✉❡s✳ ❊①❝❧✉❞❡ t❤❡♠ ❢r♦♠ ❝♦♥s✐❞❡r❛t✐♦♥✳

❚❤❡ ▲❈❉ ✐s (x − 1) (x + 6) .▼✉❧t✐♣❧② ❡✈❡r② t❡r♠❜②

(x − 1) (x + 6) · 4
x−1

= (x − 1) (x + 6) · 2
x+6(

)x − 1
)

(x + 6) · 4

)x−1
= (x − 1)

(

)x + 6
)

· 2

)x+6

4 (x + 6) = 2 (x − 1) ❙♦❧✈❡ t❤✐s ♥♦♥❢r❛❝t✐♦♥❛❧ ❡q✉❛t✐♦♥✳

4x + 24 = 2x − 2

2x = −26

x = −13 −13 ✐s ♥♦t ❛♥ ❡①❝❧✉❞❡❞ ✈❛❧✉❡✳ ❈❤❡❝❦ ✐t ❛s ❛ s♦❧✉t✐♦♥✳

Check : 4
x−1

= 2
x+6

4
−13−1

= 2
−13+6

■s t❤✐s ❝♦rr❡❝t❄

4
−14

= 2
−7

■s t❤✐s ❝♦rr❡❝t❄

2
−7

= 2
−7

❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

13 ✐s t❤❡ s♦❧✉t✐♦♥✳

❊①❛♠♣❧❡ ✽✳✶✵✵

4a

a−4
= 2 + 16

a−4
.

✹ ✐s ❛ ♥♦♥❞♦♠❛✐♥ ✈❛❧✉❡✳ ❊①❝❧✉❞❡ ✐t ❢r♦♠ ❝♦♥s✐❞❡r❛t✐♦♥✳

❚❤❡ ▲❈❉ ✐s a − 4.▼✉❧t✐♣❧② ❡✈❡r② t❡r♠❜② a − 4.

(a − 4) · 4a

a−4
= 2 (a − 4) + (a − 4) · 16

a−4(

)a − 4
)

· 4a

)a−4
= 2 (a − 4) +

(

)a − 4
)

· 16

)a−4

4a = 2 (a − 4) + 16 ❙♦❧✈❡ t❤✐s ♥♦♥❢r❛❝t✐♦♥❛❧ ❡q✉❛t✐♦♥✳

4a = 2a − 8 + 16

4a = 2a + 8

2a = 8

a = 4

❚❤✐s ✈❛❧✉❡✱

4, ❤❛s ❜❡❡♥ ❡①❝❧✉❞❡❞ ❢r♦♠ ❝♦♥s✐❞❡r❛t✐♦♥✳ ■t ✐s ♥♦t t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ s♦❧✉t✐♦♥✳ ■t ✐s ❡①tr❛♥❡♦✉s✳ ❆s t❤❡r❡ ❛r❡ ♥♦ ♦t❤❡r ♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥s t♦ ❝♦♥s✐❞❡r✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤✐s ❡q✉❛t✐♦♥ ❤❛s ✳

✽✳✼✳✼ Pr❛❝t✐❝❡ ❙❡t ❆

❙♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❛t✐♦♥❛❧ ❡q✉❛t✐♦♥s✳

❊①❡r❝✐s❡ ✽✳✼✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✷✳✮
2x
5 = x−14

6

❊①❡r❝✐s❡ ✽✳✼✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✷✳✮
3a

a−1 = 3a+8
a+3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✶✽ ❈❍❆P❚❊❘ ✽✳ ❘❆❚■❖◆❆▲ ❊❳P❘❊❙❙■❖◆❙

❊①❡r❝✐s❡ ✽✳✼✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✷✳✮
3

y−3 + 2 = y
y−3

✽✳✼✳✽ ❙❛♠♣❧❡ ❙❡t ❇

❙♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❛t✐♦♥❛❧ ❡q✉❛t✐♦♥s✳

❊①❛♠♣❧❡ ✽✳✶✵✶

3
x + 4x

x−1 = 4x2+x+5
x2−x .

❋❛❝t♦r ❛❧❧ ❞❡♥♦♠✐♥❛t♦rs t♦ ✜♥❞ ❛♥②

❡①❝❧✉❞❡❞ ✈❛❧✉❡s ❛♥❞ t❤❡ ▲❈❉✳

3
x + 4x

x−1 = 4x2+x+5
x(x−1)

◆♦♥❞♦♠❛✐♥ ✈❛❧✉❡s ❛r❡ ✵ ❛♥❞ ✶✳

❊①❝❧✉❞❡ t❤❡♠ ❢r♦♠ ❝♦♥s✐❞❡r❛t✐♦♥✳

❚❤❡ ▲❈❉ ✐sx (x − 1) .▼✉❧t✐♣❧② ❡❛❝❤

t❡r♠❜②x (x − 1) ❛♥❞ s✐♠♣❧✐❢②✳

)x (x − 1) · 3

)x
+ x

(

)x − 1
)

· 4x

)x−1
= )x (x − 1) · 4x2+x+5

)x(x−1)

3 (x − 1) + 4x · x = 4x2 + x + 5
❙♦❧✈❡ t❤✐s ♥♦♥❢r❛❝t✐♦♥❛❧ ❡q✉❛t✐♦♥

t♦ ♦❜t❛✐♥ t❤❡ ♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥s✳

3x − 3 + 4x2 = 4x2 + x + 5

3x − 3 = x + 5

2x = 8

x = 4 ✹ ✐s ♥♦t ❛♥ ❡①❝❧✉❞❡❞ ✈❛❧✉❡✳ ❈❤❡❝❦ ✐t ❛s ❛ s♦❧✉t✐♦♥✳

Check : 3
x + 4x

x−1 = 4x2+x+5
x2−x

3
4 + 4 · 4

4−1 = 4 · 42+4+5
16−4 ■s t❤✐s ❝♦rr❡❝t❄

3
4 + 16

3 = 64+4+5
12 ■s t❤✐s ❝♦rr❡❝t❄

9
12 + 64

12 = 73
12 ■s t❤✐s ❝♦rr❡❝t❄

73
12 = 73

12 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

✹ ✐s t❤❡ s♦❧✉t✐♦♥✳

❚❤❡ ③❡r♦✲❢❛❝t♦r ♣r♦♣❡rt② ❝❛♥ ❜❡ ✉s❡❞ t♦ s♦❧✈❡ ❝❡rt❛✐♥ t②♣❡s ♦❢ r❛t✐♦♥❛❧ ❡q✉❛t✐♦♥s✳ ❲❡ st✉❞✐❡❞
t❤❡ ③❡r♦✲❢❛❝t♦r ♣r♦♣❡rt② ✐♥ ❙❡❝t✐♦♥ ✼✳✶✱ ❛♥❞ ②♦✉ ♠❛② r❡♠❡♠❜❡r t❤❛t ✐t st❛t❡s t❤❛t ✐❢ a ❛♥❞ b ❛r❡
r❡❛❧ ♥✉♠❜❡rs ❛♥❞ t❤❛t a · b = 0, t❤❡♥ ❡✐t❤❡r ♦r ❜♦t❤ a = 0 ♦r b = 0.❚❤❡ ③❡r♦✲❢❛❝t♦r ♣r♦♣❡rt② ✐s
✉s❡❢✉❧ ✐♥ s♦❧✈✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ r❛t✐♦♥❛❧ ❡q✉❛t✐♦♥✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✶✾

❊①❛♠♣❧❡ ✽✳✶✵✷

3
a2 − 2

a = 1.

❩❡r♦ ✐s ❛♥ ❡①❝❧✉❞❡❞ ✈❛❧✉❡✳

❚❤❡ ▲❈❉ ✐s a2 ▼✉❧t✐♣❧② ❡❛❝❤

t❡r♠❜② a2 ❛♥❞ s✐♠♣❧✐❢②✳

)a2 · 3

)a2
− )a2 · 2

)a
= 1 · a2

3 − 2a = a2
❙♦❧✈❡ t❤✐s ♥♦♥❢r❛❝t✐♦♥❛❧ q✉❛❞r❛t✐❝

❡q✉❛t✐♦♥✳ ❙❡t ✐t ❡q✉❛❧ t♦ ③❡r♦✳

0 = a2 + 2a − 3

0 = (a + 3) (a − 1)

a = −3, a = 1 ❈❤❡❝❦ t❤❡s❡ ❛s s♦❧✉t✐♦♥s✳

Check :

■❢ a = −3 : 3
(−3)2

− 2
−3 = 1

■s t❤✐s ❝♦rr❡❝t❄

3
9 + 2

3 = 1

■s t❤✐s ❝♦rr❡❝t❄

1
3 + 2

3 = 1

■s t❤✐s ❝♦rr❡❝t❄

1 = 1

❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

a = −3

❝❤❡❝❦s ❛♥❞ ✐s ❛ s♦❧✉t✐♦♥✳

■❢ a = 1 : 3
(1)2

− 2
1 = 1

■s t❤✐s ❝♦rr❡❝t❄

3
1 − 2

1 = 1

■s t❤✐s ❝♦rr❡❝t❄

1 = 1

❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

a = 1

❝❤❡❝❦s ❛♥❞ ✐s ❛ s♦❧✉t✐♦♥✳

−3 ❛♥❞ ✶ ❛r❡ t❤❡ s♦❧✉t✐♦♥s✳

✽✳✼✳✾ Pr❛❝t✐❝❡ ❙❡t ❇

❊①❡r❝✐s❡ ✽✳✼✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✷✳✮

❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥ a+3
a−2 = a+1

a−1 .

❊①❡r❝✐s❡ ✽✳✼✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✷✳✮

❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥ 1
x−1 − 1

x+1 = 2x
x2−1 .

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✽✳✼✳✶✵ ❙❡❝t✐♦♥ ✼✳✻ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s♦❧✈❡ t❤❡ r❛t✐♦♥❛❧ ❡q✉❛t✐♦♥s✳

❊①❡r❝✐s❡ ✽✳✼✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✷✳✮
32
x = 16

3

❊①❡r❝✐s❡ ✽✳✼✳✼
54
y = 27

4

❊①❡r❝✐s❡ ✽✳✼✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✷✳✮
8
y = 2

3

❊①❡r❝✐s❡ ✽✳✼✳✾
x
28 = 3

7

❊①❡r❝✐s❡ ✽✳✼✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✷✳✮
x+1
4 = x−3

2

❊①❡r❝✐s❡ ✽✳✼✳✶✶
a+3
6 = a−1

4

❊①❡r❝✐s❡ ✽✳✼✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✷✳✮
y−3
6 = y+1

4

❊①❡r❝✐s❡ ✽✳✼✳✶✸
x−7

8 = x+5
6

❊①❡r❝✐s❡ ✽✳✼✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✷✳✮
a+6
9 − a−1

6 = 0

❊①❡r❝✐s❡ ✽✳✼✳✶✺
y+11

4 = y+8
10

❊①❡r❝✐s❡ ✽✳✼✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✷✳✮
b+1
2 + 6 = b−4

3

❊①❡r❝✐s❡ ✽✳✼✳✶✼
m+3

2 + 1 = m−4
5

❊①❡r❝✐s❡ ✽✳✼✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✷✳✮
a−6
2 + 4 = −1

❊①❡r❝✐s❡ ✽✳✼✳✶✾
b+11

3 + 8 = 6

❊①❡r❝✐s❡ ✽✳✼✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✷✳✮
y−1
y+2 = y+3

y−2

❊①❡r❝✐s❡ ✽✳✼✳✷✶
x+2
x−6 = x−1

x+2

❊①❡r❝✐s❡ ✽✳✼✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✷✳✮
3m+1
2m = 4

3

❊①❡r❝✐s❡ ✽✳✼✳✷✸
2k+7
3k = 5

4

❊①❡r❝✐s❡ ✽✳✼✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✷✳✮
4

x+2 = 1

❊①❡r❝✐s❡ ✽✳✼✳✷✺
−6
x−3 = 1

❊①❡r❝✐s❡ ✽✳✼✳✷✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✷✳✮
a
3 + 10+a

4 = 6

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✷✶

❊①❡r❝✐s❡ ✽✳✼✳✷✼
k+17

5 − k
2 = 2k

❊①❡r❝✐s❡ ✽✳✼✳✷✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✷✳✮
2b+1
3b−5 = 1

4

❊①❡r❝✐s❡ ✽✳✼✳✷✾
−3a+4
2a−7 = −7

9

❊①❡r❝✐s❡ ✽✳✼✳✸✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✷✳✮
x

x+3 − x
x−2 = 10

x2+x−6

❊①❡r❝✐s❡ ✽✳✼✳✸✶
3y

y−1 + 2y
y−6 = 5y2−15y+20

y2−7y+6

❊①❡r❝✐s❡ ✽✳✼✳✸✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✸✳✮
4a

a+2 − 3a
a−1 = a2−8a−4

a2+a−2

❊①❡r❝✐s❡ ✽✳✼✳✸✸
3a−7
a−3 = 4a−10

a−3

❊①❡r❝✐s❡ ✽✳✼✳✸✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✸✳✮
2x−5
x−6 = x+1

x−6

❊①❡r❝✐s❡ ✽✳✼✳✸✺
3

x+4 + 5
x+4 = 3

x−1

❊①❡r❝✐s❡ ✽✳✼✳✸✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✸✳✮
2

y+2 + 8
y+2 = 9

y+3

❊①❡r❝✐s❡ ✽✳✼✳✸✼
4

a2+2a = 3
a2+a−2

❊①❡r❝✐s❡ ✽✳✼✳✸✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✸✳✮
2

b(b+2) = 3
b2+6b+8

❊①❡r❝✐s❡ ✽✳✼✳✸✾
x

x−1 + 3x
x−4 = 4x2−8x+1

x2−5x+4

❊①❡r❝✐s❡ ✽✳✼✳✹✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✸✳✮
4x

x+2 − x
x+1 = 3x2+4x+4

x2+3x+2

❊①❡r❝✐s❡ ✽✳✼✳✹✶
2

a−5 − 4a−2
a2−6a+5 = −3

a−1

❊①❡r❝✐s❡ ✽✳✼✳✹✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✸✳✮
−1
x+4 − 2

x+1 = 4x+19
x2+5x+4

❊①❡r❝✐s❡ ✽✳✼✳✹✸
2
x2 + 1

x = 1

❊①❡r❝✐s❡ ✽✳✼✳✹✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✸✳✮
6
y2 − 5

y = 1

❊①❡r❝✐s❡ ✽✳✼✳✹✺
12
a2 − 4

a = 1

❊①❡r❝✐s❡ ✽✳✼✳✹✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✸✳✮
20
x2 − 1

x = 1

❊①❡r❝✐s❡ ✽✳✼✳✹✼
12
y + 12

y2 = −3

❊①❡r❝✐s❡ ✽✳✼✳✹✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✸✳✮
16
b2 + 12

b = 4

❊①❡r❝✐s❡ ✽✳✼✳✹✾
1
x2 = 1

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✽✳✼✳✺✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✸✳✮
16
y2 = 1

❊①❡r❝✐s❡ ✽✳✼✳✺✶
25
a2 = 1

❊①❡r❝✐s❡ ✽✳✼✳✺✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✸✳✮
36
y2 = 1

❊①❡r❝✐s❡ ✽✳✼✳✺✸
2
x2 + 3

x = 2

❊①❡r❝✐s❡ ✽✳✼✳✺✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✸✳✮
2
a2 − 5

a = 3

❊①❡r❝✐s❡ ✽✳✼✳✺✺
2
x2 + 7

x = −6

❊①❡r❝✐s❡ ✽✳✼✳✺✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✸✳✮
4
a2 + 9

a = 9

❊①❡r❝✐s❡ ✽✳✼✳✺✼
2
x = 3

x+2 + 1

❊①❡r❝✐s❡ ✽✳✼✳✺✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✸✳✮
1
x = 2

x+4 − 3
2

❊①❡r❝✐s❡ ✽✳✼✳✺✾
4
m − 5

m−3 = 7

❊①❡r❝✐s❡ ✽✳✼✳✻✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✸✳✮
6

a+1 − 2
a−2 = 5

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s♦❧✈❡ ❡❛❝❤ ❧✐t❡r❛❧ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❞❡s✐❣♥❛t❡❞ ❧❡tt❡r✳

❊①❡r❝✐s❡ ✽✳✼✳✻✶
V = GMm

D ❢♦rD.

❊①❡r❝✐s❡ ✽✳✼✳✻✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✸✳✮

PV = nrt ❢♦rn.

❊①❡r❝✐s❡ ✽✳✼✳✻✸
E = mc2 ❢♦rm.

❊①❡r❝✐s❡ ✽✳✼✳✻✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✸✳✮

P = 2 (1 + w) ❢♦rw.

❊①❡r❝✐s❡ ✽✳✼✳✻✺
A = 1

2h (b + B) ❢♦rB.

❊①❡r❝✐s❡ ✽✳✼✳✻✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✸✳✮

A = P (1 + rt) ❢♦r r.

❊①❡r❝✐s❡ ✽✳✼✳✻✼
z = x−x

s ❢♦rx.

❊①❡r❝✐s❡ ✽✳✼✳✻✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✸✳✮

F = Sx
2

Sy
2 ❢♦rSy

2.

❊①❡r❝✐s❡ ✽✳✼✳✻✾
1
R = 1

E + 1
F ❢♦rF.

❊①❡r❝✐s❡ ✽✳✼✳✼✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✸✳✮

K = 1
2h (s1 + s2) ❢♦r s2.

❊①❡r❝✐s❡ ✽✳✼✳✼✶
Q = 2mn

s+t ❢♦r s.

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✷✸

❊①❡r❝✐s❡ ✽✳✼✳✼✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✸✳✮

V = 1
6π

(
3a2 + h2

)
❢♦rh2.

❊①❡r❝✐s❡ ✽✳✼✳✼✸
I = E

R+r ❢♦rR.

✽✳✼✳✶✶ ❊①❡r❝✐s❡s ❋♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✽✳✼✳✼✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✸✳✮

✭❙❡❝t✐♦♥ ✸✳✼✮ ❲r✐t❡
(
4x3y−4

)−2
s♦ t❤❛t ♦♥❧② ♣♦s✐t✐✈❡ ❡①♣♦♥❡♥ts ❛♣♣❡❛r✳

❊①❡r❝✐s❡ ✽✳✼✳✼✺
✭❙❡❝t✐♦♥ ✻✳✻✮ ❋❛❝t♦r x4 − 16.

❊①❡r❝✐s❡ ✽✳✼✳✼✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✸✳✮

✭❙❡❝t✐♦♥ ✼✳✺✮ ❙✉♣♣❧② t❤❡ ♠✐ss✐♥❣ ✇♦r❞✳ ❆♥ s❧♦♣❡ ♦❢ ❛ ❧✐♥❡ ✐s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ♦❢ t❤❡
❧✐♥❡✳

❊①❡r❝✐s❡ ✽✳✼✳✼✼
✭❙❡❝t✐♦♥ ✽✳✸✮ ❋✐♥❞ t❤❡ ♣r♦❞✉❝t✳ x2−3x+2

x2−x−12 · x2+6x+9
x2+x−2 · x2−6x+8

x2+x−6 .

❊①❡r❝✐s❡ ✽✳✼✳✼✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✸✳✮

✭❙❡❝t✐♦♥ ✽✳✻✮ ❋✐♥❞ t❤❡ s✉♠✳ 2x
x+1 + 1

x−3 .

✽✳✽ ❆♣♣❧✐❝❛t✐♦♥s ✽

✽✳✽✳✶ ❖✈❡r✈✐❡✇

• ❚❤❡ ❋✐✈❡✲❙t❡♣ ▼❡t❤♦❞

✽✳✽✳✷ ❚❤❡ ❋✐✈❡✲❙t❡♣ ▼❡t❤♦❞

❲❡ ❛r❡ ♥♦✇ ✐♥ ❛ ♣♦s✐t✐♦♥ t♦ st✉❞② s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ r❛t✐♦♥❛❧ ❡q✉❛t✐♦♥s✳ ❙♦♠❡ ♦❢ t❤❡s❡ ♣r♦❜❧❡♠s ✇✐❧❧ ❤❛✈❡
♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s ✇❤✐❧❡ ♦t❤❡rs ❛r❡ ✐♥t❡♥❞❡❞ ❛s ❧♦❣✐❝ ❞❡✈❡❧♦♣❡rs✳

❲❡ ✇✐❧❧ ❛♣♣❧② t❤❡ ✜✈❡✲st❡♣ ♠❡t❤♦❞ ❢♦r s♦❧✈✐♥❣ ✇♦r❞ ♣r♦❜❧❡♠s✳
❋✐✈❡✲❙t❡♣ ▼❡t❤♦❞

✶✳ ❘❡♣r❡s❡♥t ❛❧❧ ✉♥❦♥♦✇♥ q✉❛♥t✐t✐❡s ✐♥ t❡r♠s ♦❢ x ♦r s♦♠❡ ♦t❤❡r ❧❡tt❡r✳
✷✳ ❚r❛♥s❧❛t❡ t❤❡ ✈❡r❜❛❧ ♣❤r❛s❡s t♦ ♠❛t❤❡♠❛t✐❝❛❧ s②♠❜♦❧s ❛♥❞ ❢♦r♠ ❛♥ ❡q✉❛t✐♦♥✳
✸✳ ❙♦❧✈❡ t❤✐s ❡q✉❛t✐♦♥✳
✹✳ ❈❤❡❝❦ t❤❡ s♦❧✉t✐♦♥ ❜② s✉❜st✐t✉t✐♥❣ t❤❡ r❡s✉❧t ✐♥t♦ t❤❡ ♦r✐❣✐♥❛❧ st❛t❡♠❡♥t ♦❢ t❤❡ ♣r♦❜❧❡♠✳
✺✳ ❲r✐t❡ t❤❡ ❝♦♥❝❧✉s✐♦♥✳

❘❡♠❡♠❜❡r✱ st❡♣ ✶ ✐s ✈❡r② ✐♠♣♦rt❛♥t✿ ❛❧✇❛②s
■♥tr♦❞✉❝❡ ❛ ✈❛r✐❛❜❧❡✳

✽❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✸✽✴✶✳✸✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✽✳✽✳✸ ❙❛♠♣❧❡ ❙❡t ❆

❊①❛♠♣❧❡ ✽✳✶✵✸
❲❤❡♥ t❤❡ s❛♠❡ ♥✉♠❜❡r ✐s ❛❞❞❡❞ t♦ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ♦❢ t❤❡ ❢r❛❝t✐♦♥ 3

5 , t❤❡ r❡s✉❧t
✐s 7

9 . ❲❤❛t ✐s t❤❡ ♥✉♠❜❡r t❤❛t ✐s ❛❞❞❡❞❄

❙t❡♣ ✶✿ ▲❡tx = t❤❡ ♥✉♠❜❡r ❜❡✐♥❣ ❛❞❞❡❞✳

❙t❡♣ ✷✿ 3+x
5+x = 7

9 .

❙t❡♣ ✸✿ 3+x
5+x = 7

9 . ❆♥ ❡①❝❧✉❞❡❞ ✈❛❧✉❡ ✐s − ✺✳

❚❤❡ ▲❈❉ ✐s ✾ (5 + x) ✳

▼✉❧t✐♣❧② ❡❛❝❤ t❡r♠❜② ✾ (5 + x) .

9 (5 + x) · 3+x
5+x = 9 (5 + x) · 7

9

9 (3 + x) = 7 (5 + x)

27 + 9x = 35 + 7x

2x = 8

x = 4 ❈❤❡❝❦ t❤✐s ♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥✳

❙t❡♣ ✹✿ 3+4
5+4 = 7

9 . ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❙t❡♣ ✺✿ ❚❤❡ ♥✉♠❜❡r ❛❞❞❡❞ ✐s ✹✳

✽✳✽✳✹ Pr❛❝t✐❝❡ ❙❡t ❆

❚❤❡ s❛♠❡ ♥✉♠❜❡r ✐s ❛❞❞❡❞ t♦ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ♦❢ t❤❡ ❢r❛❝t✐♦♥ 4
9 . ❚❤❡ r❡s✉❧t ✐s 2

3 . ❲❤❛t ✐s
t❤❡ ♥✉♠❜❡r t❤❛t ✐s ❛❞❞❡❞❄

❊①❡r❝✐s❡ ✽✳✽✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✸✳✮

❙t❡♣ ✶✿ ▲❡t x ❂
❙t❡♣ ✷✿

❙t❡♣ ✸✿

❙t❡♣ ✹✿

❙t❡♣ ✺✿ ❚❤❡ ♥✉♠❜❡r ❛❞❞❡❞ ✐s ✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✷✺

✽✳✽✳✺ ❙❛♠♣❧❡ ❙❡t ❇

❊①❛♠♣❧❡ ✽✳✶✵✹
❚✇♦ t❤✐r❞s ♦❢ ❛ ♥✉♠❜❡r ❛❞❞❡❞ t♦ t❤❡ r❡❝✐♣r♦❝❛❧ ♦❢ t❤❡ ♥✉♠❜❡r ②✐❡❧❞s 25

6 . ❲❤❛t ✐s t❤❡ ♥✉♠❜❡r❄

❙t❡♣ ✶✿ ▲❡t x ❂ t❤❡ ♥✉♠❜❡r✳

❙t❡♣ ✷✿ ❘❡❝❛❧❧ t❤❛t t❤❡ r❡❝✐♣r♦❝❛❧ ♦❢ ❛ ♥✉♠❜❡r x ✐s t❤❡ ♥✉♠❜❡r 1
x ✳

2
3 · x + 1

x = 25
6

❙t❡♣ ✸✿ 2
3 · x + 1

x = 25
6 ❚❤❡ ▲❈❉ ✐s6x.▼✉❧t✐♣❧② ❡❛❝❤ t❡r♠ ❜②6x.

6x · 2
3x + 6x · 1

x = 6x · 25
6

4x2 + 6 = 25x
❙♦❧✈❡ t❤✐s ♥♦♥❢r❛❝t✐♦♥❛❧ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥ t♦ ♦❜t❛✐♥ t❤❡

♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥s✳ ✭❯s❡ t❤❡ ③❡r♦✲❢❛❝t♦r ♣r♦♣❡rt②✳✮

4x2 − 25x + 6 = 0

(4x − 1) (x − 6) = 0

x = 1
4 , 6 ❈❤❡❝❦ t❤❡s❡ ♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥s✳

❙t❡♣ ✹✿ ❙✉❜st✐t✉t✐♥❣ ✐♥t♦ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥✱ ✐t ❝❛♥ ❜❡ t❤❛t ❜♦t❤ s♦❧✉t✐♦♥s ❝❤❡❝❦✳

❙t❡♣ ✺✿ ❚❤❡r❡ ❛r❡ t✇♦ s♦❧✉t✐♦♥s✿ 1
4 ❛♥❞ ✻✳

✽✳✽✳✻ Pr❛❝t✐❝❡ ❙❡t ❇

❙❡✈❡♥ ❤❛❧✈❡s ♦❢ ❛ ♥✉♠❜❡r ❛❞❞❡❞ t♦ t❤❡ r❡❝✐♣r♦❝❛❧ ♦❢ t❤❡ ♥✉♠❜❡r ②✐❡❧❞s 23
6 . ❲❤❛t ✐s t❤❡ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✽✳✽✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✹✳✮

❙t❡♣ ✶✿ ▲❡t x ❂
❙t❡♣ ✷✿

❙t❡♣ ✸✿

❙t❡♣ ✹✿

❙t❡♣ ✺✿ ❚❤❡ ♥✉♠❜❡r ✐s ✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✽✳✽✳✼ ❙❛♠♣❧❡ ❙❡t ❈

❊①❛♠♣❧❡ ✽✳✶✵✺
P❡rs♦♥ ❆✱ ✇♦r❦✐♥❣ ❛❧♦♥❡✱ ❝❛♥ ♣♦✉r ❛ ❝♦♥❝r❡t❡ ✇❛❧❦✇❛② ✐♥ ✻ ❤♦✉rs✳ P❡rs♦♥ ❇✱ ✇♦r❦✐♥❣ ❛❧♦♥❡✱ ❝❛♥
♣♦✉r t❤❡ s❛♠❡ ✇❛❧❦✇❛② ✐♥ ✹ ❤♦✉rs✳ ❍♦✇ ❧♦♥❣ ✇✐❧❧ ✐t t❛❦❡ ❜♦t❤ ♣❡♦♣❧❡ t♦ ♣♦✉r t❤❡ ❝♦♥❝r❡t❡ ✇❛❧❦✇❛②
✇♦r❦✐♥❣ t♦❣❡t❤❡r❄

❙t❡♣ ✶✿ ▲❡t x ❂ t❤❡ ♥✉♠❜❡r ♦❢ ❤♦✉rs t♦ ♣♦✉r t❤❡ ❝♦♥❝r❡t❡ ✇❛❧❦✇❛② ✇♦r❦✐♥❣ t♦❣❡t❤❡r ✭s✐♥❝❡ t❤✐s
✐s ✇❤❛t ✇❡✬r❡ ❧♦♦❦✐♥❣ ❢♦r✮✳

❙t❡♣ ✷✿ ■❢ ♣❡rs♦♥ ❆ ❝❛♥ ❝♦♠♣❧❡t❡ t❤❡ ❥♦❜ ✐♥ ✻ ❤♦✉rs✱ ❆ ❝❛♥ ❝♦♠♣❧❡t❡ 1
6 ♦❢ t❤❡ ❥♦❜ ✐♥ ✶ ❤♦✉r✳

■❢ ♣❡rs♦♥ ❇ ❝❛♥ ❝♦♠♣❧❡t❡ t❤❡ ❥♦❜ ✐♥ ✹ ❤♦✉rs✱ ❇ ❝❛♥ ❝♦♠♣❧❡t❡ 1
4 ♦❢ t❤❡ ❥♦❜ ✐♥ ✶ ❤♦✉r✳

■❢ ❆ ❛♥❞ ❇✱ ✇♦r❦✐♥❣ t♦❣❡t❤❡r✱ ❝❛♥ ❝♦♠♣❧❡t❡ t❤❡ ❥♦❜ ✐♥ x ❤♦✉rs✱ t❤❡② ❝❛♥ ❝♦♠♣❧❡t❡ 1
x ♦❢ t❤❡ ❥♦❜ ✐♥

✶ ❤♦✉r✳ P✉tt✐♥❣ t❤❡s❡ t❤r❡❡ ❢❛❝ts ✐♥t♦ ❡q✉❛t✐♦♥ ❢♦r♠✱ ✇❡ ❤❛✈❡

1
6 + 1

4 = 1
x

❙t❡♣ ✸✿ 1
6 + 1

4 = 1
x .

❆♥ ❡①❝❧✉❞❡❞ ✈❛❧✉❡ ✐s ✵✳

❚❤❡ ▲❈❉ ✐s ✶✷x✳▼✉❧t✐♣❧② ❡❛❝❤ t❡r♠❜② ✶✷x✳

12x · 1
6 + 12x · 1

4 = 12x · 1
x

2x + 3x = 12
❙♦❧✈❡ t❤✐s ♥♦♥❢r❛❝t✐♦♥❛❧

❡q✉❛t✐♦♥ t♦ ♦❜t❛✐♥ t❤❡ ♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥s✳

5x = 12

x = 12
5 ♦r x = 2 2

5 ❈❤❡❝❦ t❤✐s ♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥✳

❙t❡♣ ✹✿ 1
6 + 1

4 = 1
x

1
6 + 1

4 =
1
12

5 . ■s t❤✐s ❝♦rr❡❝t❄

1
6 + 1

4 = 5
12 ❚❤❡▲❈❉ ✐s ✶✷✳ ■s t❤✐s ❝♦rr❡❝t❄

2
12 + 3

12 = 5
12 ■s t❤✐s ❝♦rr❡❝t❄

5
12 = 5

12 ■s t❤✐s ❝♦rr❡❝t❄

❙t❡♣ ✺✿ ❲♦r❦✐♥❣ t♦❣❡t❤❡r✱ ❆ ❛♥❞❇ ❝❛♥ ♣♦✉r t❤❡ ❝♦♥❝r❡t❡✇❛❧❦✇❛② ✐♥ ✷ 2
5 ❤♦✉rs✳

✽✳✽✳✽ Pr❛❝t✐❝❡ ❙❡t ❈

P❡rs♦♥ ❆✱ ✇♦r❦✐♥❣ ❛❧♦♥❡✱ ❝❛♥ ♣♦✉r ❛ ❝♦♥❝r❡t❡ ✇❛❧❦✇❛② ✐♥ ✾ ❤♦✉rs✳ P❡rs♦♥ ❇✱ ✇♦r❦✐♥❣ ❛❧♦♥❡✱ ❝❛♥ ♣♦✉r t❤❡
s❛♠❡ ✇❛❧❦✇❛② ✐♥ ✻ ❤♦✉rs✳ ❍♦✇ ❧♦♥❣ ✇✐❧❧ ✐t t❛❦❡ ❜♦t❤ ♣❡♦♣❧❡ t♦ ♣♦✉r t❤❡ ❝♦♥❝r❡t❡ ✇❛❧❦✇❛② ✇♦r❦✐♥❣ t♦❣❡t❤❡r❄

❊①❡r❝✐s❡ ✽✳✽✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✹✳✮

❙t❡♣ ✶✿
❙t❡♣ ✷✿

❙t❡♣ ✸✿

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✷✼

❙t❡♣ ✹✿

❙t❡♣ ✺✿ ❲♦r❦✐♥❣ t♦❣❡t❤❡r✱ ❆ ❛♥❞ ❇ ✳

✽✳✽✳✾ ❙❛♠♣❧❡ ❙❡t ❉

❊①❛♠♣❧❡ ✽✳✶✵✻
❆♥ ✐♥❧❡t ♣✐♣❡ ❝❛♥ ✜❧❧ ❛ ✇❛t❡r t❛♥❦ ✐♥ ✶✷ ❤♦✉rs✳ ❆♥ ♦✉t❧❡t ♣✐♣❡ ❝❛♥ ❞r❛✐♥ t❤❡ t❛♥❦ ✐♥ ✷✵ ❤♦✉rs✳ ■❢
❜♦t❤ ♣✐♣❡s ❛r❡ ♦♣❡♥✱ ❤♦✇ ❧♦♥❣ ✇✐❧❧ ✐t t❛❦❡ t♦ ✜❧❧ t❤❡ t❛♥❦❄

❙t❡♣ ✶✿ ▲❡t x ❂ t❤❡ ♥✉♠❜❡r ♦❢ ❤♦✉rs r❡q✉✐r❡❞ t♦ ✜❧❧ t❤❡ t❛♥❦✳
❙t❡♣ ✷✿ ■❢ t❤❡ ✐♥❧❡t ♣✐♣❡ ❝❛♥ ✜❧❧ t❤❡ t❛♥❦ ✐♥ ✶✷ ❤♦✉rs✱ ✐t ❝❛♥ ✜❧❧ 1

12 ♦❢ t❤❡ t❛♥❦ ✐♥ ✶ ❤♦✉r✳
■❢ t❤❡ ♦✉t❧❡t ♣✐♣❡ ❝❛♥ ❞r❛✐♥ t❤❡ t❛♥❦ ✐♥ ✷✵ ❤♦✉rs✱ ✐t ❝❛♥ ❞r❛✐♥ 1

20 ♦❢ t❤❡ t❛♥❦ ✐♥ ✶ ❤♦✉r✳
■❢ ❜♦t❤ ♣✐♣❡s ❛r❡ ♦♣❡♥✱ ✐t t❛❦❡s x ❤♦✉rs t♦ ✜❧❧ t❤❡ t❛♥❦✳ ❙♦ 1

x ♦❢ t❤❡ t❛♥❦ ✇✐❧❧ ❜❡ ✜❧❧❡❞ ✐♥ ✶ ❤♦✉r✳
❙✐♥❝❡ ✇❛t❡r ✐s ❜❡✐♥❣ ❛❞❞❡❞ ✭✐♥❧❡t ♣✐♣❡✮ ❛♥❞ s✉❜tr❛❝t❡❞ ✭♦✉t❧❡t ♣✐♣❡✮ ✇❡ ❣❡t

1
12 − 1

20 = 1
x

❙t❡♣ ✸✿ 1
12 − 1

20 = 1
x .

❆♥ ❡①❝❧✉❞❡❞ ✈❛❧✉❡ ✐s ✵✳ ❚❤❡ ▲❈❉ ✐s ✻✵x✳

▼✉❧t✐♣❧② ❡❛❝❤ t❡r♠❜② ✻✵x✳

60x · 1
12 − 60x · 1

20 = 60x · 1
x

5x − 3x = 60
❙♦❧✈❡ t❤✐s ♥♦♥❢r❛❝t✐♦♥❛❧ ❡q✉❛t✐♦♥ t♦ ♦❜t❛✐♥

t❤❡ ♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥s✳

2x = 60

x = 30 ❈❤❡❝❦ t❤✐s ♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥✳

❙t❡♣ ✹✿ 1
12 − 1

20 = 1
x

1
12 − 1

20 = 1
30 . ❚❤❡▲❈❉ ✐s ✻✵✳ ■s t❤✐s ❝♦rr❡❝t❄

5
60 − 3

60 = 1
30 ■s t❤✐s ❝♦rr❡❝t❄

1
30 = 1

30 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❙t❡♣ ✺✿ ❲✐t❤ ❜♦t❤ ♣✐♣❡s ♦♣❡♥✱ ✐t ✇✐❧❧ t❛❦❡ ✸✵ ❤♦✉rs t♦ ✜❧❧ t❤❡✇❛t❡r t❛♥❦✳

✽✳✽✳✶✵ Pr❛❝t✐❝❡ ❙❡t ❉

❆♥ ✐♥❧❡t ♣✐♣❡ ❝❛♥ ✜❧❧ ❛ ✇❛t❡r t❛♥❦ ✐♥ ✽ ❤♦✉rs ❛♥❞ ❛♥ ♦✉t❧❡t ♣✐♣❡ ❝❛♥ ❞r❛✐♥ t❤❡ t❛♥❦ ✐♥ ✶✵ ❤♦✉rs✳ ■❢ ❜♦t❤
♣✐♣❡s ❛r❡ ♦♣❡♥✱ ❤♦✇ ❧♦♥❣ ✇✐❧❧ ✐t t❛❦❡ t♦ ✜❧❧ t❤❡ t❛♥❦❄

❊①❡r❝✐s❡ ✽✳✽✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✹✳✮

❙t❡♣ ✶✿
❙t❡♣ ✷✿

❙t❡♣ ✸✿

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✷✽ ❈❍❆P❚❊❘ ✽✳ ❘❆❚■❖◆❆▲ ❊❳P❘❊❙❙■❖◆❙

❙t❡♣ ✹✿

❙t❡♣ ✺✿

✽✳✽✳✶✶ ❙❛♠♣❧❡ ❙❡t ❊

❊①❛♠♣❧❡ ✽✳✶✵✼
■t t❛❦❡s ♣❡rs♦♥ ❆ ✸ ❤♦✉rs ❧♦♥❣❡r t❤❛♥ ♣❡rs♦♥ ❇ t♦ ❝♦♠♣❧❡t❡ ❛ ❝❡rt❛✐♥ ❥♦❜✳ ❲♦r❦✐♥❣ t♦❣❡t❤❡r✱ ❜♦t❤
❝❛♥ ❝♦♠♣❧❡t❡ t❤❡ ❥♦❜ ✐♥ ✷ ❤♦✉rs✳ ❍♦✇ ❧♦♥❣ ❞♦❡s ✐t t❛❦❡ ❡❛❝❤ ♣❡rs♦♥ t♦ ❝♦♠♣❧❡t❡ t❤❡ ❥♦❜ ✇♦r❦✐♥❣
❛❧♦♥❡❄

❙t❡♣ ✶✿ ▲❡t x ❂ t✐♠❡ r❡q✉✐r❡❞ ❢♦r ❇ t♦ ❝♦♠♣❧❡t❡ t❤❡ ❥♦❜ ✇♦r❦✐♥❣ ❛❧♦♥❡✳ ❚❤❡♥✱ (x + 3) = t✐♠❡
r❡q✉✐r❡❞ ❢♦r ❆ t♦ ❝♦♠♣❧❡t❡ t❤❡ ❥♦❜ ✇♦r❦✐♥❣ ❛❧♦♥❡✳

❙t❡♣ ✷✿ 1
x + 1

x+3 = 1
2 .

❙t❡♣ ✸✿ 1
x + 1

x+3 = 1
2 .

❚❤❡ t✇♦ ❡①❝❧✉❞❡❞ ✈❛❧✉❡s ❛r❡ ✵ ❛♥❞ − 3.

❚❤❡▲❈❉ ✐s 2x (x + 3) ✳

2x (x + 3) · 1
x + 2x (x + 3) · 1

x+3 = 2x (x + 3) · 1
2

2 (x + 3) + 2x = x (x + 3)

2x + 6 + 2x = x2 + 3x
❚❤✐s ✐s ❛ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥ t❤❛t ❝❛♥

❜❡ s♦❧✈❡❞ ✉s✐♥❣ t❤❡ ③❡r♦✲❢❛❝t♦r ♣r♦♣❡rt②✳

4x + 6 = x2 + 3x

x2 − x − 6 = 0

(x − 3) (x + 2) = 0

x = 3, − 2 ❈❤❡❝❦ t❤❡s❡ ♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥s✳

❙t❡♣ ✹✿ ■❢x = −2, t❤❡ ❡q✉❛t✐♦♥ ❝❤❡❝❦s✱ ❜✉t ❞♦❡s ♥♦t ❡✈❡♥♠❛❦❡ ♣❤②s✐❝❛❧ s❡♥s❡✳

■❢x − 3✱ t❤❡ ❡q✉❛t✐♦♥ ❝❤❡❝❦s✳

x = 3 ❛♥❞ x + 3 = 6

❙t❡♣ ✺✿ P❡rs♦♥❇ ❝❛♥ ❞♦ t❤❡ ❥♦❜ ✐♥ ✸ ❤♦✉rs ❛♥❞ ♣❡rs♦♥❆ ❝❛♥ ❞♦ t❤❡ ❥♦❜ ✐♥ ✻ ❤♦✉rs✳

✽✳✽✳✶✷ Pr❛❝t✐❝❡ ❙❡t ❊

■t t❛❦❡s ♣❡rs♦♥ ❆ ✹ ❤♦✉rs ❧❡ss t❤❛♥ ♣❡rs♦♥ ❇ t♦ ❝♦♠♣❧❡t❡ ❛ ❝❡rt❛✐♥ t❛s❦✳ ❲♦r❦✐♥❣ t♦❣❡t❤❡r✱ ❜♦t❤ ❝❛♥ ❝♦♠♣❧❡t❡
t❤❡ t❛s❦ ✐♥ 8

3 ❤♦✉rs✳ ❍♦✇ ❧♦♥❣ ❞♦❡s ✐t t❛❦❡ ❡❛❝❤ ♣❡rs♦♥ t♦ ❝♦♠♣❧❡t❡ t❤❡ t❛s❦ ✇♦r❦✐♥❣ ❛❧♦♥❡❄

❊①❡r❝✐s❡ ✽✳✽✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✹✳✮

❙t❡♣ ✶✿

❙t❡♣ ✷✿

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✷✾

❙t❡♣ ✸✿

❙t❡♣ ✹✿

❙t❡♣ ✺✿

✽✳✽✳✶✸ ❙❛♠♣❧❡ ❙❡t ❋

❊①❛♠♣❧❡ ✽✳✶✵✽
❚❤❡ ✇✐❞t❤ ♦❢ ❛ r❡❝t❛♥❣❧❡ ✐s 1

3 ✐ts ❧❡♥❣t❤✳ ❋✐♥❞ t❤❡ ❞✐♠❡♥s✐♦♥s ✭❧❡♥❣t❤ ❛♥❞ ✇✐❞t❤✮ ✐❢ t❤❡ ♣❡r✐♠❡t❡r
✐s ✶✻ ❝♠✳

❙t❡♣ ✶✿ ▲❡t x ❂ ❧❡♥❣t❤✳ ❚❤❡♥✱ x
3 = ✇✐❞t❤✳

❙t❡♣ ✷✿ ▼❛❦❡ ❛ s❦❡t❝❤ ♦❢ t❤❡ r❡❝t❛♥❣❧❡✳

❚❤❡ ♣❡r✐♠❡t❡r ♦❢ ❛ ✜❣✉r❡ ✐s t❤❡ t♦t❛❧ ❧❡♥❣t❤ ❛r♦✉♥❞ t❤❡ ✜❣✉r❡✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✸✵ ❈❍❆P❚❊❘ ✽✳ ❘❆❚■❖◆❆▲ ❊❳P❘❊❙❙■❖◆❙

x + x
3 + x + x

3 = 16

2x + 2x
3 = 16

❙t❡♣ ✸✿ 2x + 2x
3 = 16. ❚❤❡▲❈❉ ✐s ✸✳

3 · 2x + 3 · 2x
3 = 3 · 16

6x + 2x = 48

8x = 48

x = 6 ❈❤❡❝❦ t❤✐s ♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥✳

❙t❡♣ ✹✿ 6 + 6
3 + 6 + 6

3 = 16 ■s t❤✐s ❝♦rr❡❝t❄

6 + 2 + 6 + 2 = 16 ■s t❤✐s ❝♦rr❡❝t❄

16 = 16 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❙✐♥❝❡x = 6, x
3 = 6

3 = 2

❙t❡♣ ✺ : ❚❤❡ ❧❡♥❣t❤❂✻ ❝♠❛♥❞ t❤❡✇✐❞t❤❂✷ ❝♠✳

✽✳✽✳✶✹ Pr❛❝t✐❝❡ ❙❡t ❋

❚❤❡ ✇✐❞t❤ ♦❢ ❛ r❡❝t❛♥❣❧❡ ✐s 1
12 ✐ts ❧❡♥❣t❤✳ ❋✐♥❞ t❤❡ ❞✐♠❡♥s✐♦♥s ✭❧❡♥❣t❤ ❛♥❞ ✇✐❞t❤✮ ✐❢ t❤❡ ♣❡r✐♠❡t❡r ✐s ✼✽ ❢❡❡t✳

❊①❡r❝✐s❡ ✽✳✽✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✹✳✮

❙t❡♣ ✶✿

❙t❡♣ ✷✿

❙t❡♣ ✸✿

❙t❡♣ ✹✿

❙t❡♣ ✺✿

✽✳✽✳✶✺ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s♦❧✈❡ ✉s✐♥❣ t❤❡ ✜✈❡✲st❡♣ ♠❡t❤♦❞✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✸✶

❊①❡r❝✐s❡ ✽✳✽✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✹✳✮

❲❤❡♥ t❤❡ s❛♠❡ ♥✉♠❜❡r ✐s ❛❞❞❡❞ t♦ ❜♦t❤ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ♦❢ t❤❡ ❢r❛❝t✐♦♥ 3
7 , t❤❡

r❡s✉❧t ✐s 2
3 . ❲❤❛t ✐s t❤❡ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✽✳✽✳✽
❲❤❡♥ t❤❡ s❛♠❡ ♥✉♠❜❡r ✐s ❛❞❞❡❞ t♦ ❜♦t❤ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ♦❢ t❤❡ ❢r❛❝t✐♦♥ 5

8 , t❤❡
r❡s✉❧t ✐s 3

4 . ❲❤❛t ✐s t❤❡ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✽✳✽✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✹✳✮

❲❤❡♥ t❤❡ s❛♠❡ ♥✉♠❜❡r ✐s ❛❞❞❡❞ t♦ ❜♦t❤ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ♦❢ t❤❡ ❢r❛❝t✐♦♥ 3
8 , t❤❡

r❡s✉❧t ✐s 1
6 . ❲❤❛t ✐s t❤❡ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✽✳✽✳✶✵
❲❤❡♥ t❤❡ s❛♠❡ ♥✉♠❜❡r ✐s ❛❞❞❡❞ t♦ ❜♦t❤ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ♦❢ t❤❡ ❢r❛❝t✐♦♥ 7

9 , t❤❡
r❡s✉❧t ✐s 2

3 . ❲❤❛t ✐s t❤❡ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✽✳✽✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✹✳✮

❲❤❡♥ t❤❡ s❛♠❡ ♥✉♠❜❡r ✐s s✉❜tr❛❝t❡❞ ❢r♦♠ ❜♦t❤ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ♦❢ 1
10 , t❤❡ r❡s✉❧t

✐s 2
3 . ❲❤❛t ✐s t❤❡ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✽✳✽✳✶✷
❲❤❡♥ t❤❡ s❛♠❡ ♥✉♠❜❡r ✐s s✉❜tr❛❝t❡❞ ❢r♦♠ ❜♦t❤ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ♦❢ 3

4 , t❤❡ r❡s✉❧t ✐s
5
6 . ❲❤❛t ✐s t❤❡ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✽✳✽✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✹✳✮

❖♥❡ t❤✐r❞ ♦❢ ❛ ♥✉♠❜❡r ❛❞❞❡❞ t♦ t❤❡ r❡❝✐♣r♦❝❛❧ ♦❢ ♥✉♠❜❡r ②✐❡❧❞s 13
6 . ❲❤❛t ✐s t❤❡ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✽✳✽✳✶✹
❋♦✉r ✜❢t❤s ♦❢ ❛ ♥✉♠❜❡r ❛❞❞❡❞ t♦ t❤❡ r❡❝✐♣r♦❝❛❧ ♦❢ ♥✉♠❜❡r ②✐❡❧❞s 81

10 . ❲❤❛t ✐s t❤❡ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✽✳✽✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✹✳✮

❖♥❡ ❤❛❧❢ ♦❢ ❛ ♥✉♠❜❡r ❛❞❞❡❞ t♦ t✇✐❝❡ t❤❡ r❡❝✐♣r♦❝❛❧ ♦❢ t❤❡ ♥✉♠❜❡r ②✐❡❧❞s ✷✳ ❲❤❛t ✐s t❤❡ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✽✳✽✳✶✻
❖♥❡ ❢♦✉rt❤ ♦❢ ❛ ♥✉♠❜❡r ❛❞❞❡❞ t♦ ❢♦✉r t✐♠❡s t❤❡ r❡❝✐♣r♦❝❛❧ ♦❢ t❤❡ ♥✉♠❜❡r ②✐❡❧❞s −10

3 . ❲❤❛t ✐s t❤❡
♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✽✳✽✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✹✳✮

❖♥❡ ✐♥❧❡t ♣✐♣❡ ❝❛♥ ✜❧❧ ❛ t❛♥❦ ✐♥ ✽ ❤♦✉rs✳ ❆♥♦t❤❡r ✐♥❧❡t ♣✐♣❡ ❝❛♥ ✜❧❧ t❤❡ t❛♥❦ ✐♥ ✺ ❤♦✉rs✳ ❍♦✇ ❧♦♥❣
❞♦❡s ✐t t❛❦❡ ❜♦t❤ ♣✐♣❡s ✇♦r❦✐♥❣ t♦❣❡t❤❡r t♦ ✜❧❧ t❤❡ t❛♥❦❄

❊①❡r❝✐s❡ ✽✳✽✳✶✽
❖♥❡ ♣✐♣❡ ❝❛♥ ❞r❛✐♥ ❛ ♣♦♦❧ ✐♥ ✶✷ ❤♦✉rs✳ ❆♥♦t❤❡r ♣✐♣❡ ❝❛♥ ❞r❛✐♥ t❤❡ ♣♦♦❧ ✐♥ ✶✺ ❤♦✉rs✳ ❍♦✇ ❧♦♥❣
❞♦❡s ✐t t❛❦❡ ❜♦t❤ ♣✐♣❡s ✇♦r❦✐♥❣ t♦❣❡t❤❡r t♦ ❞r❛✐♥ t❤❡ ♣♦♦❧❄

❊①❡r❝✐s❡ ✽✳✽✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✹✳✮

❆ ❢❛✉❝❡t ❝❛♥ ✜❧❧ ❛ ❜❛t❤r♦♦♠ s✐♥❦ ✐♥ ✶ ♠✐♥✉t❡✳ ❚❤❡ ❞r❛✐♥ ❝❛♥ ❡♠♣t② t❤❡ s✐♥❦ ✐♥ ✷ ♠✐♥✉t❡s✳ ■❢ ❜♦t❤
t❤❡ ❢❛✉❝❡t ❛♥❞ ❞r❛✐♥ ❛r❡ ♦♣❡♥✱ ❤♦✇ ❧♦♥❣ ✇✐❧❧ ✐t t❛❦❡ t♦ ✜❧❧ t❤❡ s✐♥❦❄

❊①❡r❝✐s❡ ✽✳✽✳✷✵
❆ ❢❛✉❝❡t ❝❛♥ ✜❧❧ ❛ ❜❛t❤t✉❜ ✐♥ 6 1

2 ♠✐♥✉t❡s✳ ❚❤❡ ❞r❛✐♥ ❝❛♥ ❡♠♣t② t❤❡ t✉❜ ✐♥ 8 1
3 ♠✐♥✉t❡s✳ ■❢ ❜♦t❤ t❤❡

❢❛✉❝❡t ❛♥❞ ❞r❛✐♥ ❛r❡ ♦♣❡♥✱ ❤♦✇ ❧♦♥❣ ✇✐❧❧ ✐t t❛❦❡ t♦ ✜❧❧ t❤❡ ❜❛t❤t✉❜❄

❊①❡r❝✐s❡ ✽✳✽✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✹✳✮

❆♥ ✐♥❧❡t ♣✐♣❡ ❝❛♥ ✜❧❧ ❛ t❛♥❦ ✐♥ ✺ ❤♦✉rs✳ ❆♥ ♦✉t❧❡t ♣✐♣❡ ❝❛♥ ❡♠♣t② t❤❡ t❛♥❦ ✐♥ ✹ ❤♦✉rs✳ ■❢ ❜♦t❤
♣✐♣❡s ❛r❡ ♦♣❡♥✱ ❝❛♥ t❤❡ t❛♥❦ ❜❡ ✜❧❧❡❞❄ ❊①♣❧❛✐♥✳

❊①❡r❝✐s❡ ✽✳✽✳✷✷
❆♥ ✐♥❧❡t ♣✐♣❡ ❝❛♥ ✜❧❧ ❛ t❛♥❦ ✐♥ a ✉♥✐ts ♦❢ t✐♠❡✳ ❆♥ ♦✉t❧❡t ♣✐♣❡ ❝❛♥ ❡♠♣t② t❤❡ t❛♥❦ ✐♥ b ✉♥✐ts ♦❢
t✐♠❡✳ ■❢ ❜♦t❤ ♣✐♣❡s ❛r❡ ♦♣❡♥✱ ❤♦✇ ♠❛♥② ✉♥✐ts ♦❢ t✐♠❡ ❛r❡ r❡q✉✐r❡❞ t♦ ✜❧❧ t❤❡ t❛♥❦❄ ❆r❡ t❤❡r❡ ❛♥②
r❡str✐❝t✐♦♥s ♦♥ a ❛♥❞ b ❄

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✸✷ ❈❍❆P❚❊❘ ✽✳ ❘❆❚■❖◆❆▲ ❊❳P❘❊❙❙■❖◆❙

❊①❡r❝✐s❡ ✽✳✽✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✹✳✮

❆ ❞❡❧✐✈❡r② ❜♦②✱ ✇♦r❦✐♥❣ ❛❧♦♥❡✱ ❝❛♥ ❞❡❧✐✈❡r ❛❧❧ ❤✐s ❣♦♦❞s ✐♥ ✻ ❤♦✉rs✳ ❆♥♦t❤❡r ❞❡❧✐✈❡r② ❜♦②✱ ✇♦r❦✐♥❣
❛❧♦♥❡✱ ❝❛♥ ❞❡❧✐✈❡r t❤❡ s❛♠❡ ❣♦♦❞s ✐♥ ✺ ❤♦✉rs✳ ❍♦✇ ❧♦♥❣ ✇✐❧❧ ✐t t❛❦❡ t❤❡ ❜♦②s t♦ ❞❡❧✐✈❡r ❛❧❧ t❤❡ ❣♦♦❞s
✇♦r❦✐♥❣ t♦❣❡t❤❡r❄

❊①❡r❝✐s❡ ✽✳✽✳✷✹
❆ ❙♣❛❝❡ ❙❤✉tt❧❡ ❛str♦♥❛✉t ❝❛♥ ♣❡r❢♦r♠ ❛ ❝❡rt❛✐♥ ❡①♣❡r✐♠❡♥t ✐♥ ✷ ❤♦✉rs✳ ❆♥♦t❤❡r ❙♣❛❝❡ ❙❤✉tt❧❡
❛str♦♥❛✉t ✇❤♦ ✐s ♥♦t ❛s ❢❛♠✐❧✐❛r ✇✐t❤ t❤❡ ❡①♣❡r✐♠❡♥t ❝❛♥ ♣❡r❢♦r♠ ✐t ✐♥ 2 1

2 ❤♦✉rs✳ ❲♦r❦✐♥❣ t♦❣❡t❤❡r✱
❤♦✇ ❧♦♥❣ ✇✐❧❧ ✐t t❛❦❡ ❜♦t❤ ❛str♦♥❛✉ts t♦ ♣❡r❢♦r♠ t❤❡ ❡①♣❡r✐♠❡♥t❄

❊①❡r❝✐s❡ ✽✳✽✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✹✳✮

❖♥❡ ♣❡rs♦♥ ❝❛♥ ❝♦♠♣❧❡t❡ ❛ t❛s❦ ✽ ❤♦✉rs s♦♦♥❡r t❤❛♥ ❛♥♦t❤❡r ♣❡rs♦♥✳ ❲♦r❦✐♥❣ t♦❣❡t❤❡r✱ ❜♦t❤ ♣❡♦♣❧❡
❝❛♥ ♣❡r❢♦r♠ t❤❡ t❛s❦ ✐♥ ✸ ❤♦✉rs✳ ❍♦✇ ♠❛♥② ❤♦✉rs ❞♦❡s ✐t t❛❦❡ ❡❛❝❤ ♣❡rs♦♥ t♦ ❝♦♠♣❧❡t❡ t❤❡ t❛s❦
✇♦r❦✐♥❣ ❛❧♦♥❡❄

❊①❡r❝✐s❡ ✽✳✽✳✷✻
❋✐♥❞ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ✐♥t❡❣❡rs s✉❝❤ t❤❛t t✇♦ t❤✐r❞s ♦❢ t❤❡ s♠❛❧❧❡r ♥✉♠❜❡r ❛❞❞❡❞ t♦ t❤❡ ♦t❤❡r ②✐❡❧❞s
✶✶✳

❊①❡r❝✐s❡ ✽✳✽✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✹✳✮

❋✐♥❞ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ✐♥t❡❣❡rs s✉❝❤ t❤❛t t❤r❡❡ ❢♦✉rt❤s ♦❢ t❤❡ s♠❛❧❧❡r ♥✉♠❜❡r ❛❞❞❡❞ t♦ t❤❡ ♦t❤❡r
②✐❡❧❞s ✷✾✳

❊①❡r❝✐s❡ ✽✳✽✳✷✽
❚❤❡ ✇✐❞t❤ ♦❢ ❛ r❡❝t❛♥❣❧❡ ✐s 2

5 ✐ts ❧❡♥❣t❤✳ ❋✐♥❞ t❤❡ ❞✐♠❡♥s✐♦♥s ✐❢ t❤❡ ♣❡r✐♠❡t❡r ✐s ✹✷ ♠❡t❡rs✳

❊①❡r❝✐s❡ ✽✳✽✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✹✳✮

❚❤❡ ✇✐❞t❤ ♦❢ ❛ r❡❝t❛♥❣❧❡ ✐s 3
7 t❤❡ ❧❡♥❣t❤✳ ❋✐♥❞ t❤❡ ❞✐♠❡♥s✐♦♥s ✐❢ t❤❡ ♣❡r✐♠❡t❡r ✐s ✻✵ ❢❡❡t✳

❊①❡r❝✐s❡ ✽✳✽✳✸✵
❚✇♦ s✐❞❡s ♦❢ ❛ tr✐❛♥❣❧❡ ❤❛✈❡ t❤❡ s❛♠❡ ❧❡♥❣t❤✳ ❚❤❡ t❤✐r❞ s✐❞❡ ✐s t✇✐❝❡ ❛s ❧♦♥❣ ❛s ❡✐t❤❡r ♦❢ t❤❡ ♦t❤❡r
t✇♦ s✐❞❡s✳ ❚❤❡ ♣❡r✐♠❡t❡r ♦❢ t❤❡ tr✐❛♥❣❧❡ ✐s ✺✻ ✐♥❝❤❡s✳ ❲❤❛t ✐s t❤❡ ❧❡♥❣t❤ ♦❢ ❡❛❝❤ s✐❞❡❄

❊①❡r❝✐s❡ ✽✳✽✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✹✳✮

■♥ ❛ tr✐❛♥❣❧❡✱ t❤❡ s❡❝♦♥❞ s✐❞❡ ✐s ✸ ✐♥❝❤❡s ❧♦♥❣❡r t❤❛♥ ✜rst s✐❞❡✳ ❚❤❡ t❤✐r❞ s✐❞❡ ✐s 3
4 t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡

s❡❝♦♥❞ s✐❞❡✳ ■❢ t❤❡ ♣❡r✐♠❡t❡r ✐s ✸✵ ✐♥❝❤❡s✱ ❤♦✇ ❧♦♥❣ ✐s ❡❛❝❤ s✐❞❡❄

❊①❡r❝✐s❡ ✽✳✽✳✸✷
❚❤❡ ♣r❡ss✉r❡ ❞✉❡ t♦ s✉r❢❛❝❡ t❡♥s✐♦♥ ✐♥ ❛ s♣❤❡r✐❝❛❧ ❞r♦♣ ♦❢ ❧✐q✉✐❞ ✐s ❣✐✈❡♥ ❜② P = 2T

r , ✇❤❡r❡ T ✐s
t❤❡ s✉r❢❛❝❡ t❡♥s✐♦♥ ♦❢ t❤❡ ❧✐q✉✐❞ ❛♥❞ r ✐s t❤❡ r❛❞✐✉s ♦❢ t❤❡ ❞r♦♣✳ ■❢ t❤❡ ❧✐q✉✐❞ ✐s ❛ ❜✉❜❜❧❡✱ ✐t ❤❛s t✇♦
s✉r❢❛❝❡s ❛♥❞ t❤❡ s✉r❢❛❝❡ t❡♥s✐♦♥ ✐s ❣✐✈❡♥ ❜②

P =
2T

r
+

2T

r
=

4T

r

✭❛✮ ❉❡t❡r♠✐♥❡ t❤❡ ♣r❡ss✉r❡ ❞✉❡ t♦ s✉r❢❛❝❡ t❡♥s✐♦♥ ✇✐t❤✐♥ ❛ s♦❛♣ ❜✉❜❜❧❡ ♦❢ r❛❞✐✉s ✷ ✐♥❝❤❡s ❛♥❞
s✉r❢❛❝❡ t❡♥s✐♦♥ ✷✽✳
✭❜✮ ❉❡t❡r♠✐♥❡ t❤❡ r❛❞✐✉s ♦❢ ❛ ❜✉❜❜❧❡ ✐❢ t❤❡ ♣r❡ss✉r❡ ❞✉❡ t♦ s✉r❢❛❝❡ t❡♥s✐♦♥ ✐s ✺✷ ❛♥❞ t❤❡ s✉r❢❛❝❡
t❡♥s✐♦♥ ✐s ✸✾✳

❊①❡r❝✐s❡ ✽✳✽✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✹✳✮

❚❤❡ ❡q✉❛t✐♦♥ 1
p + 1

q = 1
f r❡❧❛t❡s t❤❡ ❞✐st❛♥❝❡ p ♦❢ ❛♥ ♦❜❥❡❝t ❢r♦♠ ❛ ❧❡♥s ❛♥❞ t❤❡ ✐♠❛❣❡ ❞✐st❛♥❝❡ q

❢r♦♠ t❤❡ ❧❡♥s t♦ t❤❡ ❢♦❝❛❧ ❧❡♥❣t❤ f ♦❢ t❤❡ ❧❡♥s✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✸✸

✭❛✮ ❉❡t❡r♠✐♥❡ t❤❡ ❢♦❝❛❧ ❧❡♥❣t❤ ♦❢ ❛ ❧❡♥s ✐♥ ✇❤✐❝❤ ❛♥ ♦❜❥❡❝t ✶✵ ❢❡❡t ❛✇❛② ♣r♦❞✉❝❡s ❛♥ ✐♠❛❣❡ ✻
❢❡❡t ❛✇❛②✳
✭❜✮ ❉❡t❡r♠✐♥❡ ❤♦✇ ❢❛r ❛♥ ♦❜❥❡❝t ✐s ❢r♦♠ ❛ ❧❡♥s ✐❢ t❤❡ ❢♦❝❛❧ ❧❡♥❣t❤ ♦❢ t❤❡ ❧❡♥s ✐s ✻ ✐♥❝❤❡s ❛♥❞ t❤❡
✐♠❛❣❡ ❞✐st❛♥❝❡ ✐s ✶✵ ✐♥❝❤❡s✳
✭❝✮ ❉❡t❡r♠✐♥❡ ❤♦✇ ❢❛r ❛♥ ✐♠❛❣❡ ✇✐❧❧ ❜❡ ❢r♦♠ ❛ ❧❡♥s t❤❛t ❤❛s ❛ ❢♦❝❛❧ ❧❡♥❣t❤ ♦❢ 4 4

5 ❝♠ ❛♥❞ t❤❡ ♦❜❥❡❝t
✐s ✶✷ ❝♠ ❛✇❛② ❢r♦♠ t❤❡ ❧❡♥s✳

❊①❡r❝✐s❡ ✽✳✽✳✸✹
P❡rs♦♥ ❆ ❝❛♥ ❝♦♠♣❧❡t❡ ❛ t❛s❦ ✐♥ ✹ ❤♦✉rs✱ ♣❡rs♦♥ ❇ ❝❛♥ ❝♦♠♣❧❡t❡ t❤❡ t❛s❦ ✐♥ ✻ ❤♦✉rs✱ ❛♥❞ ♣❡rs♦♥ ❈
❝❛♥ ❝♦♠♣❧❡t❡ t❤❡ t❛s❦ ✐♥ ✸ ❤♦✉rs✳ ■❢ ❛❧❧ t❤r❡❡ ♣❡♦♣❧❡ ❛r❡ ✇♦r❦✐♥❣ t♦❣❡t❤❡r✱ ❤♦✇ ❧♦♥❣ ✇✐❧❧ ✐t t❛❦❡ t♦
❝♦♠♣❧❡t❡ t❤❡ t❛s❦❄

❊①❡r❝✐s❡ ✽✳✽✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✹✳✮

❚❤r❡❡ ✐♥❧❡t ♣✐♣❡s ❝❛♥ ✜❧❧ ❛ st♦r❛❣❡ t❛♥❦ ✐♥ ✹✱ ✻✱ ❛♥❞ ✽ ❤♦✉rs✱ r❡s♣❡❝t✐✈❡❧②✳ ❍♦✇ ❧♦♥❣ ✇✐❧❧ ✐t t❛❦❡ ❛❧❧
t❤r❡❡ ♣✐♣❡s t♦ ✜❧❧ t❤❡ t❛♥❦❄

❊①❡r❝✐s❡ ✽✳✽✳✸✻
❆♥ ✐♥❧❡t ♣✐♣❡ ❝❛♥ ✜❧❧ ❛ t❛♥❦ ✐♥ ✶✵ ❤♦✉rs✳ ❚❤❡ t❛♥❦ ❤❛s t✇♦ ❞r❛✐♥ ♣✐♣❡s✱ ❡❛❝❤ ♦❢ ✇❤✐❝❤ ❝❛♥ ❡♠♣t②
t❤❡ t❛♥❦ ✐♥ ✸✵ ❤♦✉rs✳ ■❢ ❛❧❧ t❤r❡❡ ♣✐♣❡s ❛r❡ ♦♣❡♥✱ ❝❛♥ t❤❡ t❛♥❦ ❜❡ ✜❧❧❡❞❄ ■❢ s♦✱ ❤♦✇ ❧♦♥❣ ✇✐❧❧ ✐t t❛❦❡❄

❊①❡r❝✐s❡ ✽✳✽✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✹✳✮

❆♥ ✐♥❧❡t ♣✐♣❡ ❝❛♥ ✜❧❧ ❛ t❛♥❦ ✐♥ ✹ ❤♦✉rs✳ ❚❤❡ t❛♥❦ ❤❛s t❤r❡❡ ❞r❛✐♥ ♣✐♣❡s✳ ❚✇♦ ♦❢ t❤❡ ❞r❛✐♥ ♣✐♣❡s
❝❛♥ ❡♠♣t② t❤❡ t❛♥❦ ✐♥ ✶✷ ❤♦✉rs✱ ❛♥❞ t❤❡ t❤✐r❞ ❝❛♥ ❡♠♣t② t❤❡ t❛♥❦ ✐♥ ✷✵ ❤♦✉rs✳ ■❢ ❛❧❧ ❢♦✉r ♣✐♣❡s ❛r❡
♦♣❡♥✱ ❝❛♥ t❤❡ t❛♥❦ ❜❡ ✜❧❧❡❞❄ ■❢ s♦✱ ❤♦✇ ❧♦♥❣ ✇✐❧❧ ✐t t❛❦❡❄

✽✳✽✳✶✻ ❊①❡r❝✐s❡s ❋♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✽✳✽✳✸✽
✭❙❡❝t✐♦♥ ✻✳✽✮ ❋❛❝t♦r 12a2 + 13a − 4.

❊①❡r❝✐s❡ ✽✳✽✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✹✳✮

✭❙❡❝t✐♦♥ ✼✳✺✮ ❋✐♥❞ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ❧✐♥❡ ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ ♣♦✐♥ts (4,−3) ❛♥❞ (1,−6) .

❊①❡r❝✐s❡ ✽✳✽✳✹✵
✭❙❡❝t✐♦♥ ✽✳✹✮ ❋✐♥❞ t❤❡ q✉♦t✐❡♥t✿ 2x2−11x−6

x2−2x−24 ÷ 2x2−3x−2
x2+2x−8 .

❊①❡r❝✐s❡ ✽✳✽✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✹✳✮

✭❙❡❝t✐♦♥ ✽✳✻✮ ❋✐♥❞ t❤❡ ❞✐✛❡r❡♥❝❡✿ x+2
x2+5x+6 − x+1

x2+4x+3 .

❊①❡r❝✐s❡ ✽✳✽✳✹✷
✭❙❡❝t✐♦♥ ✽✳✼✮ ❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥ 9

2m−5 = −2.

✽✳✾ ❈♦♠♣❧❡① ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s ✾

✽✳✾✳✶ ❖✈❡r✈✐❡✇

• ❙✐♠♣❧❡ ❆♥❞ ❈♦♠♣❧❡① ❋r❛❝t✐♦♥s
• ❚❤❡ ❈♦♠❜✐♥❡✲❉✐✈✐❞❡ ▼❡t❤♦❞
• ❚❤❡ ▲❈❉✲▼✉❧t✐♣❧②✲❉✐✈✐❞❡ ▼❡t❤♦❞

✾❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✹✹✴✶✳✸✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✸✹ ❈❍❆P❚❊❘ ✽✳ ❘❆❚■❖◆❆▲ ❊❳P❘❊❙❙■❖◆❙

✽✳✾✳✷ ❙✐♠♣❧❡ ❆♥❞ ❈♦♠♣❧❡① ❋r❛❝t✐♦♥s

❙✐♠♣❧❡ ❋r❛❝t✐♦♥
■♥ ❙❡❝t✐♦♥ ❙❡❝t✐♦♥ ✽✳✷ ✇❡ s❛✇ t❤❛t ❛ s✐♠♣❧❡ ❢r❛❝t✐♦♥ ✇❛s ❛ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ❢♦r♠ P

Q , ✇❤❡r❡ P ❛♥❞ Q ❛r❡
♣♦❧②♥♦♠✐❛❧s ❛♥❞ Q 6= 0✳
❈♦♠♣❧❡① ❋r❛❝t✐♦♥
❆ ❝♦♠♣❧❡① ❢r❛❝t✐♦♥ ✐s ❛ ❢r❛❝t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ ♥✉♠❡r❛t♦r ♦r ❞❡♥♦♠✐♥❛t♦r✱ ♦r ❜♦t❤✱ ✐s ❛ ❢r❛❝t✐♦♥✳ ❚❤❡
❢r❛❝t✐♦♥s

8
15
2
3

❛♥❞
1− 1

x

1− 1
x2

❛r❡ ❡①❛♠♣❧❡s ♦❢ ❝♦♠♣❧❡① ❢r❛❝t✐♦♥s✱ ♦r ♠♦r❡ ❣❡♥❡r❛❧❧②✱ ❝♦♠♣❧❡① r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s✳
❚❤❡r❡ ❛r❡ t✇♦ ♠❡t❤♦❞s ❢♦r s✐♠♣❧✐❢②✐♥❣ ❝♦♠♣❧❡① r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s✿ t❤❡ ❝♦♠❜✐♥❡✲❞✐✈✐❞❡ ♠❡t❤♦❞ ❛♥❞ t❤❡

▲❈❉✲♠✉❧t✐♣❧②✲❞✐✈✐❞❡ ♠❡t❤♦❞✳

✽✳✾✳✸ ❚❤❡ ❈♦♠❜✐♥❡✲❉✐✈✐❞❡ ▼❡t❤♦❞

✶✳ ■❢ ♥❡❝❡ss❛r②✱ ❝♦♠❜✐♥❡ t❤❡ t❡r♠s ♦❢ t❤❡ ♥✉♠❡r❛t♦r t♦❣❡t❤❡r✳
✷✳ ■❢ ♥❡❝❡ss❛r②✱ ❝♦♠❜✐♥❡ t❤❡ t❡r♠s ♦❢ t❤❡ ❞❡♥♦♠✐♥❛t♦r t♦❣❡t❤❡r✳
✸✳ ❉✐✈✐❞❡ t❤❡ ♥✉♠❡r❛t♦r ❜② t❤❡ ❞❡♥♦♠✐♥❛t♦r✳

✽✳✾✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❙✐♠♣❧✐❢② ❡❛❝❤ ❝♦♠♣❧❡① r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥✳

❊①❛♠♣❧❡ ✽✳✶✵✾
x3

8
x5

12

❙t❡♣s ✶ ❛♥❞ ✷ ❛r❡ ♥♦t ♥❡❝❡ss❛r② s♦✇❡ ♣r♦❝❡❡❞✇✐t❤ st❡♣ ✸✳

x3

8
x5

12

= x3

8 · 12
x5 = )x3

)8
2

·
3

)12

x)52
= 3

2x2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✸✺

❊①❛♠♣❧❡ ✽✳✶✶✵
1− 1

x

1− 1
x2

❙t❡♣ ✶✿ ❈♦♠❜✐♥❡ t❤❡ t❡r♠s ♦❢ t❤❡ ♥✉♠❡r❛t♦r✿ ▲❈❉ = x✳

1 − 1
x = x

x − 1
x = x−1

x

❙t❡♣ ✷✿ ❈♦♠❜✐♥❡ t❤❡ t❡r♠s ♦❢ t❤❡ ❞❡♥♦♠✐♥❛t♦r✿ ▲❈❉ = x2

1 − 1
x2 = x2

x2 − 1
x2 = x2−1

x2

❙t❡♣ ✸✿ ❉✐✈✐❞❡ t❤❡ ♥✉♠❡r❛t♦r ❜② t❤❡ ❞❡♥♦♠✐♥❛t♦r✳

x−1
x

x2−1

x2

= x−1
x · x2

x2−1

= )x−1

)x

x)2

(x+1))(x−1)

= x
x+1

❚❤✉s✱

1− 1
x

1− 1
x2

= x
x+1

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❛♠♣❧❡ ✽✳✶✶✶
2− 13

m
− 7

m2

2+ 3
m

+ 1
m2

❙t❡♣ ✶✿ ❈♦♠❜✐♥❡ t❤❡ t❡r♠s ♦❢ t❤❡ ♥✉♠❡r❛t♦r✿ ▲❈❉ = m2✳

2 − 13
m − 7

m2 = 2m2

m2 − 13m
m2 − 7

m2 = 2m2−13m−7
m2

❙t❡♣ ✷✿ ❈♦♠❜✐♥❡ t❤❡ t❡r♠s ♦❢ t❤❡ ❞❡♥♦♠✐♥❛t♦r✿ ▲❈❉ = m2

2 + 3
m + 1

m2 = 2m2

m2 + 3m
m2 + 1

m2 = 2m2+3m+1
m2

❙t❡♣ ✸✿ ❉✐✈✐❞❡ t❤❡ ♥✉♠❡r❛t♦r ❜② t❤❡ ❞❡♥♦♠✐♥❛t♦r✳

2m2
−13m−7

m2

2m2+3m−1

m2

= 2m2−13m−7
m2 · m2

2m2+3m+1

= )(2m+1)(m−7)

)m2
· )m2

)(2m+1)(m+1)

= m−7
m+1

❚❤✉s✱

2− 13
m

− 7
m2

2+ 3
m

+ 1
m2

= m−7
m+1

✽✳✾✳✺ Pr❛❝t✐❝❡ ❙❡t ❆

❯s❡ t❤❡ ❝♦♠❜✐♥❡✲❞✐✈✐❞❡ ♠❡t❤♦❞ t♦ s✐♠♣❧✐❢② ❡❛❝❤ ❡①♣r❡ss✐♦♥✳

❊①❡r❝✐s❡ ✽✳✾✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✹✳✮
27x2

6
15x3

8

❊①❡r❝✐s❡ ✽✳✾✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✹✳✮
3− 1

x

3+ 1
x

❊①❡r❝✐s❡ ✽✳✾✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✺✳✮
1+ x

y

x− y2

x

❊①❡r❝✐s❡ ✽✳✾✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✺✳✮
m−3+ 2

m

m−4+ 3
m

❊①❡r❝✐s❡ ✽✳✾✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✺✳✮
1+ 1

x−1

1− 1
x−1

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✸✼

✽✳✾✳✻ ❚❤❡ ▲❈❉✲▼✉❧t✐♣❧②✲❉✐✈✐❞❡ ▼❡t❤♦❞

✶✳ ❋✐♥❞ t❤❡ ▲❈❉ ♦❢ ❛❧❧ t❤❡ t❡r♠s✳
✷✳ ▼✉❧t✐♣❧② t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ❜② t❤❡ ▲❈❉✳
✸✳ ❘❡❞✉❝❡ ✐❢ ♥❡❝❡ss❛r②✳

✽✳✾✳✼ ❙❛♠♣❧❡ ❙❡t ❇

❙✐♠♣❧✐❢② ❡❛❝❤ ❝♦♠♣❧❡① ❢r❛❝t✐♦♥✳

❊①❛♠♣❧❡ ✽✳✶✶✷

1− 4
a2

1+ 2
a

❙t❡♣ ✶✿ ❚❤❡ ▲❈❉ = a2✳

❙t❡♣ ✷✿ ▼✉❧t✐♣❧② ❜♦t❤ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ❜② a2✳

a2(1− 4
a2 )

a2(1+ 2
a )

=
a2 · 1−a2 · 4

a2

a2 · 1+a2 · 2
a

= a2−4
a2+2a

❙t❡♣ ✸✿ ❘❡❞✉❝❡✳

a2−4
a2+2a = )(a+2)(a−2)

a)(a+2)

= a−2
a

❚❤✉s✱

1− 4
a2

1+ 2
a

= a−2
a

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❛♠♣❧❡ ✽✳✶✶✸

1− 5
x
− 6

x2

1+ 6
x
+ 5

x2

❙t❡♣ 1 : ❚❤❡▲❈❉ ✐sx2.

❙t❡♣ 2 : ▼✉❧t✐♣❧② t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ❜② x2.

x2(1− 5
x
− 6

x2 )
x2(1+ 6

x
+ 5

x2 )
=

x2 · 1−x)2 · 5

)x
−)x2 · 6

)x2

x2 · 1+x)2 · 6

)x
+)x2 · 5

)x2

= x2−5x−6
x2+6x+5

❙t❡♣ 3 : ❘❡❞✉❝❡✳

x2−5x−6
x2+6x+5 = (x−6)(x+1)

(x+5)(x+1)

= x−6
x+5

❚❤✉s✱
1− 5

x
− 6

x2

1+ 6
x
+ 5

x2
= x−6

x+5

✽✳✾✳✽ Pr❛❝t✐❝❡ ❙❡t ❇

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s ❛r❡ t❤❡ s❛♠❡ ♣r♦❜❧❡♠s ❛s t❤❡ ♣r♦❜❧❡♠s ✐♥ Pr❛❝t✐❝❡ ❙❡t ❆✳ ❙✐♠♣❧✐❢② t❤❡s❡ ❡①♣r❡ss✐♦♥s
✉s✐♥❣ t❤❡ ▲❈❉✲♠✉❧t✐♣❧②✲❞✐✈✐❞❡ ♠❡t❤♦❞✳ ❈♦♠♣❛r❡ t❤❡ ❛♥s✇❡rs t♦ t❤❡ ❛♥s✇❡rs ♣r♦❞✉❝❡❞ ✐♥ Pr❛❝t✐❝❡ ❙❡t ❆✳

❊①❡r❝✐s❡ ✽✳✾✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✺✳✮
27x2

6
15x3

8

❊①❡r❝✐s❡ ✽✳✾✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✺✳✮
3− 1

x

3+ 1
x

❊①❡r❝✐s❡ ✽✳✾✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✺✳✮
1+ x

y

x− y2

x

❊①❡r❝✐s❡ ✽✳✾✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✺✳✮
m−3+ 2

m

m−4+ 3
m

❊①❡r❝✐s❡ ✽✳✾✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✺✳✮
1+ 1

x−1

1− 1
x−1

✽✳✾✳✾ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s✐♠♣❧✐❢② ❡❛❝❤ ❝♦♠♣❧❡① r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥✳

❊①❡r❝✐s❡ ✽✳✾✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✺✳✮
1+ 1

4

1− 1
4

❊①❡r❝✐s❡ ✽✳✾✳✶✷
1− 1

3

1+ 1
3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✸✾

❊①❡r❝✐s❡ ✽✳✾✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✺✳✮
1− 1

y

1+ 1
y

❊①❡r❝✐s❡ ✽✳✾✳✶✹
a+ 1

x

a− 1
x

❊①❡r❝✐s❡ ✽✳✾✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✺✳✮
a
b
+ c

b
a
b
− c

b

❊①❡r❝✐s❡ ✽✳✾✳✶✻
5
m

+ 4
m

5
m

− 4
m

❊①❡r❝✐s❡ ✽✳✾✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✺✳✮
3+ 1

x
3x+1

x2

❊①❡r❝✐s❡ ✽✳✾✳✶✽
1+ x

x+y

1− x
x+y

❊①❡r❝✐s❡ ✽✳✾✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✺✳✮
2+ 5

a+1

2− 5
a+1

❊①❡r❝✐s❡ ✽✳✾✳✷✵
1− 1

a−1

1+ 1
a−1

❊①❡r❝✐s❡ ✽✳✾✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✺✳✮
4− 1

m2

2+ 1
m

❊①❡r❝✐s❡ ✽✳✾✳✷✷
9− 1

x2

3− 1
x

❊①❡r❝✐s❡ ✽✳✾✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✺✳✮
k− 1

k
k+1

k

❊①❡r❝✐s❡ ✽✳✾✳✷✹
m

m+1−1
m+1

2

❊①❡r❝✐s❡ ✽✳✾✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✺✳✮
2xy

2x−y
−y

2x−y

3

❊①❡r❝✐s❡ ✽✳✾✳✷✻
1

a+b
− 1

a−b
1

a+b
+ 1

a−b

❊①❡r❝✐s❡ ✽✳✾✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✺✳✮
5

x+3− 5
x−3

5
x+3+ 5

x−3

❊①❡r❝✐s❡ ✽✳✾✳✷✽
2+ 1

y+1
1
y
+ 2

3

❊①❡r❝✐s❡ ✽✳✾✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✺✳✮
1

x2 − 1
y2

1
x
+ 1

y

❊①❡r❝✐s❡ ✽✳✾✳✸✵
1+ 5

x
+ 6

x2

1− 1
x
− 12

x2

❊①❡r❝✐s❡ ✽✳✾✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✺✳✮
1+ 1

y
− 2

y2

1+ 7
y
+ 10

y2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✽✳✾✳✸✷
3n
m

−2−m
n

3n
m

+4+ m
n

❊①❡r❝✐s❡ ✽✳✾✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✺✳✮
x− 4

3x−1

1− 2x−2
3x−1

❊①❡r❝✐s❡ ✽✳✾✳✸✹
y

x+y
− x

x−y
x

x+y
+ y

x−y

❊①❡r❝✐s❡ ✽✳✾✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✺✳✮
a

a−2− a
a+2

2a
a−2+ a2

a+2

❊①❡r❝✐s❡ ✽✳✾✳✸✻
3 − 2

1− 1
m+1

❊①❡r❝✐s❡ ✽✳✾✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✺✳✮
x− 1

1− 1
x

x+ 1

1+ 1
x

❊①❡r❝✐s❡ ✽✳✾✳✸✽
■♥ ❡❧❡❝tr✐❝✐t② t❤❡♦r②✱ ✇❤❡♥ t✇♦ r❡s✐st♦rs ♦❢ r❡s✐st❛♥❝❡ R1 ❛♥❞ R2 ♦❤♠s ❛r❡ ❝♦♥♥❡❝t❡❞ ✐♥ ♣❛r❛❧❧❡❧✱
t❤❡ t♦t❛❧ r❡s✐st❛♥❝❡ R ✐s

R = 1
1

R1
+ 1

R2

❲r✐t❡ t❤✐s ❝♦♠♣❧❡① ❢r❛❝t✐♦♥ ❛s ❛ s✐♠♣❧❡ ❢r❛❝t✐♦♥✳

❊①❡r❝✐s❡ ✽✳✾✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✺✳✮

❆❝❝♦r❞✐♥❣ t♦ ❊✐♥st❡✐♥✬s t❤❡♦r② ♦❢ r❡❧❛t✐✈✐t②✱ t✇♦ ✈❡❧♦❝✐t✐❡s v1 ❛♥❞ v2 ❛r❡ ♥♦t ❛❞❞❡❞ ❛❝❝♦r❞✐♥❣ t♦
v = v1 + v2✱ ❜✉t r❛t❤❡r ❜②

v = v1+v2

1+
v1v2

c2

❲r✐t❡ t❤✐s ❝♦♠♣❧❡① ❢r❛❝t✐♦♥ ❛s ❛ s✐♠♣❧❡ ❢r❛❝t✐♦♥✳

❊✐♥st❡✐♥✬s ❢♦r♠✉❧❛ ✐s r❡❛❧❧② ♦♥❧② ❛♣♣❧✐❝❛❧❡ ❢♦r ✈❡❧♦❝✐t✐❡s ♥❡❛r t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t
(c = 186, 000♠✐❧❡s ♣❡r s❡❝♦♥❞) . ❆t ✈❡r② ♠✉❝❤ ❧♦✇❡r ✈❡❧♦❝✐t✐❡s✱ s✉❝❤ ❛s ✺✵✵ ♠✐❧❡s ♣❡r ❤♦✉r✱
t❤❡ ❢♦r♠✉❧❛ v = v1 + v2 ♣r♦✈✐❞❡s ❛♥ ❡①tr❡♠❡❧② ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥✳

✽✳✾✳✶✵ ❊①❡r❝✐s❡s ❋♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✽✳✾✳✹✵
✭❙❡❝t✐♦♥ ✸✳✸✮ ❙✉♣♣❧② t❤❡ ♠✐ss✐♥❣ ✇♦r❞✳ ❆❜s♦❧✉t❡ ✈❛❧✉❡ s♣❡❛❦s t♦ t❤❡ q✉❡st✐♦♥ ♦❢ ❤♦✇
❛♥❞ ♥♦t ✏✇❤✐❝❤ ✇❛②✳✑

❊①❡r❝✐s❡ ✽✳✾✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✺✳✮

✭❙❡❝t✐♦♥ ✹✳✼✮ ❋✐♥❞ t❤❡ ♣r♦❞✉❝t✳ (3x + 4)
2
.

❊①❡r❝✐s❡ ✽✳✾✳✹✷
✭❙❡❝t✐♦♥ ✻✳✻✮ ❋❛❝t♦r x4 − y4.

❊①❡r❝✐s❡ ✽✳✾✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✺✳✮

✭❙❡❝t✐♦♥ ✽✳✼✮ ❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥ 3
x−1 − 5

x+3 = 0.

❊①❡r❝✐s❡ ✽✳✾✳✹✹
✭❙❡❝t✐♦♥ ✽✳✽✮ ❖♥❡ ✐♥❧❡t ♣✐♣❡ ❝❛♥ ✜❧❧ ❛ t❛♥❦ ✐♥ ✶✵ ♠✐♥✉t❡s✳ ❆♥♦t❤❡r ✐♥❧❡t ♣✐♣❡ ❝❛♥ ✜❧❧ t❤❡ s❛♠❡
t❛♥❦ ✐♥ ✹ ♠✐♥✉t❡s✳ ❍♦✇ ❧♦♥❣ ❞♦❡s ✐t t❛❦❡ ❜♦t❤ ♣✐♣❡s ✇♦r❦✐♥❣ t♦❣❡t❤❡r t♦ ✜❧❧ t❤❡ t❛♥❦❄

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✹✶

✽✳✶✵ ❉✐✈✐❞✐♥❣ P♦❧②♥♦♠✐❛❧s ✶✵

✽✳✶✵✳✶ ❖✈❡r✈✐❡✇

• ❉✐✈✐❞✐♥❣ ❛ P♦❧②♥♦♠✐❛❧ ❜② ❛ ▼♦♥♦♠✐❛❧
• ❚❤❡ Pr♦❝❡ss ♦❢ ❉✐✈✐s✐♦♥
• ❘❡✈✐❡✇ ♦❢ ❙✉❜tr❛❝t✐♦♥ ♦❢ P♦❧②♥♦♠✐❛❧s
• ❉✐✈✐❞✐♥❣ ❛ P♦❧②♥♦♠✐❛❧ ❜② ❛ P♦❧②♥♦♠✐❛❧

✽✳✶✵✳✷ ❉✐✈✐❞✐♥❣ ❆ P♦❧②♥♦♠✐❛❧ ❇② ❆ ▼♦♥♦♠✐❛❧

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡s ✐❧❧✉str❛t❡ ❤♦✇ t♦ ❞✐✈✐❞❡ ❛ ♣♦❧②♥♦♠✐❛❧ ❜② ❛ ♠♦♥♦♠✐❛❧✳ ❚❤❡ ❞✐✈✐s✐♦♥ ♣r♦❝❡ss ✐s q✉✐t❡
s✐♠♣❧❡ ❛♥❞ ✐s ❜❛s❡❞ ♦♥ ❛❞❞✐t✐♦♥ ♦❢ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s✳

a
c + b

c = a+b
c

❚✉r♥✐♥❣ t❤✐s ❡q✉❛t✐♦♥ ❛r♦✉♥❞ ✇❡ ❣❡t
a+b

c = a
c + b

c
◆♦✇ ✇❡ s✐♠♣❧② ❞✐✈✐❞❡ c ✐♥t♦ a✱ ❛♥❞ c ✐♥t♦ b✳ ❚❤✐s s❤♦✉❧❞ s✉❣❣❡st ❛ r✉❧❡✳

❉✐✈✐❞✐♥❣ ❛ P♦❧②♥♦♠✐❛❧ ❇② ❛ ▼♦♥♦♠✐❛❧
❚♦ ❞✐✈✐❞❡ ❛ ♣♦❧②♥♦♠✐❛❧ ❜② ❛ ♠♦♥♦♠✐❛❧✱ ❞✐✈✐❞❡ ❡✈❡r② t❡r♠ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❜② t❤❡ ♠♦♥♦♠✐❛❧✳

✽✳✶✵✳✸ ❙❛♠♣❧❡ ❙❡t ❆

❊①❛♠♣❧❡ ✽✳✶✶✹
3x2+x−11

x . ❉✐✈✐❞❡ ❡✈❡r② t❡r♠ ♦❢ 3x2 + x − 11 ❜② x.

3x2

x + x
x − 11

x = 3x + 1 − 11
x

❊①❛♠♣❧❡ ✽✳✶✶✺
8a3+4a2−16a+9

2a2 . ❉✐✈✐❞❡ ❡✈❡r② t❡r♠ ♦❢ 8a3 + 4a2 − 16a + 9 ❜② 2a2.

8a3

2a2 + 4a2

2a2 − 16a
2a2 + 9

2a2 = 4a + 2 − 8
a + 9

2a2

❊①❛♠♣❧❡ ✽✳✶✶✻
4b6−9b4−2b+5

−4b2 . ❉✐✈✐❞❡ ❡✈❡r② t❡r♠ ♦❢ 4b6 − 9b4 − 2b + 5 ❜②− 4b2.

4b6

−4b2 − 9b4

−4b2 − 2b
−4b2 + 5

−4b2 = −b4 + 9
4b2 + 1

2b − 5
4b2

✽✳✶✵✳✹ Pr❛❝t✐❝❡ ❙❡t ❆

P❡r❢♦r♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐✈✐s✐♦♥s✳

❊①❡r❝✐s❡ ✽✳✶✵✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✻✳✮
2x2+x−1

x

❊①❡r❝✐s❡ ✽✳✶✵✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✻✳✮
3x3+4x2+10x−4

x2

✶✵❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✹✻✴✶✳✸✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✽✳✶✵✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✻✳✮
a2b+3ab2+2b

ab

❊①❡r❝✐s❡ ✽✳✶✵✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✻✳✮
14x2y2−7xy

7xy

❊①❡r❝✐s❡ ✽✳✶✵✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✻✳✮
10m3n2+15m2n3−20mn

−5m

✽✳✶✵✳✺ ❚❤❡ Pr♦❝❡ss ❖❢ ❉✐✈✐s✐♦♥

■♥ ❙❡❝t✐♦♥ ❙❡❝t✐♦♥ ✽✳✸ ✇❡ st✉❞✐❡❞ t❤❡ ♠❡t❤♦❞ ♦❢ r❡❞✉❝✐♥❣ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❡ ♦❜s❡r✈❡❞
❤♦✇ t♦ r❡❞✉❝❡ ❛♥ ❡①♣r❡ss✐♦♥ s✉❝❤ ❛s

x2−2x−8
x2−3x−4
❖✉r ♠❡t❤♦❞ ✇❛s t♦ ❢❛❝t♦r ❜♦t❤ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r✱ t❤❡♥ ❞✐✈✐❞❡ ♦✉t ❝♦♠♠♦♥ ❢❛❝t♦rs✳
(x−4)(x+2)
(x−4)(x+1)

)(x−4)(x+2)

)(x−4)(x+1)
x+2
x+1
❲❤❡♥ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ❤❛✈❡ ♥♦ ❢❛❝t♦rs ✐♥ ❝♦♠♠♦♥✱ t❤❡ ❞✐✈✐s✐♦♥ ♠❛② st✐❧❧ ♦❝❝✉r✱ ❜✉t t❤❡

♣r♦❝❡ss ✐s ❛ ❧✐tt❧❡ ♠♦r❡ ✐♥✈♦❧✈❡❞ t❤❛♥ ♠❡r❡❧② ❢❛❝t♦r✐♥❣✳ ❚❤❡ ♠❡t❤♦❞ ♦❢ ❞✐✈✐❞✐♥❣ ♦♥❡ ♣♦❧②♥♦♠✐❛❧ ❜② ❛♥♦t❤❡r ✐s
♠✉❝❤ t❤❡ s❛♠❡ ❛s t❤❛t ♦❢ ❞✐✈✐❞✐♥❣ ♦♥❡ ♥✉♠❜❡r ❜② ❛♥♦t❤❡r✳ ❋✐rst✱ ✇❡✬❧❧ r❡✈✐❡✇ t❤❡ st❡♣s ✐♥ ❞✐✈✐❞✐♥❣ ♥✉♠❜❡rs✳

✶✳ 35
8 .❲❡ ❛r❡ t♦ ❞✐✈✐❞❡ ✸✺ ❜② ✽✳

✷✳ ❲❡ tr② ✹✱ s✐♥❝❡ ✸✷ ❞✐✈✐❞❡❞ ❜② ✽ ✐s ✹✳

✸✳ ▼✉❧t✐♣❧② ✹ ❛♥❞ ✽✳

✹✳ ❙✉❜tr❛❝t ✸✷ ❢r♦♠ ✸✺✳

✺✳ ❙✐♥❝❡ t❤❡ r❡♠❛✐♥❞❡r ✸ ✐s ❧❡ss t❤❛♥ t❤❡ ❞✐✈✐s♦r ✽✱ ✇❡ ❛r❡ ❞♦♥❡ ✇✐t❤ t❤❡ ✸✷ ❞✐✈✐s✐♦♥✳
✻✳ 4 3

8 . ❚❤❡ q✉♦t✐❡♥t ✐s ❡①♣r❡ss❡❞ ❛s ❛ ♠✐①❡❞ ♥✉♠❜❡r✳

❚❤❡ ♣r♦❝❡ss ✇❛s t♦ ❞✐✈✐❞❡✱ ♠✉❧t✐♣❧②✱ ❛♥❞ s✉❜tr❛❝t✳

✽✳✶✵✳✻ ❘❡✈✐❡✇ ❖❢ ❙✉❜tr❛❝t✐♦♥ ❖❢ P♦❧②♥♦♠✐❛❧s

❆ ✈❡r② ✐♠♣♦rt❛♥t st❡♣ ✐♥ t❤❡ ♣r♦❝❡ss ♦❢ ❞✐✈✐❞✐♥❣ ♦♥❡ ♣♦❧②♥♦♠✐❛❧ ❜② ❛♥♦t❤❡r ✐s s✉❜tr❛❝t✐♦♥ ♦❢ ♣♦❧②♥♦♠✐❛❧s✳
▲❡t✬s r❡✈✐❡✇ t❤❡ ♣r♦❝❡ss ♦❢ s✉❜tr❛❝t✐♦♥ ❜② ♦❜s❡r✈✐♥❣ ❛ ❢❡✇ ❡①❛♠♣❧❡s✳

✶✳ ❙✉❜tr❛❝t x − 2 ❢r♦♠ x − 5; t❤❛t ✐s✱ ✜♥❞ (x − 5) − (x − 2) .

❙✐♥❝❡ x−2 ✐s ♣r❡❝❡❞❡❞ ❜② ❛ ♠✐♥✉s s✐❣♥✱ r❡♠♦✈❡ t❤❡ ♣❛r❡♥t❤❡s❡s✱ ❝❤❛♥❣❡ t❤❡ s✐❣♥ ♦❢ ❡❛❝❤ t❡r♠✱ t❤❡♥ ❛❞❞✳

x − 5

− (x − 2)
=

x − 5

−x + 2
−3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❚❤❡ r❡s✉❧t ✐s −3.
✷✳ ❙✉❜tr❛❝t x3 + 3x2 ❢r♦♠ x3 + 4x2 + x − 1.

❙✐♥❝❡ x3 + 3x2 ✐s ♣r❡❝❡❞❡❞ ❜② ❛ ♠✐♥✉s s✐❣♥✱ r❡♠♦✈❡ t❤❡ ♣❛r❡♥t❤❡s❡s✱ ❝❤❛♥❣❡ t❤❡ s✐❣♥ ♦❢ ❡❛❝❤ t❡r♠✱ t❤❡♥
❛❞❞✳

x3 + 4x2 + x − 1

−
(
x3 + 3x2

)

=

x3 + 4x2 + x − 1

−x3 − 3x2

x2+x−1

❚❤❡ r❡s✉❧t ✐s ①2 + x − 1.
✸✳ ❙✉❜tr❛❝t x2 + 3x ❢r♦♠ x2 + 1.

❲❡ ❝❛♥ ✇r✐t❡ x2 + 1 ❛s x2 + 0x + 1.

x2 + 1

−
(
x2 + 3x

)

=

x2 + 0x + 1

−
(
x2 + 3x

)

=

x2 + 0x + 1

−x2 − 3x
−3x+1

✽✳✶✵✳✼ ❉✐✈✐❞✐♥❣ ❆ P♦❧②♥♦♠✐❛❧ ❇② ❆ P♦❧②♥♦♠✐❛❧

◆♦✇ ✇❡✬❧❧ ♦❜s❡r✈❡ s♦♠❡ ❡①❛♠♣❧❡s ♦❢ ❞✐✈✐❞✐♥❣ ♦♥❡ ♣♦❧②♥♦♠✐❛❧ ❜② ❛♥♦t❤❡r✳ ❚❤❡ ♣r♦❝❡ss ✐s t❤❡ s❛♠❡ ❛s t❤❡
♣r♦❝❡ss ✉s❡❞ ✇✐t❤ ✇❤♦❧❡ ♥✉♠❜❡rs✿ ❞✐✈✐❞❡✱ ♠✉❧t✐♣❧②✱ s✉❜tr❛❝t✱ ❞✐✈✐❞❡✱ ♠✉❧t✐♣❧②✱ s✉❜tr❛❝t✱✳✳✳✳

❚❤❡ ❞✐✈✐s✐♦♥✱ ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ ❛♥❞ s✉❜tr❛❝t✐♦♥ t❛❦❡ ♣❧❛❝❡ ♦♥❡ t❡r♠ ❛t ❛ t✐♠❡✳ ❚❤❡ ♣r♦❝❡ss ✐s ❝♦♥❝❧✉❞❡❞
✇❤❡♥ t❤❡ ♣♦❧②♥♦♠✐❛❧ r❡♠❛✐♥❞❡r ✐s ♦❢ ❧❡ss❡r ❞❡❣r❡❡ t❤❛♥ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❞✐✈✐s♦r✳

✽✳✶✵✳✽ ❙❛♠♣❧❡ ❙❡t ❇

P❡r❢♦r♠ t❤❡ ❞✐✈✐s✐♦♥✳

❊①❛♠♣❧❡ ✽✳✶✶✼
x−5
x−2 . ❲❡❛r❡ t♦ ❞✐✈✐❞❡ x − 5 ❜②x − 2.

1 − 3
x−2

❚❤✉s✱

x−5
x−2 = 1 − 3

x−2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❛♠♣❧❡ ✽✳✶✶✽
x3+4x2+x−1

x+3 . ❲❡❛r❡ t♦ ❞✐✈✐❞❡x3 + 4x2 + x − 1 ❜②x + 3.

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✹✻ ❈❍❆P❚❊❘ ✽✳ ❘❆❚■❖◆❆▲ ❊❳P❘❊❙❙■❖◆❙

x2 + x − 2 + 5
x+3

❚❤✉s✱

x3+4x2+x−1
x+3 = x2 + x − 2 + 5

x+3

✽✳✶✵✳✾ Pr❛❝t✐❝❡ ❙❡t ❇

P❡r❢♦r♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐✈✐s✐♦♥s✳

❊①❡r❝✐s❡ ✽✳✶✵✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✻✳✮
x+6
x−1

❊①❡r❝✐s❡ ✽✳✶✵✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✻✳✮
x2+2x+5

x+3

❊①❡r❝✐s❡ ✽✳✶✵✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✻✳✮
x3+x2−x−2

x+8

❊①❡r❝✐s❡ ✽✳✶✵✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✻✳✮
x3+x2−3x+1

x2+4x−5

✽✳✶✵✳✶✵ ❙❛♠♣❧❡ ❙❡t ❈

❊①❛♠♣❧❡ ✽✳✶✶✾

❉✐✈✐❞❡ 2x3 − 4x + 1 ❜②x + 6.

2x3−4x+1
x+6

◆♦t✐❝❡ t❤❛t t❤❡x2 t❡r♠ ✐♥ t❤❡ ♥✉♠❡r❛t♦r ✐s♠✐ss✐♥❣✳

❲❡ ❝❛♥ ❛✈♦✐❞ ❛♥② ❝♦♥❢✉s✐♦♥ ❜②✇r✐t✐♥❣

2x3+0x2−4x+1
x+6 ❉✐✈✐❞❡✱♠✉❧t✐♣❧②✱ ❛♥❞ s✉❜tr❛❝t✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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2x3−4x+1
x+6 = 2x3 − 12x + 68 − 407

x+6

✽✳✶✵✳✶✶ Pr❛❝t✐❝❡ ❙❡t ❈

P❡r❢♦r♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐✈✐s✐♦♥s✳

❊①❡r❝✐s❡ ✽✳✶✵✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✻✳✮
x2−3
x+2

❊①❡r❝✐s❡ ✽✳✶✵✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✻✳✮
4x2−1
x−3

❊①❡r❝✐s❡ ✽✳✶✵✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✻✳✮
x3+2x+2

x−2

❊①❡r❝✐s❡ ✽✳✶✵✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✻✳✮
6x3+5x2−1

2x+3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✽✳✶✵✳✶✷ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ♣❡r❢♦r♠ t❤❡ ❞✐✈✐s✐♦♥s✳

❊①❡r❝✐s❡ ✽✳✶✵✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✻✳✮
6a+12

2

❊①❡r❝✐s❡ ✽✳✶✵✳✶✺
12b−6

3

❊①❡r❝✐s❡ ✽✳✶✵✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✻✳✮
8y−4
−4

❊①❡r❝✐s❡ ✽✳✶✵✳✶✼
21a−9
−3

❊①❡r❝✐s❡ ✽✳✶✵✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✻✳✮
3x2−6x

−3

❊①❡r❝✐s❡ ✽✳✶✵✳✶✾
4y2−2y

2y

❊①❡r❝✐s❡ ✽✳✶✵✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✻✳✮
9a2+3a

3a

❊①❡r❝✐s❡ ✽✳✶✵✳✷✶
20x2+10x

5x

❊①❡r❝✐s❡ ✽✳✶✵✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✻✳✮
6x3+2x2+8x

2x

❊①❡r❝✐s❡ ✽✳✶✵✳✷✸
26y3+13y2+39y

13y

❊①❡r❝✐s❡ ✽✳✶✵✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✻✳✮
a2b2+4a2b+6ab2−10ab

ab

❊①❡r❝✐s❡ ✽✳✶✵✳✷✺
7x3y+8x2y3+3xy4−4xy

xy

❊①❡r❝✐s❡ ✽✳✶✵✳✷✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✻✳✮
5x3y3−15x2y2+20xy

−5xy

❊①❡r❝✐s❡ ✽✳✶✵✳✷✼
4a2b3−8ab4+12ab2

−2ab2

❊①❡r❝✐s❡ ✽✳✶✵✳✷✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✻✳✮
6a2y2+12a2y+18a2

24a2

❊①❡r❝✐s❡ ✽✳✶✵✳✷✾
3c3y3+99c3y4−12c3y5

3c3y3

❊①❡r❝✐s❡ ✽✳✶✵✳✸✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✻✳✮
16ax2−20ax3+24ax4

6a4

❊①❡r❝✐s❡ ✽✳✶✵✳✸✶
21ay3−18ay2−15ay

6ay2

❊①❡r❝✐s❡ ✽✳✶✵✳✸✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✻✳✮
−14b2c2+21b3c3−28c3

−7a2c3

❊①❡r❝✐s❡ ✽✳✶✵✳✸✸
−30a2b4−35a2b3−25a2

−5b3

❊①❡r❝✐s❡ ✽✳✶✵✳✸✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✻✳✮
x+6
x−2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✽✳✶✵✳✸✺
y+7
y+1

❊①❡r❝✐s❡ ✽✳✶✵✳✸✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✻✳✮
x2−x+4

x+2

❊①❡r❝✐s❡ ✽✳✶✵✳✸✼
x2+2x−1

x+1

❊①❡r❝✐s❡ ✽✳✶✵✳✸✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✼✳✮
x2−x+3

x+1

❊①❡r❝✐s❡ ✽✳✶✵✳✸✾
x2+5x+5

x+5

❊①❡r❝✐s❡ ✽✳✶✵✳✹✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✼✳✮
x2−2
x+1

❊①❡r❝✐s❡ ✽✳✶✵✳✹✶
a2−6
a+2

❊①❡r❝✐s❡ ✽✳✶✵✳✹✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✼✳✮
y2+4
y+2

❊①❡r❝✐s❡ ✽✳✶✵✳✹✸
x2+36
x+6

❊①❡r❝✐s❡ ✽✳✶✵✳✹✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✼✳✮
x3−1
x+1

❊①❡r❝✐s❡ ✽✳✶✵✳✹✺
a3−8
a+2

❊①❡r❝✐s❡ ✽✳✶✵✳✹✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✼✳✮
x3−1
x−1

❊①❡r❝✐s❡ ✽✳✶✵✳✹✼
a3−8
a−2

❊①❡r❝✐s❡ ✽✳✶✵✳✹✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✼✳✮
x3+3x2+x−2

x−2

❊①❡r❝✐s❡ ✽✳✶✵✳✹✾
a3+2a2−a+1

a−3

❊①❡r❝✐s❡ ✽✳✶✵✳✺✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✼✳✮
a3+a+6

a−1

❊①❡r❝✐s❡ ✽✳✶✵✳✺✶
x3+2x+1

x−3

❊①❡r❝✐s❡ ✽✳✶✵✳✺✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✼✳✮
y3+3y2+4

y+2

❊①❡r❝✐s❡ ✽✳✶✵✳✺✸
y3+5y2−3

y−1

❊①❡r❝✐s❡ ✽✳✶✵✳✺✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✼✳✮
x3+3x2

x+3

❊①❡r❝✐s❡ ✽✳✶✵✳✺✺
a2+2a
a+2

❊①❡r❝✐s❡ ✽✳✶✵✳✺✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✼✳✮
x2−x−6
x2−2x−3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✽✳✶✵✳✺✼
a2+5a+4
a2−a−2

❊①❡r❝✐s❡ ✽✳✶✵✳✺✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✼✳✮
2y2+5y+3
y2−3y−4

❊①❡r❝✐s❡ ✽✳✶✵✳✺✾
3a2+4a−4
a2+3a+3

❊①❡r❝✐s❡ ✽✳✶✵✳✻✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✼✳✮
2x2−x+4

2x−1

❊①❡r❝✐s❡ ✽✳✶✵✳✻✶
3a2+4a+2

3a+4

❊①❡r❝✐s❡ ✽✳✶✵✳✻✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✼✳✮
6x2+8x−1

3x+4

❊①❡r❝✐s❡ ✽✳✶✵✳✻✸
20y2+15y−4

4y+3

❊①❡r❝✐s❡ ✽✳✶✵✳✻✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✼✳✮
4x3+4x2−3x−2

2x−1

❊①❡r❝✐s❡ ✽✳✶✵✳✻✺
9a3−18a2+8a−1

3a−2

❊①❡r❝✐s❡ ✽✳✶✵✳✻✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✼✳✮
4x4−4x3+2x2−2x−1

x−1

❊①❡r❝✐s❡ ✽✳✶✵✳✻✼
3y4+9y3−2y2−6y+4

y+3

❊①❡r❝✐s❡ ✽✳✶✵✳✻✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✼✳✮
3y2+3y+5
y2+y+1

❊①❡r❝✐s❡ ✽✳✶✵✳✻✾
2a2+4a+1
a2+2a+3

❊①❡r❝✐s❡ ✽✳✶✵✳✼✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✼✳✮
8z6−4z5−8z4+8z3+3z2−14z

2z−3

❊①❡r❝✐s❡ ✽✳✶✵✳✼✶
9a7+15a6+4a5−3a4−a3+12a2+a−5

3a+1

❊①❡r❝✐s❡ ✽✳✶✵✳✼✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✼✳✮
(
2x5 + 5x4 − 1

)
÷ (2x + 5)

❊①❡r❝✐s❡ ✽✳✶✵✳✼✸
(
6a4 − 2a3 − 3a2 + a + 4

)
÷ (3a − 1)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✺✶

✽✳✶✵✳✶✸ ❊①❡r❝✐s❡s ❋♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✽✳✶✵✳✼✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✼✳✮

✭❙❡❝t✐♦♥ ✽✳✹✮ ❋✐♥❞ t❤❡ ♣r♦❞✉❝t✳ x2+2x−8
x2−9 · 2x+6

4x−8 .

❊①❡r❝✐s❡ ✽✳✶✵✳✼✺
✭❙❡❝t✐♦♥ ✽✳✻✮ ❋✐♥❞ t❤❡ s✉♠✳ x−7

x+5 + x+4
x−2 .

❊①❡r❝✐s❡ ✽✳✶✵✳✼✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✼✳✮

✭❙❡❝t✐♦♥ ✽✳✼✮ ❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥ 1
x+3 + 1

x−3 = 1
x2−9 .

❊①❡r❝✐s❡ ✽✳✶✵✳✼✼
✭❙❡❝t✐♦♥ ✽✳✽✮ ❲❤❡♥ t❤❡ s❛♠❡ ♥✉♠❜❡r ✐s s✉❜tr❛❝t❡❞ ❢r♦♠ ❜♦t❤ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ♦❢
3
10 ✱ t❤❡ r❡s✉❧t ✐s 1

8 ✳ ❲❤❛t ✐s t❤❡ ♥✉♠❜❡r t❤❛t ✐s s✉❜tr❛❝t❡❞❄

❊①❡r❝✐s❡ ✽✳✶✵✳✼✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✼✳✮

✭❙❡❝t✐♦♥ ✽✳✾✮ ❙✐♠♣❧✐❢②
1

x+5
4

x2−25

.

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✽✳✶✶ ❙✉♠♠❛r② ♦❢ ❑❡② ❈♦♥❝❡♣ts ✶✶

✽✳✶✶✳✶ ❙✉♠♠❛r② ❖❢ ❑❡② ❈♦♥❝❡♣ts

❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥ ✭❙❡❝t✐♦♥ ✽✳✷✮
❆ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥ ✐s ❛♥ ❛❧❣❡❜r❛✐❝ ❡①♣r❡ss✐♦♥ t❤❛t ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s t❤❡ q✉♦t✐❡♥t ♦❢ t✇♦ ♣♦❧②♥♦♠✐❛❧s✳
❆♥ ❡①❛♠♣❧❡ ♦❢ ❛ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥ ✐s

x2+3x−1
7x−4

❉♦♠❛✐♥ ♦❢ ❛ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥ ✭❙❡❝t✐♦♥ ✽✳✷✮
❚❤❡ ❞♦♠❛✐♥ ♦❢ ❛ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥ ✐s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ✈❛❧✉❡s ❢♦r ✇❤✐❝❤ t❤❡ r❛t✐❝❧♥❛❧ ❡①♣r❡ss✐♦♥ ✐s ❞❡✜♥❡❞✳
❚❤❡s❡ ✈❛❧✉❡s ❝❛♥ ❜❡ ❢♦✉♥❞ ❜② ❞❡t❡r♠✐♥✐♥❣ t❤❡ ✈❛❧✉❡s t❤❛t ✇✐❧❧ ♥♦t ♣r♦❞✉❝❡ ③❡r♦ ✐♥ t❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ t❤❡
❡①♣r❡ss✐♦♥✳
❚❤❡ ❞♦♠❛✐♥ ♦❢ x+6

x+8 ✐s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ ♥✉♠❜❡rs ❡①❝❡♣t −8✳
❊q✉❛❧✐t② Pr♦♣❡rt② ♦❢ ❋r❛❝t✐♦♥ ✭❙❡❝t✐♦♥ ✽✳✷✮

✶✳ ■❢ a
b = c

d ✱ t❤❡♥ ad = bc✳
✷✳ ■❢ ad = bc✱ t❤❡♥ a

b = c
d ✳

◆❡❣❛t✐✈❡ Pr♦♣❡rt② ♦❢ ❋r❛❝t✐♦♥s ✭❙❡❝t✐♦♥ ✽✳✷✮
−a
b = a

−b = −a
b

❘❡❞✉❝✐♥❣ ❛ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥ ✭❙❡❝t✐♦♥ ✽✳✸✮

✶✳ ❋❛❝t♦r t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ❝♦♠♣❧❡t❡❧②✳
✷✳ ❉✐✈✐❞❡ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ❜② ❛♥② ❢❛❝t♦rs t❤❡② ❤❛✈❡ ✐♥ ❝♦♠♠♦♥✳

❈♦♠♠♦♥ ❈❛♥❝❡❧❧✐♥❣ ❊rr♦r ✭❙❡❝t✐♦♥ ✽✳✸✮
x+4
x+7 6= )x+4

)x+7
6= 4

7

❙✐♥❝❡ x ✐s ♥♦t ❛ ❝♦♠♠♦♥ ❢❛❝t♦r✱ ✐t ❝❛♥♥♦t ❜❡ ❝❛♥❝❡❧❧❡❞✳
▼✉❧t✐♣❧②✐♥❣ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s ✭❙❡❝t✐♦♥ ✽✳✹✮

✶✳ ❋❛❝t♦r ❛❧❧ ♥✉♠❡r❛t♦rs ❛♥❞ ❞❡♥♦♠✐♥❛t♦rs✳
✷✳ ❘❡❞✉❝❡ t♦ ❧♦✇❡st t❡r♠s ✜rst ❜② ❞✐✈✐❞✐♥❣ ♦✉t ❛❧❧ ❝♦♠♠♦♥ ❢❛❝t♦rs✳
✸✳ ▼✉❧t✐♣❧② ♥✉♠❡r❛t♦rs t♦❣❡t❤❡r✳
✹✳ ▼✉❧t✐♣❧② ❞❡♥♦♠✐♥❛t♦rs t♦❣❡t❤❡r✳

■t ✇✐❧❧ ❜❡ ♠♦r❡ ❝♦♥✈❡♥✐❡♥t t♦ ❧❡❛✈❡ t❤❡ ❞❡♥♦♠✐♥❛t♦r ✐♥ ❢❛❝t♦r❡❞ ❢♦r♠✳
❉✐✈✐s✐♦♥ ♦❢ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s ✭❙❡❝t✐♦♥ ✽✳✹✮
P
Q ÷ R

S = P
Q · S

R = P ·S
Q·R

❇✉✐❧❞✐♥❣ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s ✭❙❡❝t✐♦♥ ✽✳✺✮
P
Q · b

b = Pb
Qb

❇✉✐❧❞✐♥❣ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s ✐s ❡①❛❝t❧② t❤❡ ♦♣♣♦s✐t❡ ♦❢ r❡❞✉❝✐♥❣ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s✳ ■t ✐s ♦❢t❡♥ ✉s❡✲
❢✉❧ ✐♥ ❛❞❞✐♥❣ ♦r s✉❜tr❛❝t✐♥❣ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s✳
❚❤❡ ❜✉✐❧❞✐♥❣ ❢❛❝t♦r ♠❛② ❜❡ ❞❡t❡r♠✐♥❡❞ ❜② ❞✐✈✐❞✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ❞❡♥♦♠✐♥❛t♦r ✐♥t♦ t❤❡ ♥❡✇ ❞❡♥♦♠✐♥❛t♦r✳
❚❤❡ q✉♦t✐❡♥t ✇✐❧❧ ❜❡ t❤❡ ❜✉✐❧❞✐♥❣ ❢❛❝t♦r✳ ■t ✐s t❤✐s ❢❛❝t♦r t❤❛t ✇✐❧❧ ♠✉❧t✐♣❧② t❤❡ ♦r✐❣✐♥❛❧ ♥✉♠❡r❛t♦r✳
▲❡❛st ❈♦♠♠♦♥ ❉❡♥♦♠✐♥❛t♦r ▲❈❉ ✭❙❡❝t✐♦♥ ✽✳✺✮
❚❤❡ ▲❈❉ ✐s t❤❡ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❧❡❛st ❞❡❣r❡❡ ❞✐✈✐s✐❜❧❡ ❜② ❡❛❝❤ ❞❡♥♦♠✐♥❛t♦r✳ ■t ✐s ❢♦✉♥❞ ❛s ❢♦❧❧♦✇s✿

✶✳ ❋❛❝t♦r ❡❛❝❤ ❞❡♥♦♠✐♥❛t♦r✳ ❯s❡ ❡①♣♦♥❡♥ts ❢♦r r❡♣❡❛t❡❞ ❢❛❝t♦rs✳
✷✳ ❲r✐t❡ ❡❛❝❤ ❞✐✛❡r❡♥t ❢❛❝t♦r t❤❛t ❛♣♣❡❛rs✳ ■❢ ❛ ❢❛❝t♦r ❛♣♣❡❛rs ♠♦r❡ t❤❛♥ ♦♥❝❡✱ ✉s❡ ♦♥❧② t❤❡ ❢❛❝t♦r ✇✐t❤

t❤❡ ❤✐❣❤❡st ❡①♣♦♥❡♥t✳

✶✶❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✺✹✴✶✳✸✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✺✸

✸✳ ❚❤❡ ▲❈❉ ✐s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ❢❛❝t♦rs ✇r✐tt❡♥ ✐♥ st❡♣ ✷✳

❋✉♥❞❛♠❡♥t❛❧ ❘✉❧❡ ❢♦r ❆❞❞✐♥❣ ♦r ❙✉❜tr❛❝t✐♥❣ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s ✭❙❡❝t✐♦♥ ✽✳✻✮
❚♦ ❛❞❞ ♦r s✉❜tr❛❝t r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s ❝♦♥✈❡♥✐❡♥t❧②✱ t❤❡② s❤♦✉❧❞ ❤❛✈❡ t❤❡ s❛♠❡ ❞❡♥♦♠✐♥❛t♦r✳
❆❞❞✐♥❣ ❛♥❞ ❙✉❜tr❛❝t✐♥❣ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s ✭❙❡❝t✐♦♥ ✽✳✻✮

a
c + b

c = a+b
c ❛♥❞ a

c − b
c = a−b

c

◆♦t❡ t❤❛t ✇❡ ❝♦♠❜✐♥❡ ♦♥❧② t❤❡ ♥✉♠❡r❛t♦rs✳
❘❛t✐♦♥❛❧ ❊q✉❛t✐♦♥ ✭❙❡❝t✐♦♥ ✽✳✼✮
❆ r❛t✐♦♥❛❧ ❡q✉❛t✐♦♥ ✐s ❛ st❛t❡♠❡♥t t❤❛t t✇♦ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s ❛r❡ ❡q✉❛❧✳
❈❧❡❛r✐♥❣ ❛♥ ❊q✉❛t✐♦♥ ♦❢ ❋r❛❝t✐♦♥s ✭❙❡❝t✐♦♥ ✽✳✼✮
❚♦ ❝❧❡❛r ❛♥ ❡q✉❛t✐♦♥ ♦❢ ❢r❛❝t✐♦♥s✱ ♠✉❧t✐♣❧② ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❡q✉❛t✐♦♥ ❜② t❤❡ ▲❈❉✳ ❚❤✐s ❛♠♦✉♥ts t♦ ♠✉❧t✐♣❧②✐♥❣
❡✈❡r② t❡r♠ ❜② t❤❡ ▲❈❉✳
❙♦❧✈✐♥❣ ❛ ❘❛t✐♦♥❛❧ ❊q✉❛t✐♦♥ ✭❙❡❝t✐♦♥ ✽✳✼✮

✶✳ ❉❡t❡r♠✐♥❡ ❛❧❧ ✈❛❧✉❡s t❤❛t ♠✉st ❜❡ ❡①❝❧✉❞❡❞ ❛s s♦❧✉t✐♦♥s ❜② ✜♥❞✐♥❣ t❤❡ ✈❛❧✉❡s t❤❛t ♣r♦❞✉❝❡ ③❡r♦ ✐♥ t❤❡
❞❡♥♦♠✐♥❛t♦r✳

✷✳ ❈❧❡❛r t❤❡ ❡q✉❛t✐♦♥ ♦❢ ❢r❛❝t✐♦♥s ❜② ♠✉❧t✐♣❧②✐♥❣ ❡✈❡r② t❡r♠ ❜② t❤❡ ▲❈❉✳
✸✳ ❙♦❧✈❡ t❤✐s ♥♦♥❢r❛❝t✐♦♥❛❧ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ✈❛r✐❛❜❧❡✳ ❈❤❡❝❦ t♦ s❡❡ ✐❢ ❛♥② ♦❢ t❤❡s❡ ♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥s ❛r❡

❡①❝❧✉❞❡❞ ✈❛❧✉❡s✳
✹✳ ❈❤❡❝❦ t❤❡ s♦❧✉t✐♦♥ ❜② s✉❜st✐t✉t✐♦♥✳

❊①tr❛♥❡♦✉s ❙♦❧✉t✐♦♥ ✭❙❡❝t✐♦♥ ✽✳✼✮
❆ ♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥ t❤❛t ❤❛s ❜❡❡♥ ❡①❝❧✉❞❡❞ ❜❡❝❛✉s❡ ✐t ❝r❡❛t❡s ❛♥ ✉♥❞❡✜♥❡❞ ❡①♣r❡ss✐♦♥ ✭♣❡r❤❛♣s✱ ❞✐✈✐s✐♦♥
❜② ③❡r♦✮ ✐s ❝❛❧❧❡❞ ❛♥ ❡①tr❛♥❡♦✉s s♦❧✉t✐♦♥✳

✽✳✶✷ ❊①❡r❝✐s❡ ❙✉♣♣❧❡♠❡♥t ✶✷

✽✳✶✷✳✶ ❊①❡r❝✐s❡ ❙✉♣♣❧❡♠❡♥t

✽✳✶✷✳✶✳✶ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s ✭❙❡❝t✐♦♥ ✽✳✷✮

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✜♥❞ t❤❡ ❞♦♠❛✐♥ ♦❢ ❡❛❝❤ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥✳

❊①❡r❝✐s❡ ✽✳✶✷✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✼✳✮
9

x+4

❊①❡r❝✐s❡ ✽✳✶✷✳✷
10x
x+6

❊①❡r❝✐s❡ ✽✳✶✷✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✼✳✮
x+1
2x−5

❊①❡r❝✐s❡ ✽✳✶✷✳✹
2a+3
7a+5

❊①❡r❝✐s❡ ✽✳✶✷✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✼✳✮
3m

2m(m−1)

❊①❡r❝✐s❡ ✽✳✶✷✳✻
5r+6

9r(2r+1)

❊①❡r❝✐s❡ ✽✳✶✷✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✼✳✮
s

s(s+8)(4s+7)

✶✷❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✹✾✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✽✳✶✷✳✽
−11x

x2−9x+18

❊①❡r❝✐s❡ ✽✳✶✷✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✽✳✮
−y+5

12y2+28y−5

❊①❡r❝✐s❡ ✽✳✶✷✳✶✵
16

12a3+21a2−6a

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s❤♦✇ t❤❛t t❤❡ ❢r❛❝t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✳

❊①❡r❝✐s❡ ✽✳✶✷✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✽✳✮
−4
5 ,− 4

5

❊①❡r❝✐s❡ ✽✳✶✷✳✶✷
−3
8 ,− 3

8

❊①❡r❝✐s❡ ✽✳✶✷✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✽✳✮
−7
10 ,− 7

10

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✜❧❧ ✐♥ t❤❡ ♠✐ss✐♥❣ t❡r♠✳

❊①❡r❝✐s❡ ✽✳✶✷✳✶✹
− 3

y−5 = y−5

❊①❡r❝✐s❡ ✽✳✶✷✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✽✳✮

− 6a
2a+1 = 2a+1

❊①❡r❝✐s❡ ✽✳✶✷✳✶✻
−x+1

x−3 = x−3

❊①❡r❝✐s❡ ✽✳✶✷✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✽✳✮

− 9
−a+4 = a−4

❊①❡r❝✐s❡ ✽✳✶✷✳✶✽
y+3
−y−5 = y+5

❊①❡r❝✐s❡ ✽✳✶✷✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✽✳✮
−6m−7
−5m−1 = 6m+7

❊①❡r❝✐s❡ ✽✳✶✷✳✷✵
− 2r−5

7r+1 = 2r−5

✽✳✶✷✳✶✳✷ ❘❡❞✉❝✐♥❣ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s ✭❙❡❝t✐♦♥ ✽✳✸✮

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ r❡❞✉❝❡ t❤❡ r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s t♦ ❧♦✇❡st t❡r♠s✳

❊①❡r❝✐s❡ ✽✳✶✷✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✽✳✮
12

6x+24

❊①❡r❝✐s❡ ✽✳✶✷✳✷✷
16

4y−16

❊①❡r❝✐s❡ ✽✳✶✷✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✽✳✮
5m+25

10m2+15m

❊①❡r❝✐s❡ ✽✳✶✷✳✷✹
7+21r

7r2+28r

❊①❡r❝✐s❡ ✽✳✶✷✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✽✳✮
3a2+4a
5a3+6a2

❊①❡r❝✐s❡ ✽✳✶✷✳✷✻
4x−4

x2+2x−3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✽✳✶✷✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✽✳✮
5y+20
y2−16

❊①❡r❝✐s❡ ✽✳✶✷✳✷✽
4y3−12

y4−2y2−3

❊①❡r❝✐s❡ ✽✳✶✷✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✽✳✮
6a9−12a7

2a7−14a5

❊①❡r❝✐s❡ ✽✳✶✷✳✸✵
8x4y8+24x3y9

4x2y5−12x3y6

❊①❡r❝✐s❡ ✽✳✶✷✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✽✳✮
21y8z10w2

−7y7w2

❊①❡r❝✐s❡ ✽✳✶✷✳✸✷
−35a5b2c4d8

−5abc3d6

❊①❡r❝✐s❡ ✽✳✶✷✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✽✳✮
x2+9x+18

x3+3x2

❊①❡r❝✐s❡ ✽✳✶✷✳✸✹
a2−12a+35
2a4−14a3

❊①❡r❝✐s❡ ✽✳✶✷✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✽✳✮
y2−7y+12
y2−4y+3

❊①❡r❝✐s❡ ✽✳✶✷✳✸✻
m2−6m−16
m2−9m−22

❊①❡r❝✐s❡ ✽✳✶✷✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✽✳✮
12r2−7r−10
4r2−13r+10

❊①❡r❝✐s❡ ✽✳✶✷✳✸✽
14a2−5a−1
6a2+9a−6

❊①❡r❝✐s❡ ✽✳✶✷✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✽✳✮
4a4−8a3

4a2

❊①❡r❝✐s❡ ✽✳✶✷✳✹✵
5m2

10m3+5m2

❊①❡r❝✐s❡ ✽✳✶✷✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✽✳✮
−6a−1
−5a−2

❊①❡r❝✐s❡ ✽✳✶✷✳✹✷
−r

−5r−1

✽✳✶✷✳✶✳✸ ▼✉❧t✐♣❧②✐♥❣ ❛♥❞ ❉✐✈✐❞✐♥❣ ❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s ✭❙❡❝t✐♦♥ ✽✳✹✮ ✲ ❆❞❞✐♥❣ ❛♥❞ ❙✉❜tr❛❝t✐♥❣
❘❛t✐♦♥❛❧ ❊①♣r❡ss✐♦♥s ✭❙❡❝t✐♦♥ ✽✳✻✮

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ♣❡r❢♦r♠ t❤❡ ✐♥❞✐❝❛t❡❞ ♦♣❡r❛t✐♦♥s✳

❊①❡r❝✐s❡ ✽✳✶✷✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✽✳✮
x2

18 · 3
x3

❊①❡r❝✐s❡ ✽✳✶✷✳✹✹
4a2b3

15x4y5 · 10x6y3

ab2

❊①❡r❝✐s❡ ✽✳✶✷✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✽✳✮
x+6
x−1 · x+7

x+6

❊①❡r❝✐s❡ ✽✳✶✷✳✹✻
8a−12
3a+3 ÷ (a+1)2

4a−6

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✽✳✶✷✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✽✳✮
10m4−5m2

4r7+20r3 ÷ m
16r8+80r4

❊①❡r❝✐s❡ ✽✳✶✷✳✹✽
5

r+7 − 3
r+7

❊①❡r❝✐s❡ ✽✳✶✷✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✽✳✮
2a

3a−1 − 9a
3a−1

❊①❡r❝✐s❡ ✽✳✶✷✳✺✵
9x+7
4x−6 + 3x+2

4x−6

❊①❡r❝✐s❡ ✽✳✶✷✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✽✳✮
15y−4
8y+1 − 2y+1

8y+1

❊①❡r❝✐s❡ ✽✳✶✷✳✺✷
4

a+3 + 6
a−5

❊①❡r❝✐s❡ ✽✳✶✷✳✺✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✽✳✮
7a

a+6 + 5a
a−8

❊①❡r❝✐s❡ ✽✳✶✷✳✺✹
x+4
x−2 + x+7

x−1

❊①❡r❝✐s❡ ✽✳✶✷✳✺✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✽✳✮
2y+1
y+4 − y+6

y+1

❊①❡r❝✐s❡ ✽✳✶✷✳✺✻
x−3

(x+2)(x+4) + 2x−1
x+4

❊①❡r❝✐s❡ ✽✳✶✷✳✺✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✽✳✮
6a+5

(2a+1)(4a−3) + 4a+1
2a+1

❊①❡r❝✐s❡ ✽✳✶✷✳✺✽
4

x2+3x+2 + 9
x2+6x+8

❊①❡r❝✐s❡ ✽✳✶✷✳✺✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✾✳✮
6r

r2+7r−18 − −3r
r2−3r+2

❊①❡r❝✐s❡ ✽✳✶✷✳✻✵
y+3

y2−11y+10 − y+1
y2+3y−4

❊①❡r❝✐s❡ ✽✳✶✷✳✻✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✾✳✮
2a+5

16a2−1 − 6a+7
16a2−12a+2

❊①❡r❝✐s❡ ✽✳✶✷✳✻✷
7y+4

6y2−32y+32 + 6y−10
2y2−18y+40

❊①❡r❝✐s❡ ✽✳✶✷✳✻✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✾✳✮
x2−x−12
x2−3x+2 · x2+3x−4

x2−3x−18

❊①❡r❝✐s❡ ✽✳✶✷✳✻✹
y2−1

y2+9y+20 ÷ y2+5y−6
y2−16

❊①❡r❝✐s❡ ✽✳✶✷✳✻✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✾✳✮

(r + 3)
4 · r+4

(r+3)3

❊①❡r❝✐s❡ ✽✳✶✷✳✻✻
(b + 5)

3 · (b+1)2

(b+5)2

❊①❡r❝✐s❡ ✽✳✶✷✳✻✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✾✳✮

(x − 7)
4 ÷ (x−7)3

x+1

❊①❡r❝✐s❡ ✽✳✶✷✳✻✽
(4x + 9)

6 ÷ (4x+9)2

(3x+1)4

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✺✼

❊①❡r❝✐s❡ ✽✳✶✷✳✻✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✾✳✮

5x + 2x2+1
x−4

❊①❡r❝✐s❡ ✽✳✶✷✳✼✵
2y + 4y2+5

y−1

❊①❡r❝✐s❡ ✽✳✶✷✳✼✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✾✳✮
y2+4y+4

y2+10y+21 ÷ (y + 2)

❊①❡r❝✐s❡ ✽✳✶✷✳✼✷
2x − 3 + 4x2+x−1

x−1

❊①❡r❝✐s❡ ✽✳✶✷✳✼✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✾✳✮
3x+1

x2+3x+2 + 5x+6
x2+6x+5 − 3x−7

x2−2x−35

❊①❡r❝✐s❡ ✽✳✶✷✳✼✹
5a+3b

8a2+2ab−b2 − 3a−b
4a2−9ab+2b2 − a+5b

4a2+3ab−b2

❊①❡r❝✐s❡ ✽✳✶✷✳✼✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✾✳✮
3x2+6x+10
10x2+11x−6 + 2x2−4x+15

2x2−11x−21

✽✳✶✷✳✶✳✹ ❘❛t✐♦♥❛❧ ❊q✉❛t✐♦♥s ✭❙❡❝t✐♦♥ ✽✳✼✮

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s♦❧✈❡ t❤❡ r❛t✐♦♥❛❧ ❡q✉❛t✐♦♥s✳

❊①❡r❝✐s❡ ✽✳✶✷✳✼✻
4x
5 + 3x−1

15 = 29
25

❊①❡r❝✐s❡ ✽✳✶✷✳✼✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✾✳✮
6a
7 + 2a−3

21 = 77
21

❊①❡r❝✐s❡ ✽✳✶✷✳✼✽
5x−1

6 + 3x+4
9 = −8

9

❊①❡r❝✐s❡ ✽✳✶✷✳✼✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✾✳✮
4y−5

4 + 8y+1
6 = −69

12

❊①❡r❝✐s❡ ✽✳✶✷✳✽✵
4

x−1 + 7
x+2 = 43

x2+x−2

❊①❡r❝✐s❡ ✽✳✶✷✳✽✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✾✳✮
5

a+3 + 6
a−4 = 9

a2−a−12

❊①❡r❝✐s❡ ✽✳✶✷✳✽✷
−5
y−3 + 2

y−3 = 3
y−3

❊①❡r❝✐s❡ ✽✳✶✷✳✽✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✾✳✮
2m+5
m−8 + 9

m−8 = 30
m−8

❊①❡r❝✐s❡ ✽✳✶✷✳✽✹
r+6
r−1 − 3r+2

r−1 = −6
r−1

❊①❡r❝✐s❡ ✽✳✶✷✳✽✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✾✳✮
8b+1
b−7 − b+5

b−7 = 45
b−7

❊①❡r❝✐s❡ ✽✳✶✷✳✽✻
❙♦❧✈❡ z = x−x

x ❢♦r s.

❊①❡r❝✐s❡ ✽✳✶✷✳✽✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✾✳✮

❙♦❧✈❡ A = P (1 + rt) ❢♦r t.

❊①❡r❝✐s❡ ✽✳✶✷✳✽✽
❙♦❧✈❡ 1

R = 1
E + 1

F ❢♦rE.

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✽✳✶✷✳✽✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✾✳✮

❙♦❧✈❡ Q = 2mn
s+t ❢♦r t.

❊①❡r❝✐s❡ ✽✳✶✷✳✾✵
❙♦❧✈❡ I = E

R+r ❢♦r r.

✽✳✶✷✳✶✳✺ ❆♣♣❧✐❝❛t✐♦♥s ✭❙❡❝t✐♦♥ ✽✳✽✮

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✜♥❞ t❤❡ s♦❧✉t✐♦♥✳

❊①❡r❝✐s❡ ✽✳✶✷✳✾✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✾✳✮

❲❤❡♥ t❤❡ s❛♠❡ ♥✉♠❜❡r ✐s s✉❜tr❛❝t❡❞ ❢r♦♠ ❜♦t❤ t❡r♠s ♦❢ t❤❡ ❢r❛❝t✐♦♥ 7
12 , t❤❡ r❡s✉❧t ✐s 1

2 . ❲❤❛t ✐s
t❤❡ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✽✳✶✷✳✾✷
❲❤❡♥ t❤❡ s❛♠❡ ♥✉♠❜❡r ✐s ❛❞❞❡❞ t♦ ❜♦t❤ t❡r♠s ♦❢ t❤❡ ❢r❛❝t✐♦♥ 13

15 , t❤❡ r❡s✉❧t ✐s 8
9 . ❲❤❛t ✐s t❤❡

♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✽✳✶✷✳✾✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✾✳✮

❲❤❡♥ t❤r❡❡ ❢♦✉rt❤s ♦❢ ❛ ♥✉♠❜❡r ✐s ❛❞❞❡❞ t♦ t❤❡ r❡❝✐♣r♦❝❛❧ ♦❢ t❤❡ ♥✉♠❜❡r✱ t❤❡ r❡s✉❧t ✐s 173
16 . ❲❤❛t

✐s t❤❡ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✽✳✶✷✳✾✹
❲❤❡♥ ♦♥❡ t❤✐r❞ ♦❢ ❛ ♥✉♠❜❡r ✐s ❛❞❞❡❞ t♦ t❤❡ r❡❝✐♣r♦❝❛❧ ♦❢ t❤❡ ♥✉♠❜❡r✱ t❤❡ r❡s✉❧t ✐s −127

90 . ❲❤❛t ✐s
t❤❡ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✽✳✶✷✳✾✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✾✳✮

P❡rs♦♥ ❆ ✇♦r❦✐♥❣ ❛❧♦♥❡ ❝❛♥ ❝♦♠♣❧❡t❡ ❛ ❥♦❜ ✐♥ ✾ ❤♦✉rs✳ P❡rs♦♥ ❇ ✇♦r❦✐♥❣ ❛❧♦♥❡ ❝❛♥ ❝♦♠♣❧❡t❡ t❤❡
s❛♠❡ ❥♦❜ ✐♥ ✼ ❤♦✉rs✳ ❍♦✇ ❧♦♥❣ ✇✐❧❧ ✐t t❛❦❡ ❜♦t❤ ♣❡♦♣❧❡ t♦ ❝♦♠♣❧❡t❡ t❤❡ ❥♦❜ ✇♦r❦✐♥❣ t♦❣❡t❤❡r❄

❊①❡r❝✐s❡ ✽✳✶✷✳✾✻
❉❡❜❜✐❡ ❝❛♥ ❝♦♠♣❧❡t❡ ❛♥ ❛❧❣❡❜r❛ ❛ss✐❣♥♠❡♥t ✐♥ 3

4 ♦❢ ❛♥ ❤♦✉r✳ ❙❛♥❞✐✱ ✇❤♦ ♣❧❛②s ❤❡r r❛❞✐♦ ✇❤✐❧❡
✇♦r❦✐♥❣✱ ❝❛♥ ❝♦♠♣❧❡t❡ t❤❡ s❛♠❡ ❛ss✐❣♥♠❡♥t ✐♥ 1 1

4 ❤♦✉rs✳ ■❢ ❉❡❜❜✐❡ ❛♥❞ ❙❛♥❞✐ ✇♦r❦ t♦❣❡t❤❡r✱ ❤♦✇
❧♦♥❣ ✇✐❧❧ ✐t t❛❦❡ t❤❡♠ t♦ ❝♦♠♣❧❡t❡ t❤❡ ❛ss✐❣♥♠❡♥t❄

❊①❡r❝✐s❡ ✽✳✶✷✳✾✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✾✳✮

❆♥ ✐♥❧❡t ♣✐♣❡ ❝❛♥ ✜❧❧ ❛ t❛♥❦ ✐♥ ✻ ❤♦✉rs ❛♥❞ ❛♥ ♦✉t❧❡t ♣✐♣❡ ❝❛♥ ❞r❛✐♥ t❤❡ t❛♥❦ ✐♥ ✽ ❤♦✉rs✳ ■❢ ❜♦t❤
♣✐♣❡s ❛r❡ ♦♣❡♥✱ ❤♦✇ ❧♦♥❣ ✇✐❧❧ ✐t t❛❦❡ t♦ ✜❧❧ t❤❡ t❛♥❦❄

❊①❡r❝✐s❡ ✽✳✶✷✳✾✽
❚✇♦ ♣✐♣❡s ❝❛♥ ✜❧❧ ❛ t❛♥❦ ✐♥ ✹ ❛♥❞ ✺ ❤♦✉rs✱ r❡s♣❡❝t✐✈❡❧②✳ ❍♦✇ ❧♦♥❣ ✇✐❧❧ ✐t t❛❦❡ ❜♦t❤ ♣✐♣❡s t♦ ✜❧❧ t❤❡
t❛♥❦❄

❊①❡r❝✐s❡ ✽✳✶✷✳✾✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✾✳✮

❚❤❡ ♣r❡ss✉r❡ ❞✉❡ t♦ s✉r❢❛❝❡ t❡♥s✐♦♥ ✐♥ ❛ s♣❤❡r✐❝❛❧ ❜✉❜❜❧❡ ✐s ❣✐✈❡♥ ❜② P = 4T
r , ✇❤❡r❡ T ✐s t❤❡ s✉r❢❛❝❡

t❡♥s✐♦♥ ♦❢ t❤❡ ❧✐q✉✐❞✱ ❛♥❞ r ✐s t❤❡ r❛❞✐✉s ♦❢ t❤❡ ❜✉❜❜❧❡✳
✭❛✮ ❉❡t❡r♠✐♥❡ t❤❡ ♣r❡ss✉r❡ ❞✉❡ t♦ s✉r❢❛❝❡ t❡♥s✐♦♥ ✇✐t❤✐♥ ❛ s♦❛♣ ❜✉❜❜❧❡ ♦❢ r❛❞✐✉s 1

2 ✐♥❝❤ ❛♥❞ s✉r❢❛❝❡
t❡♥s✐♦♥ ✷✷✳
✭❜✮ ❉❡t❡r♠✐♥❡ t❤❡ r❛❞✐✉s ♦❢ ❛ ❜✉❜❜❧❡ ✐❢ t❤❡ ♣r❡ss✉r❡ ❞✉❡ t♦ s✉r❢❛❝❡ t❡♥s✐♦♥ ✐s ✺✼✳✻ ❛♥❞ t❤❡ s✉r❢❛❝❡
t❡♥s✐♦♥ ✐s ✶✽✳

❊①❡r❝✐s❡ ✽✳✶✷✳✶✵✵
❚❤❡ ❡q✉❛t✐♦♥ 1

p + 1
q = 1

f r❡❧❛t❡s ❛♥ ♦❜❥❡❝ts ❞✐st❛♥❝❡ p ❢r♦♠ ❛ ❧❡♥s ❛♥❞ t❤❡ ✐♠❛❣❡ ❞✐st❛♥❝❡ q ❢r♦♠
t❤❡ ❧❡♥s t♦ t❤❡ ❢♦❝❛❧ ❧❡♥❣t❤ f ♦❢ t❤❡ ❧❡♥s✳
✭❛✮ ❉❡t❡r♠✐♥❡ t❤❡ ❢♦❝❛❧ ❧❡♥❣t❤ ♦❢ ❛ ❧❡♥s ✐♥ ✇❤✐❝❤ ❛♥ ♦❜❥❡❝t ✽ ❢❡❡t ❛✇❛② ♣r♦❞✉❝❡s ❛♥ ✐♠❛❣❡ ✻ ❢❡❡t
❛✇❛②✳
✭❜✮ ❉❡t❡r♠✐♥❡ ❤♦✇ ❢❛r ❛♥ ♦❜❥❡❝t ✐s ❢r♦♠ ❛ ❧❡♥s ✐❢ t❤❡ ❢♦❝❛❧ ❧❡♥❣t❤ ♦❢ t❤❡ ❧❡♥s ✐s ✶✵ ✐♥❝❤❡s ❛♥❞ t❤❡
✐♠❛❣❡ ❞✐st❛♥❝❡ ✐s ✶✵ ✐♥❝❤❡s✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✺✾

✭❝✮ ❉❡t❡r♠✐♥❡ ❤♦✇ ❢❛r ❛♥ ♦❜❥❡❝t ✇✐❧❧ ❜❡ ❢r♦♠ ❛ ❧❡♥s t❤❛t ❤❛s ❛ ❢♦❝❛❧ ❧❡♥❣t❤ ♦❢ 1 7
8 ❝♠ ❛♥❞ t❤❡ ♦❜❥❡❝t

❞✐st❛♥❝❡ ✐s ✸ ❝♠ ❛✇❛② ❢r♦♠ t❤❡ ❧❡♥s✳

✽✳✶✷✳✶✳✻ ❉✐✈✐❞✐♥❣ P♦❧②♥♦♠✐❛❧s ✭❙❡❝t✐♦♥ ✽✳✶✵✮

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❞✐✈✐❞❡ t❤❡ ♣♦❧②♥♦♠✐❛❧s✳

❊①❡r❝✐s❡ ✽✳✶✷✳✶✵✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✾✳✮

a2 + 9a + 18 ❜② a + 3

❊①❡r❝✐s❡ ✽✳✶✷✳✶✵✷
c2 + 3c − 88 ❜② c − 8

❊①❡r❝✐s❡ ✽✳✶✷✳✶✵✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✾✳✮

x3 + 9x2 + 18x + 28 ❜② x + 7

❊①❡r❝✐s❡ ✽✳✶✷✳✶✵✹
y3 − 2y2 − 49y − 6 ❜② y + 6

❊①❡r❝✐s❡ ✽✳✶✷✳✶✵✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✼✾✳✮

m4 + 2m3 − 8m2 − m + 2 ❜② m − 2

❊①❡r❝✐s❡ ✽✳✶✷✳✶✵✻
3r2 − 17r − 27 ❜② r − 7

❊①❡r❝✐s❡ ✽✳✶✷✳✶✵✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✽✵✳✮

a3 − 3a2 − 56a + 10 ❜② a − 9

❊①❡r❝✐s❡ ✽✳✶✷✳✶✵✽
x3 − x + 1 ❜② x + 3

❊①❡r❝✐s❡ ✽✳✶✷✳✶✵✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✽✵✳✮

y3 + y2 − y ❜② y + 4

❊①❡r❝✐s❡ ✽✳✶✷✳✶✶✵
5x6 + 5x5 − 2x4 + 5x3 − 7x2 − 8x + 6 ❜② x2 + x − 1

❊①❡r❝✐s❡ ✽✳✶✷✳✶✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✽✵✳✮

y10 − y7 + 3y4 − 3y ❜② y4 − y

❊①❡r❝✐s❡ ✽✳✶✷✳✶✶✷
−4b7 − 3b6 − 22b5 − 19b4 + 12b3 − 6b2 + b + 4 ❜② b2 + 6

❊①❡r❝✐s❡ ✽✳✶✷✳✶✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✽✵✳✮

x3 + 1 ❜② x + 1

❊①❡r❝✐s❡ ✽✳✶✷✳✶✶✹
a4 + 6a3 + 4a2 + 12a + 8 ❜② a2 + 3a + 2

❊①❡r❝✐s❡ ✽✳✶✷✳✶✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✽✵✳✮

y10 + 6y5 + 9 ❜② y5 + 3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✻✵ ❈❍❆P❚❊❘ ✽✳ ❘❆❚■❖◆❆▲ ❊❳P❘❊❙❙■❖◆❙

✽✳✶✸ Pr♦✜❝✐❡♥❝② ❊①❛♠ ✶✸

✽✳✶✸✳✶ Pr♦✜❝✐❡♥❝② ❊①❛♠

❊①❡r❝✐s❡ ✽✳✶✸✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✽✵✳✮

✭❙❡❝t✐♦♥ ✽✳✷✮ ❋✐♥❞ t❤❡ ❞♦♠❛✐♥ ♦❢ 5a+1
a2−5a−24 .

❊①❡r❝✐s❡ ✽✳✶✸✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✽✵✳✮

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✜❧❧ ✐♥ t❤❡ ♠✐ss✐♥❣ t❡r♠✳
✭❙❡❝t✐♦♥ ✽✳✷✮ − 3

x+4 = x+4

❊①❡r❝✐s❡ ✽✳✶✸✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✽✵✳✮

✭❙❡❝t✐♦♥ ✽✳✷✮ 2x+5
−x+1 = x−1

❊①❡r❝✐s❡ ✽✳✶✸✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✽✵✳✮

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ r❡❞✉❝❡ t♦ ❧♦✇❡st t❡r♠s✳

✭❙❡❝t✐♦♥ ✽✳✸✮ 30x6y3(x−3)2(x+5)2

6xy3(x+5)

❊①❡r❝✐s❡ ✽✳✶✸✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✽✵✳✮

✭❙❡❝t✐♦♥ ✽✳✸✮ x2+10x+24
x2+x−30

❊①❡r❝✐s❡ ✽✳✶✸✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✽✵✳✮

✭❙❡❝t✐♦♥ ✽✳✸✮ 8x2+2x−3
4x2+12x−7

❊①❡r❝✐s❡ ✽✳✶✸✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✽✵✳✮

✭❙❡❝t✐♦♥ ✽✳✺✮ ❘❡♣❧❛❝❡ N ✇✐t❤ t❤❡ ♣r♦♣❡r q✉❛♥t✐t②✳
x+2
x−1 = N

x2−4x+3

❊①❡r❝✐s❡ ✽✳✶✸✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✽✵✳✮

✭❙❡❝t✐♦♥ ✽✳✺✮ ❆ss✉♠❡ t❤❛t a2 + a − 6, a2 − a − 12, ❛♥❞ a2 − 2a − 8 ❛r❡ ❞❡♥♦♠✐♥❛t♦rs ♦❢ r❛t✐♦♥❛❧
❡①♣r❡ss✐♦♥s✳ ❋✐♥❞ t❤❡ ▲❈❉✳

❊①❡r❝✐s❡ ✽✳✶✸✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✽✵✳✮

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ♣❡r❢♦r♠ t❤❡ ♦♣❡r❛t✐♦♥s✳
✭❙❡❝t✐♦♥ ✽✳✻✮ 3a+4

a+6 − 2a−1
a+6

❊①❡r❝✐s❡ ✽✳✶✸✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✽✵✳✮

✭❙❡❝t✐♦♥ ✽✳✹✮ 18x3y
5a2 · 15a3b

6x2y

❊①❡r❝✐s❡ ✽✳✶✸✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✽✵✳✮

✭❙❡❝t✐♦♥ ✽✳✹✮ y2−y−12
y2+3y+2 · y2+10y+16

y2−7y+12

❊①❡r❝✐s❡ ✽✳✶✸✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✽✵✳✮

✭❙❡❝t✐♦♥ ✽✳✻✮ y−2
y2−11y+24 + y+4

y2+3y−18

❊①❡r❝✐s❡ ✽✳✶✸✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✽✵✳✮

✭❙❡❝t✐♦♥ ✽✳✻✮ 9
2x+7 + 4

6x−1

❊①❡r❝✐s❡ ✽✳✶✸✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✽✵✳✮

✭❙❡❝t✐♦♥ ✽✳✹✮
16x5(x2−1)

9x−9 ÷ 2x2−2x
3

❊①❡r❝✐s❡ ✽✳✶✸✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✽✵✳✮

✭❙❡❝t✐♦♥ ✽✳✹✮ (m + 3) ÷ 2m+6
5m+1

❊①❡r❝✐s❡ ✽✳✶✸✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✽✵✳✮

✭❙❡❝t✐♦♥ ✽✳✻✮ 3y+10
8y2+10y−3 − 5y−1

4y2+23y−6

❊①❡r❝✐s❡ ✽✳✶✸✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✽✵✳✮

✭❙❡❝t✐♦♥ ✽✳✼✮ ❙♦❧✈❡ 1
x+3 + 3

x−3 = x
x2−9 .

❊①❡r❝✐s❡ ✽✳✶✸✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✽✵✳✮

✭❙❡❝t✐♦♥ ✽✳✼✮ ❙♦❧✈❡ 12
m−4 + 5 = 3m

m−4 .

✶✸❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✺✾✴✶✳✸✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✻✶

❊①❡r❝✐s❡ ✽✳✶✸✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✽✵✳✮

✭❙❡❝t✐♦♥ ✽✳✽✮ ❲❤❡♥ t❤❡ s❛♠❡ ♥✉♠❜❡r ✐s ❛❞❞❡❞ t♦ ❜♦t❤ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ♦❢ t❤❡
❢r❛❝t✐♦♥ 5

3 , t❤❡ r❡s✉❧t ✐s 6
5 . ❲❤❛t ✐s t❤❡ ♥✉♠❜❡r t❤❛t ✐s ❛❞❞❡❞❄

❊①❡r❝✐s❡ ✽✳✶✸✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✽✵✳✮

✭❙❡❝t✐♦♥ ✽✳✽✮ P❡rs♦♥ ❆✱ ✇♦r❦✐♥❣ ❛❧♦♥❡✱ ❝❛♥ ❝♦♠♣❧❡t❡ ❛ ❥♦❜ ✐♥ ✷✵ ❤♦✉rs✳ P❡rs♦♥ ❇✱ ✇♦r❦✐♥❣ ❛❧♦♥❡✱
❝❛♥ ❝♦♠♣❧❡t❡ t❤❡ s❛♠❡ ❥♦❜ ✐♥ ✸✵ ❤♦✉rs✳ ❍♦✇ ❧♦♥❣ ✇✐❧❧ ✐t t❛❦❡ ❜♦t❤ ♣❡♦♣❧❡✱ ✇♦r❦✐♥❣ t♦❣❡t❤❡r✱ t♦
❝♦♠♣❧❡t❡ t❤❡ ❥♦❜❄

❊①❡r❝✐s❡ ✽✳✶✸✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✽✶✳✮

✭❙❡❝t✐♦♥ ✽✳✽✮ ❚❤❡ ✇✐❞t❤ ♦❢ ❛ r❡❝t❛♥❣❧❡ ✐s ✶ ❢♦♦t ❧♦♥❣❡r t❤❛♥ ♦♥❡ ❤❛❧❢ t❤❡ ❧❡♥❣t❤✳ ❋✐♥❞ t❤❡
❞✐♠❡♥s✐♦♥s ✭❧❡♥❣❤ ❛♥❞ ✇✐❞t❤✮ ♦❢ t❤❡ r❡❝t❛♥❣❧❡ ✐❢ t❤❡ ♣❡r✐♠❡t❡r ✐s ✹✹ ❢❡❡t✳

❊①❡r❝✐s❡ ✽✳✶✸✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✽✶✳✮

✭❙❡❝t✐♦♥ ✽✳✾✮ ❙✐♠♣❧✐❢② t❤❡ ❝♦♠♣❧❡① ❢r❛❝t✐♦♥
4− 3

x

4+ 3
x

.

❊①❡r❝✐s❡ ✽✳✶✸✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✽✶✳✮

✭❙❡❝t✐♦♥ ✽✳✾✮ ❙✐♠♣❧✐❢② t❤❡ ❝♦♠♣❧❡① ❢r❛❝t✐♦♥
1− 5

x
− 6

x2

1+ 6
x
+ 5

x2
.

❊①❡r❝✐s❡ ✽✳✶✸✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✽✶✳✮

✭❙❡❝t✐♦♥ ✽✳✶✵✮ P❡r❢♦r♠ t❤❡ ❞✐✈✐s✐♦♥✿ x3+10x2+21x−18
x+6 .

❊①❡r❝✐s❡ ✽✳✶✸✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✻✽✶✳✮

✭❙❡❝t✐♦♥ ✽✳✶✵✮ P❡r❢♦r♠ t❤❡ ❞✐✈✐s✐♦♥✿ 2x3+5x−1
x−2 .

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥s t♦ ❊①❡r❝✐s❡s ✐♥ ❈❤❛♣t❡r ✽

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✷✳✶ ✭♣✳ ✺✼✶✮
✼
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✷✳✷ ✭♣✳ ✺✼✶✮
0, − 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✷✳✸ ✭♣✳ ✺✼✶✮
−2, 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✷✳✹ ✭♣✳ ✺✼✶✮
−2, − 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✷✳✺ ✭♣✳ ✺✼✶✮
− 4

3 , 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✷✳✻ ✭♣✳ ✺✼✶✮
❆❧❧ r❡❛❧ ♥✉♠❜❡rs ❝♦♠♣r✐s❡ t❤❡ ❞♦♠❛✐♥✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✷✳✼ ✭♣✳ ✺✼✶✮
❆❧❧ r❡❛❧ ♥✉♠❜❡rs ❝♦♠♣r✐s❡ t❤❡ ❞♦♠❛✐♥✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✷✳✽ ✭♣✳ ✺✼✸✮
−5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✷✳✾ ✭♣✳ ✺✼✸✮
a + 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✷✳✶✵ ✭♣✳ ✺✼✸✮
✽
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✷✳✶✶ ✭♣✳ ✺✼✹✮
x 6= 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✷✳✶✸ ✭♣✳ ✺✼✹✮
x 6= −1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✷✳✶✺ ✭♣✳ ✺✼✹✮
x 6= −2, 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✷✳✶✼ ✭♣✳ ✺✼✹✮
x 6= −6, 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✷✳✶✾ ✭♣✳ ✺✼✹✮
b 6= 0, − 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✷✳✷✶ ✭♣✳ ✺✼✹✮
x 6= 0, 10, − 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✷✳✷✸ ✭♣✳ ✺✼✹✮
x 6= 0, 5, 7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✷✳✷✺ ✭♣✳ ✺✼✹✮
b 6= 1, 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✷✳✷✼ ✭♣✳ ✺✼✹✮
y 6= 5, − 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✷✳✷✾ ✭♣✳ ✺✼✹✮
x 6= 0, 1

2 , − 2
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✷✳✸✶ ✭♣✳ ✺✼✹✮
(−3) 5 = −15, − (3 · 5) = −15
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✷✳✸✸ ✭♣✳ ✺✼✺✮
− (1 · 4) = −4, 4 (−1) = −4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✷✳✸✺ ✭♣✳ ✺✼✺✮
(−9) (−10) = 90 ❛♥❞ (9) (10) = 90
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✷✳✸✼ ✭♣✳ ✺✼✺✮
−2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✷✳✸✾ ✭♣✳ ✺✼✺✮
−2x − 7

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✻✸

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✷✳✹✶ ✭♣✳ ✺✼✺✮
−x + 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✷✳✹✸ ✭♣✳ ✺✼✺✮
a + 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✷✳✹✺ ✭♣✳ ✺✼✺✮
−y − 10
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✷✳✹✼ ✭♣✳ ✺✼✺✮
1 ≤ x < 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✷✳✹✾ ✭♣✳ ✺✼✺✮

(x − 6)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✶ ✭♣✳ ✺✼✾✮
6
7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✷ ✭♣✳ ✺✼✾✮
x−3
x+2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✸ ✭♣✳ ✺✼✾✮
1
4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✹ ✭♣✳ ✺✼✾✮
6a2b2c2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✺ ✭♣✳ ✺✼✾✮
−3a(a+5)
2(a−3)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✻ ✭♣✳ ✺✼✾✮
−x+1
x−8

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✼ ✭♣✳ ✺✼✾✮
−✶
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✽ ✭♣✳ ✺✽✵✮

2
(x−4)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✶✵ ✭♣✳ ✺✽✵✮
3

(y−7)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✶✷ ✭♣✳ ✺✽✵✮
1

(x−2)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✶✹ ✭♣✳ ✺✽✵✮
1
4y
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✶✻ ✭♣✳ ✺✽✵✮
8ab
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✶✽ ✭♣✳ ✺✽✵✮
x−2
x+5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✷✵ ✭♣✳ ✺✽✵✮
a+6
a+2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✷✷ ✭♣✳ ✺✽✵✮
✶
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✷✹ ✭♣✳ ✺✽✵✮
−3x (x + 4)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✷✻ ✭♣✳ ✺✽✵✮
−3xy4 (x − 1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✷✽ ✭♣✳ ✺✽✵✮

(x + 10)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✸✵ ✭♣✳ ✺✽✶✮

(x − 8) (x + 6)
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✸✷ ✭♣✳ ✺✽✶✮

(y − 2)
3
(y − 1)

2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✸✹ ✭♣✳ ✺✽✶✮
(a−7)4

(a+6)3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✸✻ ✭♣✳ ✺✽✶✮
(a+2)(a−1)2

(a+1)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✸✽ ✭♣✳ ✺✽✶✮

4(x + 2)
2
(x − 5)

4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✹✵ ✭♣✳ ✺✽✶✮
(x+4)
(x−1)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✹✷ ✭♣✳ ✺✽✶✮
(x−3)
(x+1)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✹✹ ✭♣✳ ✺✽✶✮
(x+2)

x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✹✻ ✭♣✳ ✺✽✶✮
b+3
b+2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✹✽ ✭♣✳ ✺✽✶✮
(4a−3)
(a−1)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✺✵ ✭♣✳ ✺✽✷✮
(x+3)
(x+4)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✺✷ ✭♣✳ ✺✽✷✮
a + 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✺✹ ✭♣✳ ✺✽✷✮

− (a − 1) ♦r −a + 1

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✺✻ ✭♣✳ ✺✽✷✮
−2 (x − 2)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✺✽ ✭♣✳ ✺✽✷✮
−3x+10

10
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✻✵ ✭♣✳ ✺✽✷✮
−1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✻✷ ✭♣✳ ✺✽✷✮
y3 − 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✻✹ ✭♣✳ ✺✽✷✮
a (a + 1) (a − 1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✻✻ ✭♣✳ ✺✽✷✮
2a2 + 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✻✽ ✭♣✳ ✺✽✷✮

x3

x4−3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✼✵ ✭♣✳ ✺✽✸✮

1
16a2b8

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✼✷ ✭♣✳ ✺✽✸✮
(5x − 1) (2x − 3)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✸✳✼✹ ✭♣✳ ✺✽✸✮
x 6= −3, 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✶ ✭♣✳ ✺✽✺✮
10
7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✷ ✭♣✳ ✺✽✺✮

c3

a2b2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✸ ✭♣✳ ✺✽✺✮
1

y2+1

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✻✺

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✹ ✭♣✳ ✺✽✺✮
x+3
x+6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✺ ✭♣✳ ✺✽✺✮
(x+2)2

(x−2)2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✻ ✭♣✳ ✺✽✻✮
20a2mn
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✼ ✭♣✳ ✺✽✻✮
x+1
x−1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✽ ✭♣✳ ✺✽✻✮
3a+4
3a+2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✾ ✭♣✳ ✺✽✻✮
6a2

5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✶✶ ✭♣✳ ✺✽✻✮
✶
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✶✸ ✭♣✳ ✺✽✼✮
16a2

5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✶✺ ✭♣✳ ✺✽✼✮
9x4

14
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✶✼ ✭♣✳ ✺✽✼✮
20x5y2

3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✶✾ ✭♣✳ ✺✽✼✮

14
3x4y

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✷✶ ✭♣✳ ✺✽✼✮
−15a2bpq
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✷✸ ✭♣✳ ✺✽✼✮
3a
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✷✺ ✭♣✳ ✺✽✼✮
9a3b

2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✷✼ ✭♣✳ ✺✽✼✮
9p4y
11x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✷✾ ✭♣✳ ✺✽✼✮
−6b3x

y4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✸✶ ✭♣✳ ✺✽✼✮
x+2
x+1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✸✸ ✭♣✳ ✺✽✼✮
2x+5
x−2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✸✺ ✭♣✳ ✺✽✼✮

4
x−1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✸✼ ✭♣✳ ✺✽✽✮
3
4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✸✾ ✭♣✳ ✺✽✽✮
4abx2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✹✶ ✭♣✳ ✺✽✽✮
4a3b

3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✹✸ ✭♣✳ ✺✽✽✮
49m3n
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✹✺ ✭♣✳ ✺✽✽✮
x − 1

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✹✼ ✭♣✳ ✺✽✽✮

(b + 1)
3
(b − 7)

3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✹✾ ✭♣✳ ✺✽✽✮
(
x3 − 7

)2
(x + 1) (x − 1)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✺✶ ✭♣✳ ✺✽✽✮
(y − 1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✺✸ ✭♣✳ ✺✽✽✮

(a − 2b)
2
(a + b)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✺✺ ✭♣✳ ✺✽✽✮
6(x−1)
(x−3)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✺✼ ✭♣✳ ✺✽✽✮
(a+2)(a+3)
(a−3)(a+1)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✺✾ ✭♣✳ ✺✽✾✮
✶
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✻✶ ✭♣✳ ✺✽✾✮
(2a+1)(a−6)(a+1)
(3a+1)(a−1)(a−2)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✻✸ ✭♣✳ ✺✽✾✮
x(x−y)

1−y

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✻✺ ✭♣✳ ✺✽✾✮
x−2
x+1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✻✼ ✭♣✳ ✺✽✾✮
a+3b
a+b
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✻✾ ✭♣✳ ✺✽✾✮
2ab2

5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✼✶ ✭♣✳ ✺✽✾✮
−6x2y4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✼✸ ✭♣✳ ✺✽✾✮
−3(a−2)(a−1)
2(a−6)(a+1)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✼✺ ✭♣✳ ✺✽✾✮
−5(x2+4x+1)
(x−3)(x−1)2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✼✼ ✭♣✳ ✺✽✾✮
−(b−8)
3(b+2)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✼✾ ✭♣✳ ✺✽✾✮
−2(x+3)
(x+1)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✽✶ ✭♣✳ ✺✾✵✮
3(x−3)(x+1)(2x−3)
2(x2−3x−2)(x−2)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✽✸ ✭♣✳ ✺✾✵✮
(x+4)(x−1)

(x+3)(x2−4x−3)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✽✺ ✭♣✳ ✺✾✵✮
3(x−6)(x−1)

(x+2)2(x+3)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✽✼ ✭♣✳ ✺✾✵✮
❜✐♥♦♠✐❛❧❀ ✷❀ ✹✱ ✷
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✹✳✽✾ ✭♣✳ ✺✾✵✮
2x − 4 = x + 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✶ ✭♣✳ ✺✾✹✮
N = 18
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✷ ✭♣✳ ✺✾✹✮
N = 63abx3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✻✼

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✸ ✭♣✳ ✺✾✹✮
N = −2y2 − 2y
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✹ ✭♣✳ ✺✾✹✮
N = a2 + 9a + 14
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✺ ✭♣✳ ✺✾✹✮
N = 24a4 (a − 1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✻ ✭♣✳ ✺✾✹✮
N = −16x4y3z5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✼ ✭♣✳ ✺✾✹✮
N = 6ab2 + 18ab
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✽ ✭♣✳ ✺✾✹✮
N = m2 − m − 30
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✾ ✭♣✳ ✺✾✹✮
N = r2 − 7r + 12
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✶✵ ✭♣✳ ✺✾✹✮
N = 8ab2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✶✶ ✭♣✳ ✺✾✼✮
x5y
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✶✷ ✭♣✳ ✺✾✼✮

(x − 4)
2
(x + 1)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✶✸ ✭♣✳ ✺✾✼✮

(m − 6) (m + 1)
2
(m − 2)

3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✶✹ ✭♣✳ ✺✾✼✮

(x + 1) (x − 1) (x − 3)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✶✺ ✭♣✳ ✺✾✼✮

12y2(y − 2)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✶✻ ✭♣✳ ✺✾✽✮
4x2

x5 , 7
x5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✶✼ ✭♣✳ ✺✾✽✮
2x(x−1)

(x+6)(x−1) ,
x(x+6)

(x+6)(x−1)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✶✽ ✭♣✳ ✺✾✽✮
−3(b+1)

b(b−1)(b+1) ,
4b2

b(b−1)(b+1)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✶✾ ✭♣✳ ✺✾✽✮
8(x−1)

(x−3)(x+2)(x−1) ,
−1(x−3)

(x−3)(x+2)(x−1)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✷✵ ✭♣✳ ✺✾✽✮
10x(x−4)

(x+4)2(x−4)
, 5x(x+4)

(x+4)2(x−4)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✷✶ ✭♣✳ ✺✾✽✮
−2a2b2(a−2)2

a3(a−6)(a−2)2
, 6b(a−6)(a−2)

a3(a−6)(a−2)2
, −2a4(a−6)

a3(a−6)(a−2)2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✷✷ ✭♣✳ ✻✵✵✮
3x2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✷✹ ✭♣✳ ✻✵✵✮
−2y
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✷✻ ✭♣✳ ✻✵✵✮
12ab
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✷✽ ✭♣✳ ✻✵✵✮
5x2y2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✸✵ ✭♣✳ ✻✵✵✮
−12axy2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✸✷ ✭♣✳ ✻✵✵✮
40x4y
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✸✹ ✭♣✳ ✻✵✵✮
5 (x − 2)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✸✻ ✭♣✳ ✻✵✵✮
4ax (a + 2) (a − 2)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✸✽ ✭♣✳ ✻✵✵✮
4x

(
b4 − 5

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✹✵ ✭♣✳ ✻✵✵✮
3s (s − 7)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✹✷ ✭♣✳ ✻✵✵✮
(a + 2) (a − 4)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✹✹ ✭♣✳ ✻✵✶✮
5m (m − 2)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✹✻ ✭♣✳ ✻✵✶✮
9 (b − 4)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✹✽ ✭♣✳ ✻✵✶✮
−2x (x + 3)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✺✵ ✭♣✳ ✻✵✶✮
4y (y + 8)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✺✷ ✭♣✳ ✻✵✶✮

(y − 3)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✺✹ ✭♣✳ ✻✵✶✮

(z − 4)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✺✻ ✭♣✳ ✻✵✶✮
b + 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✺✽ ✭♣✳ ✻✵✶✮
−3 (x − 4)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✻✵ ✭♣✳ ✻✵✶✮
(x − 1) (3x + 1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✻✷ ✭♣✳ ✻✵✶✮
(y + 6) (y + 2)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✻✹ ✭♣✳ ✻✵✶✮
(a + 3) (a + 5)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✻✻ ✭♣✳ ✻✵✷✮
(x + 9) (x + 5)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✻✽ ✭♣✳ ✻✵✷✮
−7a
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✼✵ ✭♣✳ ✻✵✷✮
−k − 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✼✷ ✭♣✳ ✻✵✷✮
5b
b3 , 4

b3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✼✹ ✭♣✳ ✻✵✷✮
36
4x2 , x

4x2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✼✻ ✭♣✳ ✻✵✷✮
2(x−5)

(x+5)(x−5) ,
4(x+5)

(x+5)(x−5)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✼✽ ✭♣✳ ✻✵✷✮
10(y+8)

(y+2)(y+8) ,
y+2

(y+2)(y+8)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✽✵ ✭♣✳ ✻✵✷✮
−3(b+5)
b2(b+5) , b4

b2(b+5)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✻✾

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✽✷ ✭♣✳ ✻✵✷✮
10a2

a(a−6) ,
2

a(a−6)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✽✹ ✭♣✳ ✻✵✷✮
(x+1)(x−1)

(x−1)(x+2)(x−3) ,
(x+4)(x−3)

(x−1)(x+2)(x−3)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✽✻ ✭♣✳ ✻✵✷✮
−4(b+1)

(b+1)(b−1)(b+6) ,
(b+6)2

(b+1)(b−1)(b+6)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✽✽ ✭♣✳ ✻✵✸✮
(x+7)(x−7)

(x+1)(x−3)(x−7) ,
(x+3)(x−3)

(x+1)(x−3)(x−7)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✾✵ ✭♣✳ ✻✵✸✮
(x−2)2

(x+1)(x−2)(x+6) ,
2x(x+1)

(x+1)(x−2)(x+6)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✾✷ ✭♣✳ ✻✵✸✮
2

x−5 , 3
x−5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✾✹ ✭♣✳ ✻✵✸✮
−6
x−2 , 5

x−2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✾✻ ✭♣✳ ✻✵✸✮
2m

m−8 , −7
m−8

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✾✽ ✭♣✳ ✻✵✸✮
(y − 7) (y − 3)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✺✳✶✵✵ ✭♣✳ ✻✵✸✮
y + 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✶ ✭♣✳ ✻✵✺✮
2
3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✷ ✭♣✳ ✻✵✺✮
5
b
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✸ ✭♣✳ ✻✵✻✮
x
y2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✹ ✭♣✳ ✻✵✻✮
3x+4y
x−y

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✺ ✭♣✳ ✻✵✻✮
3x2−3x−1

3x+10
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✻ ✭♣✳ ✻✵✻✮
4x2+7

x(2x+3)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✼ ✭♣✳ ✻✵✻✮
−4x+7

(x+2)(x−3)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✽ ✭♣✳ ✻✵✻✮
4a2+2a+1

a(a−6)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✾ ✭♣✳ ✻✵✻✮
5x2+x+3

(x−4)(x−2)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✶✵ ✭♣✳ ✻✵✽✮
9ax+5x

12a3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✶✶ ✭♣✳ ✻✵✽✮
8b2−7b

(b+1)(b−2)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✶✷ ✭♣✳ ✻✵✾✮
2a2−4a−25
(a+2)(a+3)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✶✸ ✭♣✳ ✻✵✾✮
3x2−19x−18
(x+3)(x−3)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✼✵ ❈❍❆P❚❊❘ ✽✳ ❘❆❚■❖◆❆▲ ❊❳P❘❊❙❙■❖◆❙

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✶✹ ✭♣✳ ✻✵✾✮
5y2+6y−12

y(y+4)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✶✺ ✭♣✳ ✻✵✾✮
2a2−10a+26

(a−2)(a−1)(a−4)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✶✻ ✭♣✳ ✻✵✾✮
4b2+12b+6

(b+3)2(b+2)2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✶✼ ✭♣✳ ✻✵✾✮
2x2−5x+8

3(x+4)(x−1)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✶✽ ✭♣✳ ✻✵✾✮
2x

x−4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✶✾ ✭♣✳ ✻✵✾✮
8x−45
x−6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✷✵ ✭♣✳ ✻✵✾✮
a2−a−14

a+3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✷✶ ✭♣✳ ✻✶✵✮
1
2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✷✸ ✭♣✳ ✻✶✵✮
3
10
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✷✺ ✭♣✳ ✻✶✵✮
2
x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✷✼ ✭♣✳ ✻✶✵✮
14y
5x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✷✾ ✭♣✳ ✻✶✵✮
9n
2m
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✸✶ ✭♣✳ ✻✶✵✮
2y+12
y−6

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✸✸ ✭♣✳ ✻✶✵✮
4a+11
a−1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✸✺ ✭♣✳ ✻✶✵✮
2x+4
5x

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✸✼ ✭♣✳ ✻✶✵✮
2b+3
b−3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✸✾ ✭♣✳ ✻✶✵✮

8
b−6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✹✶ ✭♣✳ ✻✶✵✮
y+9
y+8

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✹✸ ✭♣✳ ✻✶✶✮
−7x−8

x+2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✹✺ ✭♣✳ ✻✶✶✮
2(x+1)

3x2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✹✼ ✭♣✳ ✻✶✶✮
4a−1
10a3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✹✾ ✭♣✳ ✻✶✶✮
5(x−2)

(x−6)(x−1)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✺✶ ✭♣✳ ✻✶✶✮
2y(4y+13)
(y+4)(y+3)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✺✸ ✭♣✳ ✻✶✶✮
2x2−2x+9
(x−5)(x+2)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✼✶

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✺✺ ✭♣✳ ✻✶✶✮
−6y

(y−1)(y−4)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✺✼ ✭♣✳ ✻✶✶✮
y2

(y+1)(y+6)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✺✾ ✭♣✳ ✻✶✶✮
−2a2−4a+9
(a+4)(a−1)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✻✶ ✭♣✳ ✻✶✶✮
7a−9

(a+1)(a−3)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✻✸ ✭♣✳ ✻✶✶✮
2(x2+x+4)

(x+2)(x−2)(x+4)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✻✺ ✭♣✳ ✻✶✷✮
2b2+3b+29

(b−3)(b+4)(b+5)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✻✼ ✭♣✳ ✻✶✷✮
−x+29

(x−2)(x+2)(x+7)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✻✾ ✭♣✳ ✻✶✷✮
5x4−3x3−34x2+34x−60

(x−2)(x+2)(x−3)(x+3)(x+4)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✼✶ ✭♣✳ ✻✶✷✮
(a+5)(a−2)

(a+2)(a−3)(a−6)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✼✸ ✭♣✳ ✻✶✷✮
−a3−8a2−18a−1

a2(a+3)(a−1)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✼✺ ✭♣✳ ✻✶✷✮
−x3+2x2+6x+18
4x4(x−2)(x+3)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✼✼ ✭♣✳ ✻✶✷✮
14x4−9x3−2x2+9x−36

8x3(x+3)(x−3)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✼✾ ✭♣✳ ✻✶✷✮
8x+50
x+6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✽✶ ✭♣✳ ✻✶✷✮
3x−13
x−6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✽✸ ✭♣✳ ✻✶✷✮
2a+1
a−1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✽✺ ✭♣✳ ✻✶✷✮
3x2+2x−4

x+1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✽✼ ✭♣✳ ✻✶✸✮
2x2+x+2

x−1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✽✾ ✭♣✳ ✻✶✸✮
−5x+31

x−4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✾✶ ✭♣✳ ✻✶✸✮
−(y2+y+1)

y+4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✾✸ ✭♣✳ ✻✶✸✮
7a3+35a2+85a−1

(a+7)(a+4)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✾✺ ✭♣✳ ✻✶✸✮
−2m
m−6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✾✼ ✭♣✳ ✻✶✸✮
2y−13
5y−4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✾✾ ✭♣✳ ✻✶✸✮
x22y14z32

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✼✷ ❈❍❆P❚❊❘ ✽✳ ❘❆❚■❖◆❆▲ ❊❳P❘❊❙❙■❖◆❙

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✶✵✶ ✭♣✳ ✻✶✸✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✻✳✶✵✸ ✭♣✳ ✻✶✹✮
(x + 3) (x − 2)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✶ ✭♣✳ ✻✶✼✮
x = −10
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✷ ✭♣✳ ✻✶✼✮
a = −2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✸ ✭♣✳ ✻✶✼✮
y = 3 ✐s ❡①tr❛♥❡♦✉s✱ s♦ ♥♦ s♦❧✉t✐♦♥✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✹ ✭♣✳ ✻✶✾✮
a = 1

3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✺ ✭♣✳ ✻✶✾✮
❚❤✐s ❡q✉❛t✐♦♥ ❤❛s ♥♦ s♦❧✉t✐♦♥✳ x = 1 ✐s ❡①tr❛♥❡♦✉s✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✻ ✭♣✳ ✻✷✵✮
x = 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✽ ✭♣✳ ✻✷✵✮
y = 12
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✶✵ ✭♣✳ ✻✷✵✮
x = 7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✶✷ ✭♣✳ ✻✷✵✮
y = −9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✶✹ ✭♣✳ ✻✷✵✮
a = 15
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✶✻ ✭♣✳ ✻✷✵✮
b = −47
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✶✽ ✭♣✳ ✻✷✵✮
a = −4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✷✵ ✭♣✳ ✻✷✵✮
y = − 1

2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✷✷ ✭♣✳ ✻✷✵✮
m = −3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✷✹ ✭♣✳ ✻✷✵✮
x = 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✷✻ ✭♣✳ ✻✷✵✮
a = 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✷✽ ✭♣✳ ✻✷✶✮
b = − 9

5

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✼✸

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✸✵ ✭♣✳ ✻✷✶✮
x = −2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✸✷ ✭♣✳ ✻✷✶✮
a = 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✸✹ ✭♣✳ ✻✷✶✮
◆♦ s♦❧✉t✐♦♥❀ ✻ ✐s ❛♥ ❡①❝❧✉❞❡❞ ✈❛❧✉❡✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✸✻ ✭♣✳ ✻✷✶✮
y = −12
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✸✽ ✭♣✳ ✻✷✶✮
b = 8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✹✵ ✭♣✳ ✻✷✶✮
♥♦ s♦❧✉t✐♦♥
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✹✷ ✭♣✳ ✻✷✶✮
◆♦ s♦❧✉t✐♦♥❀ −4 ✐s ❛♥ ❡①❝❧✉❞❡❞ ✈❛❧✉❡✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✹✹ ✭♣✳ ✻✷✶✮
y = −6, 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✹✻ ✭♣✳ ✻✷✶✮
x = 4, − 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✹✽ ✭♣✳ ✻✷✶✮
y = 4,−1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✺✵ ✭♣✳ ✻✷✷✮
y = 4,−4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✺✷ ✭♣✳ ✻✷✷✮
y = 6,−6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✺✹ ✭♣✳ ✻✷✷✮
a = 1

3 ,−2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✺✻ ✭♣✳ ✻✷✷✮
a = − 1

3 , 4
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✺✽ ✭♣✳ ✻✷✷✮
x = − 4

3 ,−2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✻✵ ✭♣✳ ✻✷✷✮
a = 4

5 , 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✻✷ ✭♣✳ ✻✷✷✮
n = PV

rt
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✻✹ ✭♣✳ ✻✷✷✮
W = P−2

2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✻✻ ✭♣✳ ✻✷✷✮
r = A−P

Pt
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✻✽ ✭♣✳ ✻✷✷✮

Sy
2 = Sx

2

F
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✼✵ ✭♣✳ ✻✷✷✮
S2 = 2K

h − S1 ♦r
2K−hS1

h
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✼✷ ✭♣✳ ✻✷✷✮

h2 = 6V −3πa2

π
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✼✹ ✭♣✳ ✻✷✸✮

y8

16x6

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✼✻ ✭♣✳ ✻✷✸✮
st❡❡♣♥❡ss
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✼✳✼✽ ✭♣✳ ✻✷✸✮
2x2−5x+1
(x+1)(x−3)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✽✳✶ ✭♣✳ ✻✷✹✮
❚❤❡ ♥✉♠❜❡r ❛❞❞❡❞ ✐s ✻✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✽✳✷ ✭♣✳ ✻✷✺✮
❚❤❡r❡ ❛r❡ t✇♦ ♥✉♠❜❡rs✿ 3

7 , 2
3 .

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✽✳✸ ✭♣✳ ✻✷✻✮
❲♦r❦✐♥❣ t♦❣❡t❤❡r✱ ❆ ❛♥❞ ❇ ❝❛♥ ♣♦✉r t❤❡ ❝♦♥❝r❡t❡ ✇❛❧❦✇❛② ✐♥ 3 3

5❤r✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✽✳✹ ✭♣✳ ✻✷✼✮
■t ✇✐❧❧ t❛❦❡ ✹✵ ❤r t♦ ✜❧❧ t❤❡ t❛♥❦✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✽✳✺ ✭♣✳ ✻✷✽✮
P❡rs♦♥ ❆✱ ✹ ❤r t♦ ❝♦♠♣❧❡t❡ t❤❡ t❛s❦❀ ♣❡rs♦♥ ❇✱ ✽ ❤r ❝♦♠♣❧❡t❡ t❤❡ t❛s❦✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✽✳✻ ✭♣✳ ✻✸✵✮
❧❡♥❣t❤ ❂ ✸✻ ❢t✱ ✇✐❞t❤ ❂ ✸ ❢t✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✽✳✼ ✭♣✳ ✻✸✵✮
❚❤❡ ♥✉♠❜❡r ❛❞❞❡❞ ✐s ✺✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✽✳✾ ✭♣✳ ✻✸✶✮
❚❤❡ ♥✉♠❜❡r ❛❞❞❡❞ ✐s −2.
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✽✳✶✶ ✭♣✳ ✻✸✶✮
❚❤❡ ♥✉♠❜❡r s✉❜tr❛❝t❡❞ ✐s −17.
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✽✳✶✸ ✭♣✳ ✻✸✶✮
x = 1

2 , 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✽✳✶✺ ✭♣✳ ✻✸✶✮
✷
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✽✳✶✼ ✭♣✳ ✻✸✶✮
3 1

13 ❤♦✉rs
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✽✳✶✾ ✭♣✳ ✻✸✶✮
t✇♦ ♠✐♥✉t❡s
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✽✳✷✶ ✭♣✳ ✻✸✶✮
◆♦✳ x = −20 ❤♦✉rs✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✽✳✷✸ ✭♣✳ ✻✸✷✮
2 8

11 ❤♦✉rs
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✽✳✷✺ ✭♣✳ ✻✸✷✮
❋✐rst ♣❡rs♦♥✿ ✶✷ ❤♦✉rs❀ s❡❝♦♥❞ ♣❡rs♦♥✿ ✹ ❤♦✉rs
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✽✳✷✼ ✭♣✳ ✻✸✷✮
16, 17
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✽✳✷✾ ✭♣✳ ✻✸✷✮

✇✐❞t❤ = 9 ❢t❀ ❧❡♥❣t❤ = 21 ❢t

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✽✳✸✶ ✭♣✳ ✻✸✷✮

s✐❞❡ 1 = 9 ✐♥❝❤❡s; s✐❞❡ 2 = 12 ✐♥❝❤❡s; s✐❞❡ 3 = 9 ✐♥❝❤❡s

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✽✳✸✸ ✭♣✳ ✻✸✷✮
✭❛✮ f = 15

4 ❢t ✭❜✮ p = 15 ✐♥❝❤❡s ✭❝✮ q = 8 ❝♠
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✽✳✸✺ ✭♣✳ ✻✸✸✮
✶ 11

13 ❤♦✉rs
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✽✳✸✼ ✭♣✳ ✻✸✸✮
✸✵ ❤♦✉rs
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✽✳✸✾ ✭♣✳ ✻✸✸✮
m = 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✽✳✹✶ ✭♣✳ ✻✸✸✮
✵
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✾✳✶ ✭♣✳ ✻✸✻✮
12
5x

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✼✺

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✾✳✷ ✭♣✳ ✻✸✻✮
3x−1
3x+1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✾✳✸ ✭♣✳ ✻✸✻✮

x
y(x−y)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✾✳✹ ✭♣✳ ✻✸✻✮
m−2
m−3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✾✳✺ ✭♣✳ ✻✸✻✮

x
x−2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✾✳✻ ✭♣✳ ✻✸✽✮
12
5x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✾✳✼ ✭♣✳ ✻✸✽✮
3x−1
3x+1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✾✳✽ ✭♣✳ ✻✸✽✮

x
y(x−y)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✾✳✾ ✭♣✳ ✻✸✽✮
m−2
m−3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✾✳✶✵ ✭♣✳ ✻✸✽✮

x
x−2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✾✳✶✶ ✭♣✳ ✻✸✽✮
5
3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✾✳✶✸ ✭♣✳ ✻✸✽✮
y−1
y+1

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✾✳✶✺ ✭♣✳ ✻✸✾✮
a+c
a−c
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✾✳✶✼ ✭♣✳ ✻✸✾✮
x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✾✳✶✾ ✭♣✳ ✻✸✾✮
2a+7
2a−3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✾✳✷✶ ✭♣✳ ✻✸✾✮
2m−1

m
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✾✳✷✸ ✭♣✳ ✻✸✾✮
k − 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✾✳✷✺ ✭♣✳ ✻✸✾✮

3y2

(2x−y)2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✾✳✷✼ ✭♣✳ ✻✸✾✮
−3
x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✾✳✷✾ ✭♣✳ ✻✸✾✮
y−x
xy

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✾✳✸✶ ✭♣✳ ✻✸✾✮
y−1
y+5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✾✳✸✸ ✭♣✳ ✻✹✵✮
3x − 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✾✳✸✺ ✭♣✳ ✻✹✵✮

4
a2+4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✾✳✸✼ ✭♣✳ ✻✹✵✮
(x−2)(x+1)
(x−1)(x+2)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✾✳✸✾ ✭♣✳ ✻✹✵✮
c2(V1+V2)
c2+V1V2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✾✳✹✶ ✭♣✳ ✻✹✵✮
9x2 + 24x + 16

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✼✻ ❈❍❆P❚❊❘ ✽✳ ❘❆❚■❖◆❆▲ ❊❳P❘❊❙❙■❖◆❙

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✾✳✹✸ ✭♣✳ ✻✹✵✮
x = 7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✶ ✭♣✳ ✻✹✶✮
2x + 1 − 1

x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✷ ✭♣✳ ✻✹✶✮
3x + 4 + 10

x − 4
x2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✸ ✭♣✳ ✻✹✷✮
a + 3b + 2

a
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✹ ✭♣✳ ✻✹✷✮
2xy − 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✺ ✭♣✳ ✻✹✷✮
−2m2n2 − 3mn3 + 4n
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✻ ✭♣✳ ✻✹✻✮
1 + 7

x−1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✼ ✭♣✳ ✻✹✻✮
x − 1 + 8

x+3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✽ ✭♣✳ ✻✹✻✮
x2 − 7x + 55 − 442

x+8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✾ ✭♣✳ ✻✹✻✮
x − 3 + 14x−14

x2+4x−5 = x − 3 + 14
x+5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✶✵ ✭♣✳ ✻✹✼✮
x − 2 + 1

x+2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✶✶ ✭♣✳ ✻✹✼✮
4x + 12 + 35

x−3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✶✷ ✭♣✳ ✻✹✼✮
x2 + 2x + 6 + 14

x−2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✶✸ ✭♣✳ ✻✹✼✮
3x2 − 2x + 3 − 10

2x+3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✶✹ ✭♣✳ ✻✹✽✮
3a + 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✶✻ ✭♣✳ ✻✹✽✮
−2y + 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✶✽ ✭♣✳ ✻✹✽✮
−x (x − 2)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✷✵ ✭♣✳ ✻✹✽✮
3a + 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✷✷ ✭♣✳ ✻✹✽✮
3x2 + x + 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✷✹ ✭♣✳ ✻✹✽✮
ab + 4a + 6b − 10
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✷✻ ✭♣✳ ✻✹✽✮
−x2y2 + 3xy − 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✷✽ ✭♣✳ ✻✹✽✮
1
4y2 + 1

2y + 3
4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✸✵ ✭♣✳ ✻✹✽✮
8x2−10x3+12x4

3a3 ♦r 12x4−10x3+8x2

3a3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✸✷ ✭♣✳ ✻✹✽✮
2b2−3b3c+4c

a2c
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✸✹ ✭♣✳ ✻✹✽✮
1 + 8

x−2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✼✼

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✸✻ ✭♣✳ ✻✹✾✮
x − 3 + 10

x+2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✸✽ ✭♣✳ ✻✹✾✮
x − 2 + 5

x+1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✹✵ ✭♣✳ ✻✹✾✮
x − 1 − 1

x+1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✹✷ ✭♣✳ ✻✹✾✮
y − 2 + 8

y+2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✹✹ ✭♣✳ ✻✹✾✮
x2 − x + 1 − 2

x+1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✹✻ ✭♣✳ ✻✹✾✮
x2 + x + 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✹✽ ✭♣✳ ✻✹✾✮
x2 + 5x + 11 + 20

x−2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✺✵ ✭♣✳ ✻✹✾✮
a2 + a + 2 + 8

a−1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✺✷ ✭♣✳ ✻✹✾✮
y2 + y − 2 + 8

y+2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✺✹ ✭♣✳ ✻✹✾✮
x2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✺✻ ✭♣✳ ✻✹✾✮
1 + 1

x+1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✺✽ ✭♣✳ ✻✺✵✮
2 + 11

y−4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✻✵ ✭♣✳ ✻✺✵✮
x + 4

2x−1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✻✷ ✭♣✳ ✻✺✵✮
2x − 1

3x+4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✻✹ ✭♣✳ ✻✺✵✮
2x2 + 3x − 2

2x−1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✻✻ ✭♣✳ ✻✺✵✮
4x3 + 2x − 1

x−1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✻✽ ✭♣✳ ✻✺✵✮
3 + 2

y2+y+1

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✼✵ ✭♣✳ ✻✺✵✮
4z5 + 4z4 + 2z3 + 7z2 + 12z + 11 + 33

2z−3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✼✷ ✭♣✳ ✻✺✵✮
x4 − 1

2x+5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✼✹ ✭♣✳ ✻✺✶✮

x+4
2(x−3)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✼✻ ✭♣✳ ✻✺✶✮
x = 1

2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✵✳✼✽ ✭♣✳ ✻✺✶✮
x−5

4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✶ ✭♣✳ ✻✺✸✮
x 6= −4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✸ ✭♣✳ ✻✺✸✮
x 6= 5

2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✺ ✭♣✳ ✻✺✸✮
m 6= 0, 1

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✼ ✭♣✳ ✻✺✸✮
s 6= −8,− 7

4 , 0
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✾ ✭♣✳ ✻✺✹✮
y 6= 1

6 ,− 5
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✶✶ ✭♣✳ ✻✺✹✮
− (4 · 5) = 20,−4 (5) = −20
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✶✸ ✭♣✳ ✻✺✹✮
− (7 · 10) = −70,−7 (10) = −70
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✶✺ ✭♣✳ ✻✺✹✮
−6a
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✶✼ ✭♣✳ ✻✺✹✮
✾
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✶✾ ✭♣✳ ✻✺✹✮
5m + 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✷✶ ✭♣✳ ✻✺✹✮

2
x+4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✷✸ ✭♣✳ ✻✺✹✮

m+5
m(2m+3)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✷✺ ✭♣✳ ✻✺✹✮
3a+4

a(5a+6)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✷✼ ✭♣✳ ✻✺✹✮
5

y−4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✷✾ ✭♣✳ ✻✺✺✮
3a2(a2−2)

a2−7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✸✶ ✭♣✳ ✻✺✺✮
−3yz10

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✸✸ ✭♣✳ ✻✺✺✮
x+6
x2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✸✺ ✭♣✳ ✻✺✺✮
y−4
y−1

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✸✼ ✭♣✳ ✻✺✺✮
3r+2
r−2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✸✾ ✭♣✳ ✻✺✺✮
a (a − 2)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✹✶ ✭♣✳ ✻✺✺✮
6a+1
5a+2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✹✸ ✭♣✳ ✻✺✺✮
1
6x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✹✺ ✭♣✳ ✻✺✺✮
x+7
x−1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✹✼ ✭♣✳ ✻✺✻✮
20mr

(
2m2 − 1

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✹✾ ✭♣✳ ✻✺✻✮
−7a
3a−1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✺✶ ✭♣✳ ✻✺✻✮
13y−5
8y+1

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✺✸ ✭♣✳ ✻✺✻✮
2a(6a−13)
(a+6)(a−8)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✺✺ ✭♣✳ ✻✺✻✮
y2−7y−23
(y+4)(y+1)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✼✾

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✺✼ ✭♣✳ ✻✺✻✮
2(8a2−a+1)
(2a+1)(4a−3)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✺✾ ✭♣✳ ✻✺✻✮
3r(3r+7)

(r−1)(r−2)(r+9)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✻✶ ✭♣✳ ✻✺✻✮
−16a2−18a−17

2(4a−1)(4a+1)(2a−1)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✻✸ ✭♣✳ ✻✺✻✮
(x+4)(x−4)
(x−2)(x−6)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✻✺ ✭♣✳ ✻✺✻✮
(r + 3) (r + 4)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✻✼ ✭♣✳ ✻✺✻✮
(x − 7) (x + 1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✻✾ ✭♣✳ ✻✺✻✮
7x2−20x+1

(x−4)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✼✶ ✭♣✳ ✻✺✼✮
(y+2)

(y+3)(y+7)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✼✸ ✭♣✳ ✻✺✼✮
5x3−26x2−192x−105

(x2−2x−35)(x+1)(x+2)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✼✺ ✭♣✳ ✻✺✼✮
13x3−39x2+51x−100
(2x+3)(x−7)(5x−2)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✼✼ ✭♣✳ ✻✺✼✮
a = 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✼✾ ✭♣✳ ✻✺✼✮
y = −2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✽✶ ✭♣✳ ✻✺✼✮
a = 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✽✸ ✭♣✳ ✻✺✼✮
◆♦ s♦❧✉t✐♦♥❀ m = 8 ✐s ❡①❝❧✉❞❡❞✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✽✺ ✭♣✳ ✻✺✼✮
◆♦ s♦❧✉t✐♦♥❀ b = 7 ✐s ❡①❝❧✉❞❡❞✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✽✼ ✭♣✳ ✻✺✼✮
t = A−P

Pr
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✽✾ ✭♣✳ ✻✺✼✮
t = 2mn−Qs

Q

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✾✶ ✭♣✳ ✻✺✽✮
✷
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✾✸ ✭♣✳ ✻✺✽✮
◆♦ r❛t✐♦♥❛❧ s♦❧✉t✐♦♥✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✾✺ ✭♣✳ ✻✺✽✮
3 15

16 ❤rs
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✾✼ ✭♣✳ ✻✺✽✮
✷✹ ❤rs
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✾✾ ✭♣✳ ✻✺✽✮
✭❛✮ ✶✼✻ ✉♥✐ts ♦❢ ♣r❡ss✉r❡❀ ✭❜✮ 5

4 ✉♥✐ts ♦❢ ❧❡♥❣t❤
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✶✵✶ ✭♣✳ ✻✺✾✮
a + 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✶✵✸ ✭♣✳ ✻✺✾✮
x2 + 2x + 4

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✽✵ ❈❍❆P❚❊❘ ✽✳ ❘❆❚■❖◆❆▲ ❊❳P❘❊❙❙■❖◆❙

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✶✵✺ ✭♣✳ ✻✺✾✮
m3 + 4m2 − 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✶✵✼ ✭♣✳ ✻✺✾✮
a2 + 6a − 2 − 8

a−9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✶✵✾ ✭♣✳ ✻✺✾✮
y2 − 3y + 11 − 44

y+4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✶✶✶ ✭♣✳ ✻✺✾✮
y6 + 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✶✶✸ ✭♣✳ ✻✺✾✮
x2 − x + 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✷✳✶✶✺ ✭♣✳ ✻✺✾✮
y5 + 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✸✳✶ ✭♣✳ ✻✻✵✮
a 6= −3, 8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✸✳✷ ✭♣✳ ✻✻✵✮
−3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✸✳✸ ✭♣✳ ✻✻✵✮
−2x − 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✸✳✹ ✭♣✳ ✻✻✵✮

5x5(x − 3)
2
(x + 5)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✸✳✺ ✭♣✳ ✻✻✵✮
x+4
x−5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✸✳✻ ✭♣✳ ✻✻✵✮
4x+3
2x+7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✸✳✼ ✭♣✳ ✻✻✵✮
(x − 3) (x + 2)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✸✳✽ ✭♣✳ ✻✻✵✮
(a + 2) (a − 2) (a + 3) (a − 4)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✸✳✾ ✭♣✳ ✻✻✵✮
a+5
a+6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✸✳✶✵ ✭♣✳ ✻✻✵✮
9abx
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✸✳✶✶ ✭♣✳ ✻✻✵✮
(y+3)(y+8)
(y+1)(y−3)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✸✳✶✷ ✭♣✳ ✻✻✵✮
2(y2−22)

(y−8)(y−3)(y+6)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✸✳✶✸ ✭♣✳ ✻✻✵✮
62x+19

(2x+7)(6x−1)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✸✳✶✹ ✭♣✳ ✻✻✵✮
8x4(x+1)
3(x−1)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✸✳✶✺ ✭♣✳ ✻✻✵✮
5m+1

2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✸✳✶✻ ✭♣✳ ✻✻✵✮

−7y2+15y+63
(4y−1)(2y+3)(y+6)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✸✳✶✼ ✭♣✳ ✻✻✵✮
x = −2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✸✳✶✽ ✭♣✳ ✻✻✵✮
◆♦ s♦❧✉t✐♦♥❀ m = 4 ✐s ❡①❝❧✉❞❡❞✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✸✳✶✾ ✭♣✳ ✻✻✶✮
✼

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✽✶

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✸✳✷✵ ✭♣✳ ✻✻✶✮
✶✷ ❤♦✉rs
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✸✳✷✶ ✭♣✳ ✻✻✶✮
✽ ❢t ❜② ✶✹ ❢t
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✸✳✷✷ ✭♣✳ ✻✻✶✮
4x−3
4x+3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✸✳✷✸ ✭♣✳ ✻✻✶✮
x−6
x+5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✸✳✷✹ ✭♣✳ ✻✻✶✮
x2 + 4x − 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✽✳✶✸✳✷✺ ✭♣✳ ✻✻✶✮
2x2 + 4x + 13 + 25

x−2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



❈❤❛♣t❡r ✾

❘♦♦ts✱ ❘❛❞✐❝❛❧s✱ ❛♥❞ ❙q✉❛r❡ ❘♦♦t

❊q✉❛t✐♦♥s

✾✳✶ ❖❜❥❡❝t✐✈❡s✶

❆❢t❡r ❝♦♠♣❧❡t✐♥❣ t❤✐s ❝❤❛♣t❡r✱ ②♦✉ s❤♦✉❧❞

❙q✉❛r❡ ❘♦♦t ❊①♣r❡ss✐♦♥s ✭❙❡❝t✐♦♥ ✾✳✷✮

• ✉♥❞❡rst❛♥❞ t❤❡ ❝♦♥❝❡♣t ♦❢ sq✉❛r❡ r♦♦t
• ❜❡ ❛❜❧❡ t♦ ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ t❤❡ ♣r✐♥❝✐♣❛❧ ❛♥❞ s❡❝♦♥❞❛r② sq✉❛r❡ r♦♦ts ♦❢ ❛ ♥✉♠❜❡r
• ❜❡ ❛❜❧❡ t♦ r❡❧❛t❡ sq✉❛r❡ r♦♦ts ❛♥❞ ♠❡❛♥✐♥❣❢✉❧ ❡①♣r❡ss✐♦♥s ❛♥❞ t♦ s✐♠♣❧✐❢② ❛ sq✉❛r❡ r♦♦t ❡①♣r❡ss✐♦♥

❙✐♠♣❧✐❢②✐♥❣ ❙q✉❛r❡ ❘♦♦t ❊①♣r❡ss✐♦♥s ✭❙❡❝t✐♦♥ ✾✳✸✮

• ❜❡ ❛❜❧❡ t♦ ✐❞❡♥t✐❢② ❛ ♣❡r❢❡❝t sq✉❛r❡
• ❜❡ ❢❛♠✐❧✐❛r ✇✐t❤ t❤❡ ♣r♦❞✉❝t ❛♥❞ q✉♦t✐❡♥t ♣r♦♣❡rt✐❡s ♦❢ sq✉❛r❡ r♦♦ts
• ❜❡ ❛❜❧❡ t♦ s✐♠♣❧✐❢② sq✉❛r❡ r♦♦ts ✐♥✈♦❧✈✐♥❣ ❛♥❞ ♥♦t ✐♥✈♦❧✈✐♥❣ ❢r❛❝t✐♦♥s

▼✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ ❙q✉❛r❡ ❘♦♦t ❊①♣r❡ss✐♦♥s ✭❙❡❝t✐♦♥ ✾✳✹✮

• ❜❡ ❛❜❧❡ t♦ ✉s❡ t❤❡ ♣r♦❞✉❝t ♣r♦♣❡rt② ♦❢ sq✉❛r❡ r♦♦ts t♦ ♠✉❧t✐♣❧② sq✉❛r❡ r♦♦ts

❉✐✈✐s✐♦♥ ♦❢ ❙q✉❛r❡ ❘♦♦t ❊①♣r❡ss✐♦♥s ✭❙❡❝t✐♦♥ ✾✳✺✮

• ❜❡ ❛❜❧❡ t♦ ✉s❡ t❤❡ ❞✐✈✐s✐♦♥ ♣r♦♣❡rt② ♦❢ sq✉❛r❡ r♦♦ts✱ t❤❡ ♠❡t❤♦❞ ♦❢ r❛t✐♦♥❛❧✐③✐♥❣ t❤❡ ❞❡♥♦♠✐♥❛t♦r✱ ❛♥❞
❝♦♥❥✉❣❛t❡s t♦ ❞✐✈✐❞❡ sq✉❛r❡ r♦♦ts

❆❞❞✐t✐♦♥ ❛♥❞ ❙✉❜tr❛❝t✐♦♥ ♦❢ ❙q✉❛r❡ ❘♦♦t ❊①♣r❡ss✐♦♥s ✭❙❡❝t✐♦♥ ✾✳✻✮

• ✉♥❞❡rst❛♥❞ t❤❡ ♣r♦❝❡ss ✉s❡❞ ✐♥ ❛❞❞✐♥❣ ❛♥❞ s✉❜tr❛❝t✐♥❣ sq✉❛r❡ r♦♦ts
• ❜❡ ❛❜❧❡ t♦ ❛❞❞ ❛♥❞ s✉❜tr❛❝t sq✉❛r❡ r♦♦t❡

❙q✉❛r❡ ❘♦♦t ❊q✉❛t✐♦♥s ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥s ✭❙❡❝t✐♦♥ ✾✳✼✮

• ❜❡ ❛❜❧❡ t♦ r❡❝♦❣♥✐③❡ sq✉❛r❡ r♦♦t ❡q✉❛t✐♦♥s ❛♥❞ ❡①tr❛♥❡♦✉s s♦❧✉t✐♦♥s
• ❜❡ ❛❜❧❡ t♦ s♦❧✈❡ sq✉❛r❡ r♦♦t ❡q✉❛t✐♦♥s

✶❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✷✼✾✼✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃

✻✽✸
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✾✳✷ ❙q✉❛r❡ ❘♦♦t ❊①♣r❡ss✐♦♥s ✷

✾✳✷✳✶ ❖✈❡r✈✐❡✇

• ❙q✉❛r❡ ❘♦♦ts
• Pr✐♥❝✐♣❛❧ ❛♥❞ ❙❡❝♦♥❞❛r② ❙q✉❛r❡ ❘♦♦ts
• ▼❡❛♥✐♥❣❢✉❧ ❊①♣r❡ss✐♦♥s
• ❙✐♠♣❧✐❢②✐♥❣ ❙q✉❛r❡ ❘♦♦ts

✾✳✷✳✷ ❙q✉❛r❡ ❘♦♦ts

❲❤❡♥ ✇❡ st✉❞✐❡❞ ❡①♣♦♥❡♥ts ✐♥ ❙❡❝t✐♦♥ ❙❡❝t✐♦♥ ✷✳✺✱ ✇❡ ♥♦t❡❞ t❤❛t 42 = 16 ❛♥❞ (−4)
2

= 16. ❲❡ ❝❛♥ s❡❡ t❤❛t ✶✻
✐s t❤❡ sq✉❛r❡ ♦❢ ❜♦t❤ ✹ ❛♥❞ −4✳ ❙✐♥❝❡ ✶✻ ❝♦♠❡s ❢r♦♠ sq✉❛r✐♥❣ ✹ ♦r −4✱ ✹ ❛♥❞ −4 ❛r❡ ❝❛❧❧❡❞ t❤❡ sq✉❛r❡ r♦♦ts
♦❢ ✶✻✳ ❚❤✉s ✶✻ ❤❛s t✇♦ sq✉❛r❡ r♦♦ts✱ ✹ ❛♥❞ −4✳ ◆♦t✐❝❡ t❤❛t t❤❡s❡ t✇♦ sq✉❛r❡ r♦♦ts ❛r❡ ♦♣♣♦s✐t❡s ♦❢ ❡❛❝❤ ♦t❤❡r✳

❲❡ ❝❛♥ s❛② t❤❛t
❙q✉❛r❡ ❘♦♦t
❚❤❡ sq✉❛r❡ r♦♦t ♦❢ ❛ ♣♦s✐t✐✈❡ ♥✉♠❜❡r x ✐s ❛ ♥✉♠❜❡r s✉❝❤ t❤❛t ✇❤❡♥ ✐t ✐s sq✉❛r❡❞ t❤❡ ♥✉♠❜❡r x r❡s✉❧ts✳

❊✈❡r② ♣♦s✐t✐✈❡ ♥✉♠❜❡r ❤❛s t✇♦ sq✉❛r❡ r♦♦ts✱ ♦♥❡ ♣♦s✐t✐✈❡ sq✉❛r❡ r♦♦t ❛♥❞ ♦♥❡ ♥❡❣❛t✐✈❡ sq✉❛r❡ r♦♦t✳
❋✉rt❤❡r♠♦r❡✱ t❤❡ t✇♦ sq✉❛r❡ r♦♦ts ♦❢ ❛ ♣♦s✐t✐✈❡ ♥✉♠❜❡r ❛r❡ ♦♣♣♦s✐t❡s ♦❢ ❡❛❝❤ ♦t❤❡r✳ ❚❤❡ sq✉❛r❡ r♦♦t ♦❢ ✵ ✐s
✵✳

✾✳✷✳✸ ❙❛♠♣❧❡ ❙❡t ❆

❊①❛♠♣❧❡ ✾✳✶
❚❤❡ t✇♦ sq✉❛r❡ r♦♦ts ♦❢ ✹✾ ❛r❡ ✼ ❛♥❞ −✼ s✐♥❝❡

72 = 49 ❛♥❞ (−7)
2

= 49

❊①❛♠♣❧❡ ✾✳✷
❚❤❡ t✇♦ sq✉❛r❡ r♦♦ts ♦❢ 49

64 ❛r❡ 7
8 ❛♥❞ −7

8 s✐♥❝❡

(
7
8

)2
= 7

8 · 7
8 = 49

64 ❛♥❞
(−7

8

)2
= −7

8 · −7
8 = 49

64

✾✳✷✳✹ Pr❛❝t✐❝❡ ❙❡t ❆

◆❛♠❡ ❜♦t❤ sq✉❛r❡ r♦♦ts ♦❢ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥✉♠❜❡rs✳

❊①❡r❝✐s❡ ✾✳✷✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✽✳✮

✸✻

❊①❡r❝✐s❡ ✾✳✷✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✽✳✮

✷✺

❊①❡r❝✐s❡ ✾✳✷✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✽✳✮

✶✵✵

❊①❡r❝✐s❡ ✾✳✷✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✽✳✮

✻✹

❊①❡r❝✐s❡ ✾✳✷✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✽✳✮

✶

✷❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✶✽✽✼✾✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✽✺

❊①❡r❝✐s❡ ✾✳✷✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✽✳✮
1
4

❊①❡r❝✐s❡ ✾✳✷✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✽✳✮
9
16

❊①❡r❝✐s❡ ✾✳✷✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✽✳✮

0.1

❊①❡r❝✐s❡ ✾✳✷✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✽✳✮

0.09

✾✳✷✳✺ Pr✐♥❝✐♣❛❧ ❛♥❞ ❙❡❝♦♥❞❛r② ❙q✉❛r❡ ❘♦♦ts

❚❤❡r❡ ✐s ❛ ♥♦t❛t✐♦♥ ❢♦r ❞✐st✐♥❣✉✐s❤✐♥❣ t❤❡ ♣♦s✐t✐✈❡ sq✉❛r❡ r♦♦t ♦❢ ❛ ♥✉♠❜❡r x ❢r♦♠ t❤❡ ♥❡❣❛t✐✈❡ sq✉❛r❡ r♦♦t
♦❢ x✳
Pr✐♥❝✐♣❛❧ ❙q✉❛r❡ ❘♦♦t✿

√
x

■❢ x ✐s ❛ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡r✱ t❤❡♥

√
x r❡♣r❡s❡♥ts t❤❡ ♣♦s✐t✐✈❡ sq✉❛r❡ r♦♦t ♦❢ x✳ ❚❤❡ ♣♦s✐t✐✈❡ sq✉❛r❡ r♦♦t ♦❢ ❛ ♥✉♠❜❡r ✐s ❝❛❧❧❡❞ t❤❡

♣r✐♥❝✐♣❛❧ sq✉❛r❡ r♦♦t ♦❢ t❤❡ ♥✉♠❜❡r✳
❙❡❝♦♥❞❛r② ❙q✉❛r❡ ❘♦♦t✿ −√

x
−√

x r❡♣r❡s❡♥ts t❤❡ ♥❡❣❛t✐✈❡ sq✉❛r❡ r♦♦t ♦❢ x✳ ❚❤❡ ♥❡❣❛t✐✈❡ sq✉❛r❡ r♦♦t ♦❢ ❛ ♥✉♠❜❡r ✐s ❝❛❧❧❡❞ t❤❡
s❡❝♦♥❞❛r② sq✉❛r❡ r♦♦t ♦❢ t❤❡ ♥✉♠❜❡r✳

−√
x ✐♥❞✐❝❛t❡s t❤❡ s❡❝♦♥❞❛r② sq✉❛r❡ r♦♦t ♦❢ x✳

❘❛❞✐❝❛❧ ❙✐❣♥✱ ❘❛❞✐❝❛♥❞✱ ❛♥❞ ❘❛❞✐❝❛❧
■♥ t❤❡ ❡①♣r❡ss✐♦♥

√
x,

√

✐s ❝❛❧❧❡❞ ❛ r❛❞✐❝❛❧ s✐❣♥✳

x ✐s ❝❛❧❧❡❞ t❤❡ r❛❞✐❝❛♥❞✳

√
x ✐s ❝❛❧❧❡❞ ❛ r❛❞✐❝❛❧✳

❚❤❡ ❤♦r✐③♦♥t❛❧ ❜❛r t❤❛t ❛♣♣❡❛rs ❛tt❛❝❤❡❞ t♦ t❤❡ r❛❞✐❝❛❧ s✐❣♥✱
√

✱ ✐s ❛ ❣r♦✉♣✐♥❣ s②♠❜♦❧ t❤❛t s♣❡❝✐✜❡s

t❤❡ r❛❞✐❝❛♥❞✳

❇❡❝❛✉s❡
√

x ❛♥❞ −√
x ❛r❡ t❤❡ t✇♦ sq✉❛r❡ r♦♦t ♦❢ x✱

(
√

x) (
√

x) = x ❛♥❞ (−√
x) (−√

x) = x

✾✳✷✳✻ ❙❛♠♣❧❡ ❙❡t ❇

❲r✐t❡ t❤❡ ♣r✐♥❝✐♣❛❧ ❛♥❞ s❡❝♦♥❞❛r② sq✉❛r❡ r♦♦ts ♦❢ ❡❛❝❤ ♥✉♠❜❡r✳

❊①❛♠♣❧❡ ✾✳✸

9.
Pr✐♥❝✐♣❛❧ sq✉❛r❡ r♦♦t ✐s

√
9 = 3.

❙❡❝♦♥❞❛r② sq✉❛r❡ r♦♦t ✐s −
√

9 = −3.

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✽✻ ❈❍❆P❚❊❘ ✾✳ ❘❖❖❚❙✱ ❘❆❉■❈❆▲❙✱ ❆◆❉ ❙◗❯❆❘❊ ❘❖❖❚ ❊◗❯❆❚■❖◆❙

❊①❛♠♣❧❡ ✾✳✹

15.
Pr✐♥❝✐♣❛❧ sq✉❛r❡ r♦♦t ✐s

√
15.

❙❡❝♦♥❞❛r② sq✉❛r❡ r♦♦t ✐s −
√

15.

❊①❛♠♣❧❡ ✾✳✺
❯s❡ ❛ ❝❛❧❝✉❧❛t♦r t♦ ♦❜t❛✐♥ ❛ ❞❡❝✐♠❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ t✇♦ sq✉❛r❡ r♦♦ts ♦❢ ✸✹✳ ❘♦✉♥❞ t♦ t✇♦
❞❡❝✐♠❛❧ ♣❧❛❝❡s✳

❖♥ t❤❡❈❛❧❝✉❧❛t❡r

❚②♣❡ 34

Pr❡ss
√

x

❉✐s♣❧❛② r❡❛❞s✿ 5.8309519

❘♦✉♥❞ t♦ ✺✳✽✸✳

◆♦t✐❝❡ t❤❛t t❤❡ sq✉❛r❡ r♦♦t s②♠❜♦❧ ♦♥ t❤❡ ❝❛❧❝✉❧❛t♦r ✐s
√

✳ ❚❤✐s ♠❡❛♥s✱ ♦❢ ❝♦✉rs❡✱ t❤❛t ❛

❝❛❧❝✉❧❛t♦r ✇✐❧❧ ♣r♦❞✉❝❡ ♦♥❧② t❤❡ ♣♦s✐t✐✈❡ sq✉❛r❡ r♦♦t✳ ❲❡ ♠✉st s✉♣♣❧② t❤❡ ♥❡❣❛t✐✈❡ sq✉❛r❡ r♦♦t
♦✉rs❡❧✈❡s✳

√
34 ≈ 5.83 ❛♥❞ −

√
34 ≈ −5.83

◆♦t❡✿ ❚❤❡ s②♠❜♦❧ ≈ ♠❡❛♥s ✧❛♣♣r♦①✐♠❛t❡❧② ❡q✉❛❧ t♦✳✧

❊①❛♠♣❧❡ ✾✳✻
❚❤❡ ♥✉♠❜❡r

√
50 ✐s ❜❡t✇❡❡♥ ✇❤❛t t✇♦ ✇❤♦❧❡ ♥✉♠❜❡rs❄

❙✐♥❝❡ 72 = 49,
√

49 = 7.

❙✐♥❝❡ 82 = 64,
√

64 = 8. ❚❤✉s✱

7 <
√

50 < 8

❚❤✉s✱
√

50 ✐s ❛ ♥✉♠❜❡r ❜❡t✇❡❡♥ ✼ ❛♥❞ ✽✳

✾✳✷✳✼ Pr❛❝t✐❝❡ ❙❡t ❇

❲r✐t❡ t❤❡ ♣r✐♥❝✐♣❛❧ ❛♥❞ s❡❝♦♥❞❛r② sq✉❛r❡ r♦♦ts ♦❢ ❡❛❝❤ ♥✉♠❜❡r✳

❊①❡r❝✐s❡ ✾✳✷✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✽✳✮

✶✵✵

❊①❡r❝✐s❡ ✾✳✷✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✽✳✮

✶✷✶

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✽✼

❊①❡r❝✐s❡ ✾✳✷✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✽✳✮

✸✺

❊①❡r❝✐s❡ ✾✳✷✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✽✳✮

❯s❡ ❛ ❝❛❧❝✉❧❛t♦r t♦ ♦❜t❛✐♥ ❛ ❞❡❝✐♠❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ t✇♦ sq✉❛r❡ r♦♦ts ♦❢ ✸✺✳ ❘♦✉♥❞ t♦ t✇♦
❞❡❝✐♠❛❧ ♣❧❛❝❡s✳

✾✳✷✳✽ ▼❡❛♥✐♥❣❢✉❧ ❊①♣r❡ss✐♦♥s

❙✐♥❝❡ ✇❡ ❦♥♦✇ t❤❛t t❤❡ sq✉❛r❡ ♦❢ ❛♥② r❡❛❧ ♥✉♠❜❡r ✐s ❛ ♣♦s✐t✐✈❡ ♥✉♠❜❡r ♦r ③❡r♦✱ ✇❡ ❝❛♥ s❡❡ t❤❛t ❡①♣r❡ss✐♦♥s
s✉❝❤ ❛s

√
−16 ❞♦ ♥♦t ❞❡s❝r✐❜❡ r❡❛❧ ♥✉♠❜❡rs✳ ❚❤❡r❡ ✐s ♥♦ r❡❛❧ ♥✉♠❜❡r t❤❛t ❝❛♥ ❜❡ sq✉❛r❡❞ t❤❛t ✇✐❧❧ ♣r♦❞✉❝❡

−✶✻✳ ❋♦r
√

x t♦ ❜❡ ❛ r❡❛❧ ♥✉♠❜❡r✱ ✇❡ ♠✉st ❤❛✈❡ x ≥ 0. ■♥ ♦✉r st✉❞② ♦❢ ❛❧❣❡❜r❛✱ ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t ❛❧❧
✈❛r✐❛❜❧❡s ❛♥❞ ❛❧❧ ❡①♣r❡ss✐♦♥s ✐♥ r❛❞✐❝❛♥❞s r❡♣r❡s❡♥t ♥♦♥♥❡❣❛t✐✈❡ ♥✉♠❜❡rs ✭♥✉♠❜❡rs ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦
③❡r♦✮✳

✾✳✷✳✾ ❙❛♠♣❧❡ ❙❡t ❈

❲r✐t❡ t❤❡ ♣r♦♣❡r r❡str✐❝t✐♦♥s t❤❛t ♠✉st ❜❡ ♣❧❛❝❡❞ ♦♥ t❤❡ ✈❛r✐❛❜❧❡ s♦ t❤❛t ❡❛❝❤ ❡①♣r❡ss✐♦♥ r❡♣r❡s❡♥ts ❛ r❡❛❧
♥✉♠❜❡r✳

❊①❛♠♣❧❡ ✾✳✼
❋♦r

√
x − 3 t♦ ❜❡ ❛ r❡❛❧ ♥✉♠❜❡r✱ ✇❡ ♠✉st ❤❛✈❡

x − 3 ≥ 0 ♦r x ≥ 3

❊①❛♠♣❧❡ ✾✳✽
❋♦r

√
2m + 7 t♦ ❜❡ ❛ r❡❛❧ ♥✉♠❜❡r✱ ✇❡ ♠✉st ❤❛✈❡

2m + 7 ≥ 0 ♦r 2m ≥ −7 ♦r m ≥ −7
2

✾✳✷✳✶✵ Pr❛❝t✐❝❡ ❙❡t ❈

❲r✐t❡ t❤❡ ♣r♦♣❡r r❡str✐❝t✐♦♥s t❤❛t ♠✉st ❜❡ ♣❧❛❝❡❞ ♦♥ t❤❡ ✈❛r✐❛❜❧❡ s♦ t❤❛t ❡❛❝❤ ❡①♣r❡ss✐♦♥ r❡♣r❡s❡♥ts ❛ r❡❛❧
♥✉♠❜❡r✳

❊①❡r❝✐s❡ ✾✳✷✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✽✳✮√
x + 5

❊①❡r❝✐s❡ ✾✳✷✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✽✳✮√
y − 8

❊①❡r❝✐s❡ ✾✳✷✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✽✳✮√
3a + 2

❊①❡r❝✐s❡ ✾✳✷✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✽✳✮√
5m − 6

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✾✳✷✳✶✶ ❙✐♠♣❧✐❢②✐♥❣ ❙q✉❛r❡ ❘♦♦ts

❲❤❡♥ ✈❛r✐❛❜❧❡s ♦❝❝✉r ✐♥ t❤❡ r❛❞✐❝❛♥❞✱ ✇❡ ❝❛♥ ♦❢t❡♥ s✐♠♣❧✐❢② t❤❡ ❡①♣r❡ss✐♦♥ ❜② r❡♠♦✈✐♥❣ t❤❡ r❛❞✐❝❛❧ s✐❣♥✳
❲❡ ❝❛♥ ❞♦ s♦ ❜② ❦❡❡♣✐♥❣ ✐♥ ♠✐♥❞ t❤❛t t❤❡ r❛❞✐❝❛♥❞ ✐s t❤❡ sq✉❛r❡ ♦❢ s♦♠❡ ♦t❤❡r ❡①♣r❡ss✐♦♥✳ ❲❡ ❝❛♥ s✐♠♣❧✐❢②
❛ r❛❞✐❝❛❧ ❜② s❡❡❦✐♥❣ ❛♥ ❡①♣r❡ss✐♦♥ ✇❤♦s❡ sq✉❛r❡ ✐s t❤❡ r❛❞✐❝❛♥❞✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥s ✇✐❧❧ ❤❡❧♣ ✉s ✜♥❞
t❤❡ sq✉❛r❡ r♦♦t ♦❢ ❛ ✈❛r✐❛❜❧❡ q✉❛♥t✐t②✳

❊①❛♠♣❧❡ ✾✳✾

❙✐♥❝❡
(
x3

)2
= x3 · 2 = x6, x3 ✐s ❛ sq✉❛r❡ r♦♦t ♦❢ x6. ❆❧s♦

❊①❛♠♣❧❡ ✾✳✶✵

❙✐♥❝❡
(
x4

)2
= x4·2 = x8, x4 ✐s ❛ sq✉❛r❡ r♦♦t ♦❢ x8. ❆❧s♦

❊①❛♠♣❧❡ ✾✳✶✶

❙✐♥❝❡
(
x6

)2
= x6·2 = x12, x6 ✐s ❛ sq✉❛r❡ r♦♦t ♦❢ x12. ❆❧s♦

❚❤❡s❡ ❡①❛♠♣❧❡s s✉❣❣❡st t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡✿
■❢ ❛ ✈❛r✐❛❜❧❡ ❤❛s ❛♥ ❡✈❡♥ ❡①♣♦♥❡♥t✱ ✐ts sq✉❛r❡ r♦♦t ❝❛♥ ❜❡ ❢♦✉♥❞ ❜② ❞✐✈✐❞✐♥❣ t❤❛t ❡①♣♦♥❡♥t ❜② ✷✳
❚❤❡ ❡①❛♠♣❧❡s ♦❢ ❙❛♠♣❧❡ ❙❡t ❇ ✐❧❧✉str❛t❡ t❤❡ ✉s❡ ♦❢ t❤✐s r✉❧❡✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✽✾

✾✳✷✳✶✷ ❙❛♠♣❧❡ ❙❡t ❉

❙✐♠♣❧✐❢② ❡❛❝❤ ❡①♣r❡ss✐♦♥ ❜② r❡♠♦✈✐♥❣ t❤❡ r❛❞✐❝❛❧ s✐❣♥✳ ❆ss✉♠❡ ❡❛❝❤ ✈❛r✐❛❜❧❡ ✐s ♥♦♥♥❡❣❛t✐✈❡✳

❊①❛♠♣❧❡ ✾✳✶✷

√
a2. ❲❡ s❡❡❦ ❛♥ ❡①♣r❡ss✐♦♥✇❤♦s❡ sq✉❛r❡ ✐s a2. ❙✐♥❝❡ (a)

2
= a2,

√
a2 = a ◆♦t✐❝❡ t❤❛t 2 ÷ 2 = 1.

❊①❛♠♣❧❡ ✾✳✶✸
√

y8. ❲❡ s❡❡❦ ❛♥ ❡①♣r❡ss✐♦♥✇❤♦s❡ sq✉❛r❡ ✐s y8. ❙✐♥❝❡
(
y4

)2
= y8,

√

y8 = y4 ◆♦t✐❝❡ t❤❛t 8 ÷ 2 = 4.

❊①❛♠♣❧❡ ✾✳✶✹√
25m2n6. ❲❡ s❡❡❦ ❛♥ ❡①♣r❡ss✐♦♥✇❤♦s❡ sq✉❛r❡ ✐s 25m2n6. ❙✐♥❝❡

(
5mn3

)2
= 25m2n6,

√
25m2n6 = 5mn3 ◆♦t✐❝❡ t❤❛t 2 ÷ 2 = 1 ❛♥❞ 6 ÷ 2 = 3.

❊①❛♠♣❧❡ ✾✳✶✺

−
√

121a10(b − 1)
4
. ❲❡ s❡❡❦ ❛♥ ❡①♣r❡ss✐♦♥✇❤♦s❡ sq✉❛r❡ ✐s 121a10(b − 1)

4
. ❙✐♥❝❡

[

11a5(b − 1)
2
]2

= 121a10(b − 1)
4
,

√

121a10(b − 1)
4

= 11a5(b − 1)
2

❚❤❡♥✱ −
√

121a10(b − 1)
4

= −11a5(b − 1)
2

◆♦t✐❝❡ t❤❛t 10 ÷ 2 = 5 ❛♥❞ 4 ÷ 2 = 2.

✾✳✷✳✶✸ Pr❛❝t✐❝❡ ❙❡t ❉

❙✐♠♣❧✐❢② ❡❛❝❤ ❡①♣r❡ss✐♦♥ ❜② r❡♠♦✈✐♥❣ t❤❡ r❛❞✐❝❛❧ s✐❣♥✳ ❆ss✉♠❡ ❡❛❝❤ ✈❛r✐❛❜❧❡ ✐s ♥♦♥♥❡❣❛t✐✈❡✳

❊①❡r❝✐s❡ ✾✳✷✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✽✳✮√

y8

❊①❡r❝✐s❡ ✾✳✷✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✽✳✮√
16a4

❊①❡r❝✐s❡ ✾✳✷✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✽✳✮√

49x4y6

❊①❡r❝✐s❡ ✾✳✷✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✽✳✮

−
√

100x8y12z2

❊①❡r❝✐s❡ ✾✳✷✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✽✳✮

−
√

36(a + 5)
4

❊①❡r❝✐s❡ ✾✳✷✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✽✳✮
√

225w4(z2 − 1)
2

❊①❡r❝✐s❡ ✾✳✷✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✽✳✮√

0.25y6z14

❊①❡r❝✐s❡ ✾✳✷✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✽✳✮√
x2n, ✇❤❡r❡ n ✐s ❛ ♥❛t✉r❛❧ ♥✉♠❜❡r✳

❊①❡r❝✐s❡ ✾✳✷✳✷✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✾✳✮√
x4n, ✇❤❡r❡ n ✐s ❛ ♥❛t✉r❛❧ ♥✉♠❜❡r✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✾✳✷✳✶✹ ❊①❡r❝✐s❡s

❊①❡r❝✐s❡ ✾✳✷✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✾✳✮

❍♦✇ ♠❛♥② sq✉❛r❡ r♦♦ts ❞♦❡s ❡✈❡r② ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡r ❤❛✈❡❄

❊①❡r❝✐s❡ ✾✳✷✳✷✽

❚❤❡ s②♠❜♦❧
√

r❡♣r❡s❡♥ts ✇❤✐❝❤ sq✉❛r❡ r♦♦t ♦❢ ❛ ♥✉♠❜❡r❄

❊①❡r❝✐s❡ ✾✳✷✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✾✳✮

❚❤❡ s②♠❜♦❧ ✕
√

r❡♣r❡s❡♥ts ✇❤✐❝❤ sq✉❛r❡ r♦♦t ♦❢ ❛ ♥✉♠❜❡r❄

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✜♥❞ t❤❡ t✇♦ sq✉❛r❡ r♦♦ts ♦❢ t❤❡ ❣✐✈❡♥ ♥✉♠❜❡r✳

❊①❡r❝✐s❡ ✾✳✷✳✸✵
✻✹

❊①❡r❝✐s❡ ✾✳✷✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✾✳✮

✽✶

❊①❡r❝✐s❡ ✾✳✷✳✸✷
✷✺

❊①❡r❝✐s❡ ✾✳✷✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✾✳✮

✶✷✶

❊①❡r❝✐s❡ ✾✳✷✳✸✹
✶✹✹

❊①❡r❝✐s❡ ✾✳✷✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✾✳✮

✷✷✺

❊①❡r❝✐s❡ ✾✳✷✳✸✻
✶✵✱✵✵✵

❊①❡r❝✐s❡ ✾✳✷✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✾✳✮
1
16

❊①❡r❝✐s❡ ✾✳✷✳✸✽
1
49

❊①❡r❝✐s❡ ✾✳✷✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✾✳✮
25
36

❊①❡r❝✐s❡ ✾✳✷✳✹✵
121
225

❊①❡r❝✐s❡ ✾✳✷✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✾✳✮

0.04

❊①❡r❝✐s❡ ✾✳✷✳✹✷
0.16

❊①❡r❝✐s❡ ✾✳✷✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✾✳✮

1.21

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❡✈❛❧✉❛t❡ ❡❛❝❤ ❡①♣r❡ss✐♦♥✳ ■❢ t❤❡ ❡①♣r❡ss✐♦♥ ❞♦❡s ♥♦t r❡♣r❡s❡♥t ❛ r❡❛❧ ♥✉♠❜❡r✱
✇r✐t❡ ✧♥♦t ❛ r❡❛❧ ♥✉♠❜❡r✳✧

❊①❡r❝✐s❡ ✾✳✷✳✹✹√
49

❊①❡r❝✐s❡ ✾✳✷✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✾✳✮√
64

❊①❡r❝✐s❡ ✾✳✷✳✹✻
−
√

36

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✾✶

❊①❡r❝✐s❡ ✾✳✷✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✾✳✮

−
√

100

❊①❡r❝✐s❡ ✾✳✷✳✹✽
−
√

169

❊①❡r❝✐s❡ ✾✳✷✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✾✳✮

−
√

36
81

❊①❡r❝✐s❡ ✾✳✷✳✺✵

−
√

121
169

❊①❡r❝✐s❡ ✾✳✷✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✾✳✮√
−225

❊①❡r❝✐s❡ ✾✳✷✳✺✷√
−36

❊①❡r❝✐s❡ ✾✳✷✳✺✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✾✳✮

−
√
−1

❊①❡r❝✐s❡ ✾✳✷✳✺✹
−
√
−5

❊①❡r❝✐s❡ ✾✳✷✳✺✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✾✳✮

−
(
−
√

9
)

❊①❡r❝✐s❡ ✾✳✷✳✺✻
−

(
−
√

0.81
)

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✇r✐t❡ t❤❡ ♣r♦♣❡r r❡str✐❝t✐♦♥s t❤❛t ♠✉st ❜❡ ♣❧❛❝❡❞ ♦♥ t❤❡ ✈❛r✐❛❜❧❡ s♦ t❤❛t t❤❡
❡①♣r❡ss✐♦♥ r❡♣r❡s❡♥ts ❛ r❡❛❧ ♥✉♠❜❡r✳

❊①❡r❝✐s❡ ✾✳✷✳✺✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✾✳✮√
y + 10

❊①❡r❝✐s❡ ✾✳✷✳✺✽√
x + 4

❊①❡r❝✐s❡ ✾✳✷✳✺✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✾✳✮√
a − 16

❊①❡r❝✐s❡ ✾✳✷✳✻✵√
h − 11

❊①❡r❝✐s❡ ✾✳✷✳✻✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✾✳✮√
2k − 1

❊①❡r❝✐s❡ ✾✳✷✳✻✷√
7x + 8

❊①❡r❝✐s❡ ✾✳✷✳✻✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✾✳✮√
−2x − 8

❊①❡r❝✐s❡ ✾✳✷✳✻✹√−5y + 15

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s✐♠♣❧✐❢② ❡❛❝❤ ❡①♣r❡ss✐♦♥ ❜② r❡♠♦✈✐♥❣ t❤❡ r❛❞✐❝❛❧ s✐❣♥✳

❊①❡r❝✐s❡ ✾✳✷✳✻✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✾✳✮√
m6

❊①❡r❝✐s❡ ✾✳✷✳✻✻√
k10

❊①❡r❝✐s❡ ✾✳✷✳✻✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✾✳✮√
a8

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✾✳✷✳✻✽√
h16

❊①❡r❝✐s❡ ✾✳✷✳✻✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✾✳✮√

x4y10

❊①❡r❝✐s❡ ✾✳✷✳✼✵√
a6b20

❊①❡r❝✐s❡ ✾✳✷✳✼✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✾✳✮√
a4b6

❊①❡r❝✐s❡ ✾✳✷✳✼✷√

x8y14

❊①❡r❝✐s❡ ✾✳✷✳✼✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✸✾✳✮√
81a2b2

❊①❡r❝✐s❡ ✾✳✷✳✼✹√

49x6y4

❊①❡r❝✐s❡ ✾✳✷✳✼✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✵✳✮√
100m8n2

❊①❡r❝✐s❡ ✾✳✷✳✼✻√

225p14r16

❊①❡r❝✐s❡ ✾✳✷✳✼✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✵✳✮√

36x22y44

❊①❡r❝✐s❡ ✾✳✷✳✼✽√

169w4z6(m − 1)
2

❊①❡r❝✐s❡ ✾✳✷✳✼✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✵✳✮
√

25x12(y − 1)
4

❊①❡r❝✐s❡ ✾✳✷✳✽✵√

64a10(a + 4)
14

❊①❡r❝✐s❡ ✾✳✷✳✽✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✵✳✮
√

9m6n4(m + n)
18

❊①❡r❝✐s❡ ✾✳✷✳✽✷√
25m26n42r66s84

❊①❡r❝✐s❡ ✾✳✷✳✽✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✵✳✮
√

(f − 2)
2
(g + 6)

4

❊①❡r❝✐s❡ ✾✳✷✳✽✹√

(2c − 3)
6

+ (5c + 1)
2

❊①❡r❝✐s❡ ✾✳✷✳✽✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✵✳✮

−
√

64r4s22

❊①❡r❝✐s❡ ✾✳✷✳✽✻

−
√

121a6(a − 4)
8

❊①❡r❝✐s❡ ✾✳✷✳✽✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✵✳✮

−
[

−
√

(w + 6)
2

]

❊①❡r❝✐s❡ ✾✳✷✳✽✽

−
[

−
√

4a2b2(c2 + 8)
2

]

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✾✸

❊①❡r❝✐s❡ ✾✳✷✳✽✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✵✳✮√
1.21h4k4

❊①❡r❝✐s❡ ✾✳✷✳✾✵√

2.25m6p6

❊①❡r❝✐s❡ ✾✳✷✳✾✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✵✳✮

−
√

169a2b4c6

196x4y6z8

❊①❡r❝✐s❡ ✾✳✷✳✾✷

−
[√

81y4(z−1)2

225x8z4w6

]

✾✳✷✳✶✺ ❊①❡r❝✐s❡❞ ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✾✳✷✳✾✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✵✳✮

✭❙❡❝t✐♦♥ ✽✳✹✮ ❋✐♥❞ t❤❡ q✉♦t✐❡♥t✳ x2−1
4x2−1 ÷ x−1

2x+1 .

❊①❡r❝✐s❡ ✾✳✷✳✾✹
✭❙❡❝t✐♦♥ ✽✳✻✮ ❋✐♥❞ t❤❡ s✉♠✳ 1

x+1 + 3
x+1 + 2

x2−1 .

❊①❡r❝✐s❡ ✾✳✷✳✾✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✵✳✮

✭❙❡❝t✐♦♥ ✽✳✼✮ ❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥✱ ✐❢ ♣♦ss✐❜❧❡✿ 1
x−2 = 3

x2−x−2 − 3
x+1 .

❊①❡r❝✐s❡ ✾✳✷✳✾✻
✭❙❡❝t✐♦♥ ✽✳✶✵✮ P❡r❢♦r♠ t❤❡ ❞✐✈✐s✐♦♥✿ 15x3−5x2+10x

5x .

❊①❡r❝✐s❡ ✾✳✷✳✾✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✵✳✮

✭❙❡❝t✐♦♥ ✽✳✶✵✮ P❡r❢♦r♠ t❤❡ ❞✐✈✐s✐♦♥✿ x3−5x2+13x−21
x−3 .

✾✳✸ ❙✐♠♣❧✐❢②✐♥❣ ❙q✉❛r❡ ❘♦♦t ❊①♣r❡ss✐♦♥s ✸

✾✳✸✳✶ ❖✈❡r✈✐❡✇

• P❡r❢❡❝t ❙q✉❛r❡s
• ❚❤❡ Pr♦❞✉❝t Pr♦♣❡rt② ♦❢ ❙q✉❛r❡ ❘♦♦ts
• ❚❤❡ ◗✉♦t✐❡♥t Pr♦♣❡rt② ♦❢ ❙q✉❛r❡ ❘♦♦ts
• ❙q✉❛r❡ ❘♦♦ts ◆♦t ■♥✈♦❧✈✐♥❣ ❋r❛❝t✐♦♥s
• ❙q✉❛r❡ ❘♦♦ts ■♥✈♦❧✈✐♥❣ ❋r❛❝t✐♦♥s

❚♦ ❜❡❣✐♥ ♦✉r st✉❞② ♦❢ t❤❡ ♣r♦❝❡ss ♦❢ s✐♠♣❧✐❢②✐♥❣ ❛ sq✉❛r❡ r♦♦t ❡①♣r❡ss✐♦♥✱ ✇❡ ♠✉st ♥♦t❡ t❤r❡❡ ❢❛❝ts✿ ♦♥❡ ❢❛❝t
❝♦♥❝❡r♥✐♥❣ ♣❡r❢❡❝t sq✉❛r❡s ❛♥❞ t✇♦ ❝♦♥❝❡r♥✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ sq✉❛r❡ r♦♦ts✳

✾✳✸✳✷ P❡r❢❡❝t ❙q✉❛r❡s

P❡r❢❡❝t ❙q✉❛r❡s
❘❡❛❧ ♥✉♠❜❡rs t❤❛t ❛r❡ sq✉❛r❡s ♦❢ r❛t✐♦♥❛❧ ♥✉♠❜❡rs ❛r❡ ❝❛❧❧❡❞ ♣❡r❢❡❝t sq✉❛r❡s✳ ❚❤❡ ♥✉♠❜❡rs ✷✺ ❛♥❞ 1

4 ❛r❡

❡①❛♠♣❧❡s ♦❢ ♣❡r❢❡❝t sq✉❛r❡s s✐♥❝❡ 25 = 52 ❛♥❞ 1
4 =

(
1
2

)2
, ❛♥❞ ✺ ❛♥❞ 1

2 ❛r❡ r❛t✐♦♥❛❧ ♥✉♠❜❡rs✳ ❚❤❡ ♥✉♠❜❡r ✷

✐s ♥♦t ❛ ♣❡r❢❡❝t sq✉❛r❡ s✐♥❝❡ 2 =
(√

2
)2

❛♥❞
√

2 ✐s ♥♦t ❛ r❛t✐♦♥❛❧ ♥✉♠❜❡r✳
❆❧t❤♦✉❣❤ ✇❡ ✇✐❧❧ ♥♦t ♠❛❦❡ ❛ ❞❡t❛✐❧❡❞ st✉❞② ♦❢ ✐rr❛t✐♦♥❛❧ ♥✉♠❜❡rs✱ ✇❡ ✇✐❧❧ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥✿
❆♥② ✐♥❞✐❝❛t❡❞ sq✉❛r❡ r♦♦t ✇❤♦s❡ r❛❞✐❝❛♥❞ ✐s ♥♦t ❛ ♣❡r❢❡❝t sq✉❛r❡ ✐s ❛♥ ✐rr❛t✐♦♥❛❧ ♥✉♠❜❡r✳

❚❤❡ ♥✉♠❜❡rs
√

6,
√

15, ❛♥❞
√

3
4 ❛r❡ ❡❛❝❤ ✐rr❛t✐♦♥❛❧ s✐♥❝❡ ❡❛❝❤ r❛❞✐❝❛♥❞

(
6, 15, 3

4

)
✐s ♥♦t ❛ ♣❡r❢❡❝t sq✉❛r❡✳

✸❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✼✸✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✾✳✸✳✸ ❚❤❡ Pr♦❞✉❝t Pr♦♣❡rt② ♦❢ ❙q✉❛r❡ ❘♦♦ts

◆♦t✐❝❡ t❤❛t

√
9 · 4 =

√
36 = 6 ❛♥❞√

9
√

4 = 3 · 2 = 6
❙✐♥❝❡ ❜♦t❤

√
9 · 4 ❛♥❞

√
9
√

4 ❡q✉❛❧ ✻✱ ✐t ♠✉st ❜❡ t❤❛t

√
9 · 4 =

√
9
√

4
❚❤❡ Pr♦❞✉❝t Pr♦♣❡rt②

√
xy =

√
x
√

y
❚❤✐s s✉❣❣❡sts t❤❛t ✐♥ ❣❡♥❡r❛❧✱ ✐❢ x ❛♥❞ y ❛r❡ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs✱

√
xy =

√
x
√

y

❚❤❡ sq✉❛r❡ r♦♦t ♦❢ t❤❡ ♣r♦❞✉❝t ✐s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ sq✉❛r❡ r♦♦ts✳

✾✳✸✳✹ ❚❤❡ ◗✉♦t✐❡♥t Pr♦♣❡rt② ♦❢ ❙q✉❛r❡ ❘♦♦ts

❲❡ ❝❛♥ s✉❣❣❡st ❛ s✐♠✐❧❛r r✉❧❡ ❢♦r q✉♦t✐❡♥ts✳ ◆♦t✐❝❡ t❤❛t

√
36
4 =

√
9 = 3 ❛♥❞

√
36√
4

= 6
2 = 3

❙✐♥❝❡ ❜♦t❤ 36
4 ❛♥❞

√
36√
4

❡q✉❛❧ ✸✱ ✐t ♠✉st ❜❡ t❤❛t

√
36
4 =

√
36√
4

❚❤❡ ◗✉♦t✐❡♥t Pr♦♣❡rt②
√

x
y =

√
x√
y

❚❤✐s s✉❣❣❡sts t❤❛t ✐♥ ❣❡♥❡r❛❧✱ ✐❢ x ❛♥❞ y ❛r❡ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs✱

√
x
y =

√
x√
y , y 6= 0

❚❤❡ sq✉❛r❡ r♦♦t ♦❢ t❤❡ q✉♦t✐❡♥t ✐s t❤❡ q✉♦t✐❡♥t ♦❢ t❤❡ sq✉❛r❡ r♦♦ts✳
❈❆❯❚■❖◆

■t ✐s ❡①tr❡♠❡❧② ✐♠♣♦rt❛♥t t♦ r❡♠❡♠❜❡r t❤❛t

√
x + y 6= √

x +
√

y ♦r
√

x − y 6= √
x −√

y

❋♦r ❡①❛♠♣❧❡✱ ♥♦t✐❝❡ t❤❛t
√

16 + 9 =
√

25 = 5, ❜✉t
√

16 +
√

9 = 4 + 3 = 7.
❲❡ s❤❛❧❧ st✉❞② t❤❡ ♣r♦❝❡ss ♦❢ s✐♠♣❧✐❢②✐♥❣ ❛ sq✉❛r❡ r♦♦t ❡①♣r❡ss✐♦♥ ❜② ❞✐st✐♥❣✉✐s❤✐♥❣ ❜❡t✇❡❡♥ t✇♦ t②♣❡s

♦❢ sq✉❛r❡ r♦♦ts✿ sq✉❛r❡ r♦♦ts ♥♦t ✐♥✈♦❧✈✐♥❣ ❛ ❢r❛❝t✐♦♥ ❛♥❞ sq✉❛r❡ r♦♦ts ✐♥✈♦❧✈✐♥❣ ❛ ❢r❛❝t✐♦♥✳

✾✳✸✳✺ ❙q✉❛r❡ ❘♦♦ts ◆♦t ■♥✈♦❧✈✐♥❣ ❋r❛❝t✐♦♥s

❆ sq✉❛r❡ r♦♦t t❤❛t ❞♦❡s ♥♦t ✐♥✈♦❧✈❡ ❢r❛❝t✐♦♥s ✐s ✐♥ s✐♠♣❧✐✜❡❞ ❢♦r♠ ✐❢ t❤❡r❡ ❛r❡ ♥♦ ♣❡r❢❡❝t sq✉❛r❡ ✐♥ t❤❡
r❛❞✐❝❛♥❞✳

❚❤❡ sq✉❛r❡ r♦♦ts
√

x,
√

ab,
√

5mn,
√

2 (a + 5) ❛r❡ ✐♥ s✐♠♣❧✐✜❡❞ ❢♦r♠ s✐♥❝❡ ♥♦♥❡ ♦❢ t❤❡ r❛❞✐❝❛♥❞s ❝♦♥t❛✐♥s
❛ ♣❡r❢❡❝t sq✉❛r❡✳

❚❤❡ sq✉❛r❡ r♦♦ts
√

x2,
√

a3 =
√

a2a ❛r❡ ♥♦t ✐♥ s✐♠♣❧✐✜❡❞ ❢♦r♠ s✐♥❝❡ ❡❛❝❤ r❛❞✐❝❛♥❞ ❝♦♥t❛✐♥s ❛ ♣❡r❢❡❝t
sq✉❛r❡✳

❚♦ s✐♠♣❧✐❢② ❛ sq✉❛r❡ r♦♦t ❡①♣r❡ss✐♦♥ t❤❛t ❞♦❡s ♥♦t ✐♥✈♦❧✈❡ ❛ ❢r❛❝t✐♦♥✱ ✇❡ ❝❛♥ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ r✉❧❡s✿
❙■▼P▲■❋❨■◆● ❙◗❯❆❘❊ ❘❖❖❚❙ ❲■❚❍❖❯❚ ❋❘❆❈❚■❖◆❙

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✾✺

✶✳ ■❢ ❛ ❢❛❝t♦r ♦❢ t❤❡ r❛❞✐❝❛♥❞ ❝♦♥t❛✐♥s ❛ ✈❛r✐❛❜❧❡ ✇✐t❤ ❛♥ ❡✈❡♥ ❡①♣♦♥❡♥t✱ t❤❡ sq✉❛r❡ r♦♦t ✐s ♦❜t❛✐♥❡❞ ❜②
❞✐✈✐❞✐♥❣ t❤❡ ❡①♣♦♥❡♥t ❜② ✷✳

✷✳ ■❢ ❛ ❢❛❝t♦r ♦❢ t❤❡ r❛❞✐❝❛♥❞ ❝♦♥t❛✐♥s ❛ ✈❛r✐❛❜❧❡ ✇✐t❤ ❛♥ ♦❞❞ ❡①♣♦♥❡♥t✱ t❤❡ sq✉❛r❡ r♦♦t ✐s ♦❜t❛✐♥❡❞ ❜②
✜rst ❢❛❝t♦r✐♥❣ t❤❡ ✈❛r✐❛❜❧❡ ❢❛❝t♦r ✐♥t♦ t✇♦ ❢❛❝t♦rs s♦ t❤❛t ♦♥❡ ❤❛s ❛♥ ❡✈❡♥ ❡①♣♦♥❡♥t ❛♥❞ t❤❡ ♦t❤❡r ❤❛s
❛♥ ❡①♣♦♥❡♥t ♦❢ ✶✱ t❤❡♥ ✉s✐♥❣ t❤❡ ♣r♦❞✉❝t ♣r♦♣❡rt② ♦❢ sq✉❛r❡ r♦♦ts✳

✾✳✸✳✻ ❙❛♠♣❧❡ ❙❡t ❆

❙✐♠♣❧✐❢② ❡❛❝❤ sq✉❛r❡ r♦♦t✳

❊①❛♠♣❧❡ ✾✳✶✻√
a4. ❚❤❡ ❡①♣♦♥❡♥t ✐s ❡✈❡♥✿ 4

2 = 2. ❚❤❡ ❡①♣♦♥❡♥t ♦♥ t❤❡ sq✉❛r❡ r♦♦t ✐s ✷✳

√
a4 = a2

❊①❛♠♣❧❡ ✾✳✶✼√
a6b10. ❇♦t❤ ❡①♣♦♥❡♥ts ❛r❡ ❡✈❡♥✿ 6

2 = 3 ❛♥❞ 10
2 = 5. ❚❤❡ ❡①♣♦♥❡♥t ♦♥ t❤❡ sq✉❛r❡ r♦♦t ♦❢ a6 ✐s ✸✳

❚❤❡ ❡①♣♦♥❡♥t ♦♥ t❤❡ sq✉❛r❡ r♦♦t ✐❢ b10 ✐s ✺✳

√
a6b10 = a3b5

❊①❛♠♣❧❡ ✾✳✶✽√

y5. ❚❤❡ ❡①♣♦♥❡♥t ✐s ♦❞❞✿ y5 = y4y. ❚❤❡♥

√

y5 =
√

y4y =
√

y4√y = y2√y

❊①❛♠♣❧❡ ✾✳✶✾√
36a7b11c20 =

√
62a6ab10bc20 a7 = a6a, b11 = b10b

=
√

62a6b10c20 · ab ❜② t❤❡ ❝♦♠♠✉t❛t✐✈❡ ♣r♦♣❡rt② ♦❢♠✉❧t✐♣❧✐❝❛t✐♦♥✳

=
√

62a6b10c20
√

ab ❜② t❤❡ ♣r♦❞✉❝t ♣r♦♣❡rt② ♦❢ sq✉❛r❡ r♦♦ts✳

= 6a3b5c10
√

ab

❊①❛♠♣❧❡ ✾✳✷✵
√

49x8y3(a − 1)
6

=

√

72x8y2y(a − 1)
6

=

√

72x8y2(a − 1)
6√

y

= 7x4y(a − 1)
3√

y

❊①❛♠♣❧❡ ✾✳✷✶√
75 =

√
25 · 3 =

√
52 · 3 =

√
52
√

3 = 5
√

3

✾✳✸✳✼ Pr❛❝t✐❝❡ ❙❡t ❆

❙✐♠♣❧✐❢② ❡❛❝❤ sq✉❛r❡ r♦♦t✳

❊①❡r❝✐s❡ ✾✳✸✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✵✳✮√
m8

❊①❡r❝✐s❡ ✾✳✸✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✵✳✮√
h14k22

❊①❡r❝✐s❡ ✾✳✸✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✵✳✮√
81a12b6c38

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✾✳✸✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✵✳✮
√

144x4y80(b + 5)
16

❊①❡r❝✐s❡ ✾✳✸✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✵✳✮√
w5

❊①❡r❝✐s❡ ✾✳✸✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✵✳✮√
w7z3k13

❊①❡r❝✐s❡ ✾✳✸✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✵✳✮√
27a3b4c5d6

❊①❡r❝✐s❡ ✾✳✸✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✵✳✮
√

180m4n15(a − 12)
15

✾✳✸✳✽ ❙q✉❛r❡ ❘♦♦ts ■♥✈♦❧✈✐♥❣ ❋r❛❝t✐♦♥s

❆ sq✉❛r❡ r♦♦t ❡①♣r❡ss✐♦♥ ✐s ✐♥ s✐♠♣❧✐✜❡❞ ❢♦r♠ ✐❢ t❤❡r❡ ❛r❡

✶✳ ♥♦ ♣❡r❢❡❝t sq✉❛r❡s ✐♥ t❤❡ r❛❞✐❝❛♥❞✱
✷✳ ♥♦ ❢r❛❝t✐♦♥s ✐♥ t❤❡ r❛❞✐❝❛♥❞✱ ♦r
✸✳ ✸✳ ♥♦ sq✉❛r❡ r♦♦t ❡①♣r❡ss✐♦♥s ✐♥ t❤❡ ❞❡♥♦♠✐♥❛t♦r✳

❚❤❡ sq✉❛r❡ r♦♦t ❡①♣r❡ss✐♦♥s
√

5a, 4
√

3xy
5 , ❛♥❞ 11m2n

√
a−4

2x2 ❛r❡ ✐♥ s✐♠♣❧✐✜❡❞ ❢♦r♠✳

❚❤❡ sq✉❛r❡ r♦♦t ❡①♣r❡ss✐♦♥s
√

3x
8 ,

√
4a4b3

5 , ❛♥❞ 2y√
3x

❛r❡ ♥♦t ✐♥ s✐♠♣❧✐✜❡❞ ❢♦r♠✳

❙■▼P▲■❋❨■◆● ❙◗❯❆❘❊ ❘❖❖❚❙ ❲■❚❍ ❋❘❆❈❚■❖◆❙

❚♦ s✐♠♣❧✐❢② t❤❡ sq✉❛r❡ r♦♦t ❡①♣r❡ss✐♦♥
√

x
y ,

✶✳ ❲r✐t❡ t❤❡ ❡①♣r❡ss✐♦♥ ❛s
√

x√
y ✉s✐♥❣ t❤❡ r✉❧❡

√
x
y =

√
x√
y .

✷✳ ▼✉❧t✐♣❧② t❤❡ ❢r❛❝t✐♦♥ ❜② ✶ ✐♥ t❤❡ ❢♦r♠ ♦❢
√

y√
y .

✸✳ ❙✐♠♣❧✐❢② t❤❡ r❡♠❛✐♥✐♥❣ ❢r❛❝t✐♦♥✱
√

xy

y .

❘❛t✐♦♥❛❧✐③✐♥❣ t❤❡ ❉❡♥♦♠✐♥❛t♦r
❚❤❡ ♣r♦❝❡ss ✐♥✈♦❧✈❡❞ ✐♥ st❡♣ ✷ ✐s ❝❛❧❧❡❞ r❛t✐♦♥❛❧✐③✐♥❣ t❤❡ ❞❡♥♦♠✐♥❛t♦r✳ ❚❤✐s ♣r♦❝❡ss r❡♠♦✈❡s sq✉❛r❡ r♦♦t
❡①♣r❡ss✐♦♥s ❢r♦♠ t❤❡ ❞❡♥♦♠✐♥❛t♦r ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t

(√
y
) (√

y
)

= y.

✾✳✸✳✾ ❙❛♠♣❧❡ ❙❡t ❇

❙✐♠♣❧✐❢② ❡❛❝❤ sq✉❛r❡ r♦♦t✳

❊①❛♠♣❧❡ ✾✳✷✷

√

9

25
=

√
9√
25

=
3

5

❊①❛♠♣❧❡ ✾✳✷✸

√

3

5
=

√
3√
5

=

√
3√
5

·
√

5√
5

=

√
15

5

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✾✼

❊①❛♠♣❧❡ ✾✳✷✹

√

9

8
=

√
9√
8

=

√
9√
8

·
√

8√
8

=
3
√

8

8
=

3
√

4 · 2

8
=

3
√

4
√

2

8
=

3 · 2
√

2

8
=

3
√

2

4

❊①❛♠♣❧❡ ✾✳✷✺

√

k2

m3
=

√
k2

√
m3

=
k√
m3

=
k√

m2m
=

k√
m2

√
m

=
k

m
√

m
=

k

m
√

m
·
√

m√
m

=
k
√

m

m
√

m
√

m
=

k
√

m

m · m
=

k
√

m

m2

❊①❛♠♣❧❡ ✾✳✷✻

√
x2 − 8x + 16 =

√

(x − 4)
2

= x − 4

✾✳✸✳✶✵ Pr❛❝t✐❝❡ ❙❡t ❇

❙✐♠♣❧✐❢② ❡❛❝❤ sq✉❛r❡ r♦♦t✳

❊①❡r❝✐s❡ ✾✳✸✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✵✳✮
√

81
25

❊①❡r❝✐s❡ ✾✳✸✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✵✳✮
√

2
7

❊①❡r❝✐s❡ ✾✳✸✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✵✳✮
√

4
5

❊①❡r❝✐s❡ ✾✳✸✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✵✳✮
√

10
4

❊①❡r❝✐s❡ ✾✳✸✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✵✳✮
√

9
4

❊①❡r❝✐s❡ ✾✳✸✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✶✳✮
√

a3

6

❊①❡r❝✐s❡ ✾✳✸✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✶✳✮
√

y4

x3

❊①❡r❝✐s❡ ✾✳✸✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✶✳✮
√

32a5

b7

❊①❡r❝✐s❡ ✾✳✸✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✶✳✮
√

(x + 9)
2

❊①❡r❝✐s❡ ✾✳✸✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✶✳✮√
x2 + 14x + 49

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✾✳✸✳✶✶ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s✐♠♣❧✐❢② ❡❛❝❤ ♦❢ t❤❡ r❛❞✐❝❛❧ ❡①♣r❡ss✐♦♥s✳

❊①❡r❝✐s❡ ✾✳✸✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✶✳✮√
8b2

❊①❡r❝✐s❡ ✾✳✸✳✷✵√
20a2

❊①❡r❝✐s❡ ✾✳✸✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✶✳✮√
24x4

❊①❡r❝✐s❡ ✾✳✸✳✷✷√

27y6

❊①❡r❝✐s❡ ✾✳✸✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✶✳✮√
a5

❊①❡r❝✐s❡ ✾✳✸✳✷✹√
m7

❊①❡r❝✐s❡ ✾✳✸✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✶✳✮√
x11

❊①❡r❝✐s❡ ✾✳✸✳✷✻√

y17

❊①❡r❝✐s❡ ✾✳✸✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✶✳✮√
36n9

❊①❡r❝✐s❡ ✾✳✸✳✷✽√
49x13

❊①❡r❝✐s❡ ✾✳✸✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✶✳✮√

100x5y11

❊①❡r❝✐s❡ ✾✳✸✳✸✵√
64a7b3

❊①❡r❝✐s❡ ✾✳✸✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✶✳✮

5
√

16m6n7

❊①❡r❝✐s❡ ✾✳✸✳✸✷
8
√

9a4b11

❊①❡r❝✐s❡ ✾✳✸✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✶✳✮

3
√

16x3

❊①❡r❝✐s❡ ✾✳✸✳✸✹
8
√

25y3

❊①❡r❝✐s❡ ✾✳✸✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✶✳✮√
12a4

❊①❡r❝✐s❡ ✾✳✸✳✸✻√
32m8

❊①❡r❝✐s❡ ✾✳✸✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✶✳✮√
32x7

❊①❡r❝✐s❡ ✾✳✸✳✸✽√

12y13

❊①❡r❝✐s❡ ✾✳✸✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✶✳✮√
50a3b9

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✻✾✾

❊①❡r❝✐s❡ ✾✳✸✳✹✵√

48p11q5

❊①❡r❝✐s❡ ✾✳✸✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✶✳✮

4
√

18a5b17

❊①❡r❝✐s❡ ✾✳✸✳✹✷
8
√

108x21y3

❊①❡r❝✐s❡ ✾✳✸✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✶✳✮

−4
√

75a4b6

❊①❡r❝✐s❡ ✾✳✸✳✹✹
−6

√

72x2y4z10

❊①❡r❝✐s❡ ✾✳✸✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✶✳✮

−
√

b12

❊①❡r❝✐s❡ ✾✳✸✳✹✻
−
√

c18

❊①❡r❝✐s❡ ✾✳✸✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✶✳✮√
a2b2c2

❊①❡r❝✐s❡ ✾✳✸✳✹✽√

4x2y2z2

❊①❡r❝✐s❡ ✾✳✸✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✶✳✮

−
√

9a2b3

❊①❡r❝✐s❡ ✾✳✸✳✺✵
−

√

16x4y5

❊①❡r❝✐s❡ ✾✳✸✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✶✳✮√

m6n8p12q20

❊①❡r❝✐s❡ ✾✳✸✳✺✷√
r2

❊①❡r❝✐s❡ ✾✳✸✳✺✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✶✳✮√

p2

❊①❡r❝✐s❡ ✾✳✸✳✺✹√
1
4

❊①❡r❝✐s❡ ✾✳✸✳✺✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✶✳✮
√

1
16

❊①❡r❝✐s❡ ✾✳✸✳✺✻√
4
25

❊①❡r❝✐s❡ ✾✳✸✳✺✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✶✳✮
√

9
49

❊①❡r❝✐s❡ ✾✳✸✳✺✽
5
√

8√
3

❊①❡r❝✐s❡ ✾✳✸✳✺✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✷✳✮
2
√

32√
3

❊①❡r❝✐s❡ ✾✳✸✳✻✵√
5
6

❊①❡r❝✐s❡ ✾✳✸✳✻✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✷✳✮
√

2
7

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✾✳✸✳✻✷√
3
10

❊①❡r❝✐s❡ ✾✳✸✳✻✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✷✳✮
√

4
3

❊①❡r❝✐s❡ ✾✳✸✳✻✹

−
√

2
5

❊①❡r❝✐s❡ ✾✳✸✳✻✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✷✳✮

−
√

3
10

❊①❡r❝✐s❡ ✾✳✸✳✻✻√
16a2

5

❊①❡r❝✐s❡ ✾✳✸✳✻✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✷✳✮
√

24a5

7

❊①❡r❝✐s❡ ✾✳✸✳✻✽√
72x2y3

5

❊①❡r❝✐s❡ ✾✳✸✳✻✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✷✳✮
√

2
a

❊①❡r❝✐s❡ ✾✳✸✳✼✵√
5
b

❊①❡r❝✐s❡ ✾✳✸✳✼✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✷✳✮
√

6
x3

❊①❡r❝✐s❡ ✾✳✸✳✼✷√
12
y5

❊①❡r❝✐s❡ ✾✳✸✳✼✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✷✳✮
√

49x2y5z9

25a3b11

❊①❡r❝✐s❡ ✾✳✸✳✼✹√
27x6y15

33x3y5

❊①❡r❝✐s❡ ✾✳✸✳✼✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✷✳✮
√

(b + 2)
4

❊①❡r❝✐s❡ ✾✳✸✳✼✻√

(a − 7)
8

❊①❡r❝✐s❡ ✾✳✸✳✼✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✷✳✮
√

(x + 2)
6

❊①❡r❝✐s❡ ✾✳✸✳✼✽√

(x + 2)
2
(x + 1)

2

❊①❡r❝✐s❡ ✾✳✸✳✼✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✷✳✮
√

(a − 3)
4
(a − 1)

2

❊①❡r❝✐s❡ ✾✳✸✳✽✵√

(b + 7)
8
(b − 7)

6

❊①❡r❝✐s❡ ✾✳✸✳✽✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✷✳✮√
a2 − 10a + 25

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✵✶

❊①❡r❝✐s❡ ✾✳✸✳✽✷√
b2 + 6b + 9

❊①❡r❝✐s❡ ✾✳✸✳✽✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✷✳✮
√

(a2 − 2a + 1)
4

❊①❡r❝✐s❡ ✾✳✸✳✽✹√

(x2 + 2x + 1)
12

✾✳✸✳✶✷ ❊①❡r❝✐s❡s ❋♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✾✳✸✳✽✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✷✳✮

✭❙❡❝t✐♦♥ ✺✳✼✮ ❙♦❧✈❡ t❤❡ ✐♥❡q✉❛❧✐t② 3 (a + 2) ≤ 2 (3a + 4)

❊①❡r❝✐s❡ ✾✳✸✳✽✻
✭❙❡❝t✐♦♥ ✼✳✷✮ ●r❛♣❤ t❤❡ ✐♥❡q✉❛❧✐t② 6x ≤ 5 (x + 1) − 6.

❊①❡r❝✐s❡ ✾✳✸✳✽✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✷✳✮

✭❙❡❝t✐♦♥ ✼✳✺✮ ❙✉♣♣❧② t❤❡ ♠✐ss✐♥❣ ✇♦r❞s✳ ❲❤❡♥ ❧♦♦❦✐♥❣ ❛t ❛ ❣r❛♣❤ ❢r♦♠ ❧❡❢t✲t♦✲r✐❣❤t✱ ❧✐♥❡s ✇✐t❤
❴❴❴❴❴❴❴ s❧♦♣❡ r✐s❡✱ ✇❤✐❧❡ ❧✐♥❡s ✇✐t❤ ❴❴❴❴❴❴❴❴❴❴ s❧♦♣❡ ❢❛❧❧✳

❊①❡r❝✐s❡ ✾✳✸✳✽✽
✭❙❡❝t✐♦♥ ✽✳✾✮ ❙✐♠♣❧✐❢② t❤❡ ❝♦♠♣❧❡① ❢r❛❝t✐♦♥

5+ 1
x

5− 1
x

.

❊①❡r❝✐s❡ ✾✳✸✳✽✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✷✳✮

✭❙❡❝t✐♦♥ ✾✳✷✮ ❙✐♠♣❧✐❢②
√

121x4w6z8 ❜② r❡♠♦✈✐♥❣ t❤❡ r❛❞✐❝❛❧ s✐❣♥✳

✾✳✹ ▼✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ ❙q✉❛r❡ ❘♦♦t ❊①♣r❡ss✐♦♥s ✹

✾✳✹✳✶ ❖✈❡r✈✐❡✇

• ❚❤❡ Pr♦❞✉❝t Pr♦♣❡rt② ♦❢ ❙q✉❛r❡ ❘♦♦ts
• ▼✉❧t✐♣❧✐❝❛t✐♦♥ ❘✉❧❡ ❢♦r ❙q✉❛r❡ ❘♦♦t ❊①♣r❡ss✐♦♥s

✾✳✹✳✷ ❚❤❡ Pr♦❞✉❝t Pr♦♣❡rt② ♦❢ ❙q✉❛r❡ ❘♦♦ts

■♥ ♦✉r ✇♦r❦ ✇✐t❤ s✐♠♣❧✐❢②✐♥❣ sq✉❛r❡ r♦♦t ❡①♣r❡ss✐♦♥s✱ ✇❡ ♥♦t❡❞ t❤❛t

√
xy =

√
x
√

y

❙✐♥❝❡ t❤✐s ✐s ❛♥ ❡q✉❛t✐♦♥✱ ✇❡ ♠❛② ✇r✐t❡ ✐t ❛s

√
x
√

y =
√

xy

✹❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✼✺✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❚♦ ♠✉❧t✐♣❧② t✇♦ sq✉❛r❡ r♦♦t ❡①♣r❡ss✐♦♥s✱ ✇❡ ✉s❡ t❤❡ ♣r♦❞✉❝t ♣r♦♣❡rt② ♦❢ sq✉❛r❡ r♦♦ts✳
❚❤❡ Pr♦❞✉❝t Pr♦♣❡rt②

√
x
√

y =
√

xy

√
x
√

y =
√

xy

❚❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ sq✉❛r❡ r♦♦ts ✐s t❤❡ sq✉❛r❡ r♦♦t ♦❢ t❤❡ ♣r♦❞✉❝t✳
■♥ ♣r❛❝t✐❝❡✱ ✐t ✐s ✉s✉❛❧❧② ❡❛s✐❡r t♦ s✐♠♣❧✐❢② t❤❡ sq✉❛r❡ r♦♦t ❡①♣r❡ss✐♦♥s ❜❡❢♦r❡ ❛❝t✉❛❧❧② ♣❡r❢♦r♠✐♥❣ t❤❡

♠✉❧t✐♣❧✐❝❛t✐♦♥✳ ❚♦ s❡❡ t❤✐s✱ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❞✉❝t✿

√
8
√

48

❲❡ ❝❛♥ ♠✉❧t✐♣❧② t❤❡s❡ sq✉❛r❡ r♦♦ts ✐♥ ❡✐t❤❡r ♦❢ t✇♦ ✇❛②s✿

❊①❛♠♣❧❡ ✾✳✷✼
❙✐♠♣❧✐❢② t❤❡♥ ♠✉❧t✐♣❧②✳

√
4 · 2

√
16 · 3 =

(

2
√

2
) (

4
√

3
)

= 2 · 4
√

2 · 3 = 8
√

6

❊①❛♠♣❧❡ ✾✳✷✽
▼✉❧t✐♣❧② t❤❡♥ s✐♠♣❧✐❢②✳

√
8
√

48 =
√

8 · 48 =
√

384 =
√

64 · 6 = 8
√

6

◆♦t✐❝❡ t❤❛t ✐♥ t❤❡ s❡❝♦♥❞ ♠❡t❤♦❞✱ t❤❡ ❡①♣❛♥❞❡❞ t❡r♠ ✭t❤❡ t❤✐r❞ ❡①♣r❡ss✐♦♥✱
√

384✮ ♠❛② ❜❡ ❞✐✣❝✉❧t t♦ ❢❛❝t♦r
✐♥t♦ ❛ ♣❡r❢❡❝t sq✉❛r❡ ❛♥❞ s♦♠❡ ♦t❤❡r ♥✉♠❜❡r✳

✾✳✹✳✸ ▼✉❧t✐♣❧✐❝❛t✐♦♥ ❘✉❧❡ ❢♦r ❙q✉❛r❡ ❘♦♦t ❊①♣r❡ss✐♦♥s

❚❤❡ ♣r❡❝❡❞✐♥❣ ❡①❛♠♣❧❡ s✉❣❣❡sts t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡ ❢♦r ♠✉❧t✐♣❧②✐♥❣ t✇♦ sq✉❛r❡ r♦♦t ❡①♣r❡ss✐♦♥s✳
❘✉❧❡ ❢♦r ▼✉❧t✐♣❧②✐♥❣ ❙q✉❛r❡ ❘♦♦t ❊①♣r❡ss✐♦♥s

✶✳ ❙✐♠♣❧✐❢② ❡❛❝❤ sq✉❛r❡ r♦♦t ❡①♣r❡ss✐♦♥✱ ✐❢ ♥❡❝❡ss❛r②✳
✷✳ P❡r❢♦r♠ t❤❡ ♠✉❧t✐♣❧❡❝❛t✐♦♥✳
✸✳ ❙✐♠♣❧✐❢②✱ ✐❢ ♥❡❝❡ss❛r②✳

✾✳✹✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❋✐♥❞ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❞✉❝ts✳

❊①❛♠♣❧❡ ✾✳✷✾

√
3
√

6 =
√

3 · 6 =
√

18 =
√

9 · 2 = 3
√

2

❊①❛♠♣❧❡ ✾✳✸✵

√
8
√

2 = 2
√

2
√

2 = 2
√

2 · 2 = 2
√

4 = 2 · 2 = 4

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✵✸

❚❤✐s ♣r♦❞✉❝t ♠✐❣❤t ❜❡ ❡❛s✐❡r ✐❢ ✇❡ ✇❡r❡ t♦ ♠✉❧t✐♣❧② ✜rst ❛♥❞ t❤❡♥ s✐♠♣❧✐❢②✳

√
8
√

2 =
√

8 · 2 =
√

16 = 4

❊①❛♠♣❧❡ ✾✳✸✶

√
20
√

7 =
√

4
√

5
√

7 = 2
√

5 · 7 = 2
√

35

❊①❛♠♣❧❡ ✾✳✸✷

√
5a3

√
27a5 =

(
a
√

5a
) (

3a2
√

3a
)

= 3a3
√

15a2

= 3a3 · a
√

15

= 3a4
√

15

❊①❛♠♣❧❡ ✾✳✸✸

√

(x + 2)
7√

x − 1 =

√

(x + 2)
6
(x + 2)

√
x − 1 = (x + 2)

3
√

(x + 2)
√

x − 1

= (x + 2)
3
√

(x + 2) (x − 1)

♦r = (x + 2)
3√

x2 + x − 2

❊①❛♠♣❧❡ ✾✳✸✹

❊①❛♠♣❧❡ ✾✳✸✺

❊①❛♠♣❧❡ ✾✳✸✻

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✾✳✹✳✺ Pr❛❝t✐❝❡ ❙❡t ❆

❋✐♥❞ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❞✉❝ts✳

❊①❡r❝✐s❡ ✾✳✹✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✷✳✮√
5
√

6

❊①❡r❝✐s❡ ✾✳✹✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✷✳✮√
32
√

2

❊①❡r❝✐s❡ ✾✳✹✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✷✳✮√
x + 4

√
x + 3

❊①❡r❝✐s❡ ✾✳✹✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✷✳✮√
8m5n

√
20m2n

❊①❡r❝✐s❡ ✾✳✹✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✷✳✮
√

9(k − 6)
3√

k2 − 12k + 36

❊①❡r❝✐s❡ ✾✳✹✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✷✳✮√
3

(√
2 +

√
5
)

❊①❡r❝✐s❡ ✾✳✹✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✷✳✮√
2a

(√
5a −

√
8a3

)

❊①❡r❝✐s❡ ✾✳✹✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✷✳✮√
32m5n8

(√
2mn2 −

√
10n7

)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✵✺

✾✳✹✳✻ ❊①❡r❝✐s❡s

❊①❡r❝✐s❡ ✾✳✹✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✷✳✮√
2
√

10

❊①❡r❝✐s❡ ✾✳✹✳✶✵√
3
√

15

❊①❡r❝✐s❡ ✾✳✹✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✸✳✮√
7
√

8

❊①❡r❝✐s❡ ✾✳✹✳✶✷√
20
√

3

❊①❡r❝✐s❡ ✾✳✹✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✸✳✮√
32
√

27

❊①❡r❝✐s❡ ✾✳✹✳✶✹√
45
√

50

❊①❡r❝✐s❡ ✾✳✹✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✸✳✮√
5
√

5

❊①❡r❝✐s❡ ✾✳✹✳✶✻√
7
√

7

❊①❡r❝✐s❡ ✾✳✹✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✸✳✮√
8
√

8

❊①❡r❝✐s❡ ✾✳✹✳✶✽√
15
√

15

❊①❡r❝✐s❡ ✾✳✹✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✸✳✮√
48
√

27

❊①❡r❝✐s❡ ✾✳✹✳✷✵√
80
√

20

❊①❡r❝✐s❡ ✾✳✹✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✸✳✮√
5
√

m

❊①❡r❝✐s❡ ✾✳✹✳✷✷√
7
√

a

❊①❡r❝✐s❡ ✾✳✹✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✸✳✮√
6
√

m

❊①❡r❝✐s❡ ✾✳✹✳✷✹√
10
√

h

❊①❡r❝✐s❡ ✾✳✹✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✸✳✮√
20
√

a

❊①❡r❝✐s❡ ✾✳✹✳✷✻√
48
√

x

❊①❡r❝✐s❡ ✾✳✹✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✸✳✮√
75
√

y

❊①❡r❝✐s❡ ✾✳✹✳✷✽√
200

√
m

❊①❡r❝✐s❡ ✾✳✹✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✸✳✮√
a
√

a

❊①❡r❝✐s❡ ✾✳✹✳✸✵√
x
√

x

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✾✳✹✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✸✳✮√
y
√

y

❊①❡r❝✐s❡ ✾✳✹✳✸✷√
h
√

h

❊①❡r❝✐s❡ ✾✳✹✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✸✳✮√
3
√

3

❊①❡r❝✐s❡ ✾✳✹✳✸✹√
6
√

6

❊①❡r❝✐s❡ ✾✳✹✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✸✳✮√
k
√

k

❊①❡r❝✐s❡ ✾✳✹✳✸✻√
m
√

m

❊①❡r❝✐s❡ ✾✳✹✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✸✳✮√
m2

√
m

❊①❡r❝✐s❡ ✾✳✹✳✸✽√
a2
√

a

❊①❡r❝✐s❡ ✾✳✹✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✸✳✮√
x3

√
x

❊①❡r❝✐s❡ ✾✳✹✳✹✵√

y3√y

❊①❡r❝✐s❡ ✾✳✹✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✸✳✮√
y
√

y4

❊①❡r❝✐s❡ ✾✳✹✳✹✷√
k
√

k6

❊①❡r❝✐s❡ ✾✳✹✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✸✳✮√
a3
√

a5

❊①❡r❝✐s❡ ✾✳✹✳✹✹√
x3

√
x7

❊①❡r❝✐s❡ ✾✳✹✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✸✳✮√
x9

√
x3

❊①❡r❝✐s❡ ✾✳✹✳✹✻√

y7
√

y9

❊①❡r❝✐s❡ ✾✳✹✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✸✳✮√

y3
√

y4

❊①❡r❝✐s❡ ✾✳✹✳✹✽√
x8

√
x5

❊①❡r❝✐s❡ ✾✳✹✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✸✳✮√
x + 2

√
x − 3

❊①❡r❝✐s❡ ✾✳✹✳✺✵√
a − 6

√
a + 1

❊①❡r❝✐s❡ ✾✳✹✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✸✳✮√
y + 3

√
y − 2

❊①❡r❝✐s❡ ✾✳✹✳✺✷√
h + 1

√
h − 1

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✾✳✹✳✺✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✸✳✮
√

x + 9

√

(x + 9)
2

❊①❡r❝✐s❡ ✾✳✹✳✺✹√
y − 3

√

(y − 3)
5

❊①❡r❝✐s❡ ✾✳✹✳✺✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✸✳✮√
3a2

√
15a3

❊①❡r❝✐s❡ ✾✳✹✳✺✻√
2m4n3

√
14m5n

❊①❡r❝✐s❡ ✾✳✹✳✺✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✸✳✮
√

12(p − q)
3
√

3(p − q)
5

❊①❡r❝✐s❡ ✾✳✹✳✺✽√

15a2(b + 4)
4
√

21a3(b + 4)
5

❊①❡r❝✐s❡ ✾✳✹✳✺✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✸✳✮√
125m5n4r8

√
8m6r

❊①❡r❝✐s❡ ✾✳✹✳✻✵√

7(2k − 1)
11

(k + 1)
3
√

14(2k − 1)
10

❊①❡r❝✐s❡ ✾✳✹✳✻✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✹✳✮√

y3
√

y5
√

y2

❊①❡r❝✐s❡ ✾✳✹✳✻✷√
x6

√
x2

√
x9

❊①❡r❝✐s❡ ✾✳✹✳✻✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✹✳✮√
2a4

√
5a3

√
2a7

❊①❡r❝✐s❡ ✾✳✹✳✻✹√
xn

√
xn

❊①❡r❝✐s❡ ✾✳✹✳✻✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✹✳✮√

y2n
√

y4n

❊①❡r❝✐s❡ ✾✳✹✳✻✻√
a2n+5

√
a3

❊①❡r❝✐s❡ ✾✳✹✳✻✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✹✳✮√
2m3n+1

√
10mn+3

❊①❡r❝✐s❡ ✾✳✹✳✻✽√

75(a − 2)
7√

48a − 96

❊①❡r❝✐s❡ ✾✳✹✳✻✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✹✳✮√
2

(√
8 +

√
6
)

❊①❡r❝✐s❡ ✾✳✹✳✼✵√
5

(√
3 +

√
7
)

❊①❡r❝✐s❡ ✾✳✹✳✼✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✹✳✮√
3

(√
x +

√
2
)

❊①❡r❝✐s❡ ✾✳✹✳✼✷√
11

(√
y +

√
3
)

❊①❡r❝✐s❡ ✾✳✹✳✼✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✹✳✮√
8

(√
a −

√
3a

)

❊①❡r❝✐s❡ ✾✳✹✳✼✹√
x

(√
x3 −

√
2x4

)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✾✳✹✳✼✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✹✳✮
√

y
(√

y5 +
√

3y3
)

❊①❡r❝✐s❡ ✾✳✹✳✼✻√
8a5

(√
2a −

√
6a11

)

❊①❡r❝✐s❡ ✾✳✹✳✼✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✹✳✮√
12m3

(√
6m7 −

√
3m

)

❊①❡r❝✐s❡ ✾✳✹✳✼✽√

5x4y3
(√

8xy − 5
√

7x
)

✾✳✹✳✼ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✾✳✹✳✼✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✹✳✮

✭❙❡❝t✐♦♥ ✻✳✻✮ ❋❛❝t♦r a4y4 − 25w2.

❊①❡r❝✐s❡ ✾✳✹✳✽✵
✭❙❡❝t✐♦♥ ✼✳✺✮ ❋✐♥❞ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ❧✐♥❡ t❤❛t ♣❛ss❡s t❤r♦✉❣❤ t❤❡ ♣♦✐♥ts (−5, 4) ❛♥❞ (−3, 4) .

❊①❡r❝✐s❡ ✾✳✹✳✽✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✹✳✮

✭❙❡❝t✐♦♥ ✽✳✹✮ P❡r❢♦r♠ t❤❡ ✐♥❞✐❝❛t❡❞ ♦♣❡r❛t✐♦♥s✿

15x2 − 20x

6x2 + x − 12
· 8x + 12

x2 − 2x − 15
÷ 5x2 + 15x

x2 − 25

❊①❡r❝✐s❡ ✾✳✹✳✽✷
✭❙❡❝t✐♦♥ ✾✳✷✮ ❙✐♠♣❧✐❢②

√

x4y2z6 ❜② r❡♠♦✈✐♥❣ t❤❡ r❛❞✐❝❛❧ s✐❣♥✳

❊①❡r❝✐s❡ ✾✳✹✳✽✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✹✳✮

✭❙❡❝t✐♦♥ ✾✳✸✮ ❙✐♠♣❧✐❢②
√

12x3y5z8.

✾✳✺ ❉✐✈✐s✐♦♥ ♦❢ ❙q✉❛r❡ ❘♦♦t ❊①♣r❡ss✐♦♥s✺

✾✳✺✳✶ ❖✈❡r✈✐❡✇

• ❚❤❡ ❉✐✈✐s✐♦♥ Pr♦♣❡rt② ♦❢ ❙q✉❛r❡ ❘♦♦ts
• ❘❛t✐♦♥❛❧✐③✐♥❣ t❤❡ ❉❡♥♦♠✐♥❛t♦r
• ❈♦♥❥✉❣❛t❡s ❛♥❞ ❘❛t✐♦♥❛❧✐③✐♥❣ t❤❡ ❉❡♥♦♠✐♥❛t♦r

✾✳✺✳✷ ❚❤❡ ❉✐✈✐s✐♦♥ Pr♦♣❡rt② ♦❢ ❙q✉❛r❡ ❘♦♦ts

■♥ ♦✉r ✇♦r❦ ✇✐t❤ s✐♠♣❧✐❢②✐♥❣ sq✉❛r❡ r♦♦t ❡①♣r❡ss✐♦♥s✱ ✇❡ ♥♦t❡❞ t❤❛t

√
x

y
=

√
x√
y

❙✐♥❝❡ t❤✐s ✐s ❛♥ ❡q✉❛t✐♦♥✱ ✇❡ ♠❛② ✇r✐t❡ ✐t ❛s

✺❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✻✽✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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√
x√
y

=

√
x

y

❚♦ ❞✐✈✐❞❡ t✇♦ sq✉❛r❡ r♦♦t ❡①♣r❡ss✐♦♥s✱ ✇❡ ✉s❡ t❤❡ ❞✐✈✐s✐♦♥ ♣r♦♣❡rt② ♦❢ sq✉❛r❡ r♦♦ts✳

❚❤❡ ❉✐✈✐s✐♦♥ Pr♦♣❡rt②
√

x√
y =

√
x
y

√
x√
y

=

√
x

y

❚❤❡ q✉♦t✐❡♥t ♦❢ t❤❡ sq✉❛r❡ r♦♦ts ✐s t❤❡ sq✉❛r❡ r♦♦t ♦❢ t❤❡ q✉♦t✐❡♥t✳

✾✳✺✳✸ ❘❛t✐♦♥❛❧✐③✐♥❣ t❤❡ ❉❡♥♦♠✐♥❛t♦r

❆s ✇❡ ❝❛♥ s❡❡ ❜② ♦❜s❡r✈✐♥❣ t❤❡ r✐❣❤t s✐❞❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ❣♦✈❡r♥✐♥❣ t❤❡ ❞✐✈✐s✐♦♥ ♦❢ sq✉❛r❡ r♦♦ts✱ t❤❡ ♣r♦❝❡ss
♠❛② ♣r♦❞✉❝❡ ❛ ❢r❛❝t✐♦♥ ✐♥ t❤❡ r❛❞✐❝❛♥❞✳ ❚❤✐s ♠❡❛♥s✱ ♦❢ ❝♦✉rs❡✱ t❤❛t t❤❡ sq✉❛r❡ r♦♦t ❡①♣r❡ss✐♦♥ ✐s ♥♦t ✐♥
s✐♠♣❧✐✜❡❞ ❢♦r♠✳ ■t ✐s s♦♠❡t✐♠❡s ♠♦r❡ ✉s❡❢✉❧ t♦ r❛t✐♦♥❛❧✐③❡ t❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ ❛ sq✉❛r❡ r♦♦t ❡①♣r❡ss✐♦♥ ❜❡❢♦r❡
❛❝t✉❛❧❧② ♣❡r❢♦r♠✐♥❣ t❤❡ ❞✐✈✐s✐♦♥✳

✾✳✺✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❙✐♠♣❧✐❢② t❤❡ sq✉❛r❡ r♦♦t ❡①♣r❡ss✐♦♥s✳

❊①❛♠♣❧❡ ✾✳✸✼
√

3
7 .

❚❤✐s r❛❞✐❝❛❧ ❡①♣r❡ss✐♦♥ ✐s ♥♦t ✐♥ s✐♠♣❧✐✜❡❞ ❢♦r♠ s✐♥❝❡ t❤❡r❡ ✐s ❛ ❢r❛❝t✐♦♥ ✉♥❞❡r t❤❡ r❛❞✐❝❛❧
s✐❣♥✳ ❲❡ ❝❛♥ ❡❧✐♠✐♥❛t❡ t❤✐s ♣r♦❜❧❡♠ ✉s✐♥❣ t❤❡ ❞✐✈✐s✐♦♥ ♣r♦♣❡rt② ♦❢ sq✉❛r❡ r♦♦ts✳

√

3

7
=

√
3√
7

=

√
3√
7
·
√

7√
7

=

√
3
√

7

7
=

√
21

7

❊①❛♠♣❧❡ ✾✳✸✽√
5√
3
.

❆ ❞✐r❡❝t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ r✉❧❡ ♣r♦❞✉❝❡s
√

5
3 , ✇❤✐❝❤ ♠✉st ❜❡ s✐♠♣❧✐✜❡❞✳ ▲❡t ✉s r❛t✐♦♥❛❧✐③❡

t❤❡ ❞❡♥♦♠✐♥❛t♦r ❜❡❢♦r❡ ✇❡ ♣❡r❢♦r♠ t❤❡ ❞✐✈✐s✐♦♥✳

√
5√
3

=

√
5√
3
·
√

3√
3

=

√
5
√

3

3
=

√
15

3

❊①❛♠♣❧❡ ✾✳✸✾
√

21√
7

=
√

21
7 =

√
3.

❚❤❡ r✉❧❡ ♣r♦❞✉❝❡s t❤❡ q✉♦t✐❡♥t q✉✐❝❦❧②✳ ❲❡ ❝♦✉❧❞ ❛❧s♦ r❛t✐♦♥❛❧✐③❡ t❤❡ ❞❡♥♦♠✐♥❛t♦r ✜rst ❛♥❞
♣r♦❞✉❝❡ t❤❡ s❛♠❡ r❡s✉❧t✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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√
21√
7

=

√
21

7
·
√

7√
7

=

√
21 · 7
7

=

√
3 · 7 · 7

7
=

√
3 · 72

7
=

7
√

3

7
=

√
3

❊①❛♠♣❧❡ ✾✳✹✵

√
80x9

√
5x4

=

√

80x9

5x4
=

√
16x5 =

√
16
√

x4x = 4x2
√

x

❊①❛♠♣❧❡ ✾✳✹✶

√
50a3b7

√
5ab5

=

√

50a3b7

5ab5
=

√
10a2b2 = ab

√
10

❊①❛♠♣❧❡ ✾✳✹✷√
5a√
b

.

❙♦♠❡ ♦❜s❡r✈❛t✐♦♥ s❤♦✇s t❤❛t ❛ ❞✐r❡❝t ❞✐✈✐s✐♦♥ ♦❢ t❤❡ r❛❞✐❝❛♥❞s ✇✐❧❧ ♣r♦❞✉❝❡ ❛ ❢r❛❝t✐♦♥✳ ❚❤✐s
s✉❣❣❡sts t❤❛t ✇❡ r❛t✐♦♥❛❧✐③❡ t❤❡ ❞❡♥♦♠✐♥❛t♦r ✜rst✳

√
5a√
b

=

√
5a√
b

·
√

b√
b

=

√
5a

√
b

b
=

√
5ab

b

❊①❛♠♣❧❡ ✾✳✹✸

√
m − 6√
m + 2

=

√
m − 6√
m + 2

·
√

m + 2√
m + 2

=

√
m2 − 4m − 12

m + 2

❊①❛♠♣❧❡ ✾✳✹✹

√

y2 − y − 12√
y + 3

=

√

y2 − y − 12

y + 3
=

√

(y + 3) (y − 4)

(y + 3)
=

√

) (y + 3) (y − 4)

) (y + 3)
=

√

y − 4

✾✳✺✳✺ Pr❛❝t✐❝❡ ❙❡t ❆

❙✐♠♣❧✐❢② t❤❡ sq✉❛r❡ r♦♦t ❡①♣r❡ss✐♦♥s✳

❊①❡r❝✐s❡ ✾✳✺✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✹✳✮√
26√
13

❊①❡r❝✐s❡ ✾✳✺✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✹✳✮√
7√
3

❊①❡r❝✐s❡ ✾✳✺✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✹✳✮√
80m5n8√
5m2n

❊①❡r❝✐s❡ ✾✳✺✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✹✳✮√
196(x+7)8√
2(x+7)3

❊①❡r❝✐s❡ ✾✳✺✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✹✳✮√
n+4√
n−5

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✶✶

❊①❡r❝✐s❡ ✾✳✺✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✹✳✮√
a2−6a+8√

a−2

❊①❡r❝✐s❡ ✾✳✺✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✹✳✮√
x3n√
xn

❊①❡r❝✐s❡ ✾✳✺✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✹✳✮√
a3m−5√
am−1

✾✳✺✳✻ ❈♦♥❥✉❣❛t❡s ❛♥❞ ❘❛t✐♦♥❛❧✐③✐♥❣ t❤❡ ❉❡♥♦♠✐♥❛t♦r

❚♦ ♣❡r❢♦r♠ ❛ ❞✐✈✐s✐♦♥ t❤❛t ❝♦♥t❛✐♥s ❛ ❜✐♥♦♠✐❛❧ ✐♥ t❤❡ ❞❡♥♦♠✐♥❛t♦r✱ s✉❝❤ ❛s 3
4+

√
6
, ✇❡ ♠✉❧t✐♣❧② t❤❡ ♥✉♠❡r❛t♦r

❛♥❞ ❞❡♥♦♠✐♥❛t♦r ❜② ❛ ❝♦♥❥✉❣❛t❡ ♦❢ t❤❡ ❞❡♥♦♠✐♥❛t♦r✳
❈♦♥❥✉❣❛t❡
❆ ❝♦♥❥✉❣❛t❡ ♦❢ t❤❡ ❜✐♥♦♠✐❛❧ a + b ✐s a − b✳ ❙✐♠✐❧❛r❧②✱ ❛ ❝♦♥❥✉❣❛t❡ ♦❢ a − b ✐s a + b✳

◆♦t✐❝❡ t❤❛t ✇❤❡♥ t❤❡ ❝♦♥❥✉❣❛t❡s a + b ❛♥❞ a − b ❛r❡ ♠✉❧t✐♣❧✐❡❞ t♦❣❡t❤❡r✱ t❤❡② ♣r♦❞✉❝❡ ❛ ❞✐✛❡r❡♥❝❡ ♦❢
t✇♦ sq✉❛r❡s✳

(a + b) (a − b) = a2 − ab + ab − b2 = a2 − b2

❚❤✐s ♣r✐♥❝✐♣❧❡ ❤❡❧♣s ✉s ❡❧✐♠✐♥❛t❡ sq✉❛r❡ r♦♦t r❛❞✐❝❛❧s✱ ❛s s❤♦✇♥ ✐♥ t❤❡s❡ ❡①❛♠♣❧❡s t❤❛t ✐❧❧✉str❛t❡
✜♥❞✐♥❣ t❤❡ ♣r♦❞✉❝t ♦❢ ❝♦♥❥✉❣❛t❡s✳

❊①❛♠♣❧❡ ✾✳✹✺
(
5 +

√
2
) (

5 −
√

2
)

= 52 −
(√

2
)2

= 25 − 2

= 23

❊①❛♠♣❧❡ ✾✳✹✻
(√

6 −
√

7
) (√

6 +
√

7
)

=
(√

6
)2 −

(√
7
)2

= 6 − 7

= −1

✾✳✺✳✼ ❙❛♠♣❧❡ ❙❡t ❇

❙✐♠♣❧✐❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥s✳

❊①❛♠♣❧❡ ✾✳✹✼
3

4+
√

6
✳

❚❤❡ ❝♦♥❥✉❣❛t❡ ♦❢ t❤❡ ❞❡♥♦♠✐♥❛t♦r ✐s 4 −
√

6. ▼✉❧t✐♣❧② t❤❡ ❢r❛❝t✐♦♥ ❜② ✶ ✐♥ t❤❡ ❢♦r♠ ♦❢
4−

√
6

4−
√

6
✳

3
4+

√
6
· 4−

√
6

4−
√

6
=

3(4−
√

6)
42−(

√
6)

2

= 12−3
√

6
16−6

= 12−3
√

6
10

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❛♠♣❧❡ ✾✳✹✽√
2x√

3−
√

5x
.

❚❤❡ ❝♦♥❥✉❣❛t❡ ♦❢ t❤❡ ❞❡♥♦♠✐♥❛t♦r ✐s
√

3 +
√

5x. ▼✉❧t✐♣❧② t❤❡ ❢r❛❝t✐♦♥ ❜② ✶ ✐♥ t❤❡ ❢♦r♠ ♦❢√
3+

√
5x√

3+
√

5x
.

√
2x√

3−
√

5x
·
√

3+
√

5x√
3+

√
5x

=
√

2x(
√

3+
√

5x)
(
√

3)
2−(

√
5x)

2

=
√

2x
√

3+
√

2x
√

5x
3−5x

=
√

6x+
√

10x2

3−5x

=
√

6x+x
√

10
3−5x

✾✳✺✳✽ Pr❛❝t✐❝❡ ❙❡t ❇

❙✐♠♣❧✐❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥s✳

❊①❡r❝✐s❡ ✾✳✺✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✹✳✮
5

9+
√

7

❊①❡r❝✐s❡ ✾✳✺✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✹✳✮
−2

1−
√

3x

❊①❡r❝✐s❡ ✾✳✺✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✹✳✮√
8√

3x+
√

2x

❊①❡r❝✐s❡ ✾✳✺✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✹✳✮√
2m

m−
√

3m

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✶✸

✾✳✺✳✾ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s✐♠♣❧✐❢② ❡❛❝❤ ❡①♣r❡ss✐♦♥s✳

❊①❡r❝✐s❡ ✾✳✺✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✹✳✮√
28√
2

❊①❡r❝✐s❡ ✾✳✺✳✶✹√
200√
10

❊①❡r❝✐s❡ ✾✳✺✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✺✳✮√
28√
7

❊①❡r❝✐s❡ ✾✳✺✳✶✻√
96√
24

❊①❡r❝✐s❡ ✾✳✺✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✺✳✮√
180√
5

❊①❡r❝✐s❡ ✾✳✺✳✶✽√
336√
21

❊①❡r❝✐s❡ ✾✳✺✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✺✳✮√
162√
18

❊①❡r❝✐s❡ ✾✳✺✳✷✵√
25
9

❊①❡r❝✐s❡ ✾✳✺✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✺✳✮
√

36
35

❊①❡r❝✐s❡ ✾✳✺✳✷✷√
225
16

❊①❡r❝✐s❡ ✾✳✺✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✺✳✮
√

49
225

❊①❡r❝✐s❡ ✾✳✺✳✷✹√
3
5

❊①❡r❝✐s❡ ✾✳✺✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✺✳✮
√

3
7

❊①❡r❝✐s❡ ✾✳✺✳✷✻√
1
2

❊①❡r❝✐s❡ ✾✳✺✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✺✳✮
√

5
2

❊①❡r❝✐s❡ ✾✳✺✳✷✽√
11
25

❊①❡r❝✐s❡ ✾✳✺✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✺✳✮
√

15
36

❊①❡r❝✐s❡ ✾✳✺✳✸✵√
5
16

❊①❡r❝✐s❡ ✾✳✺✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✺✳✮
√

7
25

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✾✳✺✳✸✷√
32
49

❊①❡r❝✐s❡ ✾✳✺✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✺✳✮
√

50
81

❊①❡r❝✐s❡ ✾✳✺✳✸✹√
125x5√
5x3

❊①❡r❝✐s❡ ✾✳✺✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✺✳✮√
72m7√
2m3

❊①❡r❝✐s❡ ✾✳✺✳✸✻√
162a11√

2a5

❊①❡r❝✐s❡ ✾✳✺✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✺✳✮√
75y10√
3y4

❊①❡r❝✐s❡ ✾✳✺✳✸✽√
48x9√
3x2

❊①❡r❝✐s❡ ✾✳✺✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✺✳✮√
125a14√

5a5

❊①❡r❝✐s❡ ✾✳✺✳✹✵√
27a10√
3a5

❊①❡r❝✐s❡ ✾✳✺✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✺✳✮√
108x21√

3x4

❊①❡r❝✐s❡ ✾✳✺✳✹✷√
48x6y7

√
3xy

❊①❡r❝✐s❡ ✾✳✺✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✺✳✮√
45a3b8c2√

5ab2c

❊①❡r❝✐s❡ ✾✳✺✳✹✹√
66m12n15√
11mn8

❊①❡r❝✐s❡ ✾✳✺✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✺✳✮√
30p5q14√

5q7

❊①❡r❝✐s❡ ✾✳✺✳✹✻√
b√
5

❊①❡r❝✐s❡ ✾✳✺✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✺✳✮√
5x√
2

❊①❡r❝✐s❡ ✾✳✺✳✹✽√
2a3b√
14a

❊①❡r❝✐s❡ ✾✳✺✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✺✳✮√
3m4n3√
6mn5

❊①❡r❝✐s❡ ✾✳✺✳✺✵√
5(p−q)6(r+s)4√

25(r+s)3

❊①❡r❝✐s❡ ✾✳✺✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✺✳✮√
m(m−6)−m2+6m√

3m−7

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✶✺

❊①❡r❝✐s❡ ✾✳✺✳✺✷√
r+1√
r−1

❊①❡r❝✐s❡ ✾✳✺✳✺✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✺✳✮√
s+3√
s−3

❊①❡r❝✐s❡ ✾✳✺✳✺✹√
a2+3a+2√

a+1

❊①❡r❝✐s❡ ✾✳✺✳✺✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✺✳✮√
x2−10x+24√

x−4

❊①❡r❝✐s❡ ✾✳✺✳✺✻√
x2−2x−8√

x+2

❊①❡r❝✐s❡ ✾✳✺✳✺✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✺✳✮√
x2−4x+3√

x−3

❊①❡r❝✐s❡ ✾✳✺✳✺✽√
2x2−x−1√

x−1

❊①❡r❝✐s❡ ✾✳✺✳✺✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✺✳✮
−5

4+
√

5

❊①❡r❝✐s❡ ✾✳✺✳✻✵
1

1+
√

x

❊①❡r❝✐s❡ ✾✳✺✳✻✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✺✳✮
2

1−√
a

❊①❡r❝✐s❡ ✾✳✺✳✻✷
−6√
5−1

❊①❡r❝✐s❡ ✾✳✺✳✻✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✻✳✮
−6√
7+2

❊①❡r❝✐s❡ ✾✳✺✳✻✹
3√

3−
√

2

❊①❡r❝✐s❡ ✾✳✺✳✻✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✻✳✮
4√

6+
√

2

❊①❡r❝✐s❡ ✾✳✺✳✻✻√
5√

8−
√

6

❊①❡r❝✐s❡ ✾✳✺✳✻✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✻✳✮√
12√

12−
√

8

❊①❡r❝✐s❡ ✾✳✺✳✻✽√
7x

2−
√

5x

❊①❡r❝✐s❡ ✾✳✺✳✻✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✻✳✮√
6y

1+
√

3y

❊①❡r❝✐s❡ ✾✳✺✳✼✵√
2√

3−
√

2

❊①❡r❝✐s❡ ✾✳✺✳✼✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✻✳✮√
a√

a+
√

b

❊①❡r❝✐s❡ ✾✳✺✳✼✷√
83b5

4−
√

2ab

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✾✳✺✳✼✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✻✳✮√
7x√

5x+
√

x

❊①❡r❝✐s❡ ✾✳✺✳✼✹√
3y√

2y−√
y

✾✳✺✳✶✵ ❊①❡r❝✐s❡s ❢♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✾✳✺✳✼✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✻✳✮

✭❙❡❝t✐♦♥ ✷✳✻✮ ❙✐♠♣❧✐❢② x8y7
(

x4y8

x3y4

)

.

❊①❡r❝✐s❡ ✾✳✺✳✼✻
✭❙❡❝t✐♦♥ ✺✳✼✮ ❙♦❧✈❡ t❤❡ ❝♦♠♣♦✉♥❞ ✐♥❡q✉❛❧✐t② −8 ≤ 7 − 5x ≤ −23.

❊①❡r❝✐s❡ ✾✳✺✳✼✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✻✳✮

✭❙❡❝t✐♦♥ ✼✳✻✮ ❈♦♥str✉❝t t❤❡ ❣r❛♣❤ ♦❢ y = 2
3x − 4.

❊①❡r❝✐s❡ ✾✳✺✳✼✽
✭❙❡❝t✐♦♥ ✾✳✷✮ ❚❤❡ s②♠❜♦❧

√
x r❡♣r❡s❡♥ts ✇❤✐❝❤ sq✉❛r❡ r♦♦t ♦❢ t❤❡ ♥✉♠❜❡r x, x ≥ 0❄

❊①❡r❝✐s❡ ✾✳✺✳✼✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✻✳✮

✭❙❡❝t✐♦♥ ✾✳✹✮ ❙✐♠♣❧✐❢②
√

a2 + 8a + 16✳

✾✳✻ ❆❞❞✐t✐♦♥ ❛♥❞ ❙✉❜tr❛❝t✐♦♥ ♦❢ ❙q✉❛r❡ ❘♦♦t ❊①♣r❡ss✐♦♥s ✻

✾✳✻✳✶ ❖✈❡r✈✐❡✇

• ❚❤❡ ▲♦❣✐❝ ❇❡❤✐♥❞ ❚❤❡ Pr♦❝❡ss
• ❚❤❡ Pr♦❝❡ss

✾✳✻✳✷ ❚❤❡ ▲♦❣✐❝ ❇❡❤✐♥❞ ❚❤❡ Pr♦❝❡ss

◆♦✇ ✇❡ ✇✐❧❧ st✉❞② ♠❡t❤♦❞s ♦❢ s✐♠♣❧✐❢②✐♥❣ r❛❞✐❝❛❧ ❡①♣r❡ss✐♦♥s s✉❝❤ ❛s

4
√

3 + 8
√

3 ♦r 5
√

2x − 11
√

2x + 4
(√

2x + 1
)

❚❤❡ ♣r♦❝❡❞✉r❡ ❢♦r ❛❞❞✐♥❣ ❛♥❞ s✉❜tr❛❝t✐♥❣ sq✉❛r❡ r♦♦t ❡①♣r❡ss✐♦♥s ✇✐❧❧ ❜❡❝♦♠❡ ❛♣♣❛r❡♥t ✐❢ ✇❡ t❤✐♥❦ ❜❛❝❦
t♦ t❤❡ ♣r♦❝❡❞✉r❡ ✇❡ ✉s❡❞ ❢♦r s✐♠♣❧✐❢②✐♥❣ ♣♦❧②♥♦♠✐❛❧ ❡①♣r❡ss✐♦♥s s✉❝❤ ❛s

✻❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✺✼✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✶✼

4x + 8x ♦r 5a − 11a + 4 (a + 1)

❚❤❡ ✈❛r✐❛❜❧❡s x ❛♥❞ a ❛r❡ ❧❡tt❡rs r❡♣r❡s❡♥t✐♥❣ s♦♠❡ ✉♥❦♥♦✇♥ q✉❛♥t✐t✐❡s ✭♣❡r❤❛♣s x r❡♣r❡s❡♥ts
√

3 ❛♥❞ a
r❡♣r❡s❡♥ts

√
2x✮✳ ❈♦♠❜✐♥✐♥❣ ❧✐❦❡ t❡r♠s ❣✐✈❡s ✉s

4x + 8x = 12x ♦r 4
√

3 + 8
√

3 = 12
√

3

❛♥❞

5a − 11a + 4 (a + 1) ♦r 5
√

2x − 11
√

2x + 4
(√

2x + 1
)

5a − 11a + 4a + 4 5
√

2x − 11
√

2x + 4
√

2x + 4

−2a + 4 −2
√

2x + 4

✾✳✻✳✸ ❚❤❡ Pr♦❝❡ss

▲❡t✬s ❝♦♥s✐❞❡r t❤❡ ❡①♣r❡ss✐♦♥ 4
√

3 + 8
√

3. ❚❤❡r❡ ❛r❡ t✇♦ ✇❛②s t♦ ❧♦♦❦ ❛t t❤❡ s✐♠♣❧✐✜❝❛t✐♦♥ ♣r♦❝❡ss✿

✶✳ ❲❡ ❛r❡ ❛s❦✐♥❣✱ ✏❍♦✇ ♠❛♥② sq✉❛r❡ r♦♦ts ♦❢ ✸ ❞♦ ✇❡ ❤❛✈❡❄✑

4
√

3 ♠❡❛♥s ✇❡ ❤❛✈❡ ✹ ✏sq✉❛r❡ r♦♦ts ♦❢ ✸✑

8
√

3 ♠❡❛♥s ✇❡ ❤❛✈❡ ✽ ✏sq✉❛r❡ r♦♦ts ♦❢ ✸✑

❚❤✉s✱ ❛❧t♦❣❡t❤❡r ✇❡ ❤❛✈❡ ✶✷ ✏sq✉❛r❡ r♦♦ts ♦❢ ✸✳✑
✷✳ ❲❡ ❝❛♥ ❛❧s♦ ✉s❡ t❤❡ ✐❞❡❛ ♦❢ ❝♦♠❜✐♥✐♥❣ ❧✐❦❡ t❡r♠s✳ ■❢ ✇❡ r❡❝❛❧❧✱ t❤❡ ♣r♦❝❡ss ♦❢ ❝♦♠❜✐♥✐♥❣ ❧✐❦❡ t❡r♠s ✐s

❜❛s❡❞ ♦♥ t❤❡ ❞✐str✐❜✉t✐✈❡ ♣r♦♣❡rt②

4x + 8x = 12x ❜❡❝❛✉s❡ 4x + 8x = (4 + 8)x = 12x

❲❡ ❝♦✉❧❞ s✐♠♣❧✐❢② 4
√

3 + 8
√

3 ✉s✐♥❣ t❤❡ ❞✐str✐❜✉t✐✈❡ ♣r♦♣❡rt②✳

4
√

3 + 8
√

3 = (4 + 8)
√

3 = 12
√

3

❇♦t❤ ♠❡t❤♦❞s ✇✐❧❧ ❣✐✈❡ ✉s t❤❡ s❛♠❡ r❡s✉❧t✳ ❚❤❡ ✜rst ♠❡t❤♦❞ ✐s ♣r♦❜❛❜❧② ❛ ❜✐t q✉✐❝❦❡r✱ ❜✉t ❦❡❡♣ ✐♥ ♠✐♥❞✱
❤♦✇❡✈❡r✱ t❤❛t t❤❡ ♣r♦❝❡ss ✇♦r❦s ❜❡❝❛✉s❡ ✐t ✐s ❜❛s❡❞ ♦♥ ♦♥❡ ♦❢ t❤❡ ❜❛s✐❝ r✉❧❡s ♦❢ ❛❧❣❡❜r❛✱ t❤❡ ❞✐str✐❜✉t✐✈❡
♣r♦♣❡rt② ♦❢ r❡❛❧ ♥✉♠❜❡rs✳

✾✳✻✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❙✐♠♣❧✐❢② t❤❡ ❢♦❧❧♦✇✐♥❣ r❛❞✐❝❛❧ ❡①♣r❡ss✐♦♥s✳

❊①❛♠♣❧❡ ✾✳✹✾
−6

√
10 + 11

√
10 = 5

√
10

❊①❛♠♣❧❡ ✾✳✺✵

4
√

32 + 5
√

2. ❙✐♠♣❧✐❢②
√

32.

4
√

16 · 2 + 5
√

2 = 4
√

16
√

2 + 5
√

2

= 4 · 4
√

2 + 5
√

2

= 16
√

2 + 5
√

2

= 21
√

2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❛♠♣❧❡ ✾✳✺✶

−3x
√

75 + 2x
√

48 − x
√

27. ❙✐♠♣❧❡ ❡❛❝❤ ♦❢ t❤❡ t❤r❡❡ r❛❞✐❝❛❧s✳

= −3x
√

25 · 3 + 2x
√

16 · 3 − x
√

9 · 3

= −15x
√

3 + 8x
√

3 − 3x
√

3

= (−15x + 8x − 3x)
√

3

= −10x
√

3

❊①❛♠♣❧❡ ✾✳✺✷

5a
√

24a3 − 7
√

54a5 + a2
√

6a + 6a. ❙✐♠♣❧✐❢② ❡❛❝❤ r❛❞✐❝❛❧✳

= 5a
√

4 · 6 · a2 · a − 7
√

9 · 6 · a4 · a + a2
√

6a + 6a

= 10a2
√

6a − 21a2
√

6a + a2
√

6a + 6a

=
(
10a2 − 21a2 + a2

)√
6a + 6a

= −10a2
√

6a + 6a
❋❛❝t♦r ♦✉t− 2a✳

✭❚❤✐s st❡♣ ✐s ♦♣t✐♦♥❛❧✳✮

= −2a
(
5a

√
6a − 3

)

✾✳✻✳✺ Pr❛❝t✐❝❡ ❙❡t ❆

❋✐♥❞ ❡❛❝❤ s✉♠ ♦r ❞✐✛❡r❡♥❝❡✳

❊①❡r❝✐s❡ ✾✳✻✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✻✳✮

4
√

18 − 5
√

8

❊①❡r❝✐s❡ ✾✳✻✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✻✳✮

6x
√

48 + 8x
√

75

❊①❡r❝✐s❡ ✾✳✻✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✻✳✮

−7
√

84x − 12
√

189x + 2
√

21x

❊①❡r❝✐s❡ ✾✳✻✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✻✳✮

9
√

6 − 8
√

6 + 3

❊①❡r❝✐s❡ ✾✳✻✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✻✳✮√
a3 + 4a

√
a

❊①❡r❝✐s❡ ✾✳✻✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✻✳✮

4x
√

54x3 +
√

36x2 + 3
√

24x5 − 3x

✾✳✻✳✻ ❙❛♠♣❧❡ ❙❡t ❇

❊①❛♠♣❧❡ ✾✳✺✸

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✶✾

❊①❛♠♣❧❡ ✾✳✺✹

❊①❛♠♣❧❡ ✾✳✺✺

❊①❛♠♣❧❡ ✾✳✺✻

3+
√

8
3−

√
8
.

❲❡✬❧❧ r❛t✐♦♥❛❧✐③❡ t❤❡ ❞❡♥♦♠✐♥❛t♦r ❜②♠✉❧t✐♣❧②✐♥❣ t❤✐s ❢r❛❝t✐♦♥

❜② ✶ ✐♥ t❤❡ ❢♦r♠ 3+
√

8
3+

√
8
.

3+
√

8
3−

√
8
· 3+

√
8

3+
√

8
=

(3+
√

8)(3+
√

8)
32−(

√
8)

2

= 9+3
√

8+3
√

8+
√

8
√

8
9−8

= 9+6
√

8+8
1

= 17 + 6
√

8

= 17 + 6
√

4 · 2

= 17 + 12
√

2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❛♠♣❧❡ ✾✳✺✼

2+
√

7
4−

√
3
.

❘❛t✐♦♥❛❧✐③❡ t❤❡ ❞❡♥♦♠✐♥❛t♦r ❜② ♠✉❧t✐♣❧②✐♥❣ t❤✐s ❢r❛❝t✐♦♥ ❜②

✶ ✐♥ t❤❡ ❢r♦♠ 4+
√

3
4+

√
3
.

2+
√

7
4−

√
3
· 4+

√
3

4+
√

3
=

(2+
√

7)(4+
√

3)
42−(

√
3)

2

= 8+2
√

3+4
√

7+
√

21
16−3

= 8+2
√

3+4
√

7+
√

21
13

✾✳✻✳✼ Pr❛❝t✐❝❡ ❙❡t ❇

❙✐♠♣❧✐❢② ❡❛❝❤ ❜② ♣❡r❢♦r♠✐♥❣ t❤❡ ✐♥❞✐❝❛t❡❞ ♦♣❡r❛t✐♦♥✳

❊①❡r❝✐s❡ ✾✳✻✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✻✳✮√
5

(√
6 − 4

)

❊①❡r❝✐s❡ ✾✳✻✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✻✳✮
(√

5 +
√

7
) (√

2 +
√

8
)

❊①❡r❝✐s❡ ✾✳✻✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✻✳✮
(
3
√

2 − 2
√

3
) (

4
√

3 +
√

8
)

❊①❡r❝✐s❡ ✾✳✻✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✻✳✮
4+

√
5

3−
√

8

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✷✶

✾✳✻✳✽ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s✐♠♣❧✐❢② ❡❛❝❤ ❡①♣r❡ss✐♦♥ ❜② ♣❡r❢♦r♠✐♥❣ t❤❡ ✐♥❞✐❝❛t❡❞ ♦♣❡r❛t✐♦♥✳

❊①❡r❝✐s❡ ✾✳✻✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✼✳✮

4
√

5 − 2
√

5

❊①❡r❝✐s❡ ✾✳✻✳✶✷
10
√

2 + 8
√

2

❊①❡r❝✐s❡ ✾✳✻✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✼✳✮

−3
√

6 − 12
√

6

❊①❡r❝✐s❡ ✾✳✻✳✶✹
−
√

10 − 2
√

10

❊①❡r❝✐s❡ ✾✳✻✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✼✳✮

3
√

7x + 2
√

7x

❊①❡r❝✐s❡ ✾✳✻✳✶✻
6
√

3a +
√

3a

❊①❡r❝✐s❡ ✾✳✻✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✼✳✮

2
√

18 + 5
√

32

❊①❡r❝✐s❡ ✾✳✻✳✶✽
4
√

27 − 3
√

48

❊①❡r❝✐s❡ ✾✳✻✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✼✳✮√
200 −

√
128

❊①❡r❝✐s❡ ✾✳✻✳✷✵
4
√

300 + 2
√

500

❊①❡r❝✐s❡ ✾✳✻✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✼✳✮

6
√

40 + 8
√

80

❊①❡r❝✐s❡ ✾✳✻✳✷✷
2
√

120 − 5
√

30

❊①❡r❝✐s❡ ✾✳✻✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✼✳✮

8
√

60 − 3
√

15

❊①❡r❝✐s❡ ✾✳✻✳✷✹√
a3 − 3a

√
a

❊①❡r❝✐s❡ ✾✳✻✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✼✳✮√
4x3 + x

√
x

❊①❡r❝✐s❡ ✾✳✻✳✷✻
2b
√

a3b5 + 6a
√

ab7

❊①❡r❝✐s❡ ✾✳✻✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✼✳✮

5xy
√

2xy3 − 3y2
√

2x3y

❊①❡r❝✐s❡ ✾✳✻✳✷✽
5
√

20 + 3
√

45 − 3
√

40

❊①❡r❝✐s❡ ✾✳✻✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✼✳✮√
24 − 2

√
54 − 4

√
12

❊①❡r❝✐s❡ ✾✳✻✳✸✵
6
√

18 + 5
√

32 + 4
√

50

❊①❡r❝✐s❡ ✾✳✻✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✼✳✮

−8
√

20 − 9
√

125 + 10
√

180

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✷✷ ❈❍❆P❚❊❘ ✾✳ ❘❖❖❚❙✱ ❘❆❉■❈❆▲❙✱ ❆◆❉ ❙◗❯❆❘❊ ❘❖❖❚ ❊◗❯❆❚■❖◆❙

❊①❡r❝✐s❡ ✾✳✻✳✸✷
2
√

27 + 4
√

3 − 6
√

12

❊①❡r❝✐s❡ ✾✳✻✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✼✳✮√
14 + 2

√
56 − 3

√
136

❊①❡r❝✐s❡ ✾✳✻✳✸✹
3
√

2 + 2
√

63 + 5
√

7

❊①❡r❝✐s❡ ✾✳✻✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✼✳✮

4ax
√

3x + 2
√

3a2x3 + 7
√

3a2x3

❊①❡r❝✐s❡ ✾✳✻✳✸✻
3by

√
5y + 4

√

5b2y3 − 2
√

5b2y3

❊①❡r❝✐s❡ ✾✳✻✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✼✳✮√
2

(√
3 + 1

)

❊①❡r❝✐s❡ ✾✳✻✳✸✽√
3

(√
5 − 3

)

❊①❡r❝✐s❡ ✾✳✻✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✼✳✮√
5

(√
3 −

√
2
)

❊①❡r❝✐s❡ ✾✳✻✳✹✵√
7

(√
6 −

√
3
)

❊①❡r❝✐s❡ ✾✳✻✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✼✳✮√
8

(√
3 +

√
2
)

❊①❡r❝✐s❡ ✾✳✻✳✹✷√
10

(√
10 −

√
5
)

❊①❡r❝✐s❡ ✾✳✻✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✼✳✮
(
1 +

√
3
) (

2 −
√

3
)

❊①❡r❝✐s❡ ✾✳✻✳✹✹
(
5 +

√
6
) (

4 −
√

6
)

❊①❡r❝✐s❡ ✾✳✻✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✼✳✮
(
3 −

√
2
) (

4 −
√

2
)

❊①❡r❝✐s❡ ✾✳✻✳✹✻
(
5 +

√
7
) (

4 −
√

7
)

❊①❡r❝✐s❡ ✾✳✻✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✼✳✮
(√

2 +
√

5
) (√

2 + 3
√

5
)

❊①❡r❝✐s❡ ✾✳✻✳✹✽
(
2
√

6 −
√

3
) (

3
√

6 + 2
√

3
)

❊①❡r❝✐s❡ ✾✳✻✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✼✳✮
(
4
√

5 − 2
√

3
) (

3
√

5 +
√

3
)

❊①❡r❝✐s❡ ✾✳✻✳✺✵
(
3
√

8 − 2
√

2
) (

4
√

2 − 5
√

8
)

❊①❡r❝✐s❡ ✾✳✻✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✼✳✮
(√

12 + 5
√

3
) (

2
√

3 − 2
√

12
)

❊①❡r❝✐s❡ ✾✳✻✳✺✷
(
1 +

√
3
)2

❊①❡r❝✐s❡ ✾✳✻✳✺✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✼✳✮
(
3 +

√
5
)2

❊①❡r❝✐s❡ ✾✳✻✳✺✹
(
2 −

√
6
)2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✷✸

❊①❡r❝✐s❡ ✾✳✻✳✺✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✼✳✮
(
2 −

√
7
)2

❊①❡r❝✐s❡ ✾✳✻✳✺✻
(
1 +

√
3x

)2

❊①❡r❝✐s❡ ✾✳✻✳✺✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✼✳✮
(
2 +

√
5x

)2

❊①❡r❝✐s❡ ✾✳✻✳✺✽
(
3 −

√
3x

)2

❊①❡r❝✐s❡ ✾✳✻✳✺✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✼✳✮
(

8 −
√

6b
)2

❊①❡r❝✐s❡ ✾✳✻✳✻✵
(
2a +

√
5a

)2

❊①❡r❝✐s❡ ✾✳✻✳✻✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✽✳✮
(
3y −√

7y
)2

❊①❡r❝✐s❡ ✾✳✻✳✻✷
(
3 +

√
3
) (

3 −
√

3
)

❊①❡r❝✐s❡ ✾✳✻✳✻✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✽✳✮
(
2 +

√
5
) (

2 −
√

5
)

❊①❡r❝✐s❡ ✾✳✻✳✻✹
(
8 +

√
10

) (
8 −

√
10

)

❊①❡r❝✐s❡ ✾✳✻✳✻✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✽✳✮
(
6 +

√
7
) (

6 −
√

7
)

❊①❡r❝✐s❡ ✾✳✻✳✻✻
(√

2 +
√

3
) (√

2 −
√

3
)

❊①❡r❝✐s❡ ✾✳✻✳✻✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✽✳✮
(√

5 +
√

2
) (√

5 −
√

2
)

❊①❡r❝✐s❡ ✾✳✻✳✻✽(√
a +

√
b
) (√

a −
√

b
)

❊①❡r❝✐s❡ ✾✳✻✳✻✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✽✳✮
(√

x +
√

y
) (√

x −√
y
)

❊①❡r❝✐s❡ ✾✳✻✳✼✵
2

5+
√

3

❊①❡r❝✐s❡ ✾✳✻✳✼✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✽✳✮
4

6+
√

2

❊①❡r❝✐s❡ ✾✳✻✳✼✷
1

3−
√

2

❊①❡r❝✐s❡ ✾✳✻✳✼✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✽✳✮
1

4−
√

3

❊①❡r❝✐s❡ ✾✳✻✳✼✹
8

2−
√

6

❊①❡r❝✐s❡ ✾✳✻✳✼✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✽✳✮
2

3−
√

7

❊①❡r❝✐s❡ ✾✳✻✳✼✻√
5

3+
√

3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✷✹ ❈❍❆P❚❊❘ ✾✳ ❘❖❖❚❙✱ ❘❆❉■❈❆▲❙✱ ❆◆❉ ❙◗❯❆❘❊ ❘❖❖❚ ❊◗❯❆❚■❖◆❙

❊①❡r❝✐s❡ ✾✳✻✳✼✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✽✳✮√
3

6+
√

6

❊①❡r❝✐s❡ ✾✳✻✳✼✽
2−

√
8

2+
√

8

❊①❡r❝✐s❡ ✾✳✻✳✼✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✽✳✮
4+

√
5

4−
√

5

❊①❡r❝✐s❡ ✾✳✻✳✽✵
1+

√
6

1−
√

6

❊①❡r❝✐s❡ ✾✳✻✳✽✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✽✳✮
8−

√
3

2+
√

18

❊①❡r❝✐s❡ ✾✳✻✳✽✷
6−

√
2

4+
√

12

❊①❡r❝✐s❡ ✾✳✻✳✽✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✽✳✮√
3−

√
2√

3+
√

2

❊①❡r❝✐s❡ ✾✳✻✳✽✹√
6a−

√
8a√

8a+
√

6a

❊①❡r❝✐s❡ ✾✳✻✳✽✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✽✳✮√
2b−

√
3b√

3b+
√

2b

✾✳✻✳✾ ❊①❡r❝✐s❡s ❋♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✾✳✻✳✽✻

✭❙❡❝t✐♦♥ ✷✳✼✮ ❙✐♠♣❧✐❢②
(

x5y3

x2y

)5

.

❊①❡r❝✐s❡ ✾✳✻✳✽✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✽✳✮

✭❙❡❝t✐♦♥ ✷✳✼✮ ❙✐♠♣❧✐❢②
(
8x3y

)2(
x2y3

)4
.

❊①❡r❝✐s❡ ✾✳✻✳✽✽
✭❙❡❝t✐♦♥ ✸✳✼✮ ❲r✐t❡ (x − 1)

4
(x − 1)

−7
s♦ t❤❛t ♦♥❧② ♣♦s✐t✐✈❡ ❡①♣♦♥❡♥ts ❛♣♣❡❛r✳

❊①❡r❝✐s❡ ✾✳✻✳✽✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✽✳✮

✭❙❡❝t✐♦♥ ✾✳✸✮ ❙✐♠♣❧✐❢②
√

27x5y10z3.

❊①❡r❝✐s❡ ✾✳✻✳✾✵
✭❙❡❝t✐♦♥ ✾✳✺✮ ❙✐♠♣❧✐❢② 1

2+
√

x
❜② r❛t✐♦♥❛❧✐③✐♥❣ t❤❡ ❞❡♥♦♠✐♥❛t♦r✳

✾✳✼ ❙q✉❛r❡ ❘♦♦t ❊q✉❛t✐♦♥s ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥s✼

✾✳✼✳✶ ❖✈❡r✈✐❡✇

• ❙q✉❛r❡ ❘♦♦t ❊q✉❛t✐♦♥s ❆♥❞ ❊①tr❛♥❡♦✉s ❙♦❧✉t✐♦♥s
• ▼❡t❤♦❞ ❋♦r ❙♦❧✈✐♥❣ ❙q✉❛r❡ ❘♦♦t ❊q✉❛t✐♦♥s

✼❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✻✺✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✷✺

✾✳✼✳✷ ❙q✉❛r❡ ❘♦♦t ❊q✉❛t✐♦♥s ❆♥❞ ❊①tr❛♥❡♦✉s ❙♦❧✉t✐♦♥s

❙q✉❛r❡ ❘♦♦t ❊q✉❛t✐♦♥
❆ sq✉❛r❡ r♦♦t ❡q✉❛t✐♦♥ ✐s ❛♥ ❡q✉❛t✐♦♥ t❤❛t ❝♦♥t❛✐♥s ❛ ✈❛r✐❛❜❧❡ ✉♥❞❡r ❛ sq✉❛r❡ r♦♦t s✐❣♥✳ ❚❤❡ ❢❛❝t t❤❛t√

x · √x = (
√

x)
2

= xs✉❣❣❡sts t❤❛t ✇❡ ❝❛♥ s♦❧✈❡ ❛ sq✉❛r❡ r♦♦t ❡q✉❛t✐♦♥ ❜② sq✉❛r✐♥❣ ❜♦t❤ s✐❞❡s ♦❢ t❤❡
❡q✉❛t✐♦♥✳
❊①tr❛♥❡♦✉s ❙♦❧✉t✐♦♥s
❙q✉❛r✐♥❣ ❜♦t❤ s✐❞❡s ♦❢ ❛♥ ❡q✉❛t✐♦♥ ❝❛♥✱ ❤♦✇❡✈❡r✱ ✐♥tr♦❞✉❝❡ ❡①tr❛♥❡♦✉s s♦❧✉t✐♦♥s✳ ❈♦♥s✐❞❡r t❤❡ ❡q✉❛t✐♦♥

x = −6
❚❤❡ s♦❧✉t✐♦♥ ✐s −6. ❙q✉❛r❡ ❜♦t❤ s✐❞❡s✳

x2 = (−6)
2

x2 = 36
❚❤✐s ❡q✉❛t✐♦♥ ❤❛s t✇♦ s♦❧✉t✐♦♥s✱ −6 ❛♥❞ +6. ❚❤❡ +6 ✐s ❛♥ ❡①tr❛♥❡♦✉s s♦❧✉t✐♦♥ s✐♥❝❡ ✐t ❞♦❡s ♥♦t ❝❤❡❝❦ ✐♥

t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥✿ +6 6= −6.

✾✳✼✳✸ ▼❡t❤♦❞ ❋♦r ❙♦❧✈✐♥❣ ❙q✉❛r❡ ❘♦♦t ❊q✉❛t✐♦♥s

❙♦❧✈✐♥❣ ❙q✉❛r❡ ❘♦♦t ❊q✉❛t✐♦♥s

✶✳ ■s♦❧❛t❡ ❛ r❛❞✐❝❛❧✳ ❚❤✐s ♠❡❛♥s ❣❡t ❛ sq✉❛r❡ r♦♦t ❡①♣r❡ss✐♦♥ ❜② ✐ts❡❧❢ ♦♥ ♦♥❡ s✐❞❡ ♦❢ t❤❡ ❡q✉❛❧ s✐❣♥✳
✷✳ ❙q✉❛r❡ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❡q✉❛t✐♦♥✳
✸✳ ❙✐♠♣❧✐❢② t❤❡ ❡q✉❛t✐♦♥ ❜② ❝♦♠❜✐♥✐♥❣ ❧✐❦❡ t❡r♠s✳
✹✳ ❘❡♣❡❛t st❡♣ ✶ ✐❢ r❛❞✐❝❛❧s ❛r❡ st✐❧❧ ♣r❡s❡♥t✳
✺✳ ❖❜t❛✐♥ ♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥s ❜② s♦❧✈✐♥❣ t❤❡ r❡s✉❧t✐♥❣ ♥♦♥✲sq✉❛r❡ r♦♦t ❡q✉❛t✐♦♥✳
✻✳ ❈❤❡❝❦ ❡❛❝❤ ♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥ ❜② s✉❜st✐t✉t✐♦♥ ✐♥t♦ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥✳

✾✳✼✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❙♦❧✈❡ ❡❛❝❤ sq✉❛r❡ r♦♦t ❡q✉❛t✐♦♥✳

❊①❛♠♣❧❡ ✾✳✺✽

√
x = 8. ❚❤❡ r❛❞✐❝❛❧ ✐s ✐s♦❧❛t❡❞ ❙q✉❛r❡ ❜♦t❤ s✐❞❡s✳

(
√

x)
2

= 82

x = 64 ❈❤❡❝❦ t❤✐s ♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥✳

Check :
√

64 = 8 ■s t❤✐s ❝♦rr❡❝t❄

8 = 8 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

✻✹ ✐s t❤❡ s♦❧✉t✐♦♥✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❛♠♣❧❡ ✾✳✺✾

√
y − 3 = 4. ❚❤❡ r❛❞✐❝❛❧ ✐s ✐s♦❧❛t❡❞✳ ❙q✉❛r❡ ❜♦t❤ s✐❞❡s✳

y − 3 = 16 ❙♦❧✈❡ t❤✐s ♥♦♥r❛❞✐❝❛❧ ❡q✉❛t✐♦♥✳

y = 19 ❈❤❡❝❦ t❤✐s ♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥✳

Check :
√

19 − 3 =
√

16 ■s t❤✐s ❝♦rr❡❝t❄
√

16 = 4 ■s t❤✐s ❝♦rr❡❝t❄

4 = 4 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

✶✾ ✐s t❤❡ s♦❧✉t✐♦♥✳

❊①❛♠♣❧❡ ✾✳✻✵

√
2m + 3 −

√
m − 8 = 0. ■s♦❧❛t❡ ❡✐t❤❡r r❛❞✐❝❛❧✳

√
2m + 3 =

√
m − 8 ❙q✉❛r❡ ❜♦t❤ s✐❞❡s✳

2m + 3 = m − 8 ❙♦❧✈❡ t❤✐s ♥♦♥r❛❞✐❝❛❧ ❡q✉❛t✐♦♥✳

m = −11 ❈❤❡❝❦ t❤✐s ♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥✳

Check :
√

2 (−11) + 3 −
√

(−11) − 8 = 0 ■s t❤✐s ❝♦rr❡❝t❄
√
−22 + 3 −

√
−19 = 0 ■s t❤✐s ❝♦rr❡❝t❄

❙✐♥❝❡
√
−19 ✐s ♥♦t ❛ r❡❛❧ ♥✉♠❜❡r✱ t❤❡ ♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥ ♦❢m =

−11 ❞♦❡s ♥♦t ❝❤❡❝❦✳ ❚❤✐s ❡q✉❛t✐♦♥ ❤❛s ♥♦ r❡❛❧ s♦❧✉t✐♦♥✳

❊①❛♠♣❧❡ ✾✳✻✶

√
4x − 5 = −6. ❇② ✐♥s♣❡❝t✐♦♥✱ t❤✐s ❡q✉❛t✐♦♥ ❤❛s ♥♦ r❡❛❧ s♦❧✉t✐♦♥✳

❚❤❡ s②♠❜♦❧✱
√

✱ s✐❣♥✐✜❡s t❤❡ ♣♦s✐t✐✈❡ sq✉❛r❡ r♦♦t ❛♥❞ ♥♦t t❤❡ ♥❡❣❛t✐✈❡ sq✉❛r❡ r♦♦t✳

✾✳✼✳✺ Pr❛❝t✐❝❡ ❙❡t ❆

❙♦❧✈❡ ❡❛❝❤ sq✉❛r❡ r♦♦t ❡q✉❛t✐♦♥✳

❊①❡r❝✐s❡ ✾✳✼✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✽✳✮√
y = 14

❊①❡r❝✐s❡ ✾✳✼✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✽✳✮√
a − 7 = 5

❊①❡r❝✐s❡ ✾✳✼✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✽✳✮√
3a + 8 −

√
2a + 5 = 0

❊①❡r❝✐s❡ ✾✳✼✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✽✳✮√
m − 4 = −11

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✷✼

✾✳✼✳✻ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s♦❧✈❡ t❤❡ sq✉❛r❡ r♦♦t ❡q✉❛t✐♦♥s✳

❊①❡r❝✐s❡ ✾✳✼✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✽✳✮√
x = 5

❊①❡r❝✐s❡ ✾✳✼✳✻√
y = 7

❊①❡r❝✐s❡ ✾✳✼✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✽✳✮√
a = 10

❊①❡r❝✐s❡ ✾✳✼✳✽√
c = 12

❊①❡r❝✐s❡ ✾✳✼✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✽✳✮√
x = −3

❊①❡r❝✐s❡ ✾✳✼✳✶✵√
y = −6

❊①❡r❝✐s❡ ✾✳✼✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✽✳✮√
x = 0

❊①❡r❝✐s❡ ✾✳✼✳✶✷√
x = 1

❊①❡r❝✐s❡ ✾✳✼✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✽✳✮√
x + 3 = 3

❊①❡r❝✐s❡ ✾✳✼✳✶✹√
y − 5 = 5

❊①❡r❝✐s❡ ✾✳✼✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✽✳✮√
a + 2 = 6

❊①❡r❝✐s❡ ✾✳✼✳✶✻√
y + 7 = 9

❊①❡r❝✐s❡ ✾✳✼✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✾✳✮√
y − 4 − 4 = 0

❊①❡r❝✐s❡ ✾✳✼✳✶✽√
x − 10 − 10 = 0

❊①❡r❝✐s❡ ✾✳✼✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✾✳✮√
x − 16 = 0

❊①❡r❝✐s❡ ✾✳✼✳✷✵√
y − 25 = 0

❊①❡r❝✐s❡ ✾✳✼✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✾✳✮√
6m − 4 =

√
5m − 1

❊①❡r❝✐s❡ ✾✳✼✳✷✷√
5x + 6 =

√
3x + 7

❊①❡r❝✐s❡ ✾✳✼✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✾✳✮√
7a + 6 =

√
3a − 18

❊①❡r❝✐s❡ ✾✳✼✳✷✹√
4x + 3 =

√
x − 9

❊①❡r❝✐s❡ ✾✳✼✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✾✳✮√
10a − 7 −

√
2a + 9 = 0

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✾✳✼✳✷✻√
12k − 5 −

√
9k + 10 = 0

❊①❡r❝✐s❡ ✾✳✼✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✾✳✮√
x − 6 −

√
3x − 8 = 0

❊①❡r❝✐s❡ ✾✳✼✳✷✽√
4a − 5 −

√
7a − 20 = 0

❊①❡r❝✐s❡ ✾✳✼✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✾✳✮√
2m − 6 =

√
m − 2

❊①❡r❝✐s❡ ✾✳✼✳✸✵√
6r − 11 =

√
5r + 3

❊①❡r❝✐s❡ ✾✳✼✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✾✳✮√
3x + 1 =

√
2x − 6

❊①❡r❝✐s❡ ✾✳✼✳✸✷√
x − 7 −

√
5x + 1 = 0

❊①❡r❝✐s❡ ✾✳✼✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✾✳✮√
2a + 9 −

√
a − 4 = 0

❊①❡r❝✐s❡ ✾✳✼✳✸✹
❆t ❛ ❝❡rt❛✐♥ ❡❧❡❝tr♦♥✐❝s ❝♦♠♣❛♥②✱ t❤❡ ❞❛✐❧② ♦✉t♣✉t Q ✐s r❡❧❛t❡❞ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ♣❡♦♣❧❡ A ♦♥ t❤❡
❛ss❡♠❜❧② ❧✐♥❡ ❜② Q = 400 + 10

√
A + 125.

✭❛✮ ❉❡t❡r♠✐♥❡ t❤❡ ❞❛✐❧② ♦✉t♣✉t ✐❢ t❤❡r❡ ❛r❡ ✹✹ ♣❡♦♣❧❡ ♦♥ t❤❡ ❛ss❡♠❜❧② ❧✐♥❡✳

✭❜✮ ❉❡t❡r♠✐♥❡ ❤♦✇ ♠❛♥② ♣❡♦♣❧❡ ❛r❡ ♥❡❡❞❡❞ ♦♥ t❤❡ ❛ss❡♠❜❧② ❧✐♥❡ ✐❢ t❤❡ ❞❛✐❧② ♦✉t♣✉t ✐s t♦
❜❡ ✺✷✵✳

❊①❡r❝✐s❡ ✾✳✼✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✾✳✮

❆t ❛ st♦r❡✱ t❤❡ ❞❛✐❧② ♥✉♠❜❡r ♦❢ s❛❧❡s S ✐s ❛♣♣r♦①✐♠❛t❡❧② r❡❧❛t❡❞ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❡♠♣❧♦②❡❡s E ❜②
S = 100 + 15

√
E + 6

✭❛✮ ❉❡t❡r♠✐♥❡ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♥✉♠❜❡r ♦❢ s❛❧❡s ✐❢ t❤❡r❡ ❛r❡ ✶✾ ❡♠♣❧♦②❡❡s✳

✭❜✮ ❉❡t❡r♠✐♥❡ t❤❡ ♥✉♠❜❡r ♦❢ ❡♠♣❧♦②❡❡s t❤❡ st♦r❡ ✇♦✉❧❞ ♥❡❡❞ t♦ ♣r♦❞✉❝❡ ✸✶✵ s❛❧❡s✳

❊①❡r❝✐s❡ ✾✳✼✳✸✻

❚❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② f ✐♥ ❛♥ ❡❧❡❝tr♦♥✐❝ ❝✐r❝✉✐t ❝♦♥t❛✐♥✐♥❣ ✐♥❞✉❝t❛♥❝❡ L ❛♥❞ ❝❛♣❛❝✐t❛♥❝❡ C
✐♥ s❡r✐❡s ✐s ❣✐✈❡♥ ❜②

f = 1
2π

√
LC

✭❛✮ ❉❡t❡r♠✐♥❡ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ✐♥ ❛♥ ❡❧❡❝tr♦♥✐❝ ❝✐r❝✉✐t ✐❢ t❤❡ ✐♥❞✉❝t❛♥❝❡ ✐s ✹ ❛♥❞
t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ✐s 0.0001✳ ❯s❡ π = 3.14.

✭❜✮ ❉❡t❡r♠✐♥❡ t❤❡ ✐♥❞✉❝t❛♥❝❡ ✐♥ ❛♥ ❡❧❡❝tr✐❝ ❝✐r❝✉✐t ✐❢ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ✐s 7.12 ❛♥❞
t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ✐s 0.0001✳ ❯s❡ π = 3.14.

❊①❡r❝✐s❡ ✾✳✼✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✾✳✮

■❢ t✇♦ ♠❛❣♥❡t✐❝ ♣♦❧❡s ♦❢ str❡♥❣t❤ m ❛♥❞ m✬ ✉♥✐ts ❛r❡ ❛t ❛ ❞✐st❛♥❝❡ r ❝❡♥t✐♠❡t❡rs ✭❝♠✮ ❛♣❛rt✱ t❤❡
❢♦r❝❡ F ♦❢ r❡♣✉❧s✐♦♥ ✐♥ ❛✐r ❜❡t✇❡❡♥ t❤❡♠ ✐s ❣✐✈❡♥ ❜②

F = mm✬

r2

✭❛✮ ❉❡t❡r♠✐♥❡ t❤❡ ❢♦r❝❡ ♦❢ r❡♣✉❧s✐♦♥ ✐❢ t✇♦ ♠❛❣♥❡t✐❝ ♣♦❧❡s ♦❢ str❡♥❣t❤s ✷✵ ❛♥❞ ✹✵ ✉♥✐ts ❛r❡
✺ ❝♠ ❛♣❛rt ✐♥ ❛✐r✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✷✾

✭❜✮ ❉❡t❡r♠✐♥❡ ❤♦✇ ❢❛r ❛♣❛rt ❛r❡ t✇♦ ♠❛❣♥❡t✐❝ ♣♦❧❡s ♦❢ str❡♥❣t❤s ✸✵ ❛♥❞ ✹✵ ✉♥✐ts ✐❢ t❤❡
❢♦r❝❡ ♦❢ r❡♣✉❧s✐♦♥ ✐♥ ❛✐r ❜❡t✇❡❡♥ t❤❡♠ ✐s 0.0001✳

❊①❡r❝✐s❡ ✾✳✼✳✸✽
❚❤❡ ✈❡❧♦❝✐t② V ✐♥ ❢❡❡t ♣❡r s❡❝♦♥❞ ♦❢ ♦✉t✢♦✇ ♦❢ ❛ ❧✐q✉✐❞ ❢r♦♠ ❛♥ ♦r✐✜❝❡ ✐s ❣✐✈❡♥ ❜② V = 8

√
h, ✇❤❡r❡

h ✐s t❤❡ ❤❡✐❣❤t ✐♥ ❢❡❡t ♦❢ t❤❡ ❧✐q✉✐❞ ❛❜♦✈❡ t❤❡ ♦♣❡♥✐♥❣✳
✭❛✮ ❉❡t❡r♠✐♥❡ t❤❡ ✈❡❧♦❝✐t② ♦❢ ♦✉t✢♦✇ ♦❢ ❛ ❧✐q✉✐❞ ❢r♦♠ ❛♥ ♦r✐✜❝❡ t❤❛t ✐s ✾ ❢❡❡t ❜❡❧♦✇ t❤❡ t♦♣ s✉r❢❛❝❡
♦❢ ❛ ❧✐q✉✐❞ ✭V ✐s ✐♥ ❢❡❡t✴s❡❝✮✳

✭❜✮ ❉❡t❡r♠✐♥❡ ❤♦✇ ❤✐❣❤ ❛ ❧✐q✉✐❞ ✐s ❛❜♦✈❡ ❛♥ ♦r✐✜❝❡ ✐❢ t❤❡ ✈❡❧♦❝✐t② ♦❢ ♦✉t✢♦✇ ✐s ✽✶ ❢❡❡t✴s❡❝♦♥❞✳

❊①❡r❝✐s❡ ✾✳✼✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✾✳✮

❚❤❡ ♣❡r✐♦❞ T ✐♥ s❡❝♦♥❞s ♦❢ ❛ s✐♠♣❧❡ ♣❡♥❞✉❧✉♠ ♦❢ ❧❡♥❣t❤ L ✐♥ ❢❡❡t ✐s ❣✐✈❡♥ ❜② T = 2π
√

L
32 .

✭❛✮ ❉❡t❡r♠✐♥❡ t❤❡ ♣❡r✐♦❞ ♦❢ ❛ s✐♠♣❧❡ ♣❡♥❞✉❧✉♠ t❤❛t ✐s ✷ ❢❡❡t ❧♦♥❣✳ ❯s❡ π = 3.14.

✭❜✮ ❉❡t❡r♠✐♥❡ t❤❡ ❧❡♥❣t❤ ✐♥ ❢❡❡t ♦❢ ❛ s✐♠♣❧❡ ♣❡♥❞✉❧✉♠ ✇❤♦s❡ ♣❡r✐♦❞ ✐s 10.8772 s❡❝♦♥❞s✳
❯s❡ π = 3.14.

❊①❡r❝✐s❡ ✾✳✼✳✹✵
❚❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② KE ✐♥ ❢♦♦t ♣♦✉♥❞s ♦❢ ❛ ❜♦❞② ♦❢ ♠❛ss m ✐♥ s❧✉❣s ♠♦✈✐♥❣ ✇✐t❤ ❛ ✈❡❧♦❝✐t② v ✐♥
❢❡❡t✴s❡❝ ✐s ❣✐✈❡♥ ❜②

KE = 1
2mv2

✭❛✮ ❉❡t❡r♠✐♥❡ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ ❛ ✷✲s❧✉❣ ❜♦❞② ♠♦✈✐♥❣ ✇✐t❤ ❛ ✈❡❧♦❝✐t② ♦❢ ✹ ❢t✴s❡❝✳

✭❜✮ ❉❡t❡r♠✐♥❡ t❤❡ ✈❡❧♦❝✐t② ✐♥ ❢❡❡t✴s❡❝ ♦❢ ❛ ✹✲s❧✉❣ ❜♦❞② ✐❢ ✐ts ❦✐♥❡t✐❝ ❡♥❡r❣② ✐s ✺✵ ❢♦♦t ♣♦✉♥❞s✳

✾✳✼✳✼ ❊①❡r❝✐s❡s ❋♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✾✳✼✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✾✳✮

✭❙❡❝t✐♦♥ ✸✳✼✮ ❲r✐t❡ x10y3(x+7)4

x−2y3(x+7)−1 s♦ t❤❛t ♦♥❧② ♣♦s✐t✐✈❡ ❡①♣♦♥❡♥ts ❛♣♣❡❛r✳

❊①❡r❝✐s❡ ✾✳✼✳✹✷
✭❙❡❝t✐♦♥ ✺✳✷✮ ❈❧❛ss✐❢② x + 4 = x + 7 ❛s ❛♥ ✐❞❡♥t✐t②✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱ ♦r ❛ ❝♦♥❞✐t✐♦♥❛❧ ❡q✉❛t✐♦♥✳

❊①❡r❝✐s❡ ✾✳✼✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✾✳✮

✭❙❡❝t✐♦♥ ✼✳✺✮ ❙✉♣♣❧② t❤❡ ♠✐ss✐♥❣ ✇♦r❞s✳ ■♥ t❤❡ ❝♦♦r❞✐♥❛t❡ ♣❧❛♥❡✱ ❧✐♥❡s ✇✐t❤ s❧♦♣❡ r✐s❡
❛♥❞ ❧✐♥❡s ✇✐t❤ s❧♦♣❡ ❢❛❧❧✳

❊①❡r❝✐s❡ ✾✳✼✳✹✹

✭❙❡❝t✐♦♥ ✾✳✸✮ ❙✐♠♣❧✐❢②

√

(x + 3)
4
(x − 2)

6
.

❊①❡r❝✐s❡ ✾✳✼✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✾✳✮

✭❙❡❝t✐♦♥ ✾✳✻✮ ❙✐♠♣❧✐❢②
(
3 +

√
5
) (

4 −
√

5
)
.

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✸✵ ❈❍❆P❚❊❘ ✾✳ ❘❖❖❚❙✱ ❘❆❉■❈❆▲❙✱ ❆◆❉ ❙◗❯❆❘❊ ❘❖❖❚ ❊◗❯❆❚■❖◆❙

✾✳✽ ❙✉♠♠❛r② ♦❢ ❑❡② ❈♦♥❝❡♣ts ✽

✾✳✽✳✶ ❙✉♠♠❛r② ♦❢ ❑❡② ❈♦♥❝❡♣ts

❙q✉❛r❡ ❘♦♦t ✭❙❡❝t✐♦♥ ✾✳✷✮
❚❤❡ sq✉❛r❡ r♦♦t ♦❢ ❛ ♣♦s✐t✐✈❡ ♥✉♠❜❡r x ✐s ❛ ♥✉♠❜❡r s✉❝❤ t❤❛t ✇❤❡♥ ✐t ✐s sq✉❛r❡❞✱ t❤❡ ♥✉♠❜❡r x r❡s✉❧ts✳

❊✈❡r② ♣♦s✐t✐✈❡ ♥✉♠❜❡r ❤❛s t✇♦ sq✉❛r❡ r♦♦ts✱ ♦♥❡ ♣♦s✐t✐✈❡ ❛♥❞ ♦♥❡ ♥❡❣❛t✐✈❡✳ ❚❤❡② ❛r❡ ♦♣♣♦s✐t❡s ♦❢
❡❛❝❤ ♦t❤❡r✳
Pr✐♥❝✐♣❛❧ ❙q✉❛r❡ ❘♦♦t

√
x ✭❙❡❝t✐♦♥ ✾✳✷✮

■❢ x ✐s ❛ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡r✱ t❤❡♥

√
x r❡♣r❡s❡♥ts t❤❡ ♣♦s✐t✐✈❡ sq✉❛r❡ r♦♦t ♦❢ x✳ ❚❤❡ ♣♦s✐t✐✈❡ sq✉❛r❡ r♦♦t ♦❢ ❛ ♥✉♠❜❡r ✐s ❝❛❧❧❡❞ t❤❡

♣r✐♥❝✐♣❛❧ sq✉❛r❡ r♦♦t ♦❢ t❤❡ ♥✉♠❜❡r✳
❙❡❝♦♥❞❛r② ❙q✉❛r❡ ❘♦♦t −√

x ✭❙❡❝t✐♦♥ ✾✳✷✮
−√

x r❡♣r❡s❡♥ts t❤❡ ♥❡❣❛t✐✈❡ sq✉❛r❡ r♦♦t ♦❢ x✳ ❚❤❡ ♥❡❣❛t✐✈❡ sq✉❛r❡ r♦♦t ♦❢ ❛ ♥✉♠❜❡r ✐s ❝❛❧❧❡❞ t❤❡ s❡❝♦♥❞❛r②
sq✉❛r❡ r♦♦t ♦❢ t❤❡ ♥✉♠❜❡r✳
❘❛❞✐❝❛❧ ❙✐❣♥✱ ❘❛❞✐❝❛♥❞❀ ❛♥❞ ❘❛❞✐❝❛❧ ✭❙❡❝t✐♦♥ ✾✳✷✮
■♥ t❤❡ ❡①♣r❡ss✐♦♥

√
x,√

✐s ❝❛❧❧❡❞ t❤❡ r❛❞✐❝❛❧ s✐❣♥✳
x ✐s ❝❛❧❧❡❞ t❤❡ r❛❞✐❝❛♥❞✳√

x ✐s ❝❛❧❧❡❞ ❛ r❛❞✐❝❛❧✳

❚❤❡ ❤♦r✐③♦♥t❛❧ ❜❛r t❤❛t ❛♣♣❡❛rs ❛tt❛❝❤❡❞ t♦ t❤❡ r❛❞✐❝❛❧ s✐❣♥✱
√
✱ ✐s ❛ ❣r♦✉♣✐♥❣ s②♠❜♦❧ t❤❛t s♣❡❝✐✜❡s

t❤❡ r❛❞✐❝❛♥❞✳
▼❡❛♥✐♥❣❢✉❧ ❊①♣r❡ss✐♦♥s ✭❙❡❝t✐♦♥ ✾✳✷✮
❆ r❛❞✐❝❛❧ ❡①♣r❡ss✐♦♥ ✇✐❧❧ ♦♥❧② ❜❡ ♠❡❛♥✐♥❣❢✉❧ ✐❢ t❤❡ r❛❞✐❝❛♥❞ ✭t❤❡ ❡①♣r❡ss✐♦♥ ✉♥❞❡r t❤❡ r❛❞✐❝❛❧ s✐❣♥✮ ✐s ♥♦t
♥❡❣❛t✐✈❡✿

√
−25 ✐s ♥♦t ♠❡❛♥✐♥❣❢✉❧ ❛♥❞

√
−25 ✐s ♥♦t ❛ r❡❛❧ ♥✉♠❜❡r

❙✐♠♣❧✐❢②✐♥❣ ❙q✉❛r❡ ❘♦♦t ❊①♣r❡ss✐♦♥s ✭❙❡❝t✐♦♥ ✾✳✷✮
■❢ a ✐s ❛ ♥♦♥♥❡❣❛t✐✈❡ ♥✉♠❜❡r✱ t❤❡♥

√
a2 = a

P❡r❢❡❝t ❙q✉❛r❡s ✭❙❡❝t✐♦♥ ✾✳✸✮
❘❡❛❧ ♥✉♠❜❡rs t❤❛t ❛r❡ sq✉❛r❡s ♦❢ r❛t✐♦♥❛❧ ♥✉♠❜❡rs ❛r❡ ❝❛❧❧❡❞ ♣❡r❢❡❝t sq✉❛r❡s✳
■rr❛t✐♦♥❛❧ ◆✉♠❜❡rs ✭❙❡❝t✐♦♥ ✾✳✸✮
❆♥② ✐♥❞✐❝❛t❡❞ sq✉❛r❡ r♦♦t ✇❤♦s❡ r❛❞✐❝❛♥❞ ✐s ♥♦t ❛ ♣❡r❢❡❝t sq✉❛r❡ ✐s ❛♥ ✐rr❛t✐♦♥❛❧ ♥✉♠❜❡r✳

√
2,
√

5 ❛♥❞
√

10 ❛r❡ ✐rr❛t✐♦♥❛❧ ♥✉♠❜❡rs
❚❤❡ Pr♦❞✉❝t Pr♦♣❡rt② ✭❙❡❝t✐♦♥ ✾✳✸✮
√

xy =
√

x
√

y

❚❤❡ ◗✉♦t✐❡♥t Pr♦♣❡rt② ✭❙❡❝t✐♦♥ ✾✳✸✮
√

x
y =

√
x√
y y 6= 0

❇❡ ❈❛r❡❢✉❧ ✭❙❡❝t✐♦♥ ✾✳✸✮
√

x + y 6= √
x +

√
y

(√
16 + 9 6=

√
16 +

√
9

√
x − y 6= √

x −√
y

(√
25 − 16 6=

√
25 −

√
16

✽❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✼✶✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✸✶

❙✐♠♣❧✐✜❡❞ ❋♦r♠ ✭❙❡❝t✐♦♥ ✾✳✸✮
❆ sq✉❛r❡ r♦♦t t❤❛t ❞♦❡s ♥♦t ✐♥✈♦❧✈❡ ❢r❛❝t✐♦♥s ✐s ✐♥ s✐♠♣❧✐✜❡❞ ❢♦r♠ ✐❢ t❤❡r❡ ❛r❡ ♥♦ ♣❡r❢❡❝t sq✉❛r❡s ✐♥ t❤❡
r❛❞✐❝❛♥❞✳

❆ sq✉❛r❡ r♦♦t ✐♥✈♦❧✈✐♥❣ ❛ ❢r❛❝t✐♦♥ ✐s ✐♥ s✐♠♣❧✐✜❡❞ ❢♦r♠ ✐❢ t❤❡r❡ ❛r❡ ♥♦

✶✳ ♣❡r❢❡❝t sq✉❛r❡s ✐♥ t❤❡ r❛❞✐❝❛♥❞✱
✷✳ ❢r❛❝t✐♦♥s ✐♥ t❤❡ r❛❞✐❝❛♥❞✱ ♦r
✸✳ sq✉❛r❡ r♦♦t ❡①♣r❡ss✐♦♥s ✐♥ t❤❡ ❞❡♥♦♠✐♥❛t♦r

❘❛t✐♦♥❛❧✐③✐♥❣ t❤❡ ❉❡♥♦♠✐♥❛t♦r ✭❙❡❝t✐♦♥ ✾✳✸✮
❚❤❡ ♣r♦❝❡ss ♦❢ ❡❧✐♠✐♥❛t✐♥❣ r❛❞✐❝❛❧s ❢r♦♠ t❤❡ ❞❡♥♦♠✐♥❛t♦r ✐s ❝❛❧❧❡❞ r❛t✐♦♥❛❧✐③✐♥❣ t❤❡ ❞❡♥♦♠✐♥❛t♦r✳
▼✉❧t✐♣❧②✐♥❣ ❙q✉❛r❡ ❘♦♦t ❊①♣r❡ss✐♦♥s ✭❙❡❝t✐♦♥ ✾✳✹✮
❚❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ sq✉❛r❡ r♦♦ts ✐s t❤❡ sq✉❛r❡ r♦♦t ♦❢ t❤❡ ♣r♦❞✉❝t✳

√
x
√

y =
√

xy

✶✳ ❙✐♠♣❧✐❢② ❡❛❝❤ sq✉❛r❡ r♦♦t✱ ✐❢ ♥❡❝❡ss❛r②✳
✷✳ P❡r❢♦r♠ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥✳
✸✳ ❙✐♠♣❧✐❢②✱ ✐❢ ♥❡❝❡ss❛r②✳

❉✐✈✐❞✐♥❣ ❙q✉❛r❡ ❘♦♦t ❊①♣r❡ss✐♦♥s ✭❙❡❝t✐♦♥ ✾✳✺✮
❚❤❡ q✉♦t✐❡♥t ♦❢ t❤❡ sq✉❛r❡ r♦♦ts ✐s t❤❡ sq✉❛r❡ r♦♦t ♦❢ t❤❡ q✉♦t✐❡♥t✳

√
x√
y =

√
x
y

❆❞❞✐t✐♦♥ ❛♥❞ ❙✉❜tr❛❝t✐♦♥ ♦❢ ❙q✉❛r❡ ❘♦♦t ❊①♣r❡ss✐♦♥s ✭❙❡❝t✐♦♥ ✾✳✻✮

a
√

x + b
√

x = (a + b)
√

x

a
√

x − b
√

x = (a − b)
√

x

❙q✉❛r❡ ❘♦♦t ❊q✉❛t✐♦♥ ✭❙❡❝t✐♦♥ ✾✳✼✮
❆ sq✉❛r❡ r♦♦t ❡q✉❛t✐♦♥ ✐s ❛♥ ❡q✉❛t✐♦♥ t❤❛t ❝♦♥t❛✐♥s ❛ ✈❛r✐❛❜❧❡ ✉♥❞❡r ❛ sq✉❛r❡ r♦♦t r❛❞✐❝❛❧ s✐❣♥✳
❙♦❧✈✐♥❣ ❙q✉❛r❡ ❘♦♦t ❊q✉❛t✐♦♥s ✭❙❡❝t✐♦♥ ✾✳✼✮

✶✳ ■s♦❧❛t❡ ❛ r❛❞✐❝❛❧✳
✷✳ ❙q✉❛r❡ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❡q✉❛t✐♦♥✳
✸✳ ❙✐♠♣❧✐❢② ❜② ❝♦♠❜✐♥✐♥❣ ❧✐❦❡ t❡r♠s✳
✹✳ ❘❡♣❡❛t st❡♣ ✶ ✐❢ r❛❞✐❝❛❧ ❛r❡ st✐❧❧ ♣r❡s❡♥t✳
✺✳ ❖❜t❛✐♥ ♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥ ❜② s♦❧✈✐♥❣ t❤❡ r❡s✉❧t✐♥❣ ♥♦♥✲sq✉❛r❡ r♦♦t ❡q✉❛t✐♦♥✳
✻✳ ❈❤❡❝❦ ♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥s ❜② s✉❜st✐t✉t✐♦♥✳

✾✳✾ ❊①❡r❝✐s❡ ❙✉♣♣❧❡♠❡♥t ✾

✾✳✾✳✶ ❊①❡r❝✐s❡ ❙✉♣♣❧❡♠❡♥t

✾✳✾✳✶✳✶ ❙q✉❛r❡ ❘♦♦t ❊①♣r❡ss✐♦♥s ✭❙❡❝t✐♦♥ ✾✳✷✮ ✲ ❆❞❞✐t✐♦♥ ❛♥❞ ❙✉❜tr❛❝t✐♦♥ ♦❢ ❙q✉❛r❡ ❘♦♦t
❊①♣r❡ss✐♦♥s ✭❙❡❝t✐♦♥ ✾✳✻✮

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s✐♠♣❧✐❢② t❤❡ ❡①♣r❡ss✐♦♥s✳

❊①❡r❝✐s❡ ✾✳✾✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✾✳✮√
10
√

2

✾❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✻✷✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✾✳✾✳✷√
6
√

8

❊①❡r❝✐s❡ ✾✳✾✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✾✳✮√
18
√

40

❊①❡r❝✐s❡ ✾✳✾✳✹√
11
√

11

❊①❡r❝✐s❡ ✾✳✾✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✾✳✮√
y
√

y

❊①❡r❝✐s❡ ✾✳✾✳✻√
r3
√

r3

❊①❡r❝✐s❡ ✾✳✾✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✾✳✮√
m + 3

√
m + 3

❊①❡r❝✐s❡ ✾✳✾✳✽√
a − 7

√
a − 7

❊①❡r❝✐s❡ ✾✳✾✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✾✳✮√
x2 + 4x + 4

❊①❡r❝✐s❡ ✾✳✾✳✶✵√

y2 − 12y + 36

❊①❡r❝✐s❡ ✾✳✾✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✾✳✮√
x+5√
x+2

❊①❡r❝✐s❡ ✾✳✾✳✶✷√
n−3√
n−1

❊①❡r❝✐s❡ ✾✳✾✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✾✳✮√
50√
2

❊①❡r❝✐s❡ ✾✳✾✳✶✹√
75

5
√

3

❊①❡r❝✐s❡ ✾✳✾✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✾✳✮√
a2+6a+9√

a+3

❊①❡r❝✐s❡ ✾✳✾✳✶✻√
4x2+4x+1√

2x+1

❊①❡r❝✐s❡ ✾✳✾✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✾✳✮√
x2−11x+24√

x−8

❊①❡r❝✐s❡ ✾✳✾✳✶✽√
y2+11y+28√

y+4

❊①❡r❝✐s❡ ✾✳✾✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✹✾✳✮√
3

(√
5 +

√
3
)

❊①❡r❝✐s❡ ✾✳✾✳✷✵√
5

(√
6 −

√
10

)

❊①❡r❝✐s❡ ✾✳✾✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✵✳✮√
a

(√
a −

√
bc

)

❊①❡r❝✐s❡ ✾✳✾✳✷✷√
x

(√
x5 −

√
3x

)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✸✸

❊①❡r❝✐s❡ ✾✳✾✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✵✳✮√
7a3

(√
2a −

√
4a3

)

❊①❡r❝✐s❡ ✾✳✾✳✷✹
3√
7

❊①❡r❝✐s❡ ✾✳✾✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✵✳✮
2√
5

❊①❡r❝✐s❡ ✾✳✾✳✷✻
6√
2

❊①❡r❝✐s❡ ✾✳✾✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✵✳✮
8y√

y

❊①❡r❝✐s❡ ✾✳✾✳✷✽
16a2
√

5a

❊①❡r❝✐s❡ ✾✳✾✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✵✳✮
(
2 +

√
3
) (

2 −
√

3
)

❊①❡r❝✐s❡ ✾✳✾✳✸✵
(
x +

√
8
) (

3x +
√

8
)

❊①❡r❝✐s❡ ✾✳✾✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✵✳✮
(
4y −

√
3x

) (
4y +

√
3x

)

❊①❡r❝✐s❡ ✾✳✾✳✸✷
(
6r +

√
2s

) (
4r +

√
2s

)

❊①❡r❝✐s❡ ✾✳✾✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✵✳✮
2

2+
√

7

❊①❡r❝✐s❡ ✾✳✾✳✸✹
4

1−
√

6

❊①❡r❝✐s❡ ✾✳✾✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✵✳✮
6

x+
√

y

❊①❡r❝✐s❡ ✾✳✾✳✸✻
10

a−
√

2b

❊①❡r❝✐s❡ ✾✳✾✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✵✳✮√
5

a+
√

3

❊①❡r❝✐s❡ ✾✳✾✳✸✽√
2

1+
√

10

❊①❡r❝✐s❡ ✾✳✾✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✵✳✮
8+

√
3

2+
√

6

❊①❡r❝✐s❡ ✾✳✾✳✹✵
4+

√
11

4−
√

11

❊①❡r❝✐s❡ ✾✳✾✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✵✳✮
√

36a4b5c11

x2y5

❊①❡r❝✐s❡ ✾✳✾✳✹✷√

x12y10z8w7

❊①❡r❝✐s❡ ✾✳✾✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✵✳✮
√

32x5y(x − 2)
3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✾✳✾✳✹✹
−2

√
60r4s3

❊①❡r❝✐s❡ ✾✳✾✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✵✳✮
√

3
16

❊①❡r❝✐s❡ ✾✳✾✳✹✻√
4
25

❊①❡r❝✐s❡ ✾✳✾✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✵✳✮
√

9
16

❊①❡r❝✐s❡ ✾✳✾✳✹✽√
5
36

❊①❡r❝✐s❡ ✾✳✾✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✵✳✮
√

1
6

❊①❡r❝✐s❡ ✾✳✾✳✺✵√
3
10

❊①❡r❝✐s❡ ✾✳✾✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✵✳✮
√

(x + 4)
4
(x − 1)

5

❊①❡r❝✐s❡ ✾✳✾✳✺✷√

(3x + 5)
3
(2x − 7)

3

❊①❡r❝✐s❡ ✾✳✾✳✺✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✵✳✮
√

(y − 3z)
12

(y + 3z)
10

(y − 5z)
3

❊①❡r❝✐s❡ ✾✳✾✳✺✹√

(8a − 5b)
26

(2a − 9b)
40

(a − b)
15

❊①❡r❝✐s❡ ✾✳✾✳✺✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✵✳✮

4
√

11 + 8
√

11

❊①❡r❝✐s❡ ✾✳✾✳✺✻
−
√

6 + 5
√

6

❊①❡r❝✐s❡ ✾✳✾✳✺✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✵✳✮

5
√

60 − 7
√

15

❊①❡r❝✐s❡ ✾✳✾✳✺✽
4ax2

√
75x4 + 6a

√
3x8

❊①❡r❝✐s❡ ✾✳✾✳✺✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✵✳✮

−3
√

54 − 16
√

96

❊①❡r❝✐s❡ ✾✳✾✳✻✵√

18x2y
√

2x2y

❊①❡r❝✐s❡ ✾✳✾✳✻✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✵✳✮√
4x2 + 32x + 64 +

√
10x2 + 80x + 160

❊①❡r❝✐s❡ ✾✳✾✳✻✷
−2

√
9x2 − 42x + 49 + 5

√
18x2 − 84x + 98

❊①❡r❝✐s❡ ✾✳✾✳✻✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✵✳✮

−10
√

56a3b7 + 2a2b
√

126ab5

❊①❡r❝✐s❡ ✾✳✾✳✻✹√
3x−

√
5x√

7x+
√

2x

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✸✺

❊①❡r❝✐s❡ ✾✳✾✳✻✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✵✳✮√
6a+

√
2a√

3a−
√

5a

✾✳✾✳✶✳✷ ❙q✉❛r❡ ❘♦♦t ❊q✉❛t✐♦♥s ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥s ✭❙❡❝t✐♦♥ ✾✳✼✮

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥s✳

❊①❡r❝✐s❡ ✾✳✾✳✻✻√
3x = 9

❊①❡r❝✐s❡ ✾✳✾✳✻✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✵✳✮√
4a = 16

❊①❡r❝✐s❡ ✾✳✾✳✻✽√
x + 7 = 4

❊①❡r❝✐s❡ ✾✳✾✳✻✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✶✳✮√
a + 6 = −5

❊①❡r❝✐s❡ ✾✳✾✳✼✵√
4a + 5 = 21

❊①❡r❝✐s❡ ✾✳✾✳✼✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✶✳✮√
3m + 7 = 10

❊①❡r❝✐s❡ ✾✳✾✳✼✷√
y + 10 = 5

❊①❡r❝✐s❡ ✾✳✾✳✼✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✶✳✮√
a − 7 = 6

❊①❡r❝✐s❡ ✾✳✾✳✼✹√
4x − 8 = x − 2

❊①❡r❝✐s❡ ✾✳✾✳✼✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✶✳✮√
2x + 3 + 8 = 11

❊①❡r❝✐s❡ ✾✳✾✳✼✻√
a2 + 5 + 5 = a

❊①❡r❝✐s❡ ✾✳✾✳✼✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✶✳✮√
5b + 4 − 5 = −2

❊①❡r❝✐s❡ ✾✳✾✳✼✽√
2a + 1 − 10 = −3

❊①❡r❝✐s❡ ✾✳✾✳✼✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✶✳✮√
2x + 5 =

√
x + 3

❊①❡r❝✐s❡ ✾✳✾✳✽✵√
5a − 11

❊①❡r❝✐s❡ ✾✳✾✳✽✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✶✳✮

❆t ❛ s♠❛❧❧ ❜✉s✐♥❡ss✱ t❤❡ ♠♦♥t❤❧② ♥✉♠❜❡r ♦❢ s❛❧❡s S ✐s ❛♣♣r♦①✐♠❛t❡❧② r❡❧❛t❡❞ t♦ t❤❡ ♥✉♠❜❡r ♦❢
❡♠♣❧♦②❡❡s E ❜② S = 140 + 8

√
E − 2.

✭❛✮ ❉❡t❡r♠✐♥❡ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♥✉♠❜❡r ♦❢ s❛❧❡s ✐❢ t❤❡ ♥✉♠❜❡r ♦❢ ❡♠♣❧♦②❡❡s ✐s ✷✼✳

✭❜✮ ❉❡t❡r♠✐♥❡ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♥✉♠❜❡r ♦❢ ❡♠♣❧♦②❡❡s ✐❢ t❤❡ ♠♦♥t❤❧② s❛❧❡s ❛r❡ ✷✻✽✳

❊①❡r❝✐s❡ ✾✳✾✳✽✷
❚❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② f ✐♥ ❛♥ ❡❧❡❝tr♦♥✐❝ ❝✐r❝✉✐t ❝♦♥t❛✐♥✐♥❣ ✐♥❞✉❝t❛♥❝❡ L ❛♥❞ ❝❛♣❛❝✐t❛♥❝❡ C ✐♥
s❡r✐❡s ✐s ❣✐✈❡♥ ❜②

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✸✻ ❈❍❆P❚❊❘ ✾✳ ❘❖❖❚❙✱ ❘❆❉■❈❆▲❙✱ ❆◆❉ ❙◗❯❆❘❊ ❘❖❖❚ ❊◗❯❆❚■❖◆❙

f = 1
2π

√
LC

✭❛✮ ❉❡t❡r♠✐♥❡ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ✐♥ ❛♥ ❡❧❡❝tr♦♥✐❝ ❝✐r❝✉✐t ✐❢ t❤❡ ✐♥❞✉❝t❛♥❝❡ ✐s ✾ ❛♥❞
t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ✐s 0.0001✳ ❯s❡ π = 3.14.

✭❜✮ ❉❡t❡r♠✐♥❡ t❤❡ ✐♥❞✉❝t❛♥❝❡ ✐♥ ❛♥ ❡❧❡❝tr✐❝ ❝✐r❝✉✐t ✐❢ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ✐s 5.308 ❛♥❞
t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ✐s 0.0001✳ ❯s❡ π = 3.14.

❊①❡r❝✐s❡ ✾✳✾✳✽✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✶✳✮

■❢ t✇♦ ♠❛❣♥❡t✐❝ ♣♦❧❡s ♦❢ str❡♥❣t❤ m ❛♥❞ m✬ ✉♥✐ts ❛r❡ ❛t ❛ ❞✐st❛♥❝❡ r ❝❡♥t✐♠❡t❡rs ✭❝♠✮ ❛♣❛rt✱ t❤❡
❢♦r❝❡ F ♦❢ r❡♣✉❧s✐♦♥ ✐♥ ❛✐r ❜❡t✇❡❡♥ t❤❡♠ ✐s ❣✐✈❡♥ ❜②

F = mm✬

r2

✭❛✮ ❉❡t❡r♠✐♥❡ t❤❡ ❢♦r❝❡ ♦❢ r❡♣✉❧s✐♦♥ ✐❢ t✇♦ ♠❛❣♥❡t✐❝ ♣♦❧❡s ♦❢ str❡♥❣t❤s ✷✷ ❛♥❞ ✹✻ ✉♥✐ts ❛r❡
✽ ❝♠ ❛♣❛rt✳

✭❜✮ ❉❡t❡r♠✐♥❡ ❤♦✇ ❢❛r ❛♣❛rt ❛r❡ t✇♦ ♠❛❣♥❡t✐❝ ♣♦❧❡s ♦❢ str❡♥❣t❤s ✶✹ ❛♥❞ ✶✻ ✉♥✐ts ✐❢ t❤❡
❢♦r❝❡ ♦❢ r❡♣✉❧s✐♦♥ ✐♥ ❛✐r ❜❡t✇❡❡♥ t❤❡♠ ✐s ✹✷ ✉♥✐ts✳

✾✳✶✵ Pr♦✜❝✐❡♥❝② ❊①❛♠ ✶✵

✾✳✶✵✳✶ Pr♦✜❝✐❡♥❝② ❊①❛♠

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s✐♠♣❧✐❢② ❡❛❝❤ ♦❢ t❤❡ sq✉❛r❡ r♦♦t ❡①♣r❡ss✐♦♥s✳

❊①❡r❝✐s❡ ✾✳✶✵✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✶✳✮

✭❙❡❝t✐♦♥ ✾✳✹✮
√

8 ·
√

5

❊①❡r❝✐s❡ ✾✳✶✵✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✶✳✮

✭❙❡❝t✐♦♥ ✾✳✺✮
√

80√
12

❊①❡r❝✐s❡ ✾✳✶✵✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✶✳✮

✭❙❡❝t✐♦♥ ✾✳✸✱ ❙❡❝t✐♦♥ ✾✳✺✮
√

n2+n−12√
n−3

❊①❡r❝✐s❡ ✾✳✶✵✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✶✳✮

✭❙❡❝t✐♦♥ ✾✳✷✱ ❙❡❝t✐♦♥ ✾✳✸✮
√

24a3b5c8

❊①❡r❝✐s❡ ✾✳✶✵✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✶✳✮

✭❙❡❝t✐♦♥ ✾✳✷✱ ❙❡❝t✐♦♥ ✾✳✸✮
√

64x4y5z6

49a3b2c9

❊①❡r❝✐s❡ ✾✳✶✵✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✶✳✮

✭❙❡❝t✐♦♥ ✾✳✸✮

√

(x − 2)
2
(x + 1)

4

❊①❡r❝✐s❡ ✾✳✶✵✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✶✳✮

✭❙❡❝t✐♦♥ ✾✳✸✮
√

a2 − 8a + 16

❊①❡r❝✐s❡ ✾✳✶✵✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✶✳✮

✭❙❡❝t✐♦♥ ✾✳✺✮ 4
2+

√
x

❊①❡r❝✐s❡ ✾✳✶✵✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✶✳✮

✭❙❡❝t✐♦♥ ✾✳✺
√

3a√
2a+

√
5a

✶✵❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✺✻✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✸✼

❊①❡r❝✐s❡ ✾✳✶✵✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✶✳✮

✭❙❡❝t✐♦♥ ✾✳✻ 2x
√

27 + x
√

12

❊①❡r❝✐s❡ ✾✳✶✵✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✶✳✮

✭❙❡❝t✐♦♥ ✾✳✻✮ −3a
√

a5b3 + 2a3b
√

ab

❊①❡r❝✐s❡ ✾✳✶✵✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✶✳✮

✭❙❡❝t✐♦♥ ✾✳✺✱ ❙❡❝t✐♦♥ ✾✳✻✮
√

10
(√

8 −
√

2
)

❊①❡r❝✐s❡ ✾✳✶✵✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✶✳✮

✭❙❡❝t✐♦♥ ✾✳✺✱ ❙❡❝t✐♦♥ ✾✳✻✮
(
3 +

√
6
) (

2 +
√

5
)

❊①❡r❝✐s❡ ✾✳✶✵✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✶✳✮

✭❙❡❝t✐♦♥ ✾✳✺✱ ❙❡❝t✐♦♥ ✾✳✻✮
(√

10 −
√

3
) (√

5 +
√

2
)

❊①❡r❝✐s❡ ✾✳✶✵✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✶✳✮

✭❙❡❝t✐♦♥ ✾✳✺✱ ❙❡❝t✐♦♥ ✾✳✻✮
(
4 −√

5y
)2

❊①❡r❝✐s❡ ✾✳✶✵✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✶✳✮

✭❙❡❝t✐♦♥ ✾✳✺✱ ❙❡❝t✐♦♥ ✾✳✻✮ 6−
√

3
4+

√
2

❊①❡r❝✐s❡ ✾✳✶✵✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✶✳✮

✭❙❡❝t✐♦♥ ✾✳✺✱ ❙❡❝t✐♦♥ ✾✳✻✮
√

2+
√

3√
3−

√
5

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥s✳

❊①❡r❝✐s❡ ✾✳✶✵✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✷✳✮

✭❙❡❝t✐♦♥ ✾✳✼✮
√

x + 8 = 4

❊①❡r❝✐s❡ ✾✳✶✵✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✷✳✮

✭❙❡❝t✐♦♥ ✾✳✼✮
√

3a + 1 = 4

❊①❡r❝✐s❡ ✾✳✶✵✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✷✳✮

✭❙❡❝t✐♦♥ ✾✳✼✮
√

2x = −3

❊①❡r❝✐s❡ ✾✳✶✵✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✷✳✮

✭❙❡❝t✐♦♥ ✾✳✼✮
√

3x + 18 + 7 = 0

❊①❡r❝✐s❡ ✾✳✶✵✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✷✳✮

✭❙❡❝t✐♦♥ ✾✳✼✮
√

3m − 5 =
√

2m + 1

❊①❡r❝✐s❡ ✾✳✶✵✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✷✳✮

✭❙❡❝t✐♦♥ ✾✳✼✮ 2
√

a + 2 − 2 = 0

❊①❡r❝✐s❡ ✾✳✶✵✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✷✳✮

✭❙❡❝t✐♦♥ ✾✳✼✮
√

b − 7 −
√

5b + 1 = 0

❊①❡r❝✐s❡ ✾✳✶✵✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✼✺✷✳✮

✭❙❡❝t✐♦♥ ✾✳✼✮ ❆t ❛ s♠❛❧❧ ❜✉s✐♥❡ss✱ t❤❡ ♥✉♠❜❡r ♦❢ ♠♦♥t❤❧② s❛❧❡s S ✐s ❛♣♣r♦①✐♠❛t❡❧② r❡❧❛t❡❞ t♦ t❤❡
♥✉♠❜❡r ♦❢ ❡♠♣❧♦②❡❡s E ❜② S = 175 + 7

√
E − 3.

✭❛✮ ❉❡t❡r♠✐♥❡ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♥✉♠❜❡r ♦❢ s❛❧❡s ✐❢ t❤❡ ♥✉♠❜❡r ♦❢ ❡♠♣❧♦②❡❡s ✐s ✸✾✳
✭❜✮ ❉❡t❡r♠✐♥❡ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♥✉♠❜❡r ♦❢ ❡♠♣❧♦②❡❡s ✐❢ t❤❡ ♥✉♠❜❡r ♦❢ s❛❧❡s ✐s ✷✷✹✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥s t♦ ❊①❡r❝✐s❡s ✐♥ ❈❤❛♣t❡r ✾

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✶ ✭♣✳ ✻✽✹✮
✻ ❛♥❞ −✻
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✷ ✭♣✳ ✻✽✹✮
✺ ❛♥❞ −✺
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✸ ✭♣✳ ✻✽✹✮
✶✵ ❛♥❞ −✶✵
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✹ ✭♣✳ ✻✽✹✮
✽ ❛♥❞ −✽
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✺ ✭♣✳ ✻✽✹✮
✶ ❛♥❞ −✶
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✻ ✭♣✳ ✻✽✺✮
1
2 ❛♥❞ − 1

2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✼ ✭♣✳ ✻✽✺✮
3
4 ❛♥❞ − 3

4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✽ ✭♣✳ ✻✽✺✮
0.1 ❛♥❞ −0.1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✾ ✭♣✳ ✻✽✺✮
0.03 ❛♥❞ −0.03
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✶✵ ✭♣✳ ✻✽✻✮√

100 = 10 ❛♥❞ −
√

100 = −10
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✶✶ ✭♣✳ ✻✽✻✮√

121 = 11 ❛♥❞ −
√

121 = −11
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✶✷ ✭♣✳ ✻✽✼✮√

35 ❛♥❞ −
√

35
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✶✸ ✭♣✳ ✻✽✼✮
5.92 ❛♥❞ − 5.92
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✶✹ ✭♣✳ ✻✽✼✮
x ≥ −5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✶✺ ✭♣✳ ✻✽✼✮
y ≥ 8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✶✻ ✭♣✳ ✻✽✼✮
a ≥ −2

3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✶✼ ✭♣✳ ✻✽✼✮
m ≥ 6

5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✶✽ ✭♣✳ ✻✽✾✮
y4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✶✾ ✭♣✳ ✻✽✾✮
4a2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✷✵ ✭♣✳ ✻✽✾✮
7x2y3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✷✶ ✭♣✳ ✻✽✾✮
−10x4y6z
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✷✷ ✭♣✳ ✻✽✾✮

−6(a + 5)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✷✸ ✭♣✳ ✻✽✾✮
15w2

(
z2 − 1

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✷✹ ✭♣✳ ✻✽✾✮
0.5y3z7

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✸✾

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✷✺ ✭♣✳ ✻✽✾✮
xn

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✷✻ ✭♣✳ ✻✽✾✮
x2n

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✷✼ ✭♣✳ ✻✾✵✮
t✇♦
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✷✾ ✭♣✳ ✻✾✵✮
s❡❝♦♥❞❛r②
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✸✶ ✭♣✳ ✻✾✵✮
✾ ❛♥❞ −9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✸✸ ✭♣✳ ✻✾✵✮
✶✶ ❛♥❞ −11
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✸✺ ✭♣✳ ✻✾✵✮
✶✺ ❛♥❞ −15
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✸✼ ✭♣✳ ✻✾✵✮
1
4 ❛♥❞− 1

4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✸✾ ✭♣✳ ✻✾✵✮
5
6 ❛♥❞ − 5

6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✹✶ ✭♣✳ ✻✾✵✮
0.2 ❛♥❞− 0.2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✹✸ ✭♣✳ ✻✾✵✮
1.1 ❛♥❞− 1.1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✹✺ ✭♣✳ ✻✾✵✮
✽
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✹✼ ✭♣✳ ✻✾✵✮
−10
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✹✾ ✭♣✳ ✻✾✶✮
− 2

3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✺✶ ✭♣✳ ✻✾✶✮
♥♦t ❛ r❡❛❧ ♥✉♠❜❡r
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✺✸ ✭♣✳ ✻✾✶✮
♥♦t ❛ r❡❛❧ ♥✉♠❜❡r
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✺✺ ✭♣✳ ✻✾✶✮
✸
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✺✼ ✭♣✳ ✻✾✶✮
y ≥ −10
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✺✾ ✭♣✳ ✻✾✶✮
a ≥ 16
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✻✶ ✭♣✳ ✻✾✶✮
k ≥ 1

2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✻✸ ✭♣✳ ✻✾✶✮
x ≤ −4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✻✺ ✭♣✳ ✻✾✶✮
m3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✻✼ ✭♣✳ ✻✾✶✮
a4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✻✾ ✭♣✳ ✻✾✷✮
x2y5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✼✶ ✭♣✳ ✻✾✷✮
a2b3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✼✸ ✭♣✳ ✻✾✷✮
9ab
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✼✺ ✭♣✳ ✻✾✷✮
10m4n
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✼✼ ✭♣✳ ✻✾✷✮
6x11y22

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✼✾ ✭♣✳ ✻✾✷✮

5x6(y − 1)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✽✶ ✭♣✳ ✻✾✷✮

3m3n2(m + n)
9

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✽✸ ✭♣✳ ✻✾✷✮

(f − 2) (g + 6)
4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✽✺ ✭♣✳ ✻✾✷✮
−8r2s11

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✽✼ ✭♣✳ ✻✾✷✮
w + 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✽✾ ✭♣✳ ✻✾✷✮
1.1h2k2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✾✶ ✭♣✳ ✻✾✸✮

− 13ab2c3

14x2y3z4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✾✸ ✭♣✳ ✻✾✸✮
x+1
2x−1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✾✺ ✭♣✳ ✻✾✸✮
◆♦ s♦❧✉t✐♦♥❀x = 2 ✐s ❡①❝❧✉❞❡❞✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✷✳✾✼ ✭♣✳ ✻✾✸✮
x2 − 2x + 7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✶ ✭♣✳ ✻✾✺✮
m4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✷ ✭♣✳ ✻✾✺✮
h7k11

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✸ ✭♣✳ ✻✾✺✮
9a6b3c19

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✹ ✭♣✳ ✻✾✺✮

12x2y40(b + 5)
8

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✺ ✭♣✳ ✻✾✻✮
w2

√
w

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✻ ✭♣✳ ✻✾✻✮
w3zk6

√
wzk

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✼ ✭♣✳ ✻✾✻✮
3ab2c2d3

√
3ac

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✽ ✭♣✳ ✻✾✻✮

6m2n7(a − 12)
7
√

5n (a − 12)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✾ ✭♣✳ ✻✾✼✮
9
5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✶✵ ✭♣✳ ✻✾✼✮√

14
7

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✶✶ ✭♣✳ ✻✾✼✮
2
√

5
5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✶✷ ✭♣✳ ✻✾✼✮√
10
2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✹✶

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✶✸ ✭♣✳ ✻✾✼✮
3
2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✶✹ ✭♣✳ ✻✾✼✮
a
√

6a
6

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✶✺ ✭♣✳ ✻✾✼✮
y2√x

x2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✶✻ ✭♣✳ ✻✾✼✮
4a2

√
2ab

b4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✶✼ ✭♣✳ ✻✾✼✮
x + 9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✶✽ ✭♣✳ ✻✾✼✮
x + 7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✶✾ ✭♣✳ ✻✾✽✮
2b
√

2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✷✶ ✭♣✳ ✻✾✽✮
2x2

√
6

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✷✸ ✭♣✳ ✻✾✽✮
a2
√

a
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✷✺ ✭♣✳ ✻✾✽✮
x5

√
x

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✷✼ ✭♣✳ ✻✾✽✮
6n4

√
n

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✷✾ ✭♣✳ ✻✾✽✮
10x2y5√xy
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✸✶ ✭♣✳ ✻✾✽✮
20m3n3

√
n

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✸✸ ✭♣✳ ✻✾✽✮
12x

√
x

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✸✺ ✭♣✳ ✻✾✽✮
2a2

√
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✸✼ ✭♣✳ ✻✾✽✮
4x3

√
2x

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✸✾ ✭♣✳ ✻✾✽✮
5ab4

√
2ab

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✹✶ ✭♣✳ ✻✾✾✮
12a2b8

√
2ab

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✹✸ ✭♣✳ ✻✾✾✮
−20a2b3

√
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✹✺ ✭♣✳ ✻✾✾✮
−b6

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✹✼ ✭♣✳ ✻✾✾✮
abc
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✹✾ ✭♣✳ ✻✾✾✮
−3ab

√
b

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✺✶ ✭♣✳ ✻✾✾✮
m3n4p6q10

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✺✸ ✭♣✳ ✻✾✾✮
p
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✺✺ ✭♣✳ ✻✾✾✮
1
4

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✹✷ ❈❍❆P❚❊❘ ✾✳ ❘❖❖❚❙✱ ❘❆❉■❈❆▲❙✱ ❆◆❉ ❙◗❯❆❘❊ ❘❖❖❚ ❊◗❯❆❚■❖◆❙

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✺✼ ✭♣✳ ✻✾✾✮
3
7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✺✾ ✭♣✳ ✻✾✾✮
8
√

6
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✻✶ ✭♣✳ ✻✾✾✮√
14
7

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✻✸ ✭♣✳ ✼✵✵✮
2
√

3
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✻✺ ✭♣✳ ✼✵✵✮

−
√

30
10

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✻✼ ✭♣✳ ✼✵✵✮
2a2

√
42a

7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✻✾ ✭♣✳ ✼✵✵✮√

2a
a

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✼✶ ✭♣✳ ✼✵✵✮√
6x

x2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✼✸ ✭♣✳ ✼✵✵✮
7xy2z4√abyz

5a2b6

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✼✺ ✭♣✳ ✼✵✵✮

(b + 2)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✼✼ ✭♣✳ ✼✵✵✮

(x + 2)
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✼✾ ✭♣✳ ✼✵✵✮

(a − 3)
2
(a − 1)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✽✶ ✭♣✳ ✼✵✵✮
(a − 5)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✽✸ ✭♣✳ ✼✵✶✮

(a − 1)
4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✽✺ ✭♣✳ ✼✵✶✮
a ≥ −2

3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✽✼ ✭♣✳ ✼✵✶✮
♣♦s✐t✐✈❡❀ ♥❡❣❛t✐✈❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✸✳✽✾ ✭♣✳ ✼✵✶✮
11x2w3z4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✶ ✭♣✳ ✼✵✹✮√
30

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✷ ✭♣✳ ✼✵✹✮
✽
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✸ ✭♣✳ ✼✵✹✮
√

(x + 4) (x + 3)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✹ ✭♣✳ ✼✵✹✮
4m3n

√
10m

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✺ ✭♣✳ ✼✵✹✮

3(k − 6)
2√

k − 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✻ ✭♣✳ ✼✵✹✮√

6 +
√

15
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✼ ✭♣✳ ✼✵✹✮
a
√

10 − 4a2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✽ ✭♣✳ ✼✵✹✮
8m3n2

√
n − 8m2n5

√
5m

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✹✸

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✾ ✭♣✳ ✼✵✺✮
2
√

5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✶✶ ✭♣✳ ✼✵✺✮
2
√

14
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✶✸ ✭♣✳ ✼✵✺✮
12
√

6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✶✺ ✭♣✳ ✼✵✺✮
✺
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✶✼ ✭♣✳ ✼✵✺✮
✽
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✶✾ ✭♣✳ ✼✵✺✮
✸✻
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✷✶ ✭♣✳ ✼✵✺✮√

5m
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✷✸ ✭♣✳ ✼✵✺✮√

6m
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✷✺ ✭♣✳ ✼✵✺✮
2
√

5a
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✷✼ ✭♣✳ ✼✵✺✮
5
√

3y
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✷✾ ✭♣✳ ✼✵✺✮
a
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✸✶ ✭♣✳ ✼✵✺✮
y
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✸✸ ✭♣✳ ✼✵✻✮
✸
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✸✺ ✭♣✳ ✼✵✻✮
k
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✸✼ ✭♣✳ ✼✵✻✮
m
√

m
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✸✾ ✭♣✳ ✼✵✻✮
x2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✹✶ ✭♣✳ ✼✵✻✮
y2√y
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✹✸ ✭♣✳ ✼✵✻✮
a4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✹✺ ✭♣✳ ✼✵✻✮
x6

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✹✼ ✭♣✳ ✼✵✻✮
y3√y
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✹✾ ✭♣✳ ✼✵✻✮
√

(x + 2) (x − 3)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✺✶ ✭♣✳ ✼✵✻✮
√

(y + 3) (y − 2)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✺✸ ✭♣✳ ✼✵✻✮
(x + 9)

√
x + 9

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✺✺ ✭♣✳ ✼✵✼✮
3a2

√
5a

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✺✼ ✭♣✳ ✼✵✼✮

6(p − q)
4

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✺✾ ✭♣✳ ✼✵✼✮
10m5n2r4

√
10mr

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✻✶ ✭♣✳ ✼✵✼✮
y5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✻✸ ✭♣✳ ✼✵✼✮
2a7

√
5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✻✺ ✭♣✳ ✼✵✼✮
y3n

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✻✼ ✭♣✳ ✼✵✼✮
2m2n+2

√
5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✻✾ ✭♣✳ ✼✵✼✮
2

(
2 +

√
3
)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✼✶ ✭♣✳ ✼✵✼✮√
3x +

√
6

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✼✸ ✭♣✳ ✼✵✼✮
2
√

2a − 2
√

6a
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✼✺ ✭♣✳ ✼✵✼✮
y2

(
y +

√
3
)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✼✼ ✭♣✳ ✼✵✽✮
6m2

(
m3

√
2 − 1

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✼✾ ✭♣✳ ✼✵✽✮
(
a2y2 + 5w

) (
a2y2 − 5w

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✽✶ ✭♣✳ ✼✵✽✮
4(x+5)

(x+3)2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✹✳✽✸ ✭♣✳ ✼✵✽✮
2xy2z4

√
3xy

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✶ ✭♣✳ ✼✶✵✮√
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✷ ✭♣✳ ✼✶✵✮√
21
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✸ ✭♣✳ ✼✶✵✮
4mn3

√
mn

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✹ ✭♣✳ ✼✶✵✮

7(x + 7)
2
√

2 (x + 7)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✺ ✭♣✳ ✼✶✵✮√

n2−n−20
n−5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✻ ✭♣✳ ✼✶✵✮√
a − 4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✼ ✭♣✳ ✼✶✶✮
xn

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✽ ✭♣✳ ✼✶✶✮
am−2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✾ ✭♣✳ ✼✶✷✮
45−5

√
7

74
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✶✵ ✭♣✳ ✼✶✷✮
−2−2

√
3x

1−3x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✶✶ ✭♣✳ ✼✶✷✮
2
√

6x−4
√

x
x

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✶✷ ✭♣✳ ✼✶✷✮√
2m+

√
6

m−3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✹✺

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✶✸ ✭♣✳ ✼✶✸✮√
14

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✶✺ ✭♣✳ ✼✶✸✮
✷
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✶✼ ✭♣✳ ✼✶✸✮
✻
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✶✾ ✭♣✳ ✼✶✸✮
✸
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✷✶ ✭♣✳ ✼✶✸✮
6
√

35
35

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✷✸ ✭♣✳ ✼✶✸✮
7
15
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✷✺ ✭♣✳ ✼✶✸✮√

21
7

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✷✼ ✭♣✳ ✼✶✸✮√
10
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✷✾ ✭♣✳ ✼✶✸✮√
15
6

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✸✶ ✭♣✳ ✼✶✸✮√
7

5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✸✸ ✭♣✳ ✼✶✹✮
5
√

2
9

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✸✺ ✭♣✳ ✼✶✹✮
6m2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✸✼ ✭♣✳ ✼✶✹✮
5y3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✸✾ ✭♣✳ ✼✶✹✮
5a4

√
a

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✹✶ ✭♣✳ ✼✶✹✮
6x8

√
x

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✹✸ ✭♣✳ ✼✶✹✮
3ab3

√
c

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✹✺ ✭♣✳ ✼✶✹✮
p2q3

√
6pq

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✹✼ ✭♣✳ ✼✶✹✮√
10x
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✹✾ ✭♣✳ ✼✶✹✮
m

√
2m

2n
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✺✶ ✭♣✳ ✼✶✹✮
✵
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✺✸ ✭♣✳ ✼✶✺✮√

s2−9
s−3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✺✺ ✭♣✳ ✼✶✺✮√
x − 6

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✺✼ ✭♣✳ ✼✶✺✮√
x − 1

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✺✾ ✭♣✳ ✼✶✺✮
−20+5

√
5

11

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✻✶ ✭♣✳ ✼✶✺✮
2(1+

√
a)

1−a
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✻✸ ✭♣✳ ✼✶✺✮
−2

(√
7 − 2

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✻✺ ✭♣✳ ✼✶✺✮√
6 −

√
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✻✼ ✭♣✳ ✼✶✺✮
3 +

√
6

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✻✾ ✭♣✳ ✼✶✺✮√
6y−3y

√
2

1−3y

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✼✶ ✭♣✳ ✼✶✺✮
a−

√
ab

a−b
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✼✸ ✭♣✳ ✼✶✺✮√

35−
√

7
4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✼✺ ✭♣✳ ✼✶✻✮
x9y11

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✼✼ ✭♣✳ ✼✶✻✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✺✳✼✾ ✭♣✳ ✼✶✻✮
a + 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✶ ✭♣✳ ✼✶✽✮
2
√

2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✷ ✭♣✳ ✼✶✽✮
64x

√
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✸ ✭♣✳ ✼✶✽✮
−48

√
21x

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✹ ✭♣✳ ✼✶✽✮√
6 + 3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✺ ✭♣✳ ✼✶✽✮
5a

√
a

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✻ ✭♣✳ ✼✶✽✮
18x2

√
6x + 3x

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✼ ✭♣✳ ✼✷✵✮√
30 − 4

√
5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✽ ✭♣✳ ✼✷✵✮
3
√

10 + 3
√

14
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✾ ✭♣✳ ✼✷✵✮
8
√

6 − 12

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✹✼

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✶✵ ✭♣✳ ✼✷✵✮
12 + 8

√
2 + 3

√
5 + 2

√
10

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✶✶ ✭♣✳ ✼✷✶✮
2
√

5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✶✸ ✭♣✳ ✼✷✶✮
−15

√
6

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✶✺ ✭♣✳ ✼✷✶✮
5
√

7x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✶✼ ✭♣✳ ✼✷✶✮
26
√

2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✶✾ ✭♣✳ ✼✷✶✮
2
√

2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✷✶ ✭♣✳ ✼✷✶✮
12
√

10 + 32
√

5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✷✸ ✭♣✳ ✼✷✶✮
13
√

15
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✷✺ ✭♣✳ ✼✷✶✮
3x

√
x

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✷✼ ✭♣✳ ✼✷✶✮
2xy2

√
2xy

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✷✾ ✭♣✳ ✼✷✶✮
−4

√
6 − 8

√
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✸✶ ✭♣✳ ✼✷✶✮
−
√

5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✸✸ ✭♣✳ ✼✷✷✮
5
√

14 − 6
√

34
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✸✺ ✭♣✳ ✼✷✷✮
13ax

√
3x

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✸✼ ✭♣✳ ✼✷✷✮√
6 +

√
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✸✾ ✭♣✳ ✼✷✷✮√
15 −

√
10

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✹✶ ✭♣✳ ✼✷✷✮
2

(√
6 + 2

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✹✸ ✭♣✳ ✼✷✷✮
−1 +

√
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✹✺ ✭♣✳ ✼✷✷✮
7

(
2 −

√
2
)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✹✼ ✭♣✳ ✼✷✷✮
17 + 4

√
10

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✹✾ ✭♣✳ ✼✷✷✮
54 − 2

√
15

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✺✶ ✭♣✳ ✼✷✷✮
−42
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✺✸ ✭♣✳ ✼✷✷✮
14 + 6

√
5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✺✺ ✭♣✳ ✼✷✸✮
11 − 4

√
7

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✺✼ ✭♣✳ ✼✷✸✮
4 + 4

√
5x + 5x

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✺✾ ✭♣✳ ✼✷✸✮
64 − 16

√
6b + 6b

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✻✶ ✭♣✳ ✼✷✸✮
9y2 − 6y

√
7y + 7y

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✻✸ ✭♣✳ ✼✷✸✮
−1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✻✺ ✭♣✳ ✼✷✸✮
✷✾
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✻✼ ✭♣✳ ✼✷✸✮
✸
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✻✾ ✭♣✳ ✼✷✸✮
x − y
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✼✶ ✭♣✳ ✼✷✸✮
2(6−

√
2)

17
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✼✸ ✭♣✳ ✼✷✸✮
4+

√
3

13
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✼✺ ✭♣✳ ✼✷✸✮
3 +

√
7

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✼✼ ✭♣✳ ✼✷✹✮
2
√

3−
√

2
10

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✼✾ ✭♣✳ ✼✷✹✮
21+8

√
5

11
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✽✶ ✭♣✳ ✼✷✹✮
−16+2

√
3+24

√
2−3

√
6

14
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✽✸ ✭♣✳ ✼✷✹✮
5 − 2

√
6

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✽✺ ✭♣✳ ✼✷✹✮
2
√

6 − 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✽✼ ✭♣✳ ✼✷✹✮
64x14y14

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✻✳✽✾ ✭♣✳ ✼✷✹✮
3x2y5z

√
3xz

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✼✳✶ ✭♣✳ ✼✷✻✮
y = 196
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✼✳✷ ✭♣✳ ✼✷✻✮
a = 32
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✼✳✸ ✭♣✳ ✼✷✻✮
a = −3 ✐s ❡①tr❛♥❡♦✉s✱ ♥♦ r❡❛❧ s♦❧✉t✐♦♥
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✼✳✹ ✭♣✳ ✼✷✻✮
♥♦ r❡❛❧ s♦❧✉t✐♦♥
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✼✳✺ ✭♣✳ ✼✷✼✮
x = 25
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✼✳✼ ✭♣✳ ✼✷✼✮
a = 100
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✼✳✾ ✭♣✳ ✼✷✼✮
♥♦ s♦❧✉t✐♦♥
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✼✳✶✶ ✭♣✳ ✼✷✼✮
x = 0
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✼✳✶✸ ✭♣✳ ✼✷✼✮
x = 6

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✹✾

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✼✳✶✺ ✭♣✳ ✼✷✼✮
a = 34
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✼✳✶✼ ✭♣✳ ✼✷✼✮
y = 20
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✼✳✶✾ ✭♣✳ ✼✷✼✮
x = 16
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✼✳✷✶ ✭♣✳ ✼✷✼✮
m = 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✼✳✷✸ ✭♣✳ ✼✷✼✮
♥♦ s♦❧✉t✐♦♥
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✼✳✷✺ ✭♣✳ ✼✷✼✮
a = 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✼✳✷✼ ✭♣✳ ✼✷✽✮
♥♦ s♦❧✉t✐♦♥
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✼✳✷✾ ✭♣✳ ✼✷✽✮
m = 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✼✳✸✶ ✭♣✳ ✼✷✽✮
♥♦ s♦❧✉t✐♦♥
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✼✳✸✸ ✭♣✳ ✼✷✽✮
♥♦ s♦❧✉t✐♦♥
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✼✳✸✺ ✭♣✳ ✼✷✽✮
(a)S = 175; (b) E = 190
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✼✳✸✼ ✭♣✳ ✼✷✽✮
(a) F = 32 (b) r = 8❝♠
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✼✳✸✾ ✭♣✳ ✼✷✾✮
(a) T = 1.57 s❡❝ (b) L = 95.99 ❝♠
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✼✳✹✶ ✭♣✳ ✼✷✾✮

x12(x + 7)
5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✼✳✹✸ ✭♣✳ ✼✷✾✮
♣♦s✐t✐✈❡❀ ♥❡❣❛t✐✈❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✼✳✹✺ ✭♣✳ ✼✷✾✮
7 +

√
5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✶ ✭♣✳ ✼✸✶✮
2
√

5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✸ ✭♣✳ ✼✸✷✮
12
√

5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✺ ✭♣✳ ✼✸✷✮
y
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✼ ✭♣✳ ✼✸✷✮
m + 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✾ ✭♣✳ ✼✸✷✮
x + 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✶✶ ✭♣✳ ✼✸✷✮√

(x+5)(x+2)

x+2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✶✸ ✭♣✳ ✼✸✷✮
✺
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✶✺ ✭♣✳ ✼✸✷✮√

a + 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✶✼ ✭♣✳ ✼✸✷✮√

x − 3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✶✾ ✭♣✳ ✼✸✷✮
3 +

√
15

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✷✶ ✭♣✳ ✼✸✷✮
a −

√
abc

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✷✸ ✭♣✳ ✼✸✷✮
a2
√

14 − 2a3
√

7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✷✺ ✭♣✳ ✼✸✸✮
2
√

5
5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✷✼ ✭♣✳ ✼✸✸✮
8
√

y
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✷✾ ✭♣✳ ✼✸✸✮
✶
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✸✶ ✭♣✳ ✼✸✸✮
16y2 − 3x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✸✸ ✭♣✳ ✼✸✸✮

− 2(2−
√

7)
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✸✺ ✭♣✳ ✼✸✸✮
6(x−√

y)
x2−y

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✸✼ ✭♣✳ ✼✸✸✮
a
√

5−
√

15
a2−3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✸✾ ✭♣✳ ✼✸✸✮
8
√

6−2
√

3+3
√

2−16
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✹✶ ✭♣✳ ✼✸✸✮
6a2b2c5√bcy

xy3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✹✸ ✭♣✳ ✼✸✸✮
4x2 (x − 2)

√

2xy (x − 2)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✹✺ ✭♣✳ ✼✸✹✮√

3
4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✹✼ ✭♣✳ ✼✸✹✮
3
4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✹✾ ✭♣✳ ✼✸✹✮√

6
6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✺✶ ✭♣✳ ✼✸✹✮

(x + 4)
2
(x − 1)

2 (√
x − 1

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✺✸ ✭♣✳ ✼✸✹✮

(y − 3z)
6
(y + 3z)

5
(y − 5z)

√
y − 5z

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✺✺ ✭♣✳ ✼✸✹✮
12
√

11
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✺✼ ✭♣✳ ✼✸✹✮
3
√

15
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✺✾ ✭♣✳ ✼✸✹✮
−73

√
6

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✻✶ ✭♣✳ ✼✸✹✮
(
2 +

√
10

)
(x + 4)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✻✸ ✭♣✳ ✼✸✹✮
(
−20ab3 + 6a2b3

)√
14ab

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✻✺ ✭♣✳ ✼✸✹✮
−3

√
2−

√
30−

√
6−

√
10

2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✺✶

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✻✼ ✭♣✳ ✼✸✺✮
a = 64
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✻✾ ✭♣✳ ✼✸✺✮
♥♦ s♦❧✉t✐♦♥
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✼✶ ✭♣✳ ✼✸✺✮
m = 31
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✼✸ ✭♣✳ ✼✸✺✮
a = 43
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✼✺ ✭♣✳ ✼✸✺✮
x = 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✼✼ ✭♣✳ ✼✸✺✮
b = 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✼✾ ✭♣✳ ✼✸✺✮
x = −2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✽✶ ✭♣✳ ✼✸✺✮
(❛) S = 180; (❜) E = 258
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✾✳✽✸ ✭♣✳ ✼✸✻✮
(❛) F = 15.8125 (❜) r = 12.31 ❝♠
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✶✵✳✶ ✭♣✳ ✼✸✻✮
2
√

10
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✶✵✳✷ ✭♣✳ ✼✸✻✮
2
√

15
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✶✵✳✸ ✭♣✳ ✼✸✻✮√
n + 4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✶✵✳✹ ✭♣✳ ✼✸✻✮
2ab2c4

√
6ab

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✶✵✳✺ ✭♣✳ ✼✸✻✮
8x2y2z3√acy

7a2bc5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✶✵✳✻ ✭♣✳ ✼✸✻✮

(x − 2) (x + 1)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✶✵✳✼ ✭♣✳ ✼✸✻✮
a − 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✶✵✳✽ ✭♣✳ ✼✸✻✮
8−4

√
x

4−x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✶✵✳✾ ✭♣✳ ✼✸✻✮√

15−
√

6
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✶✵✳✶✵ ✭♣✳ ✼✸✻✮
8x

√
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✶✵✳✶✶ ✭♣✳ ✼✸✼✮
−a3b

√
ab

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✶✵✳✶✷ ✭♣✳ ✼✸✼✮
2
√

5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✶✵✳✶✸ ✭♣✳ ✼✸✼✮
6 + 3

√
5 + 2

√
6 +

√
30

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✶✵✳✶✹ ✭♣✳ ✼✸✼✮
5
√

2 + 2
√

5 −
√

15 −
√

6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✶✵✳✶✺ ✭♣✳ ✼✸✼✮
16 − 8

√
5y + 5y

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✶✵✳✶✻ ✭♣✳ ✼✸✼✮
24−6

√
2−4

√
3+

√
6

14

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✺✷ ❈❍❆P❚❊❘ ✾✳ ❘❖❖❚❙✱ ❘❆❉■❈❆▲❙✱ ❆◆❉ ❙◗❯❆❘❊ ❘❖❖❚ ❊◗❯❆❚■❖◆❙

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✶✵✳✶✼ ✭♣✳ ✼✸✼✮

− 3+
√

6+
√

10+
√

15
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✶✵✳✶✽ ✭♣✳ ✼✸✼✮
x = 8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✶✵✳✶✾ ✭♣✳ ✼✸✼✮
a = 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✶✵✳✷✵ ✭♣✳ ✼✸✼✮
♥♦ s♦❧✉t✐♦♥
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✶✵✳✷✶ ✭♣✳ ✼✸✼✮
♥♦ r❡❛❧ s♦❧✉t✐♦♥
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✶✵✳✷✷ ✭♣✳ ✼✸✼✮
m = 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✶✵✳✷✸ ✭♣✳ ✼✸✼✮
a = −1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✶✵✳✷✹ ✭♣✳ ✼✸✼✮
♥♦ s♦❧✉t✐♦♥
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✾✳✶✵✳✷✺ ✭♣✳ ✼✸✼✮
✭❛✮ S = 217 ✭❜✮ E = 52

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



❈❤❛♣t❡r ✶✵

◗✉❛❞r❛t✐❝ ❊q✉❛t✐♦♥s

✶✵✳✶ ❖❜❥❡❝t✐✈❡s✶

❆❢t❡r ❝♦♠♣❧❡t✐♥❣ t❤✐s ❝❤❛♣t❡r✱ ②♦✉ s❤♦✉❧❞

❙♦❧✈✐♥❣ ◗✉❛❞r❛t✐❝ ❊q✉❛t✐♦♥s ✭❙❡❝t✐♦♥ ✶✵✳✷✮

• ❜❡ ❛❜❧❡ t♦ ♣❧❛❝❡ ❛ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥ ✐♥t♦ st❛♥❞❛r❞ ❢♦r♠
• ❜❡ ❢❛♠✐❧✐❛r ✇✐t❤ t❤❡ ③❡r♦✲❢❛❝t♦r ♣r♦♣❡rt② ♦❢ r❡❛❧ ♥✉♠❜❡rs

❙♦❧✈✐♥❣ ◗✉❛❞r❛t✐❝ ❊q✉❛t✐♦♥s ❜② ❋❛❝t♦r✐♥❣ ✭❙❡❝t✐♦♥ ✶✵✳✸✮

• ❜❡ ❛❜❧❡ t♦ s♦❧✈❡ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s ❜② ❢❛❝t♦r✐♥❣

❙♦❧✈✐♥❣ ◗✉❛❞r❛t✐❝ ❊q✉❛t✐♦♥s ❯s✐♥❣ t❤❡ ▼❡t❤♦❞ ♦❢ ❊①tr❛❝t✐♦♥ ♦❢ ❘♦♦ts ✭❙❡❝t✐♦♥ ✶✵✳✹✮

• ❜❡ ❛❜❧❡ t♦ s♦❧✈❡ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s ✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ ❡①tr❛❝t✐♦♥ ♦❢ r♦♦ts
• ❜❡ ❛❜❧❡ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ s♦❧✉t✐♦♥s t♦ ❛ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥

❙♦❧✈✐♥❣ ◗✉❛❞r❛t✐❝ ❊q✉❛t✐♦♥s ❯s✐♥❣ t❤❡ ▼❡t❤♦❞ ♦❢ ❈♦♠♣❧❡t✐♥❣ t❤❡ ❙q✉❛r❡ ✭❙❡❝t✐♦♥ ✶✵✳✺✮

• ✉♥❞❡rst❛♥❞ t❤❡ ❧♦❣✐❝ ✉♥❞❡r❧②✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ ❝♦♠♣❧❡t✐♥❣ t❤❡ sq✉❛r❡
• ❜❡ ❛❜❧❡ t♦ s♦❧✈❡ ❛ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥ ✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ ❝♦♠♣❧❡t✐♥❣ t❤❡ sq✉❛r❡

❙♦❧✈✐♥❣ ◗✉❛❞r❛t✐❝ ❊q✉❛t✐♦♥s ❯s✐♥❣ t❤❡ ◗✉❛❞r❛t✐❝ ❋♦r♠✉❧❛ ✭❙❡❝t✐♦♥ ✶✵✳✻✮

• r❡❝♦❣♥✐③❡ t❤❡ st❛♥❞❛r❞ ❢♦r♠ ♦❢ ❛ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥
• ✉♥❞❡rst❛♥❞ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠✉❧❛
• s♦❧✈❡ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s ✉s✐♥❣ t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠✉❧❛

❆♣♣❧✐❝❛t✐♦♥s ✭❙❡❝t✐♦♥ ✶✵✳✼✮

• ❜❡❝♦♠❡ ♠♦r❡ ♣r♦✜❝✐❡♥t ❛t ✉s✐♥❣ t❤❡ ✜✈❡✲st❡♣ ♠❡t❤♦❞ ❢♦r s♦❧✈✐♥❣ ❛♣♣❧✐❡❞ ♣r♦❜❧❡♠s

●r❛♣❤✐♥❣ ◗✉❛❞r❛t✐❝ ❊q✉❛t✐♦♥s ✭❙❡❝t✐♦♥ ✶✵✳✽✮

• ❜❡ ❛❜❧❡ t♦ ❝♦♥str✉❝t t❤❡ ❣r❛♣❤ ♦❢ ❛ ♣❛r❛❜♦❧❛

✶❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✷✼✾✷✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃

✼✺✸



✼✺✹ ❈❍❆P❚❊❘ ✶✵✳ ◗❯❆❉❘❆❚■❈ ❊◗❯❆❚■❖◆❙

✶✵✳✷ ❙♦❧✈✐♥❣ ◗✉❛❞r❛t✐❝ ❊q✉❛t✐♦♥s ✷

✶✵✳✷✳✶ ❖✈❡r✈✐❡✇

• ❙t❛♥❞❛r❞ ❋♦r♠ ♦❢ ❆ ◗✉❛❞r❛t✐❝ ❊q✉❛t✐♦♥
• ❩❡r♦✲❋❛❝t♦r Pr♦♣❡rt② ♦❢ ❘❡❛❧ ◆✉♠❜❡rs

✶✵✳✷✳✷ ❙t❛♥❞❛r❞ ❋♦r♠ ♦❢ ❆ ◗✉❛❞r❛t✐❝ ❊q✉❛t✐♦♥

■♥ ❈❤❛♣t❡r ✭❙❡❝t✐♦♥ ✺✳✶✮ ✇❡ st✉❞✐❡❞ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ✐♥ ♦♥❡ ❛♥❞ t✇♦ ✈❛r✐❛❜❧❡s ❛♥❞ ♠❡t❤♦❞s ❢♦r s♦❧✈✐♥❣ t❤❡♠✳
❲❡ ♦❜s❡r✈❡❞ t❤❛t ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✐♥ ♦♥❡ ✈❛r✐❛❜❧❡ ✇❛s ❛♥② ❡q✉❛t✐♦♥ t❤❛t ❝♦✉❧❞ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠
ax + b = 0, a 6= 0, ❛♥❞ ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ✇❛s ❛♥② ❡q✉❛t✐♦♥ t❤❛t ❝♦✉❧❞ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠
ax + by = c, ✇❤❡r❡ a ❛♥❞ b ❛r❡ ♥♦t ❜♦t❤ ✵✳ ❲❡ ♥♦✇ ✇✐s❤ t♦ st✉❞② q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s ✐♥ ♦♥❡ ✈❛r✐❛❜❧❡✳
◗✉❛❞r❛t✐❝ ❊q✉❛t✐♦♥
❆ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥ ✐s ❛♥ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠ ax2 + bx + c = 0, a 6= 0.

❚❤❡ st❛♥❞❛r❞ ❢♦r♠ ♦❢ t❤❡ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥ ✐s ax2 + bx + c = 0, a 6= 0.
❋♦r ❛ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥ ✐♥ st❛♥❞❛r❞ ❢♦r♠ ax2 + bx + c = 0,
a ✐s t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ x2.

b ✐s t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ x.
c ✐s t❤❡ ❝♦♥st❛♥t t❡r♠✳

✶✵✳✷✳✸ ❙❛♠♣❧❡ ❙❡t ❆

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s✳

❊①❛♠♣❧❡ ✶✵✳✶

3x2 + 2x − 1 = 0. a = 3, b = 2, c = −1.

❊①❛♠♣❧❡ ✶✵✳✷

5x2 + 8x = 0. a = 5, b = 8, c = 0.

◆♦t✐❝❡ t❤❛t t❤✐s ❡q✉❛t✐♦♥ ❝♦✉❧❞ ❜❡ ✇r✐tt❡♥ 5x2 + 8x + 0 = 0. ◆♦✇ ✐t ✐s ❝❧❡❛r t❤❛t c = 0.

❊①❛♠♣❧❡ ✶✵✳✸

x2 + 7 = 0. a = 1, b = 0, c = 7.

◆♦t✐❝❡ t❤❛t t❤✐s ❡q✉❛t✐♦♥ ❝♦✉❧❞ ❜❡ ✇r✐tt❡♥ x2 + 0x + 7 = 0. ◆♦✇ ✐t ✐s ❝❧❡❛r t❤❛t b = 0.

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ♥♦t q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s✳

❊①❛♠♣❧❡ ✶✵✳✹

3x + 2 = 0. a = 0. ❚❤✐s ❡q✉❛t✐♦♥ ✐s ❧✐♥❡❛r✳

❊①❛♠♣❧❡ ✶✵✳✺
8x2 + 3

x − 5 = 0.
❚❤❡ ❡①♣r❡ss✐♦♥ ♦♥ t❤❡ ❧❡❢t s✐❞❡ ♦❢ t❤❡ ❡q✉❛❧ s✐❣♥ ❤❛s ❛ ✈❛r✐❛❜❧❡ ✐♥ t❤❡ ❞❡♥♦♠✐♥❛t♦r ❛♥❞✱ t❤❡r❡❢♦r❡✱
✐s ♥♦t ❛ q✉❛❞r❛t✐❝✳

✷❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✶✽✽✽✵✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✺✺

✶✵✳✷✳✹ Pr❛❝t✐❝❡ ❙❡t ❆

❲❤✐❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s ❛r❡ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s❄ ❆♥s✇❡r ✏②❡s✑ ♦r ✏♥♦✑ t♦ ❡❛❝❤ ❡q✉❛t✐♦♥✳

❊①❡r❝✐s❡ ✶✵✳✷✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✻✳✮

6x2 − 4x + 9 = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✻✳✮

5x + 8 = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✻✳✮

4x3 − 5x2 + x + 6 = 8

❊①❡r❝✐s❡ ✶✵✳✷✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✻✳✮

4x2 − 2x + 4 = 1

❊①❡r❝✐s❡ ✶✵✳✷✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✻✳✮
2
x − 5x2 = 6x + 4

❊①❡r❝✐s❡ ✶✵✳✷✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✻✳✮

9x2 − 2x + 6 = 4x2 + 8

✶✵✳✷✳✺ ❩❡r♦✲❋❛❝t♦r Pr♦♣❡rt②

❖✉r ❣♦❛❧ ✐s t♦ s♦❧✈❡ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s✳ ❚❤❡ ♠❡t❤♦❞ ❢♦r s♦❧✈✐♥❣ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s ✐s ❜❛s❡❞ ♦♥ t❤❡ ③❡r♦✲
❢❛❝t♦r ♣r♦♣❡rt② ♦❢ r❡❛❧ ♥✉♠❜❡rs✳ ❲❡ ✇❡r❡ ✐♥tr♦❞✉❝❡❞ t♦ t❤❡ ③❡r♦✲❢❛❝t♦r ♣r♦♣❡rt② ✐♥ ❙❡❝t✐♦♥ ❙❡❝t✐♦♥ ✽✳✷✳ ❲❡
st❛t❡ ✐t ❛❣❛✐♥✳
❩❡r♦✲❋❛❝t♦r Pr♦♣❡rt②
■❢ t✇♦ ♥✉♠❜❡rs a ❛♥❞ b ❛r❡ ♠✉❧t✐♣❧✐❡❞ t♦❣❡t❤❡r ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ ♣r♦❞✉❝t ✐s ✵✱ t❤❡♥ ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡
♥✉♠❜❡rs ♠✉st ❜❡ ✵✳ ❆❧❣❡❜r❛✐❝❛❧❧②✱ ✐❢ a · b = 0, t❤❡♥ a = 0 ♦r b = 0, ♦r ❜♦t❤ a = 0 ❛♥❞ b = 0.

✶✵✳✷✳✻ ❙❛♠♣❧❡ ❙❡t ❇

❯s❡ t❤❡ ③❡r♦✲❢❛❝t♦r ♣r♦♣❡rt② t♦ s♦❧✈❡ ❡❛❝❤ ❡q✉❛t✐♦♥✳

❊①❛♠♣❧❡ ✶✵✳✻
■❢ 9x = 0, t❤❡♥x♠✉st ❜❡ 0.

❊①❛♠♣❧❡ ✶✵✳✼
■❢ −2x2 = 0, t❤❡♥ x2 = 0, x = 0.

❊①❛♠♣❧❡ ✶✵✳✽
■❢ 5 t❤❡♥ x − 1 ♠✉st ❜❡ ✵✱ s✐♥❝❡ ✺ ✐s ♥♦t ③❡r♦✳

x − 1 = 0

x = 1

❊①❛♠♣❧❡ ✶✵✳✾
■❢ x (x + 6) = 0, t❤❡♥

x = 0 ♦r x + 6 = 0

x = −6

x = 0, −6.

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❛♠♣❧❡ ✶✵✳✶✵
■❢ (x + 2) (x + 3) = 0, t❤❡♥

x + 2 = 0 ♦r x + 3 = 0

x = −2 x = −3

x = −2, −3.

❊①❛♠♣❧❡ ✶✵✳✶✶
■❢ (x + 10) (4x − 5) = 0, t❤❡♥

x + 10 = 0 ♦r 4x − 5 = 0

x = −10 4x = 5

x = 5
4

x = −10, 5
4 .

✶✵✳✷✳✼ Pr❛❝t✐❝❡ ❙❡t ❇

❯s❡ t❤❡ ③❡r♦✲❢❛❝t♦r ♣r♦♣❡rt② t♦ s♦❧✈❡ ❡❛❝❤ ❡q✉❛t✐♦♥✳

❊①❡r❝✐s❡ ✶✵✳✷✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✻✳✮

6 (a − 4) = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✻✳✮

(y + 6) (y − 7) = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✻✳✮

(x + 5) (3x − 4) = 0

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✺✼

✶✵✳✷✳✽ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✇r✐t❡ t❤❡ ✈❛❧✉❡s ♦❢ a, b, ❛♥❞ c ✐♥ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s✳

❊①❡r❝✐s❡ ✶✵✳✷✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✻✳✮

3x2 + 4x − 7 = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✶✶
7x2 + 2x + 8 = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✻✳✮

2y2 − 5y + 5 = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✶✸
7a2 + a − 8 = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✻✳✮

−3a2 + 4a − 1 = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✶✺
7b2 + 3b = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✻✳✮

2x2 + 5x = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✶✼
4y2 + 9 = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✻✳✮

8a2 − 2a = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✶✾
6x2 = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✻✳✮

4y2 = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✷✶
5x2 − 3x + 9 = 4x2

❊①❡r❝✐s❡ ✶✵✳✷✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✻✳✮

7x2 + 2x + 1 = 6x2 + x − 9

❊①❡r❝✐s❡ ✶✵✳✷✳✷✸
−3x2 + 4x − 1 = −4x2 − 4x + 12

❊①❡r❝✐s❡ ✶✵✳✷✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✻✳✮

5x − 7 = −3x2

❊①❡r❝✐s❡ ✶✵✳✷✳✷✺
3x − 7 = −2x2 + 5x

❊①❡r❝✐s❡ ✶✵✳✷✳✷✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✻✳✮

0 = x2 + 6x − 1

❊①❡r❝✐s❡ ✶✵✳✷✳✷✼
9 = x2

❊①❡r❝✐s❡ ✶✵✳✷✳✷✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✻✳✮

x2 = 9

❊①❡r❝✐s❡ ✶✵✳✷✳✷✾
0 = −x2

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✉s❡ t❤❡ ③❡r♦✲❢❛❝t♦r ♣r♦♣❡rt② t♦ s♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥s✳

❊①❡r❝✐s❡ ✶✵✳✷✳✸✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✻✳✮

4x = 0

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✶✵✳✷✳✸✶
16y = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✸✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✻✳✮

9a = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✸✸
4m = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✸✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✻✳✮

3 (k + 7) = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✸✺
8 (y − 6) = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✸✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✻✳✮

−5 (x + 4) = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✸✼
−6 (n + 15) = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✸✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✻✳✮

y (y − 1) = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✸✾
a (a − 6) = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✹✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✻✳✮

n (n + 4) = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✹✶
x (x + 8) = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✹✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✻✳✮

9 (a − 4) = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✹✸
−2 (m + 11) = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✹✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✼✳✮

x (x + 7) = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✹✺
n (n − 10) = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✹✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✼✳✮

(y − 4) (y − 8) = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✹✼
(k − 1) (k − 6) = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✹✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✼✳✮

(x + 5) (x + 4) = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✹✾
(y + 6) (2y + 1) = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✺✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✼✳✮

(x − 3) (5x − 6) = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✺✶
(5a + 1) (2a − 3) = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✺✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✼✳✮

(6m + 5) (11m − 6) = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✺✸
(2m − 1) (3m + 8) = 0

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✺✾

❊①❡r❝✐s❡ ✶✵✳✷✳✺✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✼✳✮

(4x + 5) (2x − 7) = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✺✺
(3y + 1) (2y + 1) = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✺✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✼✳✮

(7a + 6) (7a − 6) = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✺✼
(8x + 11) (2x − 7) = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✺✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✼✳✮

(5x − 14) (3x + 10) = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✺✾
(3x − 1) (3x − 1) = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✻✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✼✳✮

(2y + 5) (2y + 5) = 0

❊①❡r❝✐s❡ ✶✵✳✷✳✻✶
(7a − 2)

2
= 0

❊①❡r❝✐s❡ ✶✵✳✷✳✻✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✼✳✮

(5m − 6)
2

= 0

✶✵✳✷✳✾ ❊①❡r❝✐s❡s ❋♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✶✵✳✷✳✻✸
✭❙❡❝t✐♦♥ ✻✳✻✮ ❋❛❝t♦r 12ax − 3x + 8a − 2 ❜② ❣r♦✉♣✐♥❣✳

❊①❡r❝✐s❡ ✶✵✳✷✳✻✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✼✳✮

✭❙❡❝t✐♦♥ ✼✳✻✮ ❈♦♥str✉❝t t❤❡ ❣r❛♣❤ ♦❢ 6x + 10y − 60 = 0.

❊①❡r❝✐s❡ ✶✵✳✷✳✻✺
✭❙❡❝t✐♦♥ ✽✳✻✮ ❋✐♥❞ t❤❡ ❞✐✛❡r❡♥❝❡✿ 1

x2+2x+1 − 1
x2−1 .

❊①❡r❝✐s❡ ✶✵✳✷✳✻✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✼✳✮

✭❙❡❝t✐♦♥ ✾✳✻✮ ❙✐♠♣❧✐❢②
√

7
(√

2 + 2
)
.

❊①❡r❝✐s❡ ✶✵✳✷✳✻✼
✭❙❡❝t✐♦♥ ✾✳✼✮ ❙♦❧✈❡ t❤❡ r❛❞✐❝❛❧ ❡q✉❛t✐♦♥

√
3x + 10 = x + 4.

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✶✵✳✸ ❙♦❧✈✐♥❣ ◗✉❛❞r❛t✐❝ ❊q✉❛t✐♦♥s ❜② ❋❛❝t♦r✐♥❣✸

✶✵✳✸✳✶ ❖✈❡r✈✐❡✇

• ❋❛❝t♦r✐♥❣ ▼❡t❤♦❞
• ❙♦❧✈✐♥❣ ▼❡♥t❛❧❧② ❆❢t❡r ❋❛❝t♦r✐♥❣

✶✵✳✸✳✷ ❋❛❝t♦r✐♥❣ ▼❡t❤♦❞

❚♦ s♦❧✈❡ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s ❜② ❢❛❝t♦r✐♥❣✱ ✇❡ ♠✉st ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ③❡r♦✲❢❛❝t♦r ♣r♦♣❡rt②✳

✶✳ ❙❡t t❤❡ ❡q✉❛t✐♦♥ ❡q✉❛❧ t♦ ③❡r♦✱ t❤❛t ✐s✱ ❣❡t ❛❧❧ t❤❡ ♥♦♥③❡r♦ t❡r♠s ♦♥ ♦♥❡ s✐❞❡ ♦❢ t❤❡ ❡q✉❛❧ s✐❣♥ ❛♥❞ ✵
♦♥ t❤❡ ♦t❤❡r✳

ax2 + bx + c = 0
✷✳ ❋❛❝t♦r t❤❡ q✉❛❞r❛t✐❝ ❡①♣r❡ss✐♦♥✳

() () = 0
✸✳ ❇② t❤❡ ③❡r♦✲❢❛❝t♦r ♣r♦♣❡rt②✱ ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ ❢❛❝t♦rs ♠✉st ❜❡ ③❡r♦✱ s♦✱ s❡t ❡❛❝❤ ♦❢ t❤❡ ❢❛❝t♦rs ❡q✉❛❧

t♦ ✵ ❛♥❞ s♦❧✈❡ ❢♦r t❤❡ ✈❛r✐❛❜❧❡✳

✶✵✳✸✳✸ ❙❛♠♣❧❡ ❙❡t ❆

❙♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s✳ ✭❲❡ ✇✐❧❧ s❤♦✇ t❤❡ ❝❤❡❝❦ ❢♦r ♣r♦❜❧❡♠ ✶✳✮

❊①❛♠♣❧❡ ✶✵✳✶✷

x2 − 7x + 12 = 0.
❚❤❡ ❡q✉❛t✐♦♥ ✐s ❛❧r❡❛❞②

s❡t ❡q✉❛❧ t♦ ✵✳ ❋❛❝t♦r✳

(x − 3) (x − 4) = 0 ❙❡t ❡❛❝❤ ❢❛❝t♦r ❡q✉❛❧ t♦ ✵✳

x − 3 = 0 ♦r x − 4 = 0

x = 3 ♦r x = 4

Check : ■❢x = 3, x2 − 7x + 12 = 0

32 − 7 · 3 + 12 = 0 ■s t❤✐s ❝♦rr❡❝t❄

9 − 21 + 12 = 0 ■s t❤✐s ❝♦rr❡❝t❄

0 = 0 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

Check : ■❢x = 4, x2 − 7x + 12 = 0

42 − 7 · 4 + 12 = 0 ■s t❤✐s ❝♦rr❡❝t❄

16 − 28 + 12 = 0 ■s t❤✐s ❝♦rr❡❝t❄

0 = 0 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❚❤✉s✱ t❤❡ s♦❧✉t✐♦♥s t♦ t❤✐s ❡q✉❛t✐♦♥ ❛r❡ x = 3, 4.

✸❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✸✸✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✻✶

❊①❛♠♣❧❡ ✶✵✳✶✸

x2 = 25. ❙❡t t❤❡ ❡q✉❛t✐♦♥ ❡q✉❛❧ t♦ 0.

x2 − 25 = 0 ❋❛❝t♦r✳

(x + 5) (x − 5) = 0 ❙❡t ❡❛❝❤ ❢❛❝t♦r ❡q✉❛❧ t♦ 0.

x + 5 = 0 ♦r x − 5 = 0

x = −5 ♦r x = 5

❚❤✉s✱ t❤❡ s♦❧✉t✐♦♥s t♦ t❤✐s ❡q✉❛t✐♦♥ ❛r❡ x = 5,−5.

❊①❛♠♣❧❡ ✶✵✳✶✹

x2 = 2x. ❙❡t t❤❡ ❡q✉❛t✐♦♥ ❡q✉❛❧ t♦ 0.

x2 − 2x = 0 ❋❛❝t♦r✳

x (x − 2) ❙❡t ❡❛❝❤ ❢❛❝t♦r ❡q✉❛❧ t♦ 0.

x = 0 ♦r x − 2 = 0

x = 2

❚❤✉s✱ t❤❡ s♦❧✉t✐♦♥s t♦ t❤✐s ❡q✉❛t✐♦♥ ❛r❡ x = 0, 2.

❊①❛♠♣❧❡ ✶✵✳✶✺

2x2 + 7x − 15 = 0. ❋❛❝t♦r✳

(2x − 3) (x + 5) = 0 ❙❡t ❡❛❝❤ ❢❛❝t♦r ❡q✉❛❧ t♦ 0.

2x − 3 = 0 ♦r x + 5 = 0

2x = 3 ♦r x = −5

x = 3
2

❚❤✉s✱ t❤❡ s♦❧✉t✐♦♥s t♦ t❤✐s ❡q✉❛t✐♦♥ ❛r❡ x = 3
2 ,−5.

❊①❛♠♣❧❡ ✶✵✳✶✻
63x2 = 13x + 6

63x2 − 13x − 6 = 0

(9x + 2) (7x − 3) = 0

9x + 2 = 0 ♦r 7x − 3 = 0

9x = −2 ♦r 7x = 3

x = −2
9 ♦r x = 3

7

❚❤✉s✱ t❤❡ s♦❧✉t✐♦♥s t♦ t❤✐s ❡q✉❛t✐♦♥ ❛r❡ x = −2
9 , 3

7 .

✶✵✳✸✳✹ Pr❛❝t✐❝❡ ❙❡t ❆

❙♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s✱ ✐❢ ♣♦ss✐❜❧❡✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✶✵✳✸✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✼✳✮

(x − 7) (x + 4) = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✼✳✮

(2x + 5) (5x − 7) = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✼✳✮

x2 + 2x − 24 = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✼✳✮

6x2 + 13x − 5 = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✼✳✮

5y2 + 2y = 3

❊①❡r❝✐s❡ ✶✵✳✸✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✼✳✮

m (2m − 11) = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✼✳✮

6p2 = − (5p + 1)

❊①❡r❝✐s❡ ✶✵✳✸✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✼✳✮

r2 − 49 = 0

✶✵✳✸✳✺ ❙♦❧✈✐♥❣ ▼❡♥t❛❧❧② ❆❢t❡r ❋❛❝t♦r✐♥❣

▲❡t✬s ❝♦♥s✐❞❡r ♣r♦❜❧❡♠s ✹ ❛♥❞ ✺ ♦❢ ❙❛♠♣❧❡ ❙❡t ❆ ✐♥ ♠♦r❡ ❞❡t❛✐❧✳ ▲❡t✬s ❧♦♦❦ ♣❛rt✐❝✉❧❛r❧② ❛t t❤❡ ❢❛❝t♦r✐③❛t✐♦♥s
(2x − 3) (x + 5) = 0 ❛♥❞ (9x + 2) (7x − 3) = 0. ❚❤❡ ♥❡①t st❡♣ ✐s t♦ s❡t ❡❛❝❤ ❢❛❝t♦r ❡q✉❛❧ t♦ ③❡r♦ ❛♥❞ s♦❧✈❡✳
❲❡ ❝❛♥ s♦❧✈❡ ♠❡♥t❛❧❧② ✐❢ ✇❡ ✉♥❞❡rst❛♥❞ ❤♦✇ t♦ s♦❧✈❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥s✿ ✇❡ tr❛♥s♣♦s❡ t❤❡ ❝♦♥st❛♥t ❢r♦♠ t❤❡
✈❛r✐❛❜❧❡ t❡r♠ ❛♥❞ t❤❡♥ ❞✐✈✐❞❡ ❜② t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ✈❛r✐❛❜❧❡✳

✶✵✳✸✳✻ ❙❛♠♣❧❡ ❙❡t ❇

❊①❛♠♣❧❡ ✶✵✳✶✼
❙♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ♠❡♥t❛❧❧②✳

(2x − 3) (x + 5) = 0

2x − 3 = 0 ▼❡♥t❛❧❧② ❛❞❞ ✸ t♦ ❜♦t❤ s✐❞❡s✳ ❚❤❡ ❝♦♥st❛♥t ❝❤❛♥❣❡s s✐❣♥✳

2x = 3
❉✐✈✐❞❡ ❜② ✷✱ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢x✳ ❚❤❡ ✷ ❞✐✈✐❞❡s t❤❡ ❝♦♥st❛♥t ✸ ✐♥t♦ 3

2 ✳

❚❤❡ ❝♦❡✣❝✐❡♥t ❜❡❝♦♠❡s t❤❡ ❞❡♥♦♠✐♥❛t♦r✳

x = 3
2

x + 5 = 0 ▼❡♥t❛❧❧② s✉❜tr❛❝t ✺ ❢r♦♠❜♦t❤ s✐❞❡s✳ ❚❤❡ ❝♦♥st❛♥t ❝❤❛♥❣❡s s✐❣♥✳

x = −5 ❉✐✈✐❞❡ ❜② t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ x✱ ✶✳❚❤❡ ❝♦❡✣❝✐❡♥t ❜❡❝♦♠❡s t❤❡ ❞❡♥♦♠✐♥❛t♦r✳

x = −5
1 = −5

x = −5

◆♦✇✱ ✇❡ ❝❛♥ ✐♠♠❡❞✐❛t❡❧② ✇r✐t❡ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❡q✉❛t✐♦♥ ❛❢t❡r ❢❛❝t♦r✐♥❣ ❜② ❧♦♦❦✐♥❣ ❛t ❡❛❝❤
❢❛❝t♦r✱ ❝❤❛♥❣✐♥❣ t❤❡ s✐❣♥ ♦❢ t❤❡ ❝♦♥st❛♥t✱ t❤❡♥ ❞✐✈✐❞✐♥❣ ❜② t❤❡ ❝♦❡✣❝✐❡♥t✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✶✵✳✸✳✼ Pr❛❝t✐❝❡ ❙❡t ❇

❊①❡r❝✐s❡ ✶✵✳✸✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✽✳✮

❙♦❧✈❡ (9x + 2) (7x − 3) = 0 ✉s✐♥❣ t❤✐s ♠❡♥t❛❧ ♠❡t❤♦❞✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✶✵✳✸✳✽ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥s✱ ✐❢ ♣♦ss✐❜❧❡✳

❊①❡r❝✐s❡ ✶✵✳✸✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✽✳✮

(x + 1) (x + 3) = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✶✶
(x + 4) (x + 9) = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✽✳✮

(x − 5) (x − 1) = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✶✸
(x − 6) (x − 3) = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✽✳✮

(x − 4) (x + 2) = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✶✺
(x + 6) (x − 1) = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✽✳✮

(2x + 1) (x − 7) = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✶✼
(3x + 2) (x − 1) = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✽✳✮

(4x + 3) (3x − 2) = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✶✾
(5x − 1) (4x + 7) = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✽✳✮

(6x + 5) (9x − 4) = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✷✶
(3a + 1) (3a − 1) = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✽✳✮

x (x + 4) = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✷✸
y (y − 5) = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✽✳✮

y (3y − 4) = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✷✺
b (4b + 5) = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✷✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✽✳✮

x (2x + 1) (2x + 8) = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✷✼
y (5y + 2) (2y − 1) = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✷✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✽✳✮

(x − 8)
2

= 0

❊①❡r❝✐s❡ ✶✵✳✸✳✷✾
(x − 2)

2
= 0

❊①❡r❝✐s❡ ✶✵✳✸✳✸✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✽✳✮

(b + 7)
2

= 0

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✻✺

❊①❡r❝✐s❡ ✶✵✳✸✳✸✶
(a + 1)

2
= 0

❊①❡r❝✐s❡ ✶✵✳✸✳✸✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✽✳✮

x(x − 4)
2

= 0

❊①❡r❝✐s❡ ✶✵✳✸✳✸✸
y(y + 9)

2
= 0

❊①❡r❝✐s❡ ✶✵✳✸✳✸✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✽✳✮

y(y − 7)
2

= 0

❊①❡r❝✐s❡ ✶✵✳✸✳✸✺
y(y + 5)

2
= 0

❊①❡r❝✐s❡ ✶✵✳✸✳✸✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✽✳✮

x2 − 4 = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✸✼
x2 + 9 = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✸✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✽✳✮

x2 + 36 = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✸✾
x2 − 25 = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✹✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✽✳✮

a2 − 100 = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✹✶
a2 − 81 = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✹✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✽✳✮

b2 − 49 = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✹✸
y2 − 1 = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✹✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✽✳✮

3a2 − 75 = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✹✺
5b2 − 20 = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✹✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✽✳✮

y3 − y = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✹✼
a2 = 9

❊①❡r❝✐s❡ ✶✵✳✸✳✹✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✽✳✮

b2 = 4

❊①❡r❝✐s❡ ✶✵✳✸✳✹✾
b2 = 1

❊①❡r❝✐s❡ ✶✵✳✸✳✺✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✽✳✮

a2 = 36

❊①❡r❝✐s❡ ✶✵✳✸✳✺✶
3a2 = 12

❊①❡r❝✐s❡ ✶✵✳✸✳✺✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✽✳✮

−2x2 = −4

❊①❡r❝✐s❡ ✶✵✳✸✳✺✸
−2a2 = −50

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✶✵✳✸✳✺✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✽✳✮

−7b2 = −63

❊①❡r❝✐s❡ ✶✵✳✸✳✺✺
−2x2 = −32

❊①❡r❝✐s❡ ✶✵✳✸✳✺✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✽✳✮

3b2 = 48

❊①❡r❝✐s❡ ✶✵✳✸✳✺✼
a2 − 8a + 16 = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✺✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✾✳✮

y2 + 10y + 25 = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✺✾
y2 + 9y + 16 = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✻✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✾✳✮

x2 − 2x − 1 = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✻✶
a2 + 6a + 9 = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✻✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✾✳✮

a2 + 4a + 4 = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✻✸
x2 + 12x = −36

❊①❡r❝✐s❡ ✶✵✳✸✳✻✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✾✳✮

b2 − 14b = −49

❊①❡r❝✐s❡ ✶✵✳✸✳✻✺
3a2 + 18a + 27 = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✻✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✾✳✮

2m3 + 4m2 + 2m = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✻✼
3mn2 − 36mn + 36m = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✻✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✾✳✮

a2 + 2a − 3 = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✻✾
a2 + 3a − 10 = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✼✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✾✳✮

x2 + 9x + 14 = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✼✶
x2 − 7x + 12 = 3

❊①❡r❝✐s❡ ✶✵✳✸✳✼✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✾✳✮

b2 + 12b + 27 = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✼✸
b2 − 3b + 2 = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✼✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✾✳✮

x2 − 13x = −42

❊①❡r❝✐s❡ ✶✵✳✸✳✼✺
a3 = −8a2 − 15a

❊①❡r❝✐s❡ ✶✵✳✸✳✼✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✾✳✮

6a2 + 13a + 5 = 0

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✻✼

❊①❡r❝✐s❡ ✶✵✳✸✳✼✼
6x2 − 4x − 2 = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✼✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✾✳✮

12a2 + 15a + 3 = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✼✾
18b2 + 24b + 6 = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✽✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✾✳✮

12a2 + 24a + 12 = 0

❊①❡r❝✐s❡ ✶✵✳✸✳✽✶
4x2 − 4x = −1

❊①❡r❝✐s❡ ✶✵✳✸✳✽✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✾✳✮

2x2 = x + 15

❊①❡r❝✐s❡ ✶✵✳✸✳✽✸
4a2 = 4a + 3

❊①❡r❝✐s❡ ✶✵✳✸✳✽✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✾✳✮

4y2 = −4y − 2

❊①❡r❝✐s❡ ✶✵✳✸✳✽✺
9y2 = 9y + 18

✶✵✳✸✳✾ ❊①❡r❝✐s❡s ❋♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✶✵✳✸✳✽✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✾✳✮

✭❙❡❝t✐♦♥ ✷✳✼✮ ❙✐♠♣❧✐❢②
(
x4y3

)2(
xy2

)4
.

❊①❡r❝✐s❡ ✶✵✳✸✳✽✼
✭❙❡❝t✐♦♥ ✸✳✼✮ ❲r✐t❡

(
x−2y3w4

)−2
s♦ t❤❛t ♦♥❧② ♣♦s✐t✐✈❡ ❡①♣♦♥❡♥ts ❛♣♣❡❛r✳

❊①❡r❝✐s❡ ✶✵✳✸✳✽✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✾✳✮

✭❙❡❝t✐♦♥ ✽✳✻✮ ❋✐♥❞ t❤❡ s✉♠✿ x
x2−x−2 + 1

x2−3x+2 .

❊①❡r❝✐s❡ ✶✵✳✸✳✽✾
✭❙❡❝t✐♦♥ ✽✳✾✮ ❙✐♠♣❧✐❢②

1
a
+ 1

b
1
a
− 1

b

.

❊①❡r❝✐s❡ ✶✵✳✸✳✾✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✾✳✮

✭❙❡❝t✐♦♥ ✶✵✳✷✮ ❙♦❧✈❡ (x + 4) (3x + 1) = 0.

✶✵✳✹ ❙♦❧✈✐♥❣ ◗✉❛❞r❛t✐❝ ❊q✉❛t✐♦♥s ❯s✐♥❣ t❤❡ ▼❡t❤♦❞ ♦❢ ❊①tr❛❝t✐♦♥
♦❢ ❘♦♦ts ✹

✶✵✳✹✳✶ ❖✈❡r✈✐❡✇

• ❚❤❡ ▼❡t❤♦❞ ❖❢ ❊①tr❛❝t✐♦♥ ❖❢ ❘♦♦ts
• ❚❤❡ ◆❛t✉r❡ ❖❢ ❙♦❧✉t✐♦♥s

✹❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✷✷✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✶✵✳✹✳✷ ❚❤❡ ▼❡t❤♦❞ ❖❢ ❊①tr❛❝t✐♦♥ ❖❢ ❘♦♦ts

❊①tr❛❝t✐♦♥ ♦❢ ❘♦♦ts
◗✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ❢♦r♠ x2 − K = 0 ❝❛♥ ❜❡ s♦❧✈❡❞ ❜② t❤❡ ♠❡t❤♦❞ ♦❢ ❡①tr❛❝t✐♦♥ ♦❢ r♦♦ts ❜②
r❡✇r✐t✐♥❣ ✐t ✐♥ t❤❡ ❢♦r♠ x2 = K.

❚♦ s♦❧✈❡ x2 = K, ✇❡ ❛r❡ r❡q✉✐r❡❞ t♦ ✜♥❞ s♦♠❡ ♥✉♠❜❡r✱ x, t❤❛t ✇❤❡♥ sq✉❛r❡❞ ♣r♦❞✉❝❡s K. ❚❤✐s
♥✉♠❜❡r✱ x, ♠✉st ❜❡ ❛ sq✉❛r❡ r♦♦t ♦❢ K. ■❢ K ✐s ❣r❡❛t❡r t❤❛♥ ③❡r♦✱ ✇❡ ❦♥♦✇ t❤❛t ✐t ♣♦ss❡ss❡s t✇♦ sq✉❛r❡
r♦♦ts✱

√
K ❛♥❞ −

√
K. ❲❡ ❛❧s♦ ❦♥♦✇ t❤❛t

(√
K

)2

=
(√

K
) (√

K
)

= K ❛♥❞
(

−
√

K
)2

=
(

−
√

K
) (

−
√

K
)

= K

❲❡ ♥♦✇ ❤❛✈❡ t✇♦ r❡♣❧❛❝❡♠❡♥ts ❢♦r x t❤❛t ♣r♦❞✉❝❡ tr✉❡ st❛t❡♠❡♥ts ✇❤❡♥ s✉❜st✐t✉t❡❞ ✐♥t♦ t❤❡ ❡q✉❛✲
t✐♦♥✳ ❚❤✉s✱ x =

√
K ❛♥❞ x = −

√
K ❛r❡ ❜♦t❤ s♦❧✉t✐♦♥s t♦ x2 = K. ❲❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ x = ±

√
K t♦ ❞❡♥♦t❡

❜♦t❤ t❤❡ ♣r✐♥❝✐♣❛❧ ❛♥❞ t❤❡ s❡❝♦♥❞❛r② sq✉❛r❡ r♦♦ts✳

✶✵✳✹✳✸ ❚❤❡ ◆❛t✉r❡ ♦❢ ❙♦❧✉t✐♦♥s

❙♦❧✉t✐♦♥s ♦❢ x2 = K
❋♦r q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ❢♦r♠ x2 = K,

✶✳ ■❢ K ✐s ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ ③❡r♦✱ t❤❡ s♦❧✉t✐♦♥s ❛r❡ ±
√

K.
✷✳ ■❢ K ✐s ♥❡❣❛t✐✈❡✱ ♥♦ r❡❛❧ ♥✉♠❜❡r s♦❧✉t✐♦♥s ❡①✐st✳
✸✳ ■❢ K ✐s ③❡r♦✱ t❤❡ ♦♥❧② s♦❧✉t✐♦♥ ✐s ✵✳

✶✵✳✹✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❙♦❧✈❡ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s ✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ ❡①tr❛❝t✐♦♥ ♦❢ r♦♦ts✳

❊①❛♠♣❧❡ ✶✵✳✶✽

x2 − 49 = 0. ❘❡✇r✐t❡✳

x2 = 49

x = ±
√

49

x = ±7

Check : (7)
2

= 49 ■s t❤✐s ❝♦rr❡❝t❄ (−7)
2

= 49 ■s t❤✐s ❝♦rr❡❝t

49 = 49 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳ 49 = 49 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❊①❛♠♣❧❡ ✶✵✳✶✾

25a2 = 36

a2 = 36
25

a = ±
√

36
25

a = ± 6
5

Check : 25
(

6
5

)2
= 36 ■s t❤✐s ❝♦rr❡❝t❄ 25

(−6
5

)2
= 36 ■s t❤✐s ❝♦rr❡❝t❄

25
(

36
25

)2
= 36 ■s t❤✐s ❝♦rr❡❝t❄ 25

(
36
25

)
= 36 ■s t❤✐s ❝♦rr❡❝t❄

36 = 36 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳ 36 = 36 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✻✾

❊①❛♠♣❧❡ ✶✵✳✷✵

4m2 − 32 = 0

4m2 = 32

m2 = 32
4

m2 = 8

m = ±
√

8

m = ±2
√

2

Check : 4
(
2
√

2
)2

= 32 ■s t❤✐s ❝♦rr❡❝t❄ 4
(
−2

√
2
)2

= 32 ■s t❤✐s ❝♦rr❡❝t❄

4
[

22
(√

2
)2

]

= 32 ■s t❤✐s ❝♦rr❡❝t❄ 4
[

(−2)
2(√

2
)2

]

= 32 ■s t❤✐s ❝♦rr❡❝t❄

4 [4 · 2] = 32 ■s t❤✐s ❝♦rr❡❝t❄ 4 [4 · 2] = 32 ■s t❤✐s ❝♦rr❡❝t❄

4 · 8 = 32 ■s t❤✐s ❝♦rr❡❝t❄ 4 · 8 = 32 ■s t❤✐s ❝♦rr❡❝t❄

32 = 32 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳ 32 = 32 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❊①❛♠♣❧❡ ✶✵✳✷✶
❙♦❧✈❡ 5x2 − 15y2z7 = 0 ❢♦r x.

5x2 = 15y2z7 ❉✐✈✐❞❡ ❜♦t❤ s✐❞❡s ❜② ✺✳

x2 = 3y2z7

x = ±
√

3y2z7

x = ±yz3
√

3z

❊①❛♠♣❧❡ ✶✵✳✷✷

❈❛❧❝✉❧❛t♦r ♣r♦❜❧❡♠✳ ❙♦❧✈❡ 14a2 − 235 = 0. ❘♦✉♥❞ t♦ t❤❡ ♥❡❛r❡st ❤✉♥❞r❡❞t❤✳

14a2 − 235 = 0. ❘❡✇r✐t❡✳

14a2 = 235 ❉✐✈✐❞❡ ❜♦t❤ s✐❞❡s ❜② ✶✹✳

a2 = 235
14

❖♥ t❤❡❈❛❧❝✉❧❛t♦r

❚②♣❡ 235

Pr❡ss ÷
❚②♣❡ 14

Pr❡ss =

Pr❡ss
√

❉✐s♣❧❛② r❡❛❞s✿ 4.0970373

❘♦✉♥❞✐♥❣ t♦ t❤❡ ♥❡❛r❡st ❤✉♥❞r❡❞t❤ ♣r♦❞✉❝❡s ✹✳✶✵✳ ❲❡ ♠✉st ❜❡ s✉r❡ t♦ ✐♥s❡rt t❤❡ ± s②♠❜♦❧✳
a ≈ ±4.10

❊①❛♠♣❧❡ ✶✵✳✷✸

k2 = −64

k = ±
√
−64

❚❤❡ r❛❞✐❝❛♥❞ ✐s ♥❡❣❛t✐✈❡ s♦ ♥♦ r❡❛❧ ♥✉♠❜❡r s♦❧✉t✐♦♥s ❡①✐st✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✶✵✳✹✳✺ Pr❛❝t✐❝❡ ❙❡t ❆

❙♦❧✈❡ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s ✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ ❡①tr❛❝t✐♦♥ ♦❢ r♦♦ts✳

❊①❡r❝✐s❡ ✶✵✳✹✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✾✳✮

x2 − 144 = 0

❊①❡r❝✐s❡ ✶✵✳✹✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✾✳✮

9y2 − 121 = 0

❊①❡r❝✐s❡ ✶✵✳✹✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✾✳✮

6a2 = 108

❊①❡r❝✐s❡ ✶✵✳✹✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✾✳✮

❙♦❧✈❡ 4n2 = 24m2p8 ❢♦r n.

❊①❡r❝✐s❡ ✶✵✳✹✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✾✳✮

❙♦❧✈❡ 5p2q2 = 45p2 ❢♦r q.

❊①❡r❝✐s❡ ✶✵✳✹✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✾✳✮

❙♦❧✈❡ 16m2 − 2206 = 0. ❘♦✉♥❞ t♦ t❤❡ ♥❡❛r❡st ❤✉♥❞r❡❞t❤✳

❊①❡r❝✐s❡ ✶✵✳✹✳✼
h2 = −100

✶✵✳✹✳✻ ❙❛♠♣❧❡ ❙❡t ❇

❙♦❧✈❡ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s ✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ ❡①tr❛❝t✐♦♥ ♦❢ r♦♦ts✳

❊①❛♠♣❧❡ ✶✵✳✷✹

(x + 2)
2

= 81

x + 2 = ±
√

81

x + 2 = ±9 ❙✉❜tr❛❝t 2 ❢r♦♠❜♦t❤ s✐❞❡s✳

x = −2 ± 9

x = −2 + 9 ❛♥❞ x = −2 − 9

x = 7 x = −11

❊①❛♠♣❧❡ ✶✵✳✷✺

(a + 3)
2

= 5

a + 3 = ±
√

5 ❙✉❜tr❛❝t ✸ ❢r♦♠❜♦t❤ s✐❞❡s✳

a = −3 ±
√

5

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✶✵✳✹✳✼ Pr❛❝t✐❝❡ ❙❡t ❇

❙♦❧✈❡ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s ✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ ❡①tr❛❝t✐♦♥ ♦❢ r♦♦ts✳

❊①❡r❝✐s❡ ✶✵✳✹✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✾✳✮

(a + 6)
2

= 64

❊①❡r❝✐s❡ ✶✵✳✹✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✷✾✳✮

(m − 4)
2

= 15

❊①❡r❝✐s❡ ✶✵✳✹✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✵✳✮

(y − 7)
2

= 49

❊①❡r❝✐s❡ ✶✵✳✹✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✵✳✮

(k − 1)
2

= 12

❊①❡r❝✐s❡ ✶✵✳✹✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✵✳✮

(x − 11)
2

= 0

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✶✵✳✹✳✽ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s♦❧✈❡ ❡❛❝❤ ♦❢ t❤❡ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s ✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ ❡①tr❛❝t✐♦♥ ♦❢ r♦♦ts✳

❊①❡r❝✐s❡ ✶✵✳✹✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✵✳✮

x2 = 36

❊①❡r❝✐s❡ ✶✵✳✹✳✶✹
x2 = 49

❊①❡r❝✐s❡ ✶✵✳✹✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✵✳✮

a2 = 9

❊①❡r❝✐s❡ ✶✵✳✹✳✶✻
a2 = 4

❊①❡r❝✐s❡ ✶✵✳✹✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✵✳✮

b2 = 1

❊①❡r❝✐s❡ ✶✵✳✹✳✶✽
a2 = 1

❊①❡r❝✐s❡ ✶✵✳✹✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✵✳✮

x2 = 25

❊①❡r❝✐s❡ ✶✵✳✹✳✷✵
x2 = 81

❊①❡r❝✐s❡ ✶✵✳✹✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✵✳✮

a2 = 5

❊①❡r❝✐s❡ ✶✵✳✹✳✷✷
a2 = 10

❊①❡r❝✐s❡ ✶✵✳✹✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✵✳✮

b2 = 12

❊①❡r❝✐s❡ ✶✵✳✹✳✷✹
b2 = 6

❊①❡r❝✐s❡ ✶✵✳✹✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✵✳✮

y2 = 3

❊①❡r❝✐s❡ ✶✵✳✹✳✷✻
y2 = 7

❊①❡r❝✐s❡ ✶✵✳✹✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✵✳✮

a2 − 8 = 0

❊①❡r❝✐s❡ ✶✵✳✹✳✷✽
a2 − 3 = 0

❊①❡r❝✐s❡ ✶✵✳✹✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✵✳✮

a2 − 5 = 0

❊①❡r❝✐s❡ ✶✵✳✹✳✸✵
y2 − 1 = 0

❊①❡r❝✐s❡ ✶✵✳✹✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✵✳✮

x2 − 10 = 0

❊①❡r❝✐s❡ ✶✵✳✹✳✸✷
x2 − 11 = 0

❊①❡r❝✐s❡ ✶✵✳✹✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✵✳✮

3x2 − 27 = 0

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✼✸

❊①❡r❝✐s❡ ✶✵✳✹✳✸✹
5b2 − 5 = 0

❊①❡r❝✐s❡ ✶✵✳✹✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✵✳✮

2x2 = 50

❊①❡r❝✐s❡ ✶✵✳✹✳✸✻
4a2 = 40

❊①❡r❝✐s❡ ✶✵✳✹✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✵✳✮

2x2 = 24

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s♦❧✈❡ ❢♦r t❤❡ ✐♥❞✐❝❛t❡❞ ✈❛r✐❛❜❧❡✳

❊①❡r❝✐s❡ ✶✵✳✹✳✸✽
x2 = 4a2, ❢♦r x

❊①❡r❝✐s❡ ✶✵✳✹✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✵✳✮

x2 = 9b2, ❢♦r x

❊①❡r❝✐s❡ ✶✵✳✹✳✹✵
a2 = 25c2, ❢♦r a

❊①❡r❝✐s❡ ✶✵✳✹✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✵✳✮

k2 = m2n2, ❢♦r k

❊①❡r❝✐s❡ ✶✵✳✹✳✹✷
k2 = p2q2r2, ❢♦r k

❊①❡r❝✐s❡ ✶✵✳✹✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✵✳✮

2y2 = 2a2n2, ❢♦r y

❊①❡r❝✐s❡ ✶✵✳✹✳✹✹
9y2 = 27x2z4, ❢♦r y

❊①❡r❝✐s❡ ✶✵✳✹✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✵✳✮

x2 − z2 = 0, ❢♦r x

❊①❡r❝✐s❡ ✶✵✳✹✳✹✻
x2 − z2 = 0, ❢♦r z

❊①❡r❝✐s❡ ✶✵✳✹✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✵✳✮

5a2 − 10b2 = 0, ❢♦r a

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s♦❧✈❡ ❡❛❝❤ ♦❢ t❤❡ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s ✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ ❡①tr❛❝t✐♦♥ ♦❢ r♦♦ts✳

❊①❡r❝✐s❡ ✶✵✳✹✳✹✽
(x − 1)

2
= 4

❊①❡r❝✐s❡ ✶✵✳✹✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✵✳✮

(x − 2)
2

= 9

❊①❡r❝✐s❡ ✶✵✳✹✳✺✵
(x − 3)

2
= 25

❊①❡r❝✐s❡ ✶✵✳✹✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✵✳✮

(a − 5)
2

= 36

❊①❡r❝✐s❡ ✶✵✳✹✳✺✷
(a + 3)

2
= 49

❊①❡r❝✐s❡ ✶✵✳✹✳✺✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✵✳✮

(a + 9)
2

= 1

❊①❡r❝✐s❡ ✶✵✳✹✳✺✹
(a − 6)

2
= 3

❊①❡r❝✐s❡ ✶✵✳✹✳✺✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✵✳✮

(x + 4)
2

= 5

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✶✵✳✹✳✺✻
(b + 6)

2
= 7

❊①❡r❝✐s❡ ✶✵✳✹✳✺✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✶✳✮

(x + 1)
2

= a, ❢♦r x

❊①❡r❝✐s❡ ✶✵✳✹✳✺✽
(y + 5)

2
= b, ❢♦r y

❊①❡r❝✐s❡ ✶✵✳✹✳✺✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✶✳✮

(y + 2)
2

= a2, ❢♦r y

❊①❡r❝✐s❡ ✶✵✳✹✳✻✵
(x + 10)

2
= c2, ❢♦r x

❊①❡r❝✐s❡ ✶✵✳✹✳✻✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✶✳✮

(x − a)
2

= b2, ❢♦r x

❊①❡r❝✐s❡ ✶✵✳✹✳✻✷
(x + c)

2
= a2, ❢♦r x

✶✵✳✹✳✽✳✶ ❈❛❧❝✉❧❛t♦r Pr♦❜❧❡♠s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ r♦✉♥❞ ❡❛❝❤ r❡s✉❧t t♦ t❤❡ ♥❡❛r❡st ❤✉♥❞r❡❞t❤✳

❊①❡r❝✐s❡ ✶✵✳✹✳✻✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✶✳✮

8a2 − 168 = 0

❊①❡r❝✐s❡ ✶✵✳✹✳✻✹
6m2 − 5 = 0

❊①❡r❝✐s❡ ✶✵✳✹✳✻✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✶✳✮

0.03y2 = 1.6

❊①❡r❝✐s❡ ✶✵✳✹✳✻✻
0.048x2 = 2.01

❊①❡r❝✐s❡ ✶✵✳✹✳✻✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✶✳✮

1.001x2 − 0.999 = 0

✶✵✳✹✳✾ ❊①❡r❝✐s❡s ❋♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✶✵✳✹✳✻✽
✭❙❡❝t✐♦♥ ✼✳✷✮ ●r❛♣❤ t❤❡ ❧✐♥❡❛r ✐♥❡q✉❛❧✐t② 3 (x + 2) < 2 (3x + 4) .

❊①❡r❝✐s❡ ✶✵✳✹✳✻✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✶✳✮

✭❙❡❝t✐♦♥ ✽✳✼✮ ❙♦❧✈❡ t❤❡ ❢r❛❝t✐♦♥❛❧ ❡q✉❛t✐♦♥ x−1
x+4 = x+3

x−1 .

❊①❡r❝✐s❡ ✶✵✳✹✳✼✵
✭❙❡❝t✐♦♥ ✾✳✹✮ ❋✐♥❞ t❤❡ ♣r♦❞✉❝t✿

√

32x3y5
√

2x3y3.

❊①❡r❝✐s❡ ✶✵✳✹✳✼✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✶✳✮

✭❙❡❝t✐♦♥ ✶✵✳✸✮ ❙♦❧✈❡ x2 − 4x = 0.

❊①❡r❝✐s❡ ✶✵✳✹✳✼✷
✭❙❡❝t✐♦♥ ✶✵✳✸✮ ❙♦❧✈❡ y2 − 8y = −12.

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✼✺

✶✵✳✺ ❙♦❧✈✐♥❣ ◗✉❛❞r❛t✐❝ ❊q✉❛t✐♦♥s ❯s✐♥❣ t❤❡ ▼❡t❤♦❞ ♦❢ ❈♦♠♣❧❡t✐♥❣
t❤❡ ❙q✉❛r❡ ✺

✶✵✳✺✳✶ ❖✈❡r✈✐❡✇

• ❚❤❡ ▲♦❣✐❝ ❇❡❤✐♥❞ ❚❤❡ ▼❡t❤♦❞
• ❚❤❡ ▼❡t❤♦❞ ❖❢ ❈♦♠♣❧❡t✐♥❣ ❚❤❡ ❙q✉❛r❡

✶✵✳✺✳✷ ❚❤❡ ▲♦❣✐❝ ❇❡❤✐♥❞ ❚❤❡ ▼❡t❤♦❞

❙✉♣♣♦s❡ ✇❡ ✇✐s❤ t♦ s♦❧✈❡ t❤❡ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥ x2 − 3x − 1 = 0. ❙✐♥❝❡ t❤❡ ❡q✉❛t✐♦♥ ✐s ♥♦t ♦❢ t❤❡ ❢♦r♠
x2 = K, ✇❡ ❝❛♥♥♦t ✉s❡ ❡①tr❛❝t✐♦♥ ♦❢ r♦♦ts✳ ◆❡①t✱ ✇❡ tr② ❢❛❝t♦r✐♥❣✱ ❜✉t ❛❢t❡r ❛ ❢❡✇ tr✐❛❧s ✇❡ s❡❡ t❤❛t
x2 − 3x − 1 ✐s ♥♦t ❢❛❝t♦r❛❜❧❡✳ ❲❡ ♥❡❡❞ ❛♥♦t❤❡r ♠❡t❤♦❞ ❢♦r s♦❧✈✐♥❣ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s✳
❚❤❡ ♠❡t❤♦❞ ✇❡ s❤❛❧❧ st✉❞② ✐s ❜❛s❡❞ ♦♥ ♣❡r❢❡❝t sq✉❛r❡ tr✐♥♦♠✐❛❧s ❛♥❞ ❡①tr❛❝t✐♦♥ ♦❢ r♦♦ts✳ ❚❤❡ ♠❡t❤♦❞ ✐s
❝❛❧❧❡❞ s♦❧✈✐♥❣ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s ❜② ❝♦♠♣❧❡t✐♥❣ t❤❡ sq✉❛r❡✳ ❈♦♥s✐❞❡r t❤❡ ❡q✉❛t✐♦♥ x2 + 6x + 5 = 0.
❚❤✐s q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥ ❝♦✉❧❞ ❜❡ s♦❧✈❡❞ ❜② ❢❛❝t♦r✐♥❣✱ ❜✉t ✇❡✬❧❧ ✉s❡ t❤❡ ♠❡t❤♦❞ ♦❢ ❝♦♠♣❧❡t✐♥❣ t❤❡ sq✉❛r❡✳
❲❡ ✇✐❧❧ ❡①♣❧❛✐♥ t❤❡ ♠❡t❤♦❞ ✐♥ ❞❡t❛✐❧ ❛❢t❡r ✇❡ ❧♦♦❦ ❛t t❤✐s ❡①❛♠♣❧❡✳ ❋✐rst ✇❡✬❧❧ r❡✇r✐t❡ t❤❡ ❡q✉❛t✐♦♥ ❛s

x2 + 6x = −5

❚❤❡♥✱ ✇❡✬❧❧ ❛❞❞ ✾ t♦ ❡❛❝❤ s✐❞❡✳ ❲❡ ❣❡t

x2 + 6x + 9 = −5 + 9

❚❤❡ ❧❡❢t s✐❞❡ ❢❛❝t♦rs ❛s ❛ ♣❡r❢❡❝t sq✉❛r❡ tr✐♥♦♠✐❛❧✳

(x + 3)
2

= 4

❲❡ ❝❛♥ s♦❧✈❡ t❤✐s ❜② ❡①tr❛❝t✐♦♥ ♦❢ r♦♦ts✳

x + 3 = +
√

4

x + 3 = ±2

x = ±2 − 3

x = +2 − 3 ❛♥❞ x = −2 − 3

x = −1 ❛♥❞ −5

◆♦t✐❝❡ t❤❛t ✇❤❡♥ t❤❡ r♦♦ts ❛r❡ r❛t✐♦♥❛❧ ♥✉♠❜❡rs✱ t❤❡ ❡q✉❛t✐♦♥ ✐s ❢❛❝t♦r❛❜❧❡✳
❚❤❡ ❜✐❣ q✉❡st✐♦♥ ✐s✱ ✏❍♦✇ ❞✐❞ ✇❡ ❦♥♦✇ t♦ ❛❞❞ ✾ t♦ ❡❛❝❤ s✐❞❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥❄✑ ❲❡ ❝❛♥ ❝♦♥✈❡rt ❛♥② q✉❛❞r❛t✐❝
tr✐♥♦♠✐❛❧ ❛♣♣❡❛r✐♥❣ ✐♥ ❛♥ ❡q✉❛t✐♦♥ ✐♥t♦ ❛ ♣❡r❢❡❝t sq✉❛r❡ tr✐♥♦♠✐❛❧ ✐❢ ✇❡ ❦♥♦✇ ✇❤❛t ♥✉♠❜❡r t♦ ❛❞❞ t♦ ❜♦t❤
s✐❞❡s✳ ❲❡ ❝❛♥ ❞❡t❡r♠✐♥❡ t❤❛t ♣❛rt✐❝✉❧❛r ♥✉♠❜❡r ❜② ♦❜s❡r✈✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ s✐t✉❛t✐♦♥✿

❈♦♥s✐❞❡r t❤❡ sq✉❛r❡ ♦❢ t❤❡ ❜✐♥♦♠✐❛❧ ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ ♣❡r❢❡❝t sq✉❛r❡ tr✐♥♦♠✐❛❧

(x + p)
2

= x2 + 2px + p2

◆♦t✐❝❡ t❤❛t t❤❡ ❝♦♥st❛♥t t❡r♠ ✭t❤❡ ♥✉♠❜❡r ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r✮ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❧✐♥❡❛r t❡r♠ 2px.
■❢ ✇❡ t❛❦❡ ♦♥❡ ❤❛❧❢ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ x, 2p

2 = p, ❛♥❞ sq✉❛r❡ ✐t✱ ✇❡ ❣❡t t❤❡ ❝♦♥st❛♥t t❡r♠ p2. ❚❤✐s ✐s tr✉❡ ❢♦r
❡✈❡r② ♣❡r❢❡❝t sq✉❛r❡ tr✐♥♦♠✐❛❧ ✇✐t❤ ❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥t ✶✳

✺❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✸✺✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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■♥ ❛ ♣❡r❢❡❝t sq✉❛r❡ tr✐♥♦♠✐❛❧ ✇✐t❤ ❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥t ✶✱ t❤❡ ❝♦♥st❛♥t t❡r♠ ✐s t❤❡ sq✉❛r❡ ♦❢ ♦♥❡ ❤❛❧❢ t❤❡
❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ❧✐♥❡❛r t❡r♠✳

❙t✉❞② t❤❡s❡ ❡①❛♠♣❧❡s t♦ s❡❡ ✇❤❛t ❝♦♥st❛♥t t❡r♠ ✇✐❧❧ ♠❛❦❡ t❤❡ ❣✐✈❡♥ ❜✐♥♦♠✐❛❧ ✐♥t♦ ❛ ♣❡r❢❡❝t sq✉❛r❡
tr✐♥♦♠✐❛❧✳

❊①❛♠♣❧❡ ✶✵✳✷✻
x2 + 6x. ❚❤❡ ❝♦♥st❛♥t ♠✉st ❜❡ t❤❡ sq✉❛r❡ ♦❢ ♦♥❡ ❤❛❧❢ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ x. ❙✐♥❝❡ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ x
✐s ✻✱ ✇❡ ❤❛✈❡

6
2 = 3 ❛♥❞ 32 = 9

❚❤❡ ❝♦♥st❛♥t ✐s ✾✳
x2 + 6x + 9 = (x + 3)

2

❚❤✐s ✐s ❛ ♣❡r❢❡❝t sq✉❛r❡ tr✐♥♦♠✐❛❧✳

❊①❛♠♣❧❡ ✶✵✳✷✼
a2 + 10a. ❚❤❡ ❝♦♥st❛♥t ♠✉st ❜❡ t❤❡ sq✉❛r❡ ♦❢ ♦♥❡ ❤❛❧❢ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ a. ❙✐♥❝❡ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢
a ✐s ✶✵✱ ✇❡ ❤❛✈❡

10
2 = 5 ❛♥❞ 52 = 25

❚❤❡ ❝♦♥st❛♥t ✐s ✷✺✳
a2 + 10a + 25 = (a + 5)

2

❊①❛♠♣❧❡ ✶✵✳✷✽
y2 + 3y. ❚❤❡ ❝♦♥st❛♥t ♠✉st ❜❡ t❤❡ sq✉❛r❡ ♦❢ ♦♥❡ ❤❛❧❢ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ y. ❙✐♥❝❡ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ y
✐s ✸✱ ✇❡ ❤❛✈❡

3
2 ❛♥❞

(
3
2

)2
= 9

4

❚❤❡ ❝♦♥st❛♥t ✐s 9
4 .

y2 + 3y + 9
4 =

(
y + 3

2

)2

✶✵✳✺✳✸ ❚❤❡ ▼❡t❤♦❞ ❖❢ ❈♦♠♣❧❡t✐♥❣ ❚❤❡ ❙q✉❛r❡

◆♦✇✱ ✇✐t❤ t❤❡s❡ ♦❜s❡r✈❛t✐♦♥s✱ ✇❡ ❝❛♥ ❞❡s❝r✐❜❡ t❤❡ ♠❡t❤♦❞ ♦❢ ❝♦♠♣❧❡t✐♥❣ t❤❡ sq✉❛r❡✳
❚❤❡ ▼❡t❤♦❞ ♦❢ ❈♦♠♣❧❡t✐♥❣ t❤❡ ❙q✉❛r❡

✶✳ ❲r✐t❡ t❤❡ ❡q✉❛t✐♦♥ s♦ t❤❛t t❤❡ ❝♦♥st❛♥t t❡r♠ ❛♣♣❡❛rs ♦♥ t❤❡ r✐❣❤t s✐❞❡ ♦❢ ❡q✉❛t✐♦♥✳
✷✳ ■❢ t❤❡ ❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥t ✐s ❞✐✛❡r❡♥t ❢r♦♠ ✶✱ ❞✐✈✐❞❡ ❡❛❝❤ t❡r♠ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ❜② t❤❛t ❝♦❡✣❝✐❡♥t✳
✸✳ ❚❛❦❡ ♦♥❡ ❤❛❧❢ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ❧✐♥❡❛r t❡r♠✱ sq✉❛r❡ ✐t✱ t❤❡♥ ❛❞❞ ✐t t♦ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❡q✉❛t✐♦♥✳
✹✳ ❚❤❡ tr✐♥♦♠✐❛❧ ♦♥ t❤❡ ❧❡❢t ✐s ♥♦✇ ❛ ♣❡r❢❡❝t sq✉❛r❡ tr✐♥♦♠✐❛❧ ❛♥❞ ❝❛♥ ❜❡ ❢❛❝t♦r❡❞ ❛s ()

2
. ❚❤❡ ✜rst t❡r♠ ✐♥

t❤❡ ♣❛r❡♥t❤❡s❡s ✐s t❤❡ sq✉❛r❡ r♦♦t ♦❢ t❤❡ q✉❛❞r❛t✐❝ t❡r♠✳ ❚❤❡ ❧❛st t❡r♠ ✐♥ t❤❡ ♣❛r❡♥t❤❡s❡s ✐s ♦♥❡✲❤❛❧❢
t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ❧✐♥❡❛r t❡r♠✳

✺✳ ❙♦❧✈❡ t❤✐s ❡q✉❛t✐♦♥ ❜② ❡①tr❛❝t✐♦♥ ♦❢ r♦♦ts✳

✶✵✳✺✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❙♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✼✼

❊①❛♠♣❧❡ ✶✵✳✷✾

x2 + 8x − 9 = 0. ❆❞❞ ✾ t♦ ❜♦t❤ s✐❞❡s✳

x2 + 8x = 9
❖♥❡ ❤❛❧❢ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢x ✐s ✹✱ ❛♥❞ ✹✷ ✐s ✶✻✳

❆❞❞ ✶✻ t♦ ❜♦t❤ s✐❞❡s✳

x2 + 8x + 16 = 9 + 16

x2 + 8x + 16 = 25 ❋❛❝t♦r✳

(x + 4)
2

= 25 ❚❛❦❡ sq✉❛r❡ r♦♦ts✳

x + 4 = ±5

x = ±5 − 4 +5 − 4 = 1,−5 − 4 = −9

x = 1, − 9

❊①❛♠♣❧❡ ✶✵✳✸✵

x2 − 3x − 1 = 0. ❆❞❞ ✶ t♦ ❜♦t❤ s✐❞❡s✳

x2 − 3x = 1
❖♥❡ ❤❛❧❢ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢x ✐s −3

2 ✳

❙q✉❛r❡ ✐t✿
(−3

2

)✷
❂ 9

4 ✳ ❆❞❞
9
4 t♦ ❡❛❝❤ s✐❞❡✳

x2 − 3x + 9
4 = 1 + 9

4

x2 − 3x + 9
4 = 13

4

❋❛❝t♦r✳ ◆♦t✐❝❡ t❤❛t s✐♥❝❡ t❤❡ s✐❣♥ ♦❢ t❤❡♠✐❞❞❧❡

t❡r♠ ♦❢ t❤❡ tr✐♥♦♠✐❛❧ ✐s ✧− ”✱ ✐ts ❢❛❝t♦r❡❞ ❢♦r♠❤❛s ❛ ✧− ” s✐❣♥✳
(
x − 3

2

)2
= 13

4 ◆♦✇ t❛❦❡ sq✉❛r❡ r♦♦ts✳

x − 3
2 = ±

√
13
4

x − 3
2 = ±

√
13
2

x = ±
√

13
2 + 3

2

x = ±
√

13+3
2

x = 3±
√

13
2

❊①❛♠♣❧❡ ✶✵✳✸✶

3a2 − 36a − 39 = 0. ❆❞❞ ✸✾ t♦ ❜♦t❤ s✐❞❡s✳

3a2 − 36a = 39
❚❤❡ ❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥t ✐s ✸ ❛♥❞✇❡

♥❡❡❞ ✐t t♦ ❜❡ ✶✳❉✐✈✐❞❡ ❡❛❝❤ t❡r♠❜② ✸✳

a2 − 12a = 13
❖♥❡ ❤❛❧❢ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ a ✐s − 6.

❙q✉❛r❡ ✐t✿ (−6)
✷
❂✸✻✳❆❞❞ ✸✻ t♦ ❡❛❝❤ s✐❞❡✳

a2 − 12a + 36 = 13 + 36

a2 − 12a + 36 = 49

(a − 6)
2

= 49 ❋❛❝t♦r✳

a − 6 = ±7

a = ±7 + 6 +7 + 6 = 13,−7 + 6 = −1

a = 13, −1

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❛♠♣❧❡ ✶✵✳✸✷

2x2 + x + 4 = 0

2x2 + x = −4

x2 + 1
2x = −2

x2 + 1
2x +

(
1
4

)2
= −2 +

(
1
4

)2

(
x + 1

4

)2
= −2 + 1

16 = −32
16 + 1

16 = −31
16

❙✐♥❝❡ ✇❡ ❦♥♦✇ t❤❛t t❤❡ sq✉❛r❡ ♦❢ ❛♥② ♥✉♠❜❡r ✐s ♣♦s✐t✐✈❡✱ t❤✐s ❡q✉❛t✐♦♥ ❤❛s ♥♦ r❡❛❧ ♥✉♠❜❡r s♦❧✉t✐♦♥✳

❊①❛♠♣❧❡ ✶✵✳✸✸

❈❛❧❝✉❧❛t♦r ♣r♦❜❧❡♠✳ ❙♦❧✈❡ 7a2 − 5a − 1 = 0. ❘♦✉♥❞ ❡❛❝❤ s♦❧✉t✐♦♥ t♦ t❤❡ ♥❡❛r❡st t❡♥t❤✳

7a2 − 5a − 1 = 0

7a2 − 5a = 1

a2 − 5
7a = 1

7

a2 − 5
7a +

(
5
14

)2
= 1

7 +
(

5
14

)2

(
a − 5

14

)2
= 1

7 + 25
196 = 28

196 + 25
196 = 53

196

a − 5
14 = ±

√
53
196 = ±

√
53

14

a = 5
14 ±

√
53

14 = 5±
√

53
14

✶✳ ❲❡ ✇✐❧❧ ✜rst ❝♦♠♣✉t❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ sq✉❛r❡ r♦♦t✳

❚②♣❡ 53

Pr❡ss
√

x

❉✐s♣❧❛② r❡❛❞s✿ 7.2801099

Pr❡ss t❤❡ ❦❡② t❤❛t ♣❧❛❝❡s t❤✐s ✈❛❧✉❡ ✐♥t♦ ♠❡♠♦r②✳

✷✳ ❋♦r a = 5+
√

53
14 ,

❚②♣❡ 5

Pr❡ss ✰

Pr❡ss t❤❡ ❦❡② t❤❛t r❡❝❛❧❧s t❤❡ ✈❛❧✉❡ ✐♥♠❡♠♦r②✳

Pr❡ss ❂

Pr❡ss ÷
❚②♣❡ 14

Pr❡ss ❂

❉✐s♣❧❛② r❡❛❞s✿ .87715071

❘♦✉♥❞✐♥❣ t♦ t❡♥t❤s✱ ✇❡ ❣❡t a ≈ 0.9.

✸✳ ❋♦r a = 5−
√

53
14

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❚②♣❡ 5

Pr❡ss ✲

Pr❡ss t❤❡ ❦❡② t❤❛t r❡❝❛❧❧s t❤❡ ✈❛❧✉❡ ✐♥♠❡♠♦r②✳

Pr❡ss ❂

Pr❡ss ÷
❚②♣❡ 14

❉✐s♣❧❛② r❡❛❞s✿ −.16286499

❘♦✉♥❞✐♥❣ t♦ t❡♥t❤s✱ ✇❡ ❣❡t a ≈ −0.2. ❚❤✉s✱ a ≈ 0.9 ❛♥❞ −0.2 t♦ t❤❡ ♥❡❛r❡st t❡♥t❤✳

✶✵✳✺✳✺ Pr❛❝t✐❝❡ ❙❡t ❆

❙♦❧✈❡ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s ✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ ❝♦♠♣❧❡t✐♥❣ t❤❡ sq✉❛r❡✳

❊①❡r❝✐s❡ ✶✵✳✺✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✶✳✮

x2 − 2x − 48 = 0

❊①❡r❝✐s❡ ✶✵✳✺✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✶✳✮

x2 + 3x − 5 = 0

❊①❡r❝✐s❡ ✶✵✳✺✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✶✳✮

4m2 + 5m = −1

❊①❡r❝✐s❡ ✶✵✳✺✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✶✳✮

5y2 − 2y − 4 = 0

❊①❡r❝✐s❡ ✶✵✳✺✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✶✳✮

❈❛❧❝✉❧❛t♦r ♣r♦❜❧❡♠✳ ❙♦❧✈❡ 3x2 − x − 1 = 0. ❘♦✉♥❞ ❡❛❝❤ s♦❧✉t✐♦♥ t♦ t❤❡ ♥❡❛r❡st t❡♥t❤✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✽✵ ❈❍❆P❚❊❘ ✶✵✳ ◗❯❆❉❘❆❚■❈ ❊◗❯❆❚■❖◆❙

✶✵✳✺✳✻ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥s ❜② ❝♦♠♣❧❡t✐♥❣ t❤❡ sq✉❛r❡✳

❊①❡r❝✐s❡ ✶✵✳✺✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✶✳✮

x2 + 2x − 8 = 0

❊①❡r❝✐s❡ ✶✵✳✺✳✼
y2 − 5y − 6 = 0

❊①❡r❝✐s❡ ✶✵✳✺✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✶✳✮

a2 + 7a + 12 = 0

❊①❡r❝✐s❡ ✶✵✳✺✳✾
x2 − 10x + 16 = 0

❊①❡r❝✐s❡ ✶✵✳✺✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✶✳✮

y2 − 2y − 24 = 0

❊①❡r❝✐s❡ ✶✵✳✺✳✶✶
a2 + 2a − 35 = 0

❊①❡r❝✐s❡ ✶✵✳✺✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✶✳✮

x2 + 2x + 5 = 0

❊①❡r❝✐s❡ ✶✵✳✺✳✶✸
x2 − 6x + 1 = 0

❊①❡r❝✐s❡ ✶✵✳✺✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✶✳✮

x2 + 4x + 4 = 0

❊①❡r❝✐s❡ ✶✵✳✺✳✶✺
a2 + 4a + 7 = 0

❊①❡r❝✐s❡ ✶✵✳✺✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✶✳✮

b2 + 5b − 3 = 0

❊①❡r❝✐s❡ ✶✵✳✺✳✶✼
b2 − 6b = 72

❊①❡r❝✐s❡ ✶✵✳✺✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✶✳✮

a2 + 10a − 9 = 0

❊①❡r❝✐s❡ ✶✵✳✺✳✶✾
a2 − 2a − 3 = 0

❊①❡r❝✐s❡ ✶✵✳✺✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✶✳✮

x2 − 10x = 0

❊①❡r❝✐s❡ ✶✵✳✺✳✷✶
y2 − 8y = 0

❊①❡r❝✐s❡ ✶✵✳✺✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✶✳✮

a2 − 6a = 0

❊①❡r❝✐s❡ ✶✵✳✺✳✷✸
b2 + 6b = 0

❊①❡r❝✐s❡ ✶✵✳✺✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✶✳✮

−x2 − 14x = 13

❊①❡r❝✐s❡ ✶✵✳✺✳✷✺
−x2 + 8x = −84

❊①❡r❝✐s❡ ✶✵✳✺✳✷✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✶✳✮

2a2 + 2a − 1 = 0

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✽✶

❊①❡r❝✐s❡ ✶✵✳✺✳✷✼
4b2 − 8b = 16

❊①❡r❝✐s❡ ✶✵✳✺✳✷✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✶✳✮

9x2 + 12x − 5 = 0

❊①❡r❝✐s❡ ✶✵✳✺✳✷✾
16y2 − 8y − 3 = 0

❊①❡r❝✐s❡ ✶✵✳✺✳✸✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✷✳✮

2x2 + 5x − 4 = 0

❊①❡r❝✐s❡ ✶✵✳✺✳✸✶
3a2 + 2a − 24 = 0

❊①❡r❝✐s❡ ✶✵✳✺✳✸✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✷✳✮

x2 + 2x + 8 = 0

❊①❡r❝✐s❡ ✶✵✳✺✳✸✸
y2 − 3y + 10 = 0

❊①❡r❝✐s❡ ✶✵✳✺✳✸✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✷✳✮

7a2 + 3a − 1 = 0

✶✵✳✺✳✻✳✶ ❈❛❧❝✉❧❛t♦r Pr♦❜❧❡♠s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ r♦✉♥❞ ❡❛❝❤ s♦❧✉t✐♦♥ t♦ t❤❡ ♥❡❛r❡st ❤✉♥❞r❡❞t❤✳

❊①❡r❝✐s❡ ✶✵✳✺✳✸✺
5m2 − 2m − 6 = 0

❊①❡r❝✐s❡ ✶✵✳✺✳✸✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✷✳✮

3y2 + 5y = 7

❊①❡r❝✐s❡ ✶✵✳✺✳✸✼
1.8x2 + 2.3x − 4.1 = 0

❊①❡r❝✐s❡ ✶✵✳✺✳✸✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✷✳✮

0.04a2 − 0.03a + 0.02 = 0

✶✵✳✺✳✼ ❊①❡r❝✐s❡s ❋♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✶✵✳✺✳✸✾
✭❙❡❝t✐♦♥ ✻✳✺✮ ❋❛❝t♦r 12ax − 6bx + 20ay − 10by ❜② ❣r♦✉♣✐♥❣✳

❊①❡r❝✐s❡ ✶✵✳✺✳✹✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✷✳✮

✭❙❡❝t✐♦♥ ✼✳✷✮ ●r❛♣❤ t❤❡ ❝♦♠♣♦✉♥❞ ✐♥❡q✉❛❧✐t② −6 ≤ −2x + 2 < − 4.

❊①❡r❝✐s❡ ✶✵✳✺✳✹✶
✭❙❡❝t✐♦♥ ✼✳✼✮ ❋✐♥❞ t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡ t❤❛t ♣❛ss❡s t❤r♦✉❣❤ t❤❡ ♣♦✐♥ts (1,−2) ❛♥❞ (0, 4) .

❊①❡r❝✐s❡ ✶✵✳✺✳✹✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✷✳✮

✭❙❡❝t✐♦♥ ✽✳✹✮ ❋✐♥❞ t❤❡ ♣r♦❞✉❝t✿ x2−4x−12
x2−2x−8 · x2−3x−4

x2−3x−18 .

❊①❡r❝✐s❡ ✶✵✳✺✳✹✸
✭❙❡❝t✐♦♥ ✶✵✳✹✮ ❯s❡ t❤❡ ♠❡t❤♦❞ ♦❢ ❡①tr❛❝t✐♦♥ ♦❢ r♦♦ts t♦ s♦❧✈❡ (x − 2)

2
= 25.

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✽✷ ❈❍❆P❚❊❘ ✶✵✳ ◗❯❆❉❘❆❚■❈ ❊◗❯❆❚■❖◆❙

✶✵✳✻ ❙♦❧✈✐♥❣ ◗✉❛❞r❛t✐❝ ❊q✉❛t✐♦♥s ❯s✐♥❣ t❤❡ ◗✉❛❞r❛t✐❝ ❋♦r♠✉❧❛ ✻

✶✵✳✻✳✶ ❖✈❡r✈✐❡✇

• ❙t❛♥❞❛r❞ ❋♦r♠ ❖❢ ❆ ◗✉❛❞r❛t✐❝ ❊q✉❛t✐♦♥
• ❚❤❡ ◗✉❛❞r❛t✐❝ ❋♦r♠✉❧❛
• ❉❡r✐✈❛t✐♦♥ ❖❢ ❚❤❡ ◗✉❛❞r❛t✐❝ ❋♦r♠✉❧❛

✶✵✳✻✳✷ ❙t❛♥❞❛r❞ ❋♦r♠ ❖❢ ❆ ◗✉❛❞r❛t✐❝ ❊q✉❛t✐♦♥

❲❡ ❤❛✈❡ ♦❜s❡r✈❡❞ t❤❛t ❛ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥ ✐s ❛♥ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠

ax2 + bx + c = 0, a 6= 0

✇❤❡r❡

a ✐s t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ q✉❛❞r❛t✐❝ t❡r♠✱
b ✐s t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ❧✐♥❡❛r t❡r♠✱ ❛♥❞
c ✐s t❤❡ ❝♦♥st❛♥t t❡r♠✳
❙t❛♥❞❛r❞ ❋♦r♠
❚❤❡ ❡q✉❛t✐♦♥ ax2 + bx + c = 0 ✐s t❤❡ st❛♥❞❛r❞ ❢♦r♠ ♦❢ ❛ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥✳

✶✵✳✻✳✸ ❙❛♠♣❧❡ ❙❡t ❆

❉❡t❡r♠✐♥❡ t❤❡ ✈❛❧✉❡s ♦❢ a, b, ❛♥❞ c.

❊①❛♠♣❧❡ ✶✵✳✸✹
■♥ t❤❡ ❡q✉❛t✐♦♥ 3x2 + 5x + 2 = 0,

a = 3

b = 5

c = 2

❊①❛♠♣❧❡ ✶✵✳✸✺
■♥ t❤❡ ❡q✉❛t✐♦♥ 12x2 − 2x − 1 = 0,

a = 12

b = −2

c = −1

❊①❛♠♣❧❡ ✶✵✳✸✻
■♥ t❤❡ ❡q✉❛t✐♦♥ 2y2 + 3 = 0,

a = 2

b = 0 ❇❡❝❛✉s❡ t❤❡ ❡q✉❛t✐♦♥ ❝♦✉❧❞ ❜❡✇r✐tt❡♥

2y2 + 0y + 3 = 0

c = 3

✻❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✷✼✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✽✸

❊①❛♠♣❧❡ ✶✵✳✸✼
■♥ t❤❡ ❡q✉❛t✐♦♥ −8y2 + 11y = 0,

a = −8

b = 11

c = 0 ❙✐♥❝❡ − ✽②✷ + 11y + 0 = 0.

❊①❛♠♣❧❡ ✶✵✳✸✽
■♥ t❤❡ ❡q✉❛t✐♦♥ z2 = z + 8,

a = 1

b = −1

c = −8 ❲❤❡♥✇❡✇r✐t❡ t❤❡ ❡q✉❛t✐♦♥ ✐♥ st❛♥❞❛r❞ ❢♦r♠✱✇❡ ❣❡t z2 − z − 8 = 0

✶✵✳✻✳✹ Pr❛❝t✐❝❡ ❙❡t ❆

❉❡t❡r♠✐♥❡ t❤❡ ✈❛❧✉❡s ♦❢ a, b, ❛♥❞ c ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s✳

❊①❡r❝✐s❡ ✶✵✳✻✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✷✳✮

4x2 − 3x + 5 = 0

❊①❡r❝✐s❡ ✶✵✳✻✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✷✳✮

3y2 − 2y + 9 = 0

❊①❡r❝✐s❡ ✶✵✳✻✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✷✳✮

x2 − 5x − 1 = 0

❊①❡r❝✐s❡ ✶✵✳✻✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✷✳✮

z2 − 4 = 0

❊①❡r❝✐s❡ ✶✵✳✻✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✷✳✮

x2 − 2x = 0

❊①❡r❝✐s❡ ✶✵✳✻✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✷✳✮

y2 = 5y − 6

❊①❡r❝✐s❡ ✶✵✳✻✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✷✳✮

2x2 − 4x = −1

❊①❡r❝✐s❡ ✶✵✳✻✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✸✳✮

5x − 3 = −3x2

❊①❡r❝✐s❡ ✶✵✳✻✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✸✳✮

2x − 11 − 3x2 = 0

❊①❡r❝✐s❡ ✶✵✳✻✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✸✳✮

y2 = 0

❚❤❡ s♦❧✉t✐♦♥s t♦ ❛❧❧ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s ❞❡♣❡♥❞ ♦♥❧② ❛♥❞ ❝♦♠♣❧❡t❡❧② ♦♥ t❤❡ ✈❛❧✉❡s a, b, ❛♥❞ c.

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✶✵✳✻✳✺ ❚❤❡ ◗✉❛❞r❛t✐❝ ❋♦r♠✉❧❛

❲❤❡♥ ❛ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥ ✐s ✇r✐tt❡♥ ✐♥ st❛♥❞❛r❞ ❢♦r♠ s♦ t❤❛t t❤❡ ✈❛❧✉❡s a, b, ❛♥❞ c ❛r❡ r❡❛❞✐❧② ❞❡t❡r♠✐♥❡❞✱
t❤❡ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ s♦❧✈❡❞ ✉s✐♥❣ t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠✉❧❛✳ ❚❤❡ ✈❛❧✉❡s t❤❛t s❛t✐s❢② t❤❡ ❡q✉❛t✐♦♥ ❛r❡ ❢♦✉♥❞
❜② s✉❜st✐t✉t✐♥❣ t❤❡ ✈❛❧✉❡s a, b, ❛♥❞ c ✐♥t♦ t❤❡ ❢♦r♠✉❧❛
◗✉❛❞r❛t✐❝ ❋♦r♠✉❧❛

x =
−b ±

√
b2 − 4ac

2a

❑❡❡♣ ✐♥ ♠✐♥❞ t❤❛t t❤❡ ♣❧✉s ♦r ♠✐♥✉s s②♠❜♦❧✱ ±, ✐s ❥✉st ❛ s❤♦rt❤❛♥❞ ✇❛② ♦❢ ❞❡♥♦t✐♥❣ t❤❡ t✇♦ ♣♦ss✐❜✐❧✐t✐❡s✿

x = −b+
√

b2−4ac
2a ❛♥❞ x = −b−

√
b2−4ac
2a

❚❤❡ q✉❛❞r❛t✐❝ ❢♦r♠✉❧❛ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❜② ✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ ❝♦♠♣❧❡t✐♥❣ t❤❡ sq✉❛r❡✳

✶✵✳✻✳✻ ❉❡r✐✈❛t✐♦♥ ❖❢ ❚❤❡ ◗✉❛❞r❛t✐❝ ❋♦r♠✉❧❛

❙♦❧✈❡ ax2 + bx + c = 0 ❢♦r x ❜② ❝♦♠♣❧❡t✐♥❣ t❤❡ sq✉❛r❡✳

❊①❛♠♣❧❡ ✶✵✳✸✾
❙✉❜tr❛❝t c ❢r♦♠ ❜♦t❤ s✐❞❡s✳

ax2 + bx = −c

❊①❛♠♣❧❡ ✶✵✳✹✵
❉✐✈✐❞❡ ❜♦t❤ s✐❞❡s ❜② a, t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ x2.

x2 + b
ax = −c

a

❊①❛♠♣❧❡ ✶✵✳✹✶
◆♦✇ ✇❡ ❤❛✈❡ t❤❡ ♣r♦♣❡r ❢♦r♠ t♦ ❝♦♠♣❧❡t❡ t❤❡ sq✉❛r❡✳ ❚❛❦❡ ♦♥❡ ❤❛❧❢ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ x, sq✉❛r❡ ✐t✱
❛♥❞ ❛❞❞ t❤❡ r❡s✉❧t t♦ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❡q✉❛t✐♦♥ ❢♦✉♥❞ ✐♥ st❡♣ ✷✳

✭❛✮ 1
2 · b

a = b
2a ✐s ♦♥❡ ❤❛❧❢ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ x.

✭❜✮
(

b
2a

)2
✐s t❤❡ sq✉❛r❡ ♦❢ ♦♥❡ ❤❛❧❢ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ x.

x2 + b
ax +

(
b
2a

)2
= −c

a +
(

b
2a

)2

❊①❛♠♣❧❡ ✶✵✳✹✷
❚❤❡ ❧❡❢t s✐❞❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ✐s ♥♦✇ ❛ ♣❡r❢❡❝t sq✉❛r❡ tr✐♥♦♠✐❛❧ ❛♥❞ ❝❛♥ ❜❡ ❢❛❝t♦r❡❞✳ ❚❤✐s ❣✐✈❡s ✉s

(
x + b

2a

)2
= −c

a + b2

4a2

❊①❛♠♣❧❡ ✶✵✳✹✸
❆❞❞ t❤❡ t✇♦ ❢r❛❝t✐♦♥s ♦♥ t❤❡ r✐❣❤t s✐❞❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥✳ ❚❤❡ ▲❈❉ = 4a2.

(
x + b

2a

)2
= −4ac

4a2 + b2

4a2

(
x + b

2a

)2
= −4ac+b2

4a2

(
x + b

2a

)2
= b2−4ac

4a2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✽✺

❊①❛♠♣❧❡ ✶✵✳✹✹
❙♦❧✈❡ ❢♦r x ✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ ❡①tr❛❝t✐♦♥ ♦❢ r♦♦ts✳

x + b
2a = ±

√
b2−4ac

4a2

x + b
2a = ±

√
b2−4ac√

4a2

√
4a2 = |2a| = 2|a| = ±2a

x + b
2a = ±

√
b2−4ac
2a

x = − b
2a ±

√
b2−4ac
2a ❆❞❞ t❤❡s❡ t✇♦ ❢r❛❝t✐♦♥s✳

x = −b±
√

b2−4ac
2a

✶✵✳✻✳✼ ❙❛♠♣❧❡ ❙❡t ❇

❙♦❧✈❡ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s ✉s✐♥❣ t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠✉❧❛✳

❊①❛♠♣❧❡ ✶✵✳✹✺
3x2 + 5x + 2 = 0.

✶✳ ■❞❡♥t✐❢② a, b, ❛♥❞ c.

a = 3, b = 5, ❛♥❞ c = 2

✷✳ ❲r✐t❡ t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠✉❧❛✳

x = −b±
√

b2−4ac
2a

✸✳ ❙✉❜st✐t✉t❡✳

x =
−5±

√
(5)2−4(3)(2)

2(3)

= −5±
√

25−24
6

= −5±
√

1
6

= −5±1
6 −5 + 1 = −4 ❛♥❞ − 5 − 1 = −6

= −4
6 , −6

6

x = −2
3 ,−1

Note : ❙✐♥❝❡ t❤❡s❡ r♦♦ts ❛r❡ r❛t✐♦♥❛❧ ♥✉♠❜❡rs✱ t❤✐s ❡q✉❛t✐♦♥ ❝♦✉❧❞ ❤❛✈❡ ❜❡❡♥ s♦❧✈❡❞ ❜② ❢❛❝t♦r✐♥❣✳

❊①❛♠♣❧❡ ✶✵✳✹✻
12x2 − 2x − 1 = 0.

✶✳ ■❞❡♥t✐❢② a, b, ❛♥❞ c.

a = 12, b = −2, ❛♥❞ c = −1

✷✳ ❲r✐t❡ t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠✉❧❛✳

x = −b±
√

b2−4ac
2a

✸✳ ❙✉❜st✐t✉t❡✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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x =
−(−2)±

√
(−2)2−4(12)(−1)

2(12)

= 2±
√

4+48
24 ❙✐♠♣❧✐❢②.

= 2±
√

52
24 ❙✐♠♣❧✐❢②.

= 2±
√

4 · 13
24 ❙✐♠♣❧✐❢②.

= 2±2
√

13
24 ❘❡❞✉❝❡.❋❛❝t♦r ✷ ❢r♦♠ t❤❡ t❡r♠s ♦❢ t❤❡ ♥✉♠❡r❛t♦r.

=
2(1±

√
13)

24

x = 1±
√

13
12

❊①❛♠♣❧❡ ✶✵✳✹✼
2y2 + 3 = 0

✶✳ ■❞❡♥t✐❢② a, b, ❛♥❞ c.

a = 2, b = 0, ❛♥❞ c = 3

✷✳ ❲r✐t❡ t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠✉❧❛✳

x = −b±
√

b2−4ac
2a

✸✳ ❙✉❜st✐t✉t❡✳

x =
−0±

√
02−4(2)(3)

2(2)

x = 0±
√
−24

4

❚❤✐s ❡q✉❛t✐♦♥ ❤❛s ♥♦ r❡❛❧ ♥✉♠❜❡r s♦❧✉t✐♦♥ s✐♥❝❡ ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ ❛ ♥❡❣❛t✐✈❡ ♥✉♠❜❡r
✉♥❞❡r t❤❡ r❛❞✐❝❛❧ s✐❣♥✳

❊①❛♠♣❧❡ ✶✵✳✹✽
−8x2 + 11x = 0

✶✳ ■❞❡♥t✐❢② a, b, ❛♥❞ c.

a = −8, b = 11, ❛♥❞ c = 0

✷✳ ❲r✐t❡ t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠✉❧❛✳

x = −b±
√

b2−4ac
2a

✸✳ ❙✉❜st✐t✉t❡✳

x =
−11±

√
112−4(−8)(0)

2(−8)

= −11±
√

121−0
−16 ❙✐♠♣❧✐❢②.

= −11±
√

121
−16 ❙✐♠♣❧✐❢②.

= −11±11
−16

x = 0, 11
8

❊①❛♠♣❧❡ ✶✵✳✹✾
(3x + 1) (x − 4) = x2 + x − 2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✽✼

✶✳ ❲r✐t❡ t❤❡ ❡q✉❛t✐♦♥ ✐♥ st❛♥❞❛r❞ ❢♦r♠✳

3x2 − 11x − 4 = x2 + x − 2

2x2 − 12x − 2 = 0

x2 − 6x − 1 = 0

✷✳ ■❞❡♥t✐❢② a, b, ❛♥❞ c.

a = 1, b = −6, ❛♥❞ c = −1

✸✳ ❲r✐t❡ t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠✉❧❛✳

x = −b±
√

b2−4ac
2a

✹✳ ❙✉❜st✐t✉t❡✳

x =
−(−6)±

√
(−6)2−4(1)(−1)

2(1)

= 6±
√

36+4
2

= 6±
√

40
2

= 6±
√

4 · 10
2

= 6±2
√

10
2

=
2(3±

√
10)

2

x = 3 ±
√

10

✶✵✳✻✳✽ Pr❛❝t✐❝❡ ❙❡t ❇

❙♦❧✈❡ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s ✉s✐♥❣ t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠✉❧❛✳

❊①❡r❝✐s❡ ✶✵✳✻✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✸✳✮

2x2 + 3x − 7 = 0

❊①❡r❝✐s❡ ✶✵✳✻✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✸✳✮

5a2 − 2a − 1 = 0

❊①❡r❝✐s❡ ✶✵✳✻✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✸✳✮

6y2 + 5 = 0

❊①❡r❝✐s❡ ✶✵✳✻✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✸✳✮

−3m2 + 2m = 0

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✶✵✳✻✳✾ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥s ✉s✐♥❣ t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠✉❧❛✳

❊①❡r❝✐s❡ ✶✵✳✻✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✸✳✮

x2 − 2x − 3 = 0

❊①❡r❝✐s❡ ✶✵✳✻✳✶✻
x2 + 5x + 6 = 0

❊①❡r❝✐s❡ ✶✵✳✻✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✸✳✮

y2 − 5y + 4 = 0

❊①❡r❝✐s❡ ✶✵✳✻✳✶✽
a2 + 4a − 21 = 0

❊①❡r❝✐s❡ ✶✵✳✻✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✸✳✮

a2 + 12a + 20 = 0

❊①❡r❝✐s❡ ✶✵✳✻✳✷✵
b2 − 4b + 4 = 0

❊①❡r❝✐s❡ ✶✵✳✻✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✸✳✮

b2 + 4b + 4 = 0

❊①❡r❝✐s❡ ✶✵✳✻✳✷✷
x2 + 10x + 25 = 0

❊①❡r❝✐s❡ ✶✵✳✻✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✸✳✮

2x2 − 5x − 3 = 0

❊①❡r❝✐s❡ ✶✵✳✻✳✷✹
6y2 + y − 2 = 0

❊①❡r❝✐s❡ ✶✵✳✻✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✸✳✮

4x2 − 2x − 1 = 0

❊①❡r❝✐s❡ ✶✵✳✻✳✷✻
3y2 + 2y − 1 = 0

❊①❡r❝✐s❡ ✶✵✳✻✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✸✳✮

5a2 − 2a − 3 = 0

❊①❡r❝✐s❡ ✶✵✳✻✳✷✽
x2 − 3x + 1 = 0

❊①❡r❝✐s❡ ✶✵✳✻✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✸✳✮

x2 − 5x − 4 = 0

❊①❡r❝✐s❡ ✶✵✳✻✳✸✵
(x + 2) (x − 1) = 1

❊①❡r❝✐s❡ ✶✵✳✻✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✸✳✮

(a + 4) (a − 5) = 2

❊①❡r❝✐s❡ ✶✵✳✻✳✸✷
(x − 3) (x + 3) = 7

❊①❡r❝✐s❡ ✶✵✳✻✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✸✳✮

(b − 4) (b + 4) = 9

❊①❡r❝✐s❡ ✶✵✳✻✳✸✹
x2 + 8x = 2

❊①❡r❝✐s❡ ✶✵✳✻✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✸✳✮

y2 = −5y + 4

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✽✾

❊①❡r❝✐s❡ ✶✵✳✻✳✸✻
x2 = −3x + 7

❊①❡r❝✐s❡ ✶✵✳✻✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✸✳✮

x2 = −2x − 1

❊①❡r❝✐s❡ ✶✵✳✻✳✸✽
x2 + x + 1 = 0

❊①❡r❝✐s❡ ✶✵✳✻✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✹✳✮

a2 + 3a − 4 = 0

❊①❡r❝✐s❡ ✶✵✳✻✳✹✵
y2 + y = −4

❊①❡r❝✐s❡ ✶✵✳✻✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✹✳✮

b2 + 3b = −2

❊①❡r❝✐s❡ ✶✵✳✻✳✹✷
x2 + 6x + 8 = −x − 2

❊①❡r❝✐s❡ ✶✵✳✻✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✹✳✮

x2 + 4x = 2x − 5

❊①❡r❝✐s❡ ✶✵✳✻✳✹✹
6b2 + 5b − 4 = b2 + b + 1

❊①❡r❝✐s❡ ✶✵✳✻✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✹✳✮

4a2 + 7a − 2 = −2a + a

❊①❡r❝✐s❡ ✶✵✳✻✳✹✻
(2x + 5) (x − 4) = x2 − x + 2

❊①❡r❝✐s❡ ✶✵✳✻✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✹✳✮

(x − 4)
2

= 3

❊①❡r❝✐s❡ ✶✵✳✻✳✹✽
(x + 2)

2
= 4

❊①❡r❝✐s❡ ✶✵✳✻✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✹✳✮

(b − 6)
2

= 8

❊①❡r❝✐s❡ ✶✵✳✻✳✺✵
(3 − x)

2
= 6

❊①❡r❝✐s❡ ✶✵✳✻✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✹✳✮

3
(
x2 + 1

)
= 2 (x + 7)

❊①❡r❝✐s❡ ✶✵✳✻✳✺✷
2

(
y2 − 3

)
= −3 (y − 1)

❊①❡r❝✐s❡ ✶✵✳✻✳✺✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✹✳✮

−4
(
a2 + 2

)
+ 3 = 5

❊①❡r❝✐s❡ ✶✵✳✻✳✺✹
−

(
x2 + 3x − 1

)
= 2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✾✵ ❈❍❆P❚❊❘ ✶✵✳ ◗❯❆❉❘❆❚■❈ ❊◗❯❆❚■❖◆❙

✶✵✳✻✳✶✵ ❊①❡r❝✐s❡s ❋♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✶✵✳✻✳✺✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✹✳✮

✭❙❡❝t✐♦♥ ✷✳✼✮ ❙✐♠♣❧✐❢②
(

x8y7z5

x4y6z2

)2

.

❊①❡r❝✐s❡ ✶✵✳✻✳✺✻
✭❙❡❝t✐♦♥ ✸✳✼✮ ❲r✐t❡ 4a−6b2c3a5b−3 s♦ t❤❛t ♦♥❧② ♣♦s✐t✐✈❡ ❡①♣♦♥❡♥ts ❛♣♣❡❛r✳

❊①❡r❝✐s❡ ✶✵✳✻✳✺✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✹✳✮

✭❙❡❝t✐♦♥ ✹✳✻✮ ❋✐♥❞ t❤❡ ♣r♦❞✉❝t✿ (2y + 7) (3y − 1) .

❊①❡r❝✐s❡ ✶✵✳✻✳✺✽
✭❙❡❝t✐♦♥ ✾✳✻✮ ❙✐♠♣❧✐❢②✿

√
80 −

√
45.

❊①❡r❝✐s❡ ✶✵✳✻✳✺✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✹✳✮

✭❙❡❝t✐♦♥ ✶✵✳✺✮ ❙♦❧✈❡ x2 − 4x − 12 = 0 ❜② ❝♦♠♣❧❡t✐♥❣ t❤❡ sq✉❛r❡✳

✶✵✳✼ ❆♣♣❧✐❝❛t✐♦♥s ✼

✶✵✳✼✳✶ ❖✈❡r✈✐❡✇

• ❚❤❡ ❋✐✈❡✲❙t❡♣ ▼❡t❤♦❞
• ❊①❛♠♣❧❡s

✶✵✳✼✳✷ ❚❤❡ ❋✐✈❡✲❙t❡♣ ▼❡t❤♦❞

❲❡ ❛r❡ ♥♦✇ ✐♥ ❛ ♣♦s✐t✐♦♥ t♦ st✉❞② s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s✳ ◗✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s ❝❛♥ ❛r✐s❡
❢r♦♠ ❛ ✈❛r✐❡t② ♦❢ ♣❤②s✐❝❛❧ ✭❛♣♣❧✐❡❞✮ ❛♥❞ ♠❛t❤❡♠❛t✐❝❛❧ ✭❧♦❣✐❝❛❧✮ ♣r♦❜❧❡♠s✳

❲❡ ✇✐❧❧✱ ❛❣❛✐♥✱ ❛♣♣❧② t❤❡ ✜✈❡✲st❡♣ ♠❡t❤♦❞ ❢♦r s♦❧✈✐♥❣ ✇♦r❞ ♣r♦❜❧❡♠s✳
❋✐✈❡✲❙t❡♣ ▼❡t❤♦❞ ♦❢ ❙♦❧✈✐♥❣ ❲♦r❞ Pr♦❜❧❡♠s

❙t❡♣ ✶✿ ▲❡t x ✭♦r s♦♠❡ ♦t❤❡r ❧❡tt❡r✮ r❡♣r❡s❡♥t t❤❡ ✉♥❦♥♦✇♥ q✉❛♥t✐t②✳
❙t❡♣ ✷✿ ❚r❛♥s❧❛t❡ t❤❡ ✈❡r❜❛❧ ❡①♣r❡ss✐♦♥ t♦ ♠❛t❤❡♠❛t✐❝❛❧ s②♠❜♦❧s ❛♥❞ ❢♦r♠ ❛♥ ❡q✉❛t✐♦♥✳
❙t❡♣ ✸✿ ❙♦❧✈❡ t❤✐s ❡q✉❛t✐♦♥✳
❙t❡♣ ✹✿ ❈❤❡❝❦ t❤❡ s♦❧✉t✐♦♥ ❜② s✉❜st✐t✉t✐♥❣ t❤❡ r❡s✉❧t ✐♥t♦ t❤❡ ❡q✉❛t✐♦♥ ❢♦✉♥❞ ✐♥ st❡♣ ✷✳
❙t❡♣ ✺✿ ❲r✐t❡ ❛ ❝♦♥❝❧✉s✐♦♥✳

❘❡♠❡♠❜❡r✱ st❡♣ ✶ ✐s ✈❡r② ✐♠♣♦rt❛♥t✳
❆▲❲❆❨❙ ❙❚❆❘❚ ❇❨ ■◆❚❘❖❉❯❈■◆● ❆ ❱❆❘■❆❇▲❊✳
❖♥❝❡ t❤❡ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥ ✐s ❞❡✈❡❧♦♣❡❞ ✭st❡♣ ✷✮✱ tr② t♦ s♦❧✈❡ ✐t ❜② ❢❛❝t♦r✐♥❣✳ ■❢ ❢❛❝t♦r✐♥❣ ❞♦❡s♥✬t ✇♦r❦✱

✉s❡ t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠✉❧❛✳ ❆ ❝❛❧❝✉❧❛t♦r ♠❛② ❤❡❧♣ t♦ ♠❛❦❡ s♦♠❡ ♦❢ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ❛ ❧✐tt❧❡ ❧❡ss t❡❞✐♦✉s✳

✶✵✳✼✳✸ ❙❛♠♣❧❡ ❙❡t ❆

❊①❛♠♣❧❡ ✶✵✳✺✵
❆ ♣r♦❞✉❝❡r ♦❢ ♣❡rs♦♥❛❧ ❝♦♠♣✉t❡r ♠♦✉s❡ ❝♦✈❡rs ❞❡t❡r♠✐♥❡s t❤❛t t❤❡ ♥✉♠❜❡r N ♦❢ ❝♦✈❡rs s♦❧❞ ✐s
r❡❧❛t❡❞ t♦ t❤❡ ♣r✐❝❡ x ♦❢ ❛ ❝♦✈❡r ❜② N = 35x−x2. ❆t ✇❤❛t ♣r✐❝❡ s❤♦✉❧❞ t❤❡ ♣r♦❞✉❝❡r ♣r✐❝❡ ❛ ♠♦✉s❡
❝♦✈❡r ✐♥ ♦r❞❡r t♦ s❡❧❧ ✷✶✻ ♦❢ t❤❡♠❄

✼❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✶✺✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙t❡♣ 1 : ▲❡tx = t❤❡ ♣r✐❝❡ ♦❢ ❛♠♦✉s❡ ❝♦✈❡r✳

❙t❡♣ 2 : ❙✐♥❝❡N ✐s t♦ ❜❡ ✷✶✻✱ t❤❡ ❡q✉❛t✐♦♥ ✐s

216 = 35x − x2

❙t❡♣ 3 : 216 = 35x − x2 ❘❡✇r✐t❡ ✐♥ st❛♥❞❛r❞ ❢♦r♠✳

x2 − 35x + 216 = 0 ❚r② ❢❛❝t♦r✐♥❣✳

(x − 8) (x − 27) = 0

x − 8 = 0 or x − 27 = 0

x = 8 or x = 27

❈❤❡❝❦ t❤❡s❡ ♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥s✳

❙t❡♣ 4 : ■❢x = 8, ■❢x = 27,

35 · 8 − 82 = 216 ■s t❤✐s ❝♦rr❡❝t❄ 35 · 27 − 272 = 216 ■s t❤✐s ❝♦rr❡❝t❄

280 − 64 = 216 ■s t❤✐s ❝♦rr❡❝t❄ 945 − 729 = 216 ■s t❤✐s ❝♦rr❡❝t❄

216 = 216 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳ 216 = 216 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❚❤❡s❡ s♦❧✉t✐♦♥s ❝❤❡❝❦✳

❙t❡♣ 5 : ❚❤❡ ❝♦♠♣✉t❡r♠♦✉s❡ ❝♦✈❡rs ❝❛♥ ❜❡ ♣r✐❝❡❞ ❛t ❡✐t❤❡r ✩✽ ♦r ✩✷✼ ✐♥ ♦r❞❡r t♦ s❡❧❧ ✷✶✻ ♦❢ t❤❡♠✳

✶✵✳✼✳✹ Pr❛❝t✐❝❡ ❙❡t ❆

❊①❡r❝✐s❡ ✶✵✳✼✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✹✳✮

❆ ♠❛♥✉❢❛❝t✉r❡r ♦❢ ❝❧♦t❤ ♣❡rs♦♥❛❧ ❝♦♠♣✉t❡r ❞✉st ❝♦✈❡rs ♥♦t✐❝❡s t❤❛t t❤❡ ♥✉♠❜❡r N ♦❢ ❝♦✈❡rs s♦❧❞
✐s r❡❧❛t❡❞ t♦ t❤❡ ♣r✐❝❡ ♦❢ ❝♦✈❡rs ❜② N = 30x− x2. ❆t ✇❤❛t ♣r✐❝❡ s❤♦✉❧❞ t❤❡ ♠❛♥✉❢❛❝t✉r❡r ♣r✐❝❡ t❤❡
❝♦✈❡rs ✐♥ ♦r❞❡r t♦ s❡❧❧ ✷✶✻ ♦❢ t❤❡♠❄

❙t❡♣ ✶✿

❙t❡♣ ✷✿

❙t❡♣ ✸✿

❙t❡♣ ✹✿

❙t❡♣ ✺✿ ■♥ ♦r❞❡r t♦ s❡❧❧ ✷✶✻ ❝♦✈❡rs✱ t❤❡ ♠❛♥✉❢❛❝t✉r❡r s❤♦✉❧❞ ♣r✐❝❡ t❤❡♠ ❛t ❡✐t❤❡r ♦r
✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✶✵✳✼✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✹✳✮

■t ✐s ❡st✐♠❛t❡❞ t❤❛t t ②❡❛rs ❢r♦♠ ♥♦✇ t❤❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ ❛ ♣❛rt✐❝✉❧❛r ❝✐t② ✇✐❧❧ ❜❡

P = t2 − 24t + 96, 000.

❍♦✇ ♠❛♥② ②❡❛rs ❢r♦♠ ♥♦✇ ✇✐❧❧ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❜❡ ✾✺✱✽✻✺❄

❙t❡♣ ✶✿

❙t❡♣ ✷✿

❙t❡♣ ✸✿

❙t❡♣ ✹✿

❙t❡♣ ✺✿

✶✵✳✼✳✺ ❙❛♠♣❧❡ ❙❡t ❇

❊①❛♠♣❧❡ ✶✵✳✺✶
❚❤❡ ❧❡♥❣t❤ ♦❢ ❛ r❡❝t❛♥❣❧❡ ✐s ✹ ✐♥❝❤❡s ♠♦r❡ t❤❛♥ t✇✐❝❡ ✐ts ✇✐❞t❤✳ ❚❤❡ ❛r❡❛ ✐s ✸✵ sq✉❛r❡ ✐♥❝❤❡s✳ ❋✐♥❞
t❤❡ ❞✐♠❡♥s✐♦♥s ✭❧❡♥❣t❤ ❛♥❞ ✇✐❞t❤✮✳

❙t❡♣ ✶✿ ▲❡t x =t❤❡ ✇✐❞t❤✳ ❚❤❡♥✱ 2x + 4 = t❤❡ ❧❡♥❣t❤✳

❙t❡♣ 2 : ❚❤❡ ❛r❡❛ ♦❢ ❛ r❡❝t❛♥❣❧❡ ✐s ❞❡✜♥❡❞ t♦ ❜❡ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ r❡❝t❛♥❣❧❡ t✐♠❡s t❤❡✇✐❞t❤ ♦❢ t❤❡ r❡❝t❛♥❣❧❡✳ ❚❤✉s✱

x (2x + 4) = 30

❙t❡♣ 3 : x (2x + 4) = 30

2x2 + 4x = 30

2x2 + 4x − 30 = 0 ❉✐✈✐❞❡ ❡❛❝❤ s✐❞❡ ❜② ✷.

x2 + 2x − 15 = 0 ❋❛❝t♦r.

(x + 5) (x − 3) = 0

x = −5, 3

x = −5 ❤❛s ♥♦ ♣❤②s✐❝❛❧♠❡❛♥✐♥❣ s♦✇❡ ❞✐sr❡❣❛r❞ ✐t✳ ❈❤❡❝❦x = 3.

x = 3

2x + 4 = 2 · 3 + 4 = 10

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✾✸

❙t❡♣ 4 : x (2x + 4) = 30 ■s t❤✐s ❝♦rr❡❝t❄

3 (2 · 3 + 4) = 30 ■s t❤✐s ❝♦rr❡❝t❄

3 (6 + 4) = 30 ■s t❤✐s ❝♦rr❡❝t❄

3 (10) = 30 ■s t❤✐s ❝♦rr❡❝t❄

30 = 30 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❙t❡♣ 5 : ❲✐❞t❤ = ✸ ✐♥❝❤❡s ❛♥❞ ❧❡♥❣t❤ = ✶0 ✐♥❝❤❡s.

✶✵✳✼✳✻ Pr❛❝t✐❝❡ ❙❡t ❇

❊①❡r❝✐s❡ ✶✵✳✼✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✹✳✮

❚❤❡ ❧❡♥❣t❤ ♦❢ ❛ r❡❝t❛♥❣❧❡ ✐s ✸ ❢❡❡t ♠♦r❡ t❤❛♥ t✇✐❝❡ ✐ts ✇✐❞t❤✳ ❚❤❡ ❛r❡❛ ✐s ✶✹ sq✉❛r❡ ❢❡❡t✳ ❋✐♥❞ t❤❡
❞✐♠❡♥s✐♦♥s✳

❊①❡r❝✐s❡ ✶✵✳✼✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✹✳✮

❚❤❡ ❛r❡❛ ♦❢ ❛ tr✐❛♥❣❧❡ ✐s ✷✹ sq✉❛r❡ ♠❡t❡rs✳ ❚❤❡ ❜❛s❡ ✐s ✷ ♠❡t❡rs ❧♦♥❣❡r t❤❛♥ t❤❡ ❤❡✐❣❤t✳ ❋✐♥❞ t❤❡
❜❛s❡ ❛♥❞ ❤❡✐❣❤t✳ ❚❤❡ ❢♦r♠✉❧❛ ❢♦r t❤❡ ❛r❡❛ ♦❢ ❛ tr✐❛♥❣❧❡ ✐s A = 1

2b · h.

✶✵✳✼✳✼ ❙❛♠♣❧❡ ❙❡t ❈

❊①❛♠♣❧❡ ✶✵✳✺✷
❚❤❡ ♣r♦❞✉❝t ♦❢ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ✐♥t❡❣❡rs ✐s ✶✺✻✳ ❋✐♥❞ t❤❡♠✳

❙t❡♣ ✶ : ▲❡tx = t❤❡ s♠❛❧❧❡r ✐♥t❡❣❡r✳

x + 1 = t❤❡ ♥❡①t ✐♥t❡❣❡r✳

❙t❡♣ ✷ : x (x + 1) = 156

❙t❡♣ ✸ : x (x + 1) = 156

x2 + x = 156

x2 + x − 156 = 0

(x − 12) (x − 13) = 0

x = 12, − 13

❚❤✐s ❢❛❝t♦r✐③❛t✐♦♥ ♠❛② ❜❡ ❤❛r❞ t♦ ❣✉❡ss✳ ❲❡ ❝♦✉❧❞ ❛❧s♦ ✉s❡ t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠✉❧❛✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✾✹ ❈❍❆P❚❊❘ ✶✵✳ ◗❯❆❉❘❆❚■❈ ❊◗❯❆❚■❖◆❙

x2 + x − 156 = 0

a = 1, b = 1, c = −156

x =
−1±

√
12−4(1)(−156)

2(1)

= −1±
√

1+624
2

= −1±25
2

−1±25
2 = 24

2 = 12 ❛♥❞ −1−25
2 = −26

2 = −13

x = 12, − 13 ❈❤❡❝❦ ✶✷✱ ✶✸ ❛♥❞ − ✶✸✱ ✶✷✳

x + 1 = 13, − 12

❙t❡♣ 4 : ■❢x = 12 : 12 (2 + 1) = 156 ■s t❤✐s ❝♦rr❡❝t❄

12 (13) = 156 ■s t❤✐s ❝♦rr❡❝t❄

156 = 156 ■s t❤✐s ❝♦rr❡❝t❄

■❢x = −13 −13 (−13 + 1) = 156 ■s t❤✐s ❝♦rr❡❝t❄

−13 (−12) = 156 ■s t❤✐s ❝♦rr❡❝t❄

156 = 156 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

Step 5 : ❚❤❡r❡ ❛r❡ two s♦❧✉t✐♦♥s✿ 12, 13 ❛♥❞− 13, − 12.

✶✵✳✼✳✽ Pr❛❝t✐❝❡ ❙❡t ❈

❊①❡r❝✐s❡ ✶✵✳✼✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✹✳✮

❚❤❡ ♣r♦❞✉❝t ♦❢ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ✐♥t❡❣❡rs ✐s ✷✶✵✳ ❋✐♥❞ t❤❡♠✳

❊①❡r❝✐s❡ ✶✵✳✼✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✹✳✮

❋♦✉r ✐s ❛❞❞❡❞ t♦ ❛♥ ✐♥t❡❣❡r ❛♥❞ t❤❛t s✉♠ ✐s tr✐♣❧❡❞✳ ❲❤❡♥ t❤✐s r❡s✉❧t ✐s ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ ♦r✐❣✐♥❛❧
✐♥t❡❣❡r✱ t❤❡ ♣r♦❞✉❝t ✐s −✶✷✳ ❋✐♥❞ t❤❡ ✐♥t❡❣❡r✳

✶✵✳✼✳✾ ❙❛♠♣❧❡ ❙❡t ❉

❊①❛♠♣❧❡ ✶✵✳✺✸
❆ ❜♦① ✇✐t❤ ♥♦ t♦♣ ❛♥❞ ❛ sq✉❛r❡ ❜❛s❡ ✐s t♦ ❜❡ ♠❛❞❡ ❜② ❝✉tt✐♥❣ ♦✉t ✷✲✐♥❝❤ sq✉❛r❡s ❢r♦♠ ❡❛❝❤ ❝♦r♥❡r
❛♥❞ ❢♦❧❞✐♥❣ ✉♣ t❤❡ s✐❞❡s ♦❢ ❛ ♣✐❡❝❡ ♦❢ ❛ sq✉❛r❡ ❝❛r❞❜♦❛r❞✳ ❚❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ❜♦① ✐s t♦ ❜❡ ✽ ❝✉❜✐❝
✐♥❝❤❡s✳ ❲❤❛t s✐③❡ s❤♦✉❧❞ t❤❡ ♣✐❡❝❡ ♦❢ ❝❛r❞❜♦❛r❞ ❜❡❄

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✾✺

❙t❡♣ ✶✿ ▲❡tx = t❤❡ ❧❡♥❣t❤ (❛♥❞✇✐❞t❤) ♦❢ t❤❡ ♣✐❡❝❡ ♦❢ ❝❛r❞❜♦❛r❞.

❙t❡♣ ✷✿ ❚❤❡ ✈♦❧✉♠❡ ♦❢ ❛ r❡❝t❛♥❣✉❧❛r ❜♦① ✐s

V = (❧❡♥❣t❤) (✇✐❞t❤) (❤❡✐❣❤t)

8 = (x − 4) (x − 4) 2

❙t❡♣ 3 : 8 = (x − 4) (x − 4) 2

8 =
(
x2 − 8x + 16

)
2

8 = 2x2 − 16x + 32

2x2 − 16x + 24 = 0 ❉✐✈✐❞❡ ❡❛❝❤ s✐❞❡ ❜② ✷✳

x2 − 8x + 12 = 0 ❋❛❝t♦r✳

(x − 6) (x − 2) = 0

x = 6, 2

x ❝❛♥♥♦t ❡q✉❛❧ ✷ ✭t❤❡ ❝✉t ✇♦✉❧❞ ❣♦ t❤r♦✉❣❤ t❤❡ ♣✐❡❝❡ ♦❢ ❝❛r❞❜♦❛r❞✮✳ ❈❤❡❝❦ x = 6.

❙t❡♣ 4 : (6 − 4) (6 − 4) 2 = 8 ■s t❤✐s ❝♦rr❡❝t❄

(2) (2) 2 = 8 ■s t❤✐s ❝♦rr❡❝t❄

8 = 8 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❙t❡♣ 5 : ❚❤❡ ♣✐❡❝❡ ♦❢ ❝❛r❞❜♦❛r❞ s❤♦✉❧❞ ❜❡ ✻ ✐♥❝❤❡s ❜② ✻ ✐♥❝❤❡s.

✶✵✳✼✳✶✵ Pr❛❝t✐❝❡ ❙❡t ❉

❊①❡r❝✐s❡ ✶✵✳✼✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✹✳✮

❆ ❜♦① ✇✐t❤ ♥♦ t♦♣ ❛♥❞ ❛ sq✉❛r❡ ❜❛s❡ ✐s t♦ ❜❡ ♠❛❞❡ ❜② ❝✉tt✐♥❣ ✸✲✐♥❝❤ sq✉❛r❡s ❢r♦♠ ❡❛❝❤ ❝♦r♥❡r ❛♥❞
❢♦❧❞✐♥❣ ✉♣ t❤❡ s✐❞❡s ♦❢ ❛ ♣✐❡❝❡ ♦❢ ❝❛r❞❜♦❛r❞✳ ❚❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ❜♦① ✐s t♦ ❜❡ ✹✽ ❝✉❜✐❝ ✐♥❝❤❡s✳ ❲❤❛t
s✐③❡ s❤♦✉❧❞ t❤❡ ♣✐❡❝❡ ♦❢ ❝❛r❞❜♦❛r❞ ❜❡❄

✶✵✳✼✳✶✶ ❙❛♠♣❧❡ ❙❡t ❊

❊①❛♠♣❧❡ ✶✵✳✺✹
❆ st✉❞② ♦❢ t❤❡ ❛✐r q✉❛❧✐t② ✐♥ ❛ ♣❛rt✐❝✉❧❛r ❝✐t② ❜② ❛♥ ❡♥✈✐r♦♥♠❡♥t❛❧ ❣r♦✉♣ s✉❣❣❡sts t❤❛t t ②❡❛rs ❢r♦♠
♥♦✇ t❤❡ ❧❡✈❡❧ ♦❢ ❝❛r❜♦♥ ♠♦♥♦①✐❞❡✱ ✐♥ ♣❛rts ♣❡r ♠✐❧❧✐♦♥✱ ✐♥ t❤❡ ❛✐r ✇✐❧❧ ❜❡

A = 0.3t2 + 0.1t + 4.2

✭❛✮ ❲❤❛t ✐s t❤❡ ❧❡✈❡❧✱ ✐♥ ♣❛rts ♣❡r ♠✐❧❧✐♦♥✱ ♦❢ ❝❛r❜♦♥ ♠♦♥♦①✐❞❡ ✐♥ t❤❡ ❛✐r ♥♦✇❄

❙✐♥❝❡ t❤❡ ❡q✉❛t✐♦♥ A = 0.3t2 + 0.1t + 4.2 s♣❡❝✐✜❡s t❤❡ ❧❡✈❡❧ t ②❡❛rs ❢r♦♠ ♥♦✇✱ ✇❡ ❤❛✈❡
t = 0.

A = 0.3t2 + 0.1t + 4.2
A = 4.2

✭❜✮ ❍♦✇ ♠❛♥② ②❡❛rs ❢r♦♠ ♥♦✇ ✇✐❧❧ t❤❡ ❧❡✈❡❧ ♦❢ ❝❛r❜♦♥ ♠♦♥♦①✐❞❡ ❜❡ ❛t ✽ ♣❛rts ♣❡r ♠✐❧✲
❧✐♦♥❄

❙t❡♣ 1 : t = t❤❡ ♥✉♠❜❡r ♦❢ ②❡❛rs✇❤❡♥ t❤❡ ❧❡✈❡❧ ✐s ✽.

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✾✻ ❈❍❆P❚❊❘ ✶✵✳ ◗❯❆❉❘❆❚■❈ ❊◗❯❆❚■❖◆❙

❙t❡♣ 2 : 8 = 0.3t2 + 0.1t + 4.2

❙t❡♣ 3 : 8 = 0.3t2 + 0.1t + 4.2

0 = 0.3t2 + 0.1t − 3.8
❚❤✐s ❞♦❡s ♥♦t r❡❛❞✐❧② ❢❛❝t♦r✱ s♦

✇❡✬❧❧ ✉s❡ t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠✉❧❛✳

a = 0.3, b = 0.1, c = −3.8

t =
−0.1±

√
(0.1)2−4(0.3)(−3.8)

2(0.3)

= −0.1±
√

0.01+4.56
0.6 = −0.1±

√
4.57

0.6

= −0.1±2.14
0.6

t = 3.4 ❛♥❞ − 3.73

t = −3.73 ❤❛s ♥♦ ♣❤②s✐❝❛❧♠❡❛♥✐♥❣.❈❤❡❝❦ t = 3.4

❙t❡♣ ✹ : ❚❤✐s ✈❛❧✉❡ ♦❢ t ❤❛s ❜❡❡♥ r♦✉♥❞❡❞ t♦ t❤❡ ♥❡❛r❡st t❡♥t❤. ■t ❞♦❡s ❝❤❡❝❦ (♣r❡tt② ❝❧♦s❡❧②) .

❙t❡♣ ✺ : ❆❜♦✉t ✸.✹ ②❡❛rs ❢r♦♠♥♦✇ t❤❡ ❝❛r❜♦♥♠♦♥♦①✐❞❡ ❧❡✈❡❧ ✇✐❧❧ ❜❡ ✽.

✶✵✳✼✳✶✷ Pr❛❝t✐❝❡ ❙❡t ❊

❊①❡r❝✐s❡ ✶✵✳✼✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✹✳✮

❆ st✉❞② ♦❢ t❤❡ ❛✐r q✉❛❧✐t② ✐♥ ❛ ♣❛rt✐❝✉❧❛r ❝✐t② ❜② ❛♥ ❡♥✈✐r♦♥♠❡♥t❛❧ ❣r♦✉♣ s✉❣❣❡sts t❤❛t t ②❡❛rs ❢r♦♠
♥♦✇ t❤❡ ❧❡✈❡❧ ♦❢ ❝❛r❜♦♥ ♠♦♥♦①✐❞❡✱ ✐♥ ♣❛rts ♣❡r ♠✐❧❧✐♦♥✱ ✐♥ t❤❡ ❛✐r ✇✐❧❧ ❜❡

A = 0.2t2 + 0.1t + 5.1

✭❛✮ ❲❤❛t ✐s t❤❡ ❧❡✈❡❧✱ ✐♥ ♣❛rts ♣❡r ♠✐❧❧✐♦♥✱ ♥♦✇❄

✭❜✮ ❍♦✇ ♠❛♥② ②❡❛rs ❢r♦♠ ♥♦✇ ✇✐❧❧ t❤❡ ❧❡✈❡❧ ♦❢ ❝❛r❜♦♥ ♠♦♥♦①✐❞❡ ❜❡ ❛t ✽ ♣❛rts ♣❡r ♠✐❧❧✐♦♥❄
❘♦✉♥❞ t♦ t❤❡ ♥❡❛r❡st t❡♥t❤✳

✶✵✳✼✳✶✸ ❙❛♠♣❧❡ ❙❡t ❋

❊①❛♠♣❧❡ ✶✵✳✺✺
❆ ❝♦♥tr❛❝t♦r ✐s t♦ ♣♦✉r ❛ ❝♦♥❝r❡t❡ ✇❛❧❦✇❛② ❛r♦✉♥❞ ❛ s✇✐♠♠✐♥❣ ♣♦♦❧ t❤❛t ✐s ✷✵ ❢❡❡t ✇✐❞❡ ❛♥❞ ✹✵
❢❡❡t ❧♦♥❣✳ ❚❤❡ ❛r❡❛ ♦❢ t❤❡ ✇❛❧❦✇❛② ✐s t♦ ❜❡ ✺✹✹ sq✉❛r❡ ❢❡❡t✳ ■❢ t❤❡ ✇❛❧❦✇❛② ✐s t♦ ❜❡ ♦❢ ✉♥✐❢♦r♠
✇✐❞t❤✱ ❤♦✇ ✇✐❞❡ s❤♦✉❧❞ t❤❡ ❝♦♥tr❛❝t♦r ♠❛❦❡ ✐t❄

❙t❡♣ ✶✿ ▲❡t x ❂ t❤❡ ✇✐❞t❤ ♦❢ t❤❡ ✇❛❧❦✇❛②✳
❙t❡♣ ✷✿ ❆ ❞✐❛❣r❛♠ ✇✐❧❧ ❤❡❧♣ ✉s t♦ ❣❡t t❤❡ ❡q✉❛t✐♦♥✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✾✼

✭❆r❡❛ ♦❢ ♣♦♦❧ ❛♥❞ ✇❛❧❦✇❛②✮ ✖ ✭❛r❡❛ ♦❢ ♣♦♦❧✮ ❂ ✭❛r❡❛ ♦❢ ✇❛❧❦✇❛②✮
(20 + 2x) (40 + 2x) − 20 · 40 = 544

❙t❡♣ ✸✿ (20 + 2x) (40 + 2x) − 20 · 40 = 544

800 + 120x + 4x2 − 800 = 544

120x + 4x2 = 544

4x2 + 120x − 544 = 0 ❉✐✈✐❞❡ ❡❛❝❤ t❡r♠❜② ✹.

x2 + 30x − 136 = 0 ❙♦❧✈❡ ❜② ❢❛❝t♦r✐♥❣.

(x − 4) (x + 34) = 0
✭❚❤✐s ✐s ❞✐✣❝✉❧t t♦ ❢❛❝t♦r s♦✇❡♠❛②

✇✐s❤ t♦ ✉s❡ t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠✉❧❛✳✮

x − 4 = 0 ♦r x + 34 = 0

x = 4 ♦r x = −34 ❤❛s ♥♦ ♣❤②s✐❝❛❧♠❡❛♥✐♥❣✳

❈❤❡❝❦ ❛ ✇✐❞t❤ ♦❢ ✹ ❢❡❡t ❛s ❛ s♦❧✉t✐♦♥✳

❙t❡♣ ✹✿ ❆r❡❛ ♦❢ ♣♦♦❧ ❛♥❞✇❛❧❦✇❛② = (20 + 2 · 4) (40 + 2 · 4)

= (28) (48)

= 1344

❆r❡❛ ♦❢ ♣♦♦❧ ❂ ✭✷✵✮✭✹✵✮ ❂ ✽✵✵

❆r❡❛ ♦❢ ✇❛❧❦✇❛② ❂ 1344 − 800 = 544 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❚❤✐s s♦❧✉t✐♦♥ ❝❤❡❝❦s✳
❙t❡♣ ✺✿ ❚❤❡ ❝♦♥tr❛❝t♦r s❤♦✉❧❞ ♠❛❦❡ t❤❡ ✇❛❧❦✇❛② ✹ ❢❡❡t ✇✐❞❡✳

✶✵✳✼✳✶✹ Pr❛❝t✐❝❡ ❙❡t ❋

❊①❡r❝✐s❡ ✶✵✳✼✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✹✳✮

❆ ❝♦♥tr❛❝t♦r ✐s t♦ ♣♦✉r ❛ ❝♦♥❝r❡t❡ ✇❛❧❦✇❛② ❛r♦✉♥❞ ❛ s✇✐♠♠✐♥❣ ♣♦♦✐ t❤❛t ✐s ✶✺ ❢❡❡t ✇✐❞❡ ❛♥❞ ✷✺
❢❡❡t ❧♦♥❣✳ ❚❤❡ ❛r❡❛ ♦❢ t❤❡ ✇❛❧❦✇❛② ✐s t♦ ❜❡ ✷✼✻ sq✉❛r❡ ❢❡❡t✳ ■❢ t❤❡ ✇❛❧❦✇❛② ✐s t♦ ❜❡ ♦❢ ✉♥✐❢♦r♠
✇✐❞t❤✱ ❤♦✇ ✇✐❞❡ s❤♦✉❧❞ t❤❡ ❝♦♥tr❛❝t♦r ♠❛❦❡ ✐t❄

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✾✽ ❈❍❆P❚❊❘ ✶✵✳ ◗❯❆❉❘❆❚■❈ ❊◗❯❆❚■❖◆❙

✶✵✳✼✳✶✺ ❊①❡r❝✐s❡s

❙♦♠❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s ❤❛✈❡ ❛❝t✉❛❧ ❛♣♣❧✐❝❛t✐♦♥s ❛♥❞ s♦♠❡ ❛r❡ ✐♥t❡♥❞❡❞ ♦♥❧② ❛s ❧♦❣✐❝ ❞❡✈❡❧♦♣❡rs✳ ❆
❝❛❧❝✉❧❛t♦r ♠❛② ❜❡ ❤❡❧♣❢✉❧✳ ❚❤❡ ♣r♦❜❧❡♠s ❛♣♣❡❛r ✐♥ ❣r♦✉♣s ❛♥❞ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♥♦t❡❞ ❙❛♠♣❧❡ ❙❡t ♣r♦❜❧❡♠✳

✶✵✳✼✳✶✺✳✶ ❙❛♠♣❧❡ ❙❡t ❆✖❚②♣❡ Pr♦❜❧❡♠s

❊①❡r❝✐s❡ ✶✵✳✼✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✹✳✮

❚❤❡ ♠❛♥✉❢❛❝t✉r❡r ♦❢ ❡❧❡❝tr♦♥✐❝ ❢✉❡❧ ✐♥❥❡❝t♦rs ❞❡t❡r♠✐♥❡s t❤❛t t❤❡ ♥✉♠❜❡r N ♦❢ ✐♥❥❡❝t♦rs s♦❧❞ ✐s
r❡❧❛t❡❞ t♦ t❤❡ ♣r✐❝❡ x ♣❡r ✐♥❥❡❝t♦r ❜② N = 22x − x2.❆t ✇❤❛t ♣r✐❝❡ s❤♦✉❧❞ t❤❡ ♠❛♥✉❢❛❝t✉r❡r ♣r✐❝❡
t❤❡ ✐♥❥❡❝t♦rs s♦ t❤❛t ✶✶✷ ♦❢ t❤❡♠ ❛r❡ s♦❧❞❄

❊①❡r❝✐s❡ ✶✵✳✼✳✶✶
❚❤❡ ♦✇♥❡r ♦❢ ❛ st❛✐♥❡❞✲❣❧❛ss s❤♦♣ ❞❡t❡r♠✐♥❡s t❤❛t t❤❡ ♥✉♠❜❡r N ♦❢ ♣✐❡❝❡s ♦❢ ❛ ♣❛rt✐❝✉❧❛r t②♣❡ ♦❢
❣❧❛ss s♦❧❞ ✐♥ ❛ ♠♦♥t❤ ✐s r❡❧❛t❡❞ t♦ t❤❡ ♣r✐❝❡ x♣❡r ♣✐❡❝❡ ❜② N = 21x− x2. ❆t ✇❤❛t ♣r✐❝❡ s❤♦✉❧❞ t❤❡
s❤♦♣ ❜✉②❡r ♣r✐❝❡ t❤❡ ❣❧❛ss s♦ t❤❛t ✶✻✷ s❡❧❧❄

❊①❡r❝✐s❡ ✶✵✳✼✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✹✳✮

■t ✐s ❡st✐♠❛t❡❞ t❤❛t t ②❡❛rs ❢r♦♠ ♥♦✇ t❤❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ ❛ ❝❡rt❛✐♥ ❝✐t② ✇✐❧❧ ❜❡

P = t2 − 15t + 12, 036

✭❛✮ ❲❤❛t ✐s t❤❡ ♣♦♣✉❧❛t✐♦♥ ♥♦✇❄

✭❜✮ ❍♦✇ ♠❛♥② ②❡❛rs ❢r♦♠ ♥♦✇ ✇✐❧❧ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❜❡ ✶✷✱✵✵✵❄

❊①❡r❝✐s❡ ✶✵✳✼✳✶✸
■t ✐s ❡st✐♠❛t❡❞ t❤❛t t ②❡❛rs ❢r♦♠ ♥♦✇ t❤❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ ❛ ❝❡rt❛✐♥ ❝✐t② ✇✐❧❧ ❜❡

P = t2 − 16t + 24, 060

✭❛✮ ❲❤❛t ✐s t❤❡ ♣♦♣✉❧❛t✐♦♥ ♥♦✇❄

✭❜✮ ❍♦✇ ♠❛♥② ②❡❛rs ❢r♦♠ ♥♦✇ ✇✐❧❧ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❜❡ ✷✹✱✵✵✵❄

❊①❡r❝✐s❡ ✶✵✳✼✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✹✳✮

■❢ ❛♥ ♦❜❥❡❝t ✐s t❤r♦✇♥ ✈❡rt✐❝❛❧❧② ✉♣✇❛r❞✱ ✐ts ❤❡✐❣❤t h✱ ❛❜♦✈❡ t❤❡ ❣r♦✉♥❞✱ ✐♥ ❢❡❡t✱ ❛❢t❡r t s❡❝♦♥❞s ✐s
❣✐✈❡♥ ❜② h = h0 + v0t− 16t2✱ ✇❤❡r❡ h0 ✐s t❤❡ ✐♥✐t✐❛❧ ❤❡✐❣❤t ❢r♦♠ ✇❤✐❝❤ t❤❡ ♦❜❥❡❝t ✐s t❤r♦✇♥ ❛♥❞ v0

✐s t❤❡ ✐♥✐t✐❛❧ ✈❡❧♦❝✐t② ♦❢ t❤❡ ♦❜❥❡❝t✳ ❯s✐♥❣ t❤✐s ❢♦r♠✉❧❛ ❛♥❞ ❛♥ ❛♣♣r♦❛❝❤ ❧✐❦❡ t❤❛t ♦❢ ❙❛♠♣❧❡ ❙❡t ❆✱
s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠✳

❆ ❜❛❧❧ t❤r♦✇♥ ✈❡rt✐❝❛❧❧② ✐♥t♦ t❤❡ ❛✐r ❤❛s t❤❡ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ h = 48 + 32t − 16t2.

✭❛✮ ❍♦✇ ❤✐❣❤ ✐s t❤❡ ❜❛❧❧ ❛t t = 0 ✭t❤❡ ✐♥✐t✐❛❧ ❤❡✐❣❤t ♦❢ t❤❡ ❜❛❧❧✮❄

✭❜✮ ❍♦✇ ❤✐❣❤ ✐s t❤❡ ❜❛❧❧ ❛t t = 1 ✭❛❢t❡r ✶ s❡❝♦♥❞ ✐♥ t❤❡ ❛✐r✮❄

✭❝✮ ❲❤❡♥ ❞♦❡s t❤❡ ❜❛❧❧ ❤✐t t❤❡ ❣r♦✉♥❞❄ ✭❍✐♥t✿ ❉❡t❡r♠✐♥❡ t❤❡ ❛♣♣r♦♣r✐❛t❡ ✈❛❧✉❡ ❢♦r ht❤❡♥
s♦❧✈❡ ❢♦r t ✳✮

❊①❡r❝✐s❡ ✶✵✳✼✳✶✺
❆ ✇♦♠❛♥✬s ❣❧❛ss❡s ❛❝❝✐❞❡♥t❧② ❢❛❧❧ ♦✛ ❤❡r ❢❛❝❡ ✇❤✐❧❡ s❤❡ ✐s ❧♦♦❦✐♥❣ ♦✉t ♦❢ ❛ ✇✐♥❞♦✇ ✐♥ ❛ t❛❧❧ ❜✉✐❧❞✐♥❣✳
❚❤❡ ❡q✉❛t✐♦♥ r❡❧❛t✐♥❣ h✱ t❤❡ ❤❡✐❣❤t ❛❜♦✈❡ t❤❡ ❣r♦✉♥❞ ✐♥ ❢❡❡t✱ ❛♥❞ t✱ t❤❡ t✐♠❡ ✐♥ s❡❝♦♥❞s ❤❡r ❣❧❛ss❡s
❤❛✈❡ ❜❡❡♥ ❢❛❧❧✐♥❣✱ ✐s h = 64 − 16t2.

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✼✾✾

✭❛✮ ❍♦✇ ❤✐❣❤ ✇❛s t❤❡ ✇♦♠❛♥✬s ❢❛❝❡ ✇❤❡♥ ❤❡r ❣❧❛ss❡s ❢❡❧❧ ♦✛❄

✭❜✮ ❍♦✇ ♠❛♥② s❡❝♦♥❞s ❛❢t❡r t❤❡ ❣❧❛ss❡s ❢❡❧❧ ❞✐❞ t❤❡② ❤✐t t❤❡ ❣r♦✉♥❞❄

✶✵✳✼✳✶✺✳✷ ❙❛♠♣❧❡ ❙❡t ❇✖❚②♣❡ Pr♦❜❧❡♠s

❊①❡r❝✐s❡ ✶✵✳✼✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✹✳✮

❚❤❡ ❧❡♥❣t❤ ♦❢ ❛ r❡❝t❛♥❣❧❡ ✐s ✻ ❢❡❡t ♠♦r❡ t❤❛♥ t✇✐❝❡ ✐ts ✇✐❞t❤✳ ❚❤❡ ❛r❡❛ ✐s ✽ sq✉❛r❡ ❢❡❡t✳ ❋✐♥❞ t❤❡
❞✐♠❡♥s✐♦♥s✳

❊①❡r❝✐s❡ ✶✵✳✼✳✶✼
❚❤❡ ❧❡♥❣t❤ ♦❢ ❛ r❡❝t❛♥❣❧❡ ✐s ✶✽ ✐♥❝❤❡s ♠♦r❡ t❤❛♥ t❤r❡❡ t✐♠❡s ✐ts ✇✐❞t❤✳ ❚❤❡ ❛r❡❛ ✐s ✽✶ sq✉❛r❡ ✐♥❝❤❡s✳
❋✐♥❞ t❤❡ ❞✐♠❡♥s✐♦♥s✳

❊①❡r❝✐s❡ ✶✵✳✼✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✹✳✮

❚❤❡ ❧❡♥❣t❤ ♦❢ ❛ r❡❝t❛♥❣❧❡ ✐s t✇♦ t❤✐r❞s ✐ts ✇✐❞t❤✳ ❚❤❡ ❛r❡❛ ✐s ✶✹ sq✉❛r❡ ♠❡t❡rs✳ ❋✐♥❞ t❤❡ ❞✐♠❡♥s✐♦♥s✳

❊①❡r❝✐s❡ ✶✵✳✼✳✶✾
❚❤❡ ❧❡♥❣t❤ ♦❢ ❛ r❡❝t❛♥❣❧❡ ✐s ❢♦✉r ♥✐♥t❤s ✐ts ✇✐❞t❤✳ ❚❤❡ ❛r❡❛ ✐s ✶✹✹ sq✉❛r❡ ❢❡❡t✳ ❋✐♥❞ t❤❡ ❞✐♠❡♥s✐♦♥s✳

❊①❡r❝✐s❡ ✶✵✳✼✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✺✳✮

❚❤❡ ❛r❡❛ ♦❢ ❛ tr✐❛♥❣❧❡ ✐s ✶✹ sq✉❛r❡ ✐♥❝❤❡s✳ ❚❤❡ ❜❛s❡ ✐s ✸ ✐♥❝❤❡s ❧♦♥❣❡r t❤❛♥ t❤❡ ❤❡✐❣❤t✳ ❋✐♥❞ ❜♦t❤
t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❜❛s❡ ❛♥❞ ❤❡✐❣❤t✳

❊①❡r❝✐s❡ ✶✵✳✼✳✷✶
❚❤❡ ❛r❡❛ ♦❢ ❛ tr✐❛♥❣❧❡ ✐s ✸✹ sq✉❛r❡ ❝❡♥t✐♠❡t❡rs✳ ❚❤❡ ❜❛s❡ ✐s ✶ ❝♠ ❧♦♥❣❡r t❤❛♥ t✇✐❝❡ t❤❡ ❤❡✐❣❤t✳ ❋✐♥❞
❜♦t❤ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❜❛s❡ ❛♥❞ t❤❡ ❤❡✐❣❤t✳

✶✵✳✼✳✶✺✳✸ ❙❛♠♣❧❡ ❙❡t ❈✖❚②♣❡ Pr♦❜❧❡♠s

❊①❡r❝✐s❡ ✶✵✳✼✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✺✳✮

❚❤❡ ♣r♦❞✉❝t ♦❢ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ✐♥t❡❣❡rs ✐s ✼✷✳ ❋✐♥❞ t❤❡♠✳

❊①❡r❝✐s❡ ✶✵✳✼✳✷✸
❚❤❡ ♣r♦❞✉❝t ♦❢ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ♥❡❣❛t✐✈❡ ✐♥t❡❣❡rs ✐s ✹✷✳ ❋✐♥❞ t❤❡♠✳

❊①❡r❝✐s❡ ✶✵✳✼✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✺✳✮

❚❤❡ ♣r♦❞✉❝t ♦❢ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ♦❞❞ ✐♥t❡❣❡rs ✐s ✶✹✸✳ ❋✐♥❞ t❤❡♠✳ ✭❍✐♥t✿ ❚❤❡ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥ ✐s
❢❛❝t♦r❛❜❧❡✱ ❜✉t t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠✉❧❛ ♠❛② ❜❡ q✉✐❝❦❡r✳✮

❊①❡r❝✐s❡ ✶✵✳✼✳✷✺
❚❤❡ ♣r♦❞✉❝t ♦❢ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ❡✈❡♥ ✐♥t❡❣❡rs ✐s ✶✻✽✳ ❋✐♥❞ t❤❡♠✳

❊①❡r❝✐s❡ ✶✵✳✼✳✷✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✺✳✮

❚❤r❡❡ ✐s ❛❞❞❡❞ t♦ ❛♥ ✐♥t❡❣❡r ❛♥❞ t❤❛t s✉♠ ✐s ❞♦✉❜❧❡❞✳ ❲❤❡♥ t❤✐s r❡s✉❧t ✐s ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ ♦r✐❣✐♥❛❧
✐♥t❡❣❡r t❤❡ ♣r♦❞✉❝t ✐s ✷✵✳ ❋✐♥❞ t❤❡ ✐♥t❡❣❡r✳

❊①❡r❝✐s❡ ✶✵✳✼✳✷✼
❋♦✉r ✐s ❛❞❞❡❞ t♦ t❤r❡❡ t✐♠❡s ❛♥ ✐♥t❡❣❡r✳ ❲❤❡♥ t❤✐s s✉♠ ❛♥❞ t❤❡ ♦r✐❣✐♥❛❧ ✐♥t❡❣❡r ❛r❡ ♠✉❧t✐♣❧✐❡❞✱ t❤❡
♣r♦❞✉❝t ✐s −1. ❋✐♥❞ t❤❡ ✐♥t❡❣❡r✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✵✵ ❈❍❆P❚❊❘ ✶✵✳ ◗❯❆❉❘❆❚■❈ ❊◗❯❆❚■❖◆❙

✶✵✳✼✳✶✺✳✹ ❙❛♠♣❧❡ ❙❡t ❉✖❚②♣❡ Pr♦❜❧❡♠s

❊①❡r❝✐s❡ ✶✵✳✼✳✷✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✺✳✮

❆ ❜♦① ✇✐t❤ ♥♦ t♦♣ ❛♥❞ ❛ sq✉❛r❡ ❜❛s❡ ✐s t♦ ❜❡ ♠❛❞❡ ❜② ❝✉tt✐♥❣ ♦✉t ✷✲✐♥❝❤ sq✉❛r❡s ❢r♦♠ ❡❛❝❤ ❝♦r♥❡r
❛♥❞ ❢♦❧❞✐♥❣ ✉♣ t❤❡ s✐❞❡s ♦❢ ❛ ♣✐❡❝❡ ♦❢ ❝❛r❞❜♦❛r❞✳❚❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ❜♦① ✐s t♦ ❜❡ ✷✺ ❝✉❜✐❝ ✐♥❝❤❡s✳
❲❤❛t s✐③❡ s❤♦✉❧❞ t❤❡ ♣✐❡❝❡ ♦❢ ❝❛r❞❜♦❛r❞ ❜❡❄

❊①❡r❝✐s❡ ✶✵✳✼✳✷✾
❆ ❜♦① ✇✐t❤ ♥♦ t♦♣ ❛♥❞ ❛ sq✉❛r❡ ❜❛s❡ ✐s t♦ ♠❛❞❡ ❜② ❝✉tt✐♥❣ ♦✉t ✽✲✐♥❝❤ sq✉❛r❡s ❢r♦♠ ❡❛❝❤ ❝♦r♥❡r
❛♥❞ ❢♦❧❞✐♥❣ ✉♣ t❤❡ s✐❞❡s ♦❢ ❛ ♣✐❡❝❡ ♦❢ ❝❛r❞❜♦❛r❞✳ ❚❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ❜♦① ✐s t♦ ❜❡ ✶✷✹ ❝✉❜✐❝ ✐♥❝❤❡s✳
❲❤❛t s✐③❡ s❤♦✉❧❞ t❤❡ ♣✐❡❝❡ ♦❢ ❝❛r❞❜♦❛r❞ ❜❡❄

✶✵✳✼✳✶✺✳✺ ❙❛♠♣❧❡ ❙❡t ❊✖❚②♣❡ Pr♦❜❧❡♠s

❊①❡r❝✐s❡ ✶✵✳✼✳✸✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✺✳✮

❆ st✉❞② ♦❢ t❤❡ ❛✐r q✉❛❧✐t② ✐♥ ❛ ♣❛rt✐❝✉❧❛r ❝✐t② ❜② ❛♥ ❡♥✈✐r♦♥♠❡♥t❛❧ ❣r♦✉♣ s✉❣❣❡sts t❤❛t t ②❡❛rs ❢r♦♠
♥♦✇ t❤❡ ❧❡✈❡❧ ♦❢ ❝❛r❜♦♥ ♠♦♥♦①✐❞❡✱ ✐♥ ♣❛rts ♣❡r ♠✐❧❧✐♦♥✱ ✇✐❧❧ ❜❡ A = 0.1t2 + 0.1t + 2.2.

✭❛✮ ❲❤❛t ✐s t❤❡ ❧❡✈❡❧✱ ✐♥ ♣❛rts ♣❡r ♠✐❧❧✐♦♥✱ ♦❢ ❝❛r❜♦♥ ♠♦♥♦①✐❞❡ ✐♥ t❤❡ ❛✐r ♥♦✇❄

✭❜✮ ❍♦✇ ♠❛♥② ②❡❛rs ❢r♦♠ ♥♦✇ ✇✐❧❧ t❤❡ ❧❡✈❡❧ ♦❢ ❝❛r❜♦♥ ♠♦♥♦①✐❞❡ ❜❡ ❛t ✸ ♣❛rts ♣❡r ♠✐❧❧✐♦♥❄

❊①❡r❝✐s❡ ✶✵✳✼✳✸✶
❆ s✐♠✐❧❛r st✉❞② t♦ t❤❛t ♦❢ ♣r♦❜❧❡♠ ✷✶ s✉❣❣❡sts A = 0.3t2 + 0.25t + 3.0.

✭❛✮ ❲❤❛t ✐s t❤❡ ❧❡✈❡❧✱ ✐♥ ♣❛rts ♣❡r ♠✐❧❧✐♦♥✱ ♦❢ ❝❛r❜♦♥ ♠♦♥♦①✐❞❡ ✐♥ t❤❡ ❛✐r ♥♦✇❄

✭❜✮ ❍♦✇ ♠❛♥② ②❡❛rs ❢r♦♠ ♥♦✇ ✇✐❧❧ t❤❡ ❧❡✈❡❧ ♦❢ ❝❛r❜♦♥ ♠♦♥♦①✐❞❡ ❜❡ ❛t ✸✳✶ ♣❛rts ♣❡r ♠✐❧✲
❧✐♦♥❄

✶✵✳✼✳✶✺✳✻ ❙❛♠♣❧❡ ❙❡t ❋✖❚②♣❡ Pr♦❜❧❡♠s

❊①❡r❝✐s❡ ✶✵✳✼✳✸✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✺✳✮

❆ ❝♦♥tr❛❝t♦r ✐s t♦ ♣♦✉r ❛ ❝♦♥❝r❡t❡ ✇❛❧❦✇❛② ❛r♦✉♥❞ ❛ ✇❛❞✐♥❣ ♣♦♦❧ t❤❛t ✐s ✹ ❢❡❡t ✇✐❞❡ ❛♥❞ ✽ ❢❡❡t
❧♦♥❣✳ ❚❤❡ ❛r❡❛ ♦❢ t❤❡ ✇❛❧❦✇❛② ❛♥❞ ♣♦♦❧ ✐s t♦ ❜❡ ✾✻ sq✉❛r❡ ❢❡❡t✳ ■❢ t❤❡ ✇❛❧❦✇❛② ✐s t♦ ❜❡ ♦❢ ✉♥✐❢♦r♠
✇✐❞t❤✱ ❤♦✇ ✇✐❞❡ s❤♦✉❧❞ ✐t ❜❡❄

✶✵✳✼✳✶✺✳✼ ❆str♦♣❤②s✐❝❛❧ Pr♦❜❧❡♠

❊①❡r❝✐s❡ ✶✵✳✼✳✸✸
❆ ✈❡r② ✐♥t❡r❡st✐♥❣ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s ✐s ❞❡t❡r♠✐♥✐♥❣ t❤❡ ❧❡♥❣t❤ ♦❢ ❛ s♦❧❛r ❡❝❧✐♣s❡
✭t❤❡ ♠♦♦♥ ♣❛ss✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❡❛rt❤ ❛♥❞ s✉♥✮✳ ❚❤❡ ❧❡♥❣t❤ ♦❢ ❛ s♦❧❛r ❡❝❧✐♣s❡ ✐s ❢♦✉♥❞ ❜② s♦❧✈✐♥❣
t❤❡ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥

(a + bt)
2

+ (c + dt)
2

= (e + ft)
2

❢♦r t✳ ❚❤❡ ❧❡tt❡rs a, b, c, d, e, ❛♥❞ f ❛r❡ ❝♦♥st❛♥ts t❤❛t ♣❡rt❛✐♥ t♦ ❛ ♣❛rt✐❝✉❧❛r ❡❝❧✐♣s❡✳ ❚❤❡
❡q✉❛t✐♦♥ ✐s ❛ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥ ✐♥ t ❛♥❞ ❝❛♥ ❜❡ s♦❧✈❡❞ ❜② t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠✉❧❛ ✭❛♥❞ ❞❡✜♥✐t❡❧②
❛ ❝❛❧❝✉❧❛t♦r✮✳ ❚✇♦ ✈❛❧✉❡s ♦❢ t ✇✐❧❧ r❡s✉❧t✳ ❚❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❡❝❧✐♣s❡ ✐s ❥✉st t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡s❡
t✲✈❛❧✉❡s✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✵✶

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥st❛♥ts ❛r❡ ❢r♦♠ ❛ s♦❧❛r ❡❝❧✐♣s❡ t❤❛t ♦❝❝✉rr❡❞ ♦♥ ❆✉❣✉st ✸✱ ✹✸✶ ❇✳❈✳

a = −619 b = 1438

c = 912 d = −833

e = 1890.5 f = −2

❉❡t❡r♠✐♥❡ t❤❡ ❧❡♥❣t❤ ♦❢ t❤✐s ♣❛rt✐❝✉❧❛r s♦❧❛r ❡❝❧✐♣s❡✳

✶✵✳✼✳✶✻ ❊①❡r❝✐s❡s ❋♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✶✵✳✼✳✸✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✺✳✮

✭❙❡❝t✐♦♥ ✽✳✻✮ ❋✐♥❞ t❤❡ s✉♠✿ 2x+10
x2+x−2 + x+3

x2−3x+2 .

❊①❡r❝✐s❡ ✶✵✳✼✳✸✺
✭❙❡❝t✐♦♥ ✽✳✼✮ ❙♦❧✈❡ t❤❡ ❢r❛❝t✐♦♥❛❧ ❡q✉❛t✐♦♥ 4

x+12 + 3
x+3 = 4

x2+5x+6 .
✭❍✐♥t✿ ❈❤❡❝❦ ❢♦r ❡①tr❛♥❡♦✉s s♦❧✉t✐♦♥s✳✮

❊①❡r❝✐s❡ ✶✵✳✼✳✸✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✺✳✮

✭❙❡❝t✐♦♥ ✽✳✽✮ ❖♥❡ ♣✐♣❡ ❝❛♥ ✜❧❧ ❛ t❛♥❦ ✐♥ ✶✷✵ s❡❝♦♥❞s ❛♥❞ ❛♥♦t❤❡r ♣✐♣❡ ❝❛♥ ✜❧❧ t❤❡ s❛♠❡ t❛♥❦ ✐♥
✾✵ s❡❝♦♥❞s✳ ❍♦✇ ❧♦♥❣ ✇✐❧❧ ✐t t❛❦❡ ❜♦t❤ ♣✐♣❡s ✇♦r❦✐♥❣ t♦❣❡t❤❡r t♦ ✜❧❧ t❤❡ t❛♥❦❄

❊①❡r❝✐s❡ ✶✵✳✼✳✸✼
✭❙❡❝t✐♦♥ ✶✵✳✻✮ ❯s❡ t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠✉❧❛ t♦ s♦❧✈❡ 10x2 − 3x − 1 = 0.

❊①❡r❝✐s❡ ✶✵✳✼✳✸✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✺✳✮

✭❙❡❝t✐♦♥ ✶✵✳✻✮ ❯s❡ t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠✉❧❛ t♦ s♦❧✈❡ 4x2 − 3x = 0.

✶✵✳✽ ●r❛♣❤✐♥❣ ◗✉❛❞r❛t✐❝ ❙♦❧✉t✐♦♥s✽

✶✵✳✽✳✶ ❖✈❡r✈✐❡✇

• P❛r❛❜♦❧❛s
• ❈♦♥str✉❝t✐♥❣ ●r❛♣❤s ♦❢ P❛r❛❜♦❧❛s

✶✵✳✽✳✷ P❛r❛❜♦❧❛s

❲❡ ✇✐❧❧ ♥♦✇ st✉❞② t❤❡ ❣r❛♣❤s ♦❢ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ✇✐t❤ ❣❡♥❡r❛❧ ❢♦r♠

y = ax2 + bx + c, a 6= 0, a, b, c ❛r❡ r❡❛❧ ♥✉♠❜❡rs

P❛r❛❜♦❧❛
❆❧❧ s✉❝❤ ❣r❛♣❤s ❤❛✈❡ ❛ s✐♠✐❧❛r s❤❛♣❡✳ ❚❤❡ ❣r❛♣❤ ♦❢ ❛ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥ ♦❢ t❤✐s t②♣❡ P❛r❛❜♦❧❛ ✐s ❝❛❧❧❡❞ ❛
♣❛r❛❜♦❧❛ ❛♥❞ ✐t ✇✐❧❧ ❛ss✉♠❡ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ s❤❛♣❡s✳

✽❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✷✻✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❱❡rt❡①
❚❤❡ ❤✐❣❤ ♣♦✐♥t ♦r ❧♦✇ ♣♦✐♥t ♦❢ ❛ ♣❛r❛❜♦❧❛ ✐s ❝❛❧❧❡❞ t❤❡ ✈❡rt❡① ♦❢ t❤❡ ♣❛r❛❜♦❧❛✳

✶✵✳✽✳✸ ❈♦♥str✉❝t✐♥❣ ●r❛♣❤s ♦❢ P❛r❛❜♦❧❛s

❲❡ ✇✐❧❧ ❝♦♥str✉❝t t❤❡ ❣r❛♣❤ ♦❢ ❛ ♣❛r❛❜♦❧❛ ❜② ❝❤♦♦s✐♥❣ s❡✈❡r❛❧ x✲✈❛❧✉❡s✱ ❝♦♠♣✉t✐♥❣ t♦ ✜♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
y✲✈❛❧✉❡s✱ ♣❧♦tt✐♥❣ t❤❡s❡ ♦r❞❡r❡❞ ♣❛✐rs✱ t❤❡♥ ❞r❛✇✐♥❣ ❛ s♠♦♦t❤ ❝✉r✈❡ t❤r♦✉❣❤ t❤❡♠✳

✶✵✳✽✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❊①❛♠♣❧❡ ✶✵✳✺✻
●r❛♣❤ y = x2. ❈♦♥str✉❝t ❛ t❛❜❧❡ t♦ ❡①❤✐❜✐t s❡✈❡r❛❧ ♦r❞❡r❡❞ ♣❛✐rs✳

x y = x2

✵ ✵

✶ ✶

✷ ✹

✸ ✾

−1 ✶

−2 ✹

−3 ✾

❚❛❜❧❡ ✶✵✳✶

❚❤✐s ✐s t❤❡ ♠♦st ❜❛s✐❝ ♣❛r❛❜♦❧❛✳ ❆❧t❤♦✉❣❤ ♦t❤❡r ♣❛r❛❜♦❧❛s ♠❛② ❜❡ ✇✐❞❡r✱ ♥❛rr♦✇❡r✱ ♠♦✈❡❞

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✵✸

✉♣ ♦r ❞♦✇♥✱ ♠♦✈❡❞ t♦ t❤❡ ❧❡❢t ♦r r✐❣❤t✱ ♦r ✐♥✈❡rt❡❞✱ t❤❡② ✇✐❧❧ ❛❧❧ ❤❛✈❡ t❤✐s s❛♠❡ ❜❛s✐❝ s❤❛♣❡✳ ❲❡
✇✐❧❧ ♥❡❡❞ t♦ ♣❧♦t ❛s ♠❛♥② ♦r❞❡r❡❞ ♣❛✐rs ❛s ♥❡❝❡ss❛r② t♦ ❡♥s✉r❡ t❤✐s ❜❛s✐❝ s❤❛♣❡✳

❊①❛♠♣❧❡ ✶✵✳✺✼
●r❛♣❤ y = x2 − 2. ❈♦♥str✉❝t ❛ t❛❜❧❡ ♦❢ ♦r❞❡r❡❞ ♣❛✐rs✳

x y = x2 − 2

✵ −2

✶ −1

✷ ✷

✸ ✼

−1 −1

−2 ✷

−3 ✼

❚❛❜❧❡ ✶✵✳✷

◆♦t✐❝❡ t❤❛t t❤❡ ❣r❛♣❤ ♦❢ y = x2 − 2 ✐s ♣r❡❝✐s❡❧② t❤❡ ❣r❛♣❤ ♦❢ y = x2 ❜✉t tr❛♥s❧❛t❡❞ ✷ ✉♥✐ts
❞♦✇♥✳ ❈♦♠♣❛r❡ t❤❡ ❡q✉❛t✐♦♥s y = x2 ❛♥❞ y = x2−2✳ ❉♦ ②♦✉ s❡❡ ✇❤❛t ❝❛✉s❡s t❤❡ ✷ ✉♥✐t ❞♦✇♥✇❛r❞
tr❛♥s❧❛t✐♦♥❄

✶✵✳✽✳✺ Pr❛❝t✐❝❡ ❙❡t ❆

❊①❡r❝✐s❡ ✶✵✳✽✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✺✳✮

❯s❡ t❤❡ ✐❞❡❛ s✉❣❣❡st❡❞ ✐♥ ❙❛♠♣❧❡ ❙❡t ❆ t♦ s❦❡t❝❤ ✭q✉✐❝❦❧② ❛♥❞ ♣❡r❤❛♣s ♥♦t ♣❡r❢❡❝t❧② ❛❝❝✉r❛t❡❧②✮
t❤❡ ❣r❛♣❤s ♦❢

y = x2 + 1 ❛♥❞ y = x2 − 3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✶✵✳✽✳✻ ❙❛♠♣❧❡ ❙❡t ❇

❊①❛♠♣❧❡ ✶✵✳✺✽
●r❛♣❤ y = (x + 2)

2
.

❉♦ ✇❡ ❡①♣❡❝t t❤❡ ❣r❛♣❤ t♦ ❜❡ s✐♠✐❧❛r t♦ t❤❡ ❣r❛♣❤ ♦❢ y = x2❄ ▼❛❦❡ ❛ t❛❜❧❡ ♦❢ ♦r❞❡r❡❞
♣❛✐rs✳

x y

✵ ✹

✶ ✾

−1 ✶

−2 ✵

−3 ✶

−4 ✹

❚❛❜❧❡ ✶✵✳✸

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✵✺

◆♦t✐❝❡ t❤❛t t❤❡ ❣r❛♣❤ ♦❢ y = (x + 2)
2
✐s ♣r❡❝✐s❡❧② t❤❡ ❣r❛♣❤ ♦❢ y = x2 ❜✉t tr❛♥s❧❛t❡❞ ✷

✉♥✐ts t♦ t❤❡ ❧❡❢t✳ ❚❤❡ ✰✷ ✐♥s✐❞❡ t❤❡ ♣❛r❡♥t❤❡s❡s ♠♦✈❡s y = x2 t✇♦ ✉♥✐ts t♦ t❤❡ ❧❡❢t✳ ❆ ♥❡❣❛t✐✈❡
✈❛❧✉❡ ✐♥s✐❞❡ t❤❡ ♣❛r❡♥t❤❡s❡s ♠❛❦❡s ❛ ♠♦✈❡ t♦ t❤❡ r✐❣❤t✳

✶✵✳✽✳✼ Pr❛❝t✐❝❡ ❙❡t ❇

❊①❡r❝✐s❡ ✶✵✳✽✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✺✳✮

❯s❡ t❤❡ ✐❞❡❛ s✉❣❣❡st❡❞ ✐♥ ❙❛♠♣❧❡ ❙❡t ❇ t♦ s❦❡t❝❤ t❤❡ ❣r❛♣❤s ♦❢

y = (x − 3)
2

❛♥❞ y = (x + 1)
2

❊①❡r❝✐s❡ ✶✵✳✽✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✻✳✮

●r❛♣❤ y = (x − 2)
2

+ 1

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✵✼

✶✵✳✽✳✽ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❣r❛♣❤ t❤❡ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s✳

❊①❡r❝✐s❡ ✶✵✳✽✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✻✳✮

y = x2

❊①❡r❝✐s❡ ✶✵✳✽✳✺
y = −x2

❊①❡r❝✐s❡ ✶✵✳✽✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✼✳✮

y = (x − 1)
2

❊①❡r❝✐s❡ ✶✵✳✽✳✼
y = (x − 2)

2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✶✵✳✽✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✼✳✮

y = (x + 3)
2

❊①❡r❝✐s❡ ✶✵✳✽✳✾
y = (x + 1)

2

❊①❡r❝✐s❡ ✶✵✳✽✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✼✳✮

y = x2 − 3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✵✾

❊①❡r❝✐s❡ ✶✵✳✽✳✶✶
y = x2 − 1

❊①❡r❝✐s❡ ✶✵✳✽✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✽✳✮

y = x2 + 2

❊①❡r❝✐s❡ ✶✵✳✽✳✶✸
y = x2 + 1

2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✶✵✳✽✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✽✳✮

y = x2 − 1
2

❊①❡r❝✐s❡ ✶✵✳✽✳✶✺
y = −x2 + 1 ✭❈♦♠♣❛r❡ ✇✐t❤ ♣r♦❜❧❡♠ ✷✳✮

❊①❡r❝✐s❡ ✶✵✳✽✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✽✳✮

y = −x2 − 1 ✭❈♦♠♣❛r❡ ✇✐t❤ ♣r♦❜❧❡♠ ✶✳✮

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✶✶

❊①❡r❝✐s❡ ✶✵✳✽✳✶✼
y = (x − 1)

2 − 1

❊①❡r❝✐s❡ ✶✵✳✽✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✾✳✮

y = (x + 3)
2

+ 2

❊①❡r❝✐s❡ ✶✵✳✽✳✶✾
y = −(x + 1)

2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✶✵✳✽✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✾✳✮

y = −(x + 3)
2

❊①❡r❝✐s❡ ✶✵✳✽✳✷✶
y = 2x2

❊①❡r❝✐s❡ ✶✵✳✽✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✸✾✳✮

y = 3x2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✶✸

❊①❡r❝✐s❡ ✶✵✳✽✳✷✸
y = 1

2x2

❊①❡r❝✐s❡ ✶✵✳✽✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✵✳✮

y = 1
3x2

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ tr② t♦ ❣✉❡ss t❤❡ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥ t❤❛t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❣✐✈❡♥ ❣r❛♣❤✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✶✹ ❈❍❆P❚❊❘ ✶✵✳ ◗❯❆❉❘❆❚■❈ ❊◗❯❆❚■❖◆❙

❊①❡r❝✐s❡ ✶✵✳✽✳✷✺

❊①❡r❝✐s❡ ✶✵✳✽✳✷✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✵✳✮

❊①❡r❝✐s❡ ✶✵✳✽✳✷✼

❊①❡r❝✐s❡ ✶✵✳✽✳✷✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✵✳✮

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✶✺

✶✵✳✽✳✾ ❊①❡r❝✐s❡s ❋♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✶✵✳✽✳✷✾
✭❙❡❝t✐♦♥ ✸✳✻✮ ❙✐♠♣❧✐❢② ❛♥❞ ✇r✐t❡

(
x−4y5

)−3(
x−6y4

)2
s♦ t❤❛t ♦♥❧② ♣♦s✐t✐✈❡ ❡①♣♦♥❡♥ts ❛♣♣❡❛r✳

❊①❡r❝✐s❡ ✶✵✳✽✳✸✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✵✳✮

✭❙❡❝t✐♦♥ ✻✳✼✮ ❋❛❝t♦r y2 − y − 42.

❊①❡r❝✐s❡ ✶✵✳✽✳✸✶
✭❙❡❝t✐♦♥ ✽✳✻✮ ❋✐♥❞ t❤❡ s✉♠✿ 2

a−3 + 3
a+3 + 18

a2−9 .

❊①❡r❝✐s❡ ✶✵✳✽✳✸✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✵✳✮

✭❙❡❝t✐♦♥ ✾✳✺✮ ❙✐♠♣❧✐❢② 2
4+

√
5
.

❊①❡r❝✐s❡ ✶✵✳✽✳✸✸
✭❙❡❝t✐♦♥ ✶✵✳✼✮ ❋♦✉r ✐s ❛❞❞❡❞ t♦ ❛♥ ✐♥t❡❣❡r ❛♥❞ t❤❛t s✉♠ ✐s ❞♦✉❜❧❡❞✳ ❲❤❡♥ t❤✐s r❡s✉❧t ✐s ♠✉❧t✐♣❧✐❡❞
❜② t❤❡ ♦r✐❣✐♥❛❧ ✐♥t❡❣❡r✱ t❤❡ ♣r♦❞✉❝t ✐s −6. ❋✐♥❞ t❤❡ ✐♥t❡❣❡r✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✶✻ ❈❍❆P❚❊❘ ✶✵✳ ◗❯❆❉❘❆❚■❈ ❊◗❯❆❚■❖◆❙

✶✵✳✾ ❙✉♠♠❛r② ♦❢ ❑❡② ❈♦♥❝❡♣ts ✾

✶✵✳✾✳✶ ❙✉♠♠❛r② ❖❢ ❑❡② ❈♦♥❝❡♣ts

◗✉❛❞r❛t✐❝ ❊q✉❛t✐♦♥ ✭❙❡❝t✐♦♥ ✶✵✳✷✮
❆ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥ ✐s ❛♥ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠ ax2 + bx + c = 0, ✇❤❡r❡ a 6= 0. ❚❤✐s ❢♦r♠ ✐s t❤❡ st❛♥❞❛r❞
❢♦r♠ ♦❢ ❛ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥✳

a ✐s t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ x2.
b ✐s t❤❡ ❝♦❡✣❝✐❡♥t x.
c ✐s t❤❡ ❝♦♥st❛♥t t❡r♠✳
❩❡r♦✲❋❛❝t♦r Pr♦♣❡rt② ✭❙❡❝t✐♦♥ ✶✵✳✷✮
■❢ t✇♦ ♥✉♠❜❡rs a ❛♥❞ b ❛r❡ ♠✉❧t✐♣❧✐❡❞ t♦❣❡t❤❡r ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ ♣r♦❞✉❝t ✐s ✵✱ t❤❡♥ ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡
♥✉♠❜❡rs ♠✉st ❜❡ ✵✳
❙♦❧✈✐♥❣ ◗✉❛❞r❛t✐❝ ❊q✉❛t✐♦♥s ❜② ❋❛❝t♦r✐♥❣ ✭❙❡❝t✐♦♥ ✶✵✳✸✮

✶✳ ❙❡t t❤❡ ❡q✉❛t✐♦♥ ❡q✉❛❧ t♦ ✵✳
✷✳ ❋❛❝t♦r t❤❡ q✉❛❞r❛t✐❝ ❡①♣r❡ss✐♦♥✳
✸✳ ❇② t❤❡ ③❡r♦✲❢❛❝t♦r ♣r♦♣❡rt②✱ ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ ❢❛❝t♦rs ♠✉st ❜❡ ③❡r♦✱ s♦✱ s❡t ❡❛❝❤ ❢❛❝t♦r ❡q✉❛❧ t♦ ③❡r♦

❛♥❞ s♦❧✈❡ ❢♦r t❤❡ ✈❛r✐❛❜❧❡✳

❊①tr❛❝t✐♦♥ ♦❢ ❘♦♦ts ✭❙❡❝t✐♦♥ ✶✵✳✹✮
◗✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ❢♦r♠ x2 − K = 0 ♦r x2 = K ❝❛♥ ❜❡ s♦❧✈❡❞ ❜② t❤❡ ♠❡t❤♦❞ ♦❢ ❡①tr❛❝t✐♦♥ ♦❢
r♦♦ts✳ ❲❡ ❞♦ s♦ ❜② t❛❦✐♥❣ ❜♦t❤ t❤❡ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ sq✉❛r❡ r♦♦ts ♦❢ ❡❛❝❤ s✐❞❡✳ ■❢ K ✐s ❛ ♣♦s✐t✐✈❡ r❡❛❧
♥✉♠❜❡r t❤❡♥ x =

√
K,−

√
K. ■❢ K ✐s ❛ ♥❡❣❛t✐✈❡ r❡❛❧ ♥✉♠❜❡r✱ ♥♦ r❡❛❧ ♥✉♠❜❡r s♦❧✉t✐♦♥ ❡①✐sts✳

❈♦♠♣❧❡t✐♥❣ t❤❡ ❙q✉❛r❡ ✭❙❡❝t✐♦♥ ✶✵✳✺✮
❚❤❡ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥ ax2 + bx + c = 0 ❝❛♥ ❜❡ s♦❧✈❡❞ ❜② ❝♦♠♣❧❡t✐♥❣ t❤❡ sq✉❛r❡✳

✶✳ ❲r✐t❡ t❤❡ ❡q✉❛t✐♦♥ s♦ t❤❛t t❤❡ ❝♦♥st❛♥t t❡r♠ ❛♣♣❡❛rs ♦♥ t❤❡ r✐❣❤t s✐❞❡ ♦❢ t❤❡ ❡q✉❛❧ s✐❣♥✳
✷✳ ■❢ t❤❡ ❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥t ✐s ❞✐✛❡r❡♥t ❢r♦♠ ✶✱ ❞✐✈✐❞❡ ❡❛❝❤ t❡r♠ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ❜② t❤❛t ❝♦❡✣❝✐❡♥t✳
✸✳ ❋✐♥❞ ♦♥❡ ❤❛❧❢ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ❧✐♥❡❛r t❡r♠✱ sq✉❛r❡ ✐t✱ t❤❡♥ ❛❞❞ ✐t t♦ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❡q✉❛t✐♦♥✳
✹✳ ❚❤❡ tr✐♥♦♠✐❛❧ ♦♥ t❤❡ ❧❡❢t s✐❞❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ✐s ♥♦✇ ❛ ♣❡r❢❡❝t sq✉❛r❡ tr✐♥♦♠✐❛❧ ❛♥❞ ❝❛♥ ❜❡ ❢❛❝t♦r❡❞ ❛s

()
2
.

✺✳ ❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥ ❜② ❡①tr❛❝t✐♦♥ ♦❢ r♦♦ts✳

◗✉❛❞r❛t✐❝ ❋♦r♠✉❧❛ ✭❙❡❝t✐♦♥ ✶✵✳✻✮
❚❤❡ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥ ax2 + bx + c = 0 ❝❛♥ ❜❡ s♦❧✈❡❞ ✉s✐♥❣ t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠✉❧❛✳

a ✐s t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ x2.
b ✐s t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ x.
c ✐s t❤❡ ❝♦♥st❛♥t t❡r♠✳

x = −b±
√

b2−4ac
2a

P❛r❛❜♦❧❛ ✭❙❡❝t✐♦♥ ✶✵✳✼✮
❚❤❡ ❣r❛♣❤ ♦❢ ❛ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠ y = ax2 + bx + c ✐s ❛ ♣❛r❛❜♦❧❛✳
❱❡rt❡① ♦❢ ❛ P❛r❛❜♦❧❛ ✭❙❡❝t✐♦♥ ✶✵✳✽✮
❚❤❡ ❤✐❣❤ ♣♦✐♥t ♦r ❧♦✇ ♣♦✐♥t ♦❢ ❛ ♣❛r❛❜♦❧❛ ✐s t❤❡ ✈❡rt❡① ♦❢ t❤❡ ♣❛r❛❜♦❧❛✳

✾❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✸✶✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✶✼

✶✵✳✶✵ ❊①❡r❝✐s❡ ❙✉♣♣❧❡♠❡♥t ✶✵

✶✵✳✶✵✳✶ ❊①❡r❝✐s❡ ❙✉♣♣❧❡♠❡♥t

✶✵✳✶✵✳✶✳✶ ❙♦❧✈✐♥❣ ◗✉❛❞r❛t✐❝ ❊q✉❛t✐♦♥s ✭❙❡❝t✐♦♥ ✶✵✳✷✮ ✲ ❙♦❧✈✐♥❣ ◗✉❛❞r❛t✐❝ ❊q✉❛t✐♦♥s ❜② ❋❛❝✲
t♦r✐♥❣ ✭❙❡❝t✐♦♥ ✶✵✳✸✮

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥s✳

❊①❡r❝✐s❡ ✶✵✳✶✵✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✵✳✮

(x − 2) (x − 5) = 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✷
(b + 1) (b − 6) = 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✵✳✮

(a + 10) (a − 5) = 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✹
(y − 3) (y − 4) = 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✵✳✮

(m − 8) (m + 1) = 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✻
(4y + 1) (2y + 3) = 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✵✳✮

(x + 2) (3x − 1) = 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✽
(5a − 2) (3a − 10) = 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✵✳✮

x (2x + 3) = 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✶✵
(a − 5)

2
= 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✵✳✮

(y + 3)
2

= 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✶✷
c2 = 36

❊①❡r❝✐s❡ ✶✵✳✶✵✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✵✳✮

16y2 − 49 = 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✶✹
6r2 − 36 = 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✵✳✮

a2 + 6a + 8 = 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✶✻
r2 + 7r + 10 = 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✵✳✮

s2 − 9s + 8 = 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✶✽
y2 = −10y − 9

❊①❡r❝✐s❡ ✶✵✳✶✵✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✶✳✮

11y − 2 = −6y2

✶✵❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✶✼✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✶✵✳✶✵✳✷✵
16x2 − 3 = −2x

❊①❡r❝✐s❡ ✶✵✳✶✵✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✶✳✮

m2 = 4m − 4

❊①❡r❝✐s❡ ✶✵✳✶✵✳✷✷
3

(
y2 − 8

)
= −7y

❊①❡r❝✐s❡ ✶✵✳✶✵✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✶✳✮

a (4b + 7) = 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✷✹
x2 − 64 = 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✶✳✮

m2 − 81 = 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✷✻
9x2 − 25 = 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✶✳✮

5a2 − 125 = 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✷✽
8r3 − 6r = 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✶✳✮

m2 − 6m + 5 = 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✸✵
x2 + 2x − 24 = 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✶✳✮

x2 + 3x = 28

❊①❡r❝✐s❡ ✶✵✳✶✵✳✸✷
20a2 − 3 = 7a

❊①❡r❝✐s❡ ✶✵✳✶✵✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✶✳✮

2y2 − 6y = 8

❊①❡r❝✐s❡ ✶✵✳✶✵✳✸✹
a2 + 2a = −1

❊①❡r❝✐s❡ ✶✵✳✶✵✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✶✳✮

2r2 = 5 − 3r

✶✵✳✶✵✳✶✳✷ ❙♦❧✈✐♥❣ ◗✉❛❞r❛t✐❝ ❊q✉❛t✐♦♥s ❯s✐♥❣ t❤❡ ▼❡t❤♦❞ ♦❢ ❊①tr❛❝t✐♦♥ ♦❢ ❘♦♦ts ✭❙❡❝t✐♦♥ ✶✵✳✹✮

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥s ✉s✐♥❣ ❡①tr❛❝t✐♦♥ ♦❢ r♦♦ts✳

❊①❡r❝✐s❡ ✶✵✳✶✵✳✸✻
y2 = 81

❊①❡r❝✐s❡ ✶✵✳✶✵✳✸✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✶✳✮

a2 = 121

❊①❡r❝✐s❡ ✶✵✳✶✵✳✸✽
x2 = 35

❊①❡r❝✐s❡ ✶✵✳✶✵✳✸✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✶✳✮

m2 = 2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✶✾

❊①❡r❝✐s❡ ✶✵✳✶✵✳✹✵
r2 = 1

❊①❡r❝✐s❡ ✶✵✳✶✵✳✹✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✶✳✮

s2 − 10 = 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✹✷
4x2 − 64 = 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✹✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✶✳✮

−3y2 = −75

❊①❡r❝✐s❡ ✶✵✳✶✵✳✹✹
❙♦❧✈❡ y2 = 4a2 ❢♦r y.

❊①❡r❝✐s❡ ✶✵✳✶✵✳✹✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✶✳✮

❙♦❧✈❡ m2 = 16n2p4 ❢♦r m.

❊①❡r❝✐s❡ ✶✵✳✶✵✳✹✻
❙♦❧✈❡ x2 = 25y4z10w8 ❢♦r x.

❊①❡r❝✐s❡ ✶✵✳✶✵✳✹✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✶✳✮

❙♦❧✈❡ x2 − y2 = 0 ❢♦r y.

❊①❡r❝✐s❡ ✶✵✳✶✵✳✹✽
❙♦❧✈❡ a4b8 − x6y12z2 = 0 ❢♦r a2.

❊①❡r❝✐s❡ ✶✵✳✶✵✳✹✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✶✳✮

(x − 2)
2

= 9

❊①❡r❝✐s❡ ✶✵✳✶✵✳✺✵
(y + 3)

2
= 25

❊①❡r❝✐s❡ ✶✵✳✶✵✳✺✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✶✳✮

(a + 10)
2

= 1

❊①❡r❝✐s❡ ✶✵✳✶✵✳✺✷
(m + 12)

2
= 6

❊①❡r❝✐s❡ ✶✵✳✶✵✳✺✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✶✳✮

(r − 8)
2

= 10

❊①❡r❝✐s❡ ✶✵✳✶✵✳✺✹
(x − 1)

2
= 5

❊①❡r❝✐s❡ ✶✵✳✶✵✳✺✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✶✳✮

(a − 2)
2

= −2

❊①❡r❝✐s❡ ✶✵✳✶✵✳✺✻
❙♦❧✈❡ (x − 2b)

2
= b2 ❢♦r x

❊①❡r❝✐s❡ ✶✵✳✶✵✳✺✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✶✳✮

❙♦❧✈❡ (y + 6)
2

= a ❢♦r y.

❊①❡r❝✐s❡ ✶✵✳✶✵✳✺✽
❙♦❧✈❡ (2a − 5)

2
= c ❢♦r a.

❊①❡r❝✐s❡ ✶✵✳✶✵✳✺✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✶✳✮

❙♦❧✈❡ (3m − 11)
2

= 2a2 ❢♦r m.

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✶✵✳✶✵✳✶✳✸ ❙♦❧✈✐♥❣ ◗✉❛❞r❛t✐❝ ❊q✉❛t✐♦♥s ❯s✐♥❣ t❤❡ ▼❡t❤♦❞ ♦❢ ❈♦♠♣❧❡t✐♥❣ t❤❡ ❙q✉❛r❡ ✭❙❡❝✲
t✐♦♥ ✶✵✳✺✮ ✲ ❙♦❧✈✐♥❣ ◗✉❛❞r❛t✐❝ ❊q✉❛t✐♦♥s ❯s✐♥❣ t❤❡ ◗✉❛❞r❛t✐❝ ❋♦r♠✉❧❛ ✭❙❡❝t✐♦♥ ✶✵✳✻✮

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥s ❜② ❝♦♠♣❧❡t✐♥❣ t❤❡ sq✉❛r❡ ♦r ❜② ✉s✐♥❣ t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠✉❧❛✳

❊①❡r❝✐s❡ ✶✵✳✶✵✳✻✵
y2 − 8y − 12 = 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✻✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✶✳✮

s2 + 2s − 24 = 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✻✷
a2 + 3a − 9 = 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✻✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✶✳✮

b2 + b − 8 = 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✻✹
3x2 − 2x − 1 = 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✻✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✶✳✮

5a2 + 2a − 6 = 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✻✻
a2 = a + 4

❊①❡r❝✐s❡ ✶✵✳✶✵✳✻✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✶✳✮

y2 = 2y + 1

❊①❡r❝✐s❡ ✶✵✳✶✵✳✻✽
m2 − 6 = 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✻✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✷✳✮

r2 + 2r = 9

❊①❡r❝✐s❡ ✶✵✳✶✵✳✼✵
3p2 + 2p = 7

❊①❡r❝✐s❡ ✶✵✳✶✵✳✼✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✷✳✮

10x3 + 2x2 − 22x = 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✼✷
6r3 + 6r2 − 3r = 0

❊①❡r❝✐s❡ ✶✵✳✶✵✳✼✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✷✳✮

15x2 + 2x3 = 12x4

❊①❡r❝✐s❡ ✶✵✳✶✵✳✼✹
6x3 − 6x = −6x2

❊①❡r❝✐s❡ ✶✵✳✶✵✳✼✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✷✳✮

(x + 3) (x − 4) = 3

❊①❡r❝✐s❡ ✶✵✳✶✵✳✼✻
(y − 1) (y − 2) = 6

❊①❡r❝✐s❡ ✶✵✳✶✵✳✼✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✷✳✮

(a + 3) (a + 4) = −10

❊①❡r❝✐s❡ ✶✵✳✶✵✳✼✽
(2m + 1) (3m − 1) = −2

❊①❡r❝✐s❡ ✶✵✳✶✵✳✼✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✷✳✮

(5r + 6) (r − 1) = 2

❊①❡r❝✐s❡ ✶✵✳✶✵✳✽✵
4x2 + 2x − 3 = 3x2 + x + 1

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✷✶

❊①❡r❝✐s❡ ✶✵✳✶✵✳✽✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✷✳✮

5a2 + 5a + 4 = 3a2 + 2a + 5

❊①❡r❝✐s❡ ✶✵✳✶✵✳✽✷
(m + 3)

2
= 11

❊①❡r❝✐s❡ ✶✵✳✶✵✳✽✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✷✳✮

(r − 8)
2

= 70

❊①❡r❝✐s❡ ✶✵✳✶✵✳✽✹
(2x + 7)

2
= 51

✶✵✳✶✵✳✶✳✹ ❆♣♣❧✐❝❛t✐♦♥s ✭❙❡❝t✐♦♥ ✶✵✳✼✮

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✜♥❞ t❤❡ s♦❧✉t✐♦♥✳

❊①❡r❝✐s❡ ✶✵✳✶✵✳✽✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✷✳✮

❚❤❡ r❡✈❡♥✉❡ R, ✐♥ ❞♦❧❧❛rs✱ ❝♦❧❧❡❝t❡❞ ❜② ❛ ❝❡rt❛✐♥ ♠❛♥✉❢❛❝t✉r❡r ♦❢ ✐♥♥❡r t✉❜❡s ✐s r❡❧❛t❡❞ t♦ t❤❡
♥✉♠❜❡r x ♦❢ ✐♥♥❡r t✉❜❡s s♦❧❞ ❜② R = 1400 − 16x + 3x2. ❍♦✇ ♠❛♥② ✐♥♥❡r t✉❜❡s ♠✉st ❜❡ s♦❧❞ t♦
♣r♦❞✉❝❡ ❛ ♣r♦✜t ♦❢ ✩✶✸✻✶❄

❊①❡r❝✐s❡ ✶✵✳✶✵✳✽✻
❆ st✉❞② ♦❢ t❤❡ ❛✐r q✉❛❧✐t② ✐♥ ❛ ♣❛rt✐❝✉❧❛r ❝✐t② ❜② ❛♥ ❡♥✈✐r♦♥♠❡♥t❛❧ ❣r♦✉♣ s✉❣❣❡sts t❤❛t t ②❡❛rs ❢r♦♠
♥♦✇ t❤❡ ❧❡✈❡❧ ♦❢ ❝❛r❜♦♥ ♠♦♥♦①✐❞❡✱ ✐♥ ♣❛rts ♣❡r ♠✐❧❧✐♦♥✱ ✐♥ t❤❡ ❛✐r ✇✐❧❧ ❜❡ A = 0.8t2 + 0.5t + 3.3.
✭❛✮ ❲❤❛t ✐s t❤❡ ❧❡✈❡❧✱ ✐♥ ♣❛rts ♣❡r ♠✐❧❧✐♦♥✱ ♦❢ ❝❛r❜♦♥ ♠♦♥♦①✐❞❡ ✐♥ t❤❡ ❛✐r ♥♦✇❄
✭❜✮ ❍♦✇ ♠❛♥② ②❡❛rs ❢r♦♠ ♥♦✇ ✇✐❧❧ t❤❡ ❝❛r❜♦♥ ♠♦♥♦①✐❞❡ ❧❡✈❡❧ ❜❡ ❛t ✻ ♣❛rts ♣❡r ♠✐❧❧✐♦♥❄

❊①❡r❝✐s❡ ✶✵✳✶✵✳✽✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✷✳✮

❆ ❝♦♥tr❛❝t♦r ✐s t♦ ♣♦✉r ❛ ❝♦♥❝r❡t❡ ✇❛❧❦✇❛② ❛r♦✉♥❞ ❛ ❝♦♠♠✉♥✐t② ❣❛r❞❡♥ t❤❛t ✐s ✶✺ ❢❡❡t ✇✐❞❡ ❛♥❞
✺✵ ❢❡❡t ❧♦♥❣✳ ❚❤❡ ❛r❡❛ ♦❢ t❤❡ ✇❛❧❦✇❛② ❛♥❞ ❣❛r❞❡♥ ✐s t♦ ❜❡ ✾✷✹ sq✉❛r❡ ❢❡❡t ❛♥❞ ♦❢ ✉♥✐❢♦r♠ ✇✐❞t❤✳
❍♦✇ ✇✐❞❡ s❤♦✉❧❞ t❤❡ ❝♦♥tr❛❝t♦r ♠❛❦❡ ✐t❄

❊①❡r❝✐s❡ ✶✵✳✶✵✳✽✽
❆ ❜❛❧❧ t❤r♦✇♥ ✈❡rt✐❝❛❧❧② ✐♥t♦ t❤❡ ❛✐r ❤❛s t❤❡ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ h = 144 + 48t − 16t2

✭❛✮ ❍♦✇ ❤✐❣❤ ✐s t❤❡ ❜❛❧❧ ❛t t = 0?
✭❜✮ ❍♦✇ ❤✐❣❤ ✐s t❤❡ ❜❛❧❧ ❛t t = 1?
✭❝✮ ❲❤❡♥ ❞♦❡s t❤❡ ❜❛❧❧ ❤✐t t❤❡ ❣r♦✉♥❞❄

❊①❡r❝✐s❡ ✶✵✳✶✵✳✽✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✷✳✮

❚❤❡ ❧❡♥❣t❤ ♦❢ ❛ r❡❝t❛♥❣❧❡ ✐s ✺ ❢❡❡t ❧♦♥❣❡r t❤❛♥ t❤r❡❡ t✐♠❡s ✐ts ✇✐❞t❤✳ ❋✐♥❞ t❤❡ ❞✐♠❡♥s✐♦♥s ✐❢ t❤❡
❛r❡❛ ✐s t♦ ❜❡ ✶✸✽ sq✉❛r❡ ❢❡❡t✳

❊①❡r❝✐s❡ ✶✵✳✶✵✳✾✵
❚❤❡ ❛r❡❛ ♦❢ ❛ tr✐❛♥❣❧❡ ✐s ✷✽ sq✉❛r❡ ❝❡♥t✐♠❡t❡rs✳ ❚❤❡ ❜❛s❡ ✐s ✸ ❝♠ ❧♦♥❣❡r t❤❛♥ t❤❡ ❤❡✐❣❤t✳ ❋✐♥❞ ❜♦t❤
t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❜❛s❡ ❛♥❞ t❤❡ ❤❡✐❣❤t✳

❊①❡r❝✐s❡ ✶✵✳✶✵✳✾✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✷✳✮

❚❤❡ ♣r♦❞✉❝t ♦❢ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ✐♥t❡❣❡rs ✐s ✷✶✵✳ ❋✐♥❞ t❤❡♠✳

❊①❡r❝✐s❡ ✶✵✳✶✵✳✾✷
❚❤❡ ♣r♦❞✉❝t ♦❢ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ♥❡❣❛t✐✈❡ ✐♥t❡❣❡rs ✐s ✷✼✷✳ ❋✐♥❞ t❤❡♠✳

❊①❡r❝✐s❡ ✶✵✳✶✵✳✾✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✷✳✮

❆ ❜♦① ✇✐t❤ ♥♦ t♦♣ ❛♥❞ ❛ sq✉❛r❡ ❜❛s❡ ✐s t♦ ❜❡ ♠❛❞❡ ❜② ❝✉tt✐♥❣ ♦✉t ✸✲✐♥❝❤ sq✉❛r❡s ❢r♦♠ ❡❛❝❤ ❝♦r♥❡r
❛♥❞ ❢♦❧❞✐♥❣ ✉♣ t❤❡ s✐❞❡s ♦❢ ❛ ♣✐❡❝❡ ♦❢ ❝❛r❞❜♦❛r❞✳ ❚❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ❜♦① ✐s t♦ ❜❡ ✷✺ ❝✉❜✐❝ ✐♥❝❤❡s✳
❲❤❛t s✐③❡ s❤♦✉❧❞ t❤❡ ♣✐❡❝❡ ♦❢ ❝❛r❞❜♦❛r❞ ❜❡❄

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✷✷ ❈❍❆P❚❊❘ ✶✵✳ ◗❯❆❉❘❆❚■❈ ❊◗❯❆❚■❖◆❙

✶✵✳✶✶ Pr♦✜❝✐❡♥❝② ❊①❛♠ ✶✶

✶✵✳✶✶✳✶ Pr♦✜❝✐❡♥❝② ❊①❛♠

❋♦r t❤❡ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s♣❡❝✐❢② t❤❡ ✈❛❧✉❡s ♦❢ a, b, ❛♥❞ c.

❊①❡r❝✐s❡ ✶✵✳✶✶✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✷✳✮

✭❙❡❝t✐♦♥ ✶✵✳✷✮ 2y2 − 3y + 10 = 0

❊①❡r❝✐s❡ ✶✵✳✶✶✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✷✳✮

✭❙❡❝t✐♦♥ ✶✵✳✷✮ 10b2 = 3b

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✉s❡ t❤❡ ③❡r♦✲❢❛❝t♦r ♣r♦♣❡rt② t♦ s♦❧✈❡ ❡❛❝❤ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥✳

❊①❡r❝✐s❡ ✶✵✳✶✶✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✷✳✮

✭❙❡❝t✐♦♥ ✶✵✳✷✮ (3x + 5) (x − 1) = 0

❊①❡r❝✐s❡ ✶✵✳✶✶✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✷✳✮

✭❙❡❝t✐♦♥ ✶✵✳✷✮ 3b (2b − 1) = 0

❊①❡r❝✐s❡ ✶✵✳✶✶✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✷✳✮

✭❙❡❝t✐♦♥ ✶✵✳✷✮ (a − 8)
2

= 0

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s♦❧✈❡ ❡❛❝❤ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥ ❜② ❢❛❝t♦r✐♥❣✳

❊①❡r❝✐s❡ ✶✵✳✶✶✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✷✳✮

✭❙❡❝t✐♦♥ ✶✵✳✸✮ 4x2 − 16 = 0

❊①❡r❝✐s❡ ✶✵✳✶✶✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✷✳✮

✭❙❡❝t✐♦♥ ✶✵✳✸✮ y2 − 12y + 32 = 0

❊①❡r❝✐s❡ ✶✵✳✶✶✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✷✳✮

✭❙❡❝t✐♦♥ ✶✵✳✸✮ a2 − 5a = 14

❊①❡r❝✐s❡ ✶✵✳✶✶✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✷✳✮

✭❙❡❝t✐♦♥ ✶✵✳✸✮ 6a2 = 10 − 11a

❊①❡r❝✐s❡ ✶✵✳✶✶✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✷✳✮

✭❙❡❝t✐♦♥ ✶✵✳✸✮ 2x2 = −2 − 5x

❊①❡r❝✐s❡ ✶✵✳✶✶✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✷✳✮

✭❙❡❝t✐♦♥ ✶✵✳✸✮ x3 − 25x = 0

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s♦❧✈❡ ❡❛❝❤ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥ ❜② ❡①tr❛❝t✐♦♥ ♦❢ r♦♦ts✳

❊①❡r❝✐s❡ ✶✵✳✶✶✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✷✳✮

✭❙❡❝t✐♦♥ ✶✵✳✹✮ c2 = 81

❊①❡r❝✐s❡ ✶✵✳✶✶✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✸✳✮

✭❙❡❝t✐♦♥ ✶✵✳✹✮ x2 = 15

❊①❡r❝✐s❡ ✶✵✳✶✶✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✸✳✮

✭❙❡❝t✐♦♥ ✶✵✳✹✮ 3a2 − 18 = 0

❊①❡r❝✐s❡ ✶✵✳✶✶✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✸✳✮

✭❙❡❝t✐♦♥ ✶✵✳✹✮ (x − 5)
2

= 1

❊①❡r❝✐s❡ ✶✵✳✶✶✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✸✳✮

✭❙❡❝t✐♦♥ ✶✵✳✹✮ (y + 11)
2 − 9 = 0

❊①❡r❝✐s❡ ✶✵✳✶✶✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✸✳✮

✭❙❡❝t✐♦♥ ✶✵✳✹✮ y2 − 25z2 = 0 ❢♦r y

❊①❡r❝✐s❡ ✶✵✳✶✶✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✸✳✮

✭❙❡❝t✐♦♥ ✶✵✳✹✮ 6a2 − 18b2c2 ❢♦r a

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s♦❧✈❡ ❡❛❝❤ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥ ✉s✐♥❣ q✉❛❞r❛t✐❝ ❢♦r♠✉❧❛✳

✶✶❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✷✵✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✷✸

❊①❡r❝✐s❡ ✶✵✳✶✶✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✸✳✮

✭❙❡❝t✐♦♥ ✶✵✳✻✮ x2 − 6x − 16 = 0

❊①❡r❝✐s❡ ✶✵✳✶✶✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✸✳✮

✭❙❡❝t✐♦♥ ✶✵✳✻✮ y2 − 2y − 7 = 0

❊①❡r❝✐s❡ ✶✵✳✶✶✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✸✳✮

✭❙❡❝t✐♦♥ ✶✵✳✻✮ (m + 2)
2 − 5 = 0

❊①❡r❝✐s❡ ✶✵✳✶✶✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✸✳✮

✭❙❡❝t✐♦♥ ✶✵✳✻✮ (x + b)
2

= c2

❊①❡r❝✐s❡ ✶✵✳✶✶✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✸✳✮

✭❙❡❝t✐♦♥ ✶✵✳✻✮ (x + 1) (x + 4) = 6

❊①❡r❝✐s❡ ✶✵✳✶✶✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✸✳✮

✭❙❡❝t✐♦♥ ✶✵✳✻✮ 5z2 − 5z − 5 = 2z2 − z

❊①❡r❝✐s❡ ✶✵✳✶✶✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✸✳✮

✭❙❡❝t✐♦♥ ✶✵✳✻✮ 2m2 = 5m

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s♦❧✈❡ ❡❛❝❤ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥ ❜② ❝♦♠♣❧❡t✐♥❣ t❤❡ sq✉❛r❡✳

❊①❡r❝✐s❡ ✶✵✳✶✶✳✷✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✸✳✮

✭❙❡❝t✐♦♥ ✶✵✳✺✮ x2 + 6x − 8 = 0

❊①❡r❝✐s❡ ✶✵✳✶✶✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✸✳✮

✭❙❡❝t✐♦♥ ✶✵✳✺✮ 2x2 + 7x − 12 = 0

❊①❡r❝✐s❡ ✶✵✳✶✶✳✷✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✸✳✮

✭❙❡❝t✐♦♥ ✶✵✳✼✮ ❚❤❡ ♣r♦❞✉❝t ♦❢ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ♦❞❞ ✐♥t❡❣❡rs ✐s ✶✹✸✳ ❲❤❛t ❛r❡ t❤❡②❄

❊①❡r❝✐s❡ ✶✵✳✶✶✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✸✳✮

✭❙❡❝t✐♦♥ ✶✵✳✼✮ ❆ st✉❞② ♦❢ t❤❡ ❛✐r q✉❛❧✐t② ❜② ❛♥ ❡♥✈✐r♦♥♠❡♥t❛❧ ❣r♦✉♣ s✉❣❣❡sts t❤❛t t ②❡❛rs ❢r♦♠
♥♦✇ t❤❡ ❧❡✈❡❧ ♦❢ ❝❛r❜♦♥ ♠♦♥♦①✐❞❡ ✐♥ t❤❡ ❛✐r✱ ✐♥ ♣❛rts ♣❡r ♠✐❧❧✐♦♥✱ ✇✐❧❧ ❜❡ ❣✐✈❡♥ ❜② t❤❡ q✉❛❞r❛t✐❝
❡q✉❛t✐♦♥

A = 0.4t2 + 0.1t + 3.1

✇❤❡r❡ A r❡♣r❡s❡♥ts t❤❡ ❛♠♦✉♥t ♦❢ ❝❛r❜♦♥ ♠♦♥♦①✐❞❡ ✐♥ t❤❡ ❛✐r✳
✭❛✮ ❲❤❛t ✐s t❤❡ ❧❡✈❡❧✱ ✐♥ ♣❛rts ♣❡r ♠✐❧❧✐♦♥✱ ♦❢ ❝❛r❜♦♥ ♠♦♥♦①✐❞❡ ✐♥ t❤❡ ❛✐r ♥♦✇❄
✭❜✮ ❍♦✇ ♠❛♥② ②❡❛rs ❢r♦♠ ♥♦✇ ✇✐❧❧ t❤❡ ❧❡✈❡❧ ♦❢ ❝❛r❜♦♥ ♠♦♥♦①✐❞❡ ❜❡ ❛t✶✽✳✶ ♣❛rts ♣❡r ♠✐❧❧✐♦♥❄

❊①❡r❝✐s❡ ✶✵✳✶✶✳✸✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✸✳✮

✭❙❡❝t✐♦♥ ✶✵✳✼✮ ❚❤❡ ❧❡♥❣t❤ ♦❢ ❛ r❡❝t❛♥❣❧❡ ✐s ✻ ✐♥❝❤❡s ❧♦♥❣❡r t❤❛♥ t❤❡ ✇✐❞t❤ ♦❢ t❤❡ r❡❝t❛♥❣❧❡✳ ❋✐♥❞
t❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ r❡❝t❛♥❣❧❡ ✐❢ t❤❡ ❛r❡❛ ✐s ✶✶✷ sq✉❛r❡ ❢❡❡t✳

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ❝♦♥str✉❝t t❤❡ ❣r❛♣❤s ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s✳

❊①❡r❝✐s❡ ✶✵✳✶✶✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✸✳✮

✭❙❡❝t✐♦♥ ✶✵✳✽✮ y = x2 − 3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✷✹ ❈❍❆P❚❊❘ ✶✵✳ ◗❯❆❉❘❆❚■❈ ❊◗❯❆❚■❖◆❙

❊①❡r❝✐s❡ ✶✵✳✶✶✳✸✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✹✳✮

✭❙❡❝t✐♦♥ ✶✵✳✽✮ y = (x + 1)
2

❊①❡r❝✐s❡ ✶✵✳✶✶✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✹✳✮

✭❙❡❝t✐♦♥ ✶✵✳✽✮ y = (x − 2)
2

+ 3

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ ✇r✐t❡ t❤❡ ❡q✉❛t✐♦♥ t❤❛t ❝♦rr❡s♣♦♥❞s t♦ ❡❛❝❤ ❣r❛♣❤✳

❊①❡r❝✐s❡ ✶✵✳✶✶✳✸✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✹✳✮

✭❙❡❝t✐♦♥ ✶✵✳✽✮

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✷✺

❊①❡r❝✐s❡ ✶✵✳✶✶✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✹✹✳✮

✭❙❡❝t✐♦♥ ✶✵✳✽✮

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✷✻ ❈❍❆P❚❊❘ ✶✵✳ ◗❯❆❉❘❆❚■❈ ❊◗❯❆❚■❖◆❙

❙♦❧✉t✐♦♥s t♦ ❊①❡r❝✐s❡s ✐♥ ❈❤❛♣t❡r ✶✵

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✶ ✭♣✳ ✼✺✺✮
②❡s
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✷ ✭♣✳ ✼✺✺✮
♥♦
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✸ ✭♣✳ ✼✺✺✮
♥♦
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✹ ✭♣✳ ✼✺✺✮
②❡s
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✺ ✭♣✳ ✼✺✺✮
♥♦
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✻ ✭♣✳ ✼✺✺✮
②❡s
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✼ ✭♣✳ ✼✺✻✮
a = 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✽ ✭♣✳ ✼✺✻✮
y = −6, 7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✾ ✭♣✳ ✼✺✻✮
x = −5, 4

3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✶✵ ✭♣✳ ✼✺✼✮
3, 4,−7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✶✷ ✭♣✳ ✼✺✼✮
2,−5, 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✶✹ ✭♣✳ ✼✺✼✮
−3, 4,−1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✶✻ ✭♣✳ ✼✺✼✮
✷✱ ✺✱ ✵
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✶✽ ✭♣✳ ✼✺✼✮
8,−2, 0
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✷✵ ✭♣✳ ✼✺✼✮
✹✱ ✵✱ ✵
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✷✷ ✭♣✳ ✼✺✼✮
✶✱ ✶✱ ✶✵
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✷✹ ✭♣✳ ✼✺✼✮
3, 5,−7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✷✻ ✭♣✳ ✼✺✼✮
1, 6,−1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✷✽ ✭♣✳ ✼✺✼✮
1, 0,−9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✸✵ ✭♣✳ ✼✺✼✮
x = 0
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✸✷ ✭♣✳ ✼✺✽✮
a = 0
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✸✹ ✭♣✳ ✼✺✽✮
k = −7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✸✻ ✭♣✳ ✼✺✽✮
x = −4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✸✽ ✭♣✳ ✼✺✽✮
y = 0, 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✹✵ ✭♣✳ ✼✺✽✮
n = 0,−4

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✹✷ ✭♣✳ ✼✺✽✮
a = 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✹✹ ✭♣✳ ✼✺✽✮
x = −7 ♦rx = 0
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✹✻ ✭♣✳ ✼✺✽✮
y = 4 ♦r y = 8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✹✽ ✭♣✳ ✼✺✽✮
x = −4 ♦rx = −5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✺✵ ✭♣✳ ✼✺✽✮
x = 6

5 ♦rx = 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✺✷ ✭♣✳ ✼✺✽✮
m = − 5

6 ♦rm = 6
11

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✺✹ ✭♣✳ ✼✺✾✮
x = −5

4 , 7
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✺✻ ✭♣✳ ✼✺✾✮
a = −6

7 , 6
7

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✺✽ ✭♣✳ ✼✺✾✮
x = 14

5 , −10
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✻✵ ✭♣✳ ✼✺✾✮
y = −5

2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✻✷ ✭♣✳ ✼✺✾✮
m = 6

5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✻✹ ✭♣✳ ✼✺✾✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✷✳✻✻ ✭♣✳ ✼✺✾✮√
14 + 2

√
7

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✶ ✭♣✳ ✼✻✶✮
x = 7, − 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✷ ✭♣✳ ✼✻✷✮
x = −5

2 , 7
5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✸ ✭♣✳ ✼✻✷✮
x = 4, − 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✹ ✭♣✳ ✼✻✷✮
x = 1

3 , −5
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✺ ✭♣✳ ✼✻✷✮
y = 3

5 ,−1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✻ ✭♣✳ ✼✻✷✮
m = 0, 11

2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✼ ✭♣✳ ✼✻✷✮
p = −1

3 , −1
2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✽ ✭♣✳ ✼✻✷✮
r = 7,−7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✾ ✭♣✳ ✼✻✸✮
x = − 2

9 , 3
7

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✶✵ ✭♣✳ ✼✻✹✮
x = −1, − 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✶✷ ✭♣✳ ✼✻✹✮
x = 1, 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✶✹ ✭♣✳ ✼✻✹✮
x = −2, 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✶✻ ✭♣✳ ✼✻✹✮
x = − 1

2 , 7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✶✽ ✭♣✳ ✼✻✹✮
x = − 3

4 , 2
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✷✵ ✭♣✳ ✼✻✹✮
x = − 5

6 , 4
9

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✷✷ ✭♣✳ ✼✻✹✮
x = −4, 0
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✷✹ ✭♣✳ ✼✻✹✮
y = 0, 4

3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✷✻ ✭♣✳ ✼✻✹✮
x = −4, − 1

2 , 0
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✷✽ ✭♣✳ ✼✻✹✮
x = 8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✸✵ ✭♣✳ ✼✻✹✮
b = −7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✸✷ ✭♣✳ ✼✻✺✮
x = 0, 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✸✹ ✭♣✳ ✼✻✺✮
y = 0, 7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✸✻ ✭♣✳ ✼✻✺✮
x = −2, 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✸✽ ✭♣✳ ✼✻✺✮
♥♦ s♦❧✉t✐♦♥
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✹✵ ✭♣✳ ✼✻✺✮
a = −10, 10
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✹✷ ✭♣✳ ✼✻✺✮
b = 7, − 7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✹✹ ✭♣✳ ✼✻✺✮
a = 5, − 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✹✻ ✭♣✳ ✼✻✺✮
y = 0, 1, − 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✹✽ ✭♣✳ ✼✻✺✮
b = 2, − 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✺✵ ✭♣✳ ✼✻✺✮
a = 6, − 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✺✷ ✭♣✳ ✼✻✺✮
x =

√
2, −

√
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✺✹ ✭♣✳ ✼✻✺✮
b = 3, − 3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✺✻ ✭♣✳ ✼✻✻✮
b = 4, − 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✺✽ ✭♣✳ ✼✻✻✮
y = −5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✻✵ ✭♣✳ ✼✻✻✮
♥♦ s♦❧✉t✐♦♥
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✻✷ ✭♣✳ ✼✻✻✮
a = −2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✻✹ ✭♣✳ ✼✻✻✮
b = 7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✻✻ ✭♣✳ ✼✻✻✮
m = 0, − 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✻✽ ✭♣✳ ✼✻✻✮
a = −3, 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✼✵ ✭♣✳ ✼✻✻✮
x = −7, − 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✼✷ ✭♣✳ ✼✻✻✮
b = −9, − 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✼✹ ✭♣✳ ✼✻✻✮
x = 6, 7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✼✻ ✭♣✳ ✼✻✻✮
a = − 5

3 , − 1
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✼✽ ✭♣✳ ✼✻✼✮
a = − 1

4 , − 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✽✵ ✭♣✳ ✼✻✼✮
a = −1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✽✷ ✭♣✳ ✼✻✼✮
x = − 5

2 , 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✽✹ ✭♣✳ ✼✻✼✮
♥♦ s♦❧✉t✐♦♥
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✽✻ ✭♣✳ ✼✻✼✮
x12y14

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✽✽ ✭♣✳ ✼✻✼✮
x2+1

(x+1)(x−1)(x−2)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✸✳✾✵ ✭♣✳ ✼✻✼✮
x = −4, −1

3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✶ ✭♣✳ ✼✼✵✮
x = ±12
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✷ ✭♣✳ ✼✼✵✮
y = ± 11

3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✸ ✭♣✳ ✼✼✵✮
a = ±3

√
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✹ ✭♣✳ ✼✼✵✮
n = ±mp4

√
6

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✺ ✭♣✳ ✼✼✵✮
q = ±3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✻ ✭♣✳ ✼✼✵✮
m = ±11.74
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✽ ✭♣✳ ✼✼✶✮
a = 2,−14

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✾ ✭♣✳ ✼✼✶✮
m = 4 ±

√
15

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✶✵ ✭♣✳ ✼✼✶✮
y = 0, 14
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✶✶ ✭♣✳ ✼✼✶✮
k = 1 ± 2

√
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✶✷ ✭♣✳ ✼✼✶✮
x = 11
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✶✸ ✭♣✳ ✼✼✷✮
x = ±6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✶✺ ✭♣✳ ✼✼✷✮
a = ±3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✶✼ ✭♣✳ ✼✼✷✮
b = ±1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✶✾ ✭♣✳ ✼✼✷✮
x = ±5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✷✶ ✭♣✳ ✼✼✷✮
a = ±

√
5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✷✸ ✭♣✳ ✼✼✷✮
b = ±2

√
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✷✺ ✭♣✳ ✼✼✷✮
y = ±

√
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✷✼ ✭♣✳ ✼✼✷✮
a = ±2

√
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✷✾ ✭♣✳ ✼✼✷✮
a = ±

√
5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✸✶ ✭♣✳ ✼✼✷✮
x = ±

√
10

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✸✸ ✭♣✳ ✼✼✷✮
x = ±3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✸✺ ✭♣✳ ✼✼✸✮
x = ±5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✸✼ ✭♣✳ ✼✼✸✮
x = ±2

√
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✸✾ ✭♣✳ ✼✼✸✮
x = ±3b
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✹✶ ✭♣✳ ✼✼✸✮
k = ±mn
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✹✸ ✭♣✳ ✼✼✸✮
y = ±an
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✹✺ ✭♣✳ ✼✼✸✮
x = ±z
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✹✼ ✭♣✳ ✼✼✸✮
a = b

√
2,−b

√
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✹✾ ✭♣✳ ✼✼✸✮
x = 5,−1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✺✶ ✭♣✳ ✼✼✸✮
x = 11,−1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✺✸ ✭♣✳ ✼✼✸✮
a = −8 ,−10

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✸✶

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✺✺ ✭♣✳ ✼✼✸✮
a = −4 ±

√
5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✺✼ ✭♣✳ ✼✼✹✮
x = −1 ±√

a
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✺✾ ✭♣✳ ✼✼✹✮
y = −2 ± a
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✻✶ ✭♣✳ ✼✼✹✮
x = a ± b
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✻✸ ✭♣✳ ✼✼✹✮
a = ±4.58
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✻✺ ✭♣✳ ✼✼✹✮
y = ±7.30
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✻✼ ✭♣✳ ✼✼✹✮
x = ±1.00
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✻✾ ✭♣✳ ✼✼✹✮
x = −11

9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✹✳✼✶ ✭♣✳ ✼✼✹✮
x = 0, 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✺✳✶ ✭♣✳ ✼✼✾✮
x = −6, 8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✺✳✷ ✭♣✳ ✼✼✾✮

x = −3±
√

29
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✺✳✸ ✭♣✳ ✼✼✾✮
m = −1

4 , − 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✺✳✹ ✭♣✳ ✼✼✾✮

y = 1±
√

21
5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✺✳✺ ✭♣✳ ✼✼✾✮
x = 0.8, − 0.4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✺✳✻ ✭♣✳ ✼✽✵✮
x = −4, 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✺✳✽ ✭♣✳ ✼✽✵✮
a = −3, − 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✺✳✶✵ ✭♣✳ ✼✽✵✮
y = −4, 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✺✳✶✷ ✭♣✳ ✼✽✵✮
◆♦ r❡❛❧ ♥✉♠❜❡r s♦❧✉t✐♦♥✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✺✳✶✹ ✭♣✳ ✼✽✵✮
x = −2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✺✳✶✻ ✭♣✳ ✼✽✵✮

b = −5±
√

37
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✺✳✶✽ ✭♣✳ ✼✽✵✮
a = −5 ±

√
34

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✺✳✷✵ ✭♣✳ ✼✽✵✮
x = 10, 0
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✺✳✷✷ ✭♣✳ ✼✽✵✮
a = 6, 0
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✺✳✷✹ ✭♣✳ ✼✽✵✮
x = −13, − 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✺✳✷✻ ✭♣✳ ✼✽✵✮

a = −1±
√

3
2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✺✳✷✽ ✭♣✳ ✼✽✶✮
x = 1

3 ,− 5
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✺✳✸✵ ✭♣✳ ✼✽✶✮

x = −5±
√

57
4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✺✳✸✷ ✭♣✳ ✼✽✶✮
◆♦ r❡❛❧ ♥✉♠❜❡r s♦❧✉t✐♦♥✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✺✳✸✹ ✭♣✳ ✼✽✶✮

a = −3±
√

37
14

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✺✳✸✻ ✭♣✳ ✼✽✶✮
y = 0.91, − 2.57
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✺✳✸✽ ✭♣✳ ✼✽✶✮
◆♦ r❡❛❧ ♥✉♠❜❡r s♦❧✉t✐♦♥✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✺✳✹✵ ✭♣✳ ✼✽✶✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✺✳✹✷ ✭♣✳ ✼✽✶✮
x+1
x+3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✶ ✭♣✳ ✼✽✸✮

a = 4

b = −3

c = 5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✷ ✭♣✳ ✼✽✸✮

a = 3

b = −2

c = 9

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✸ ✭♣✳ ✼✽✸✮

a = 1

b = −5

c = −1

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✹ ✭♣✳ ✼✽✸✮

a = 1

b = 0

c = −4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✺ ✭♣✳ ✼✽✸✮

a = 1

b = −2

c = 0

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✻ ✭♣✳ ✼✽✸✮

a = 1

b = −5

c = 6

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✸✸

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✼ ✭♣✳ ✼✽✸✮

a = 2

b = −4

c = 1

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✽ ✭♣✳ ✼✽✸✮

a = 3

b = 5

c = −3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✾ ✭♣✳ ✼✽✸✮

a = −3

b = 2

c = −11

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✶✵ ✭♣✳ ✼✽✸✮

a = 1

b = 0

c = 0

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✶✶ ✭♣✳ ✼✽✼✮

x = −3±
√

65
4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✶✷ ✭♣✳ ✼✽✼✮

a = 1±
√

6
5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✶✸ ✭♣✳ ✼✽✼✮
♥♦ r❡❛❧ ♥✉♠❜❡r s♦❧✉t✐♦♥
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✶✹ ✭♣✳ ✼✽✼✮
m = 0, 2

3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✶✺ ✭♣✳ ✼✽✽✮
x = 3, − 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✶✼ ✭♣✳ ✼✽✽✮
y = 1, 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✶✾ ✭♣✳ ✼✽✽✮
a = −2, − 10
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✷✶ ✭♣✳ ✼✽✽✮
b = −2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✷✸ ✭♣✳ ✼✽✽✮
x = 3,− 1

2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✷✺ ✭♣✳ ✼✽✽✮

x = 1±
√

5
4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✷✼ ✭♣✳ ✼✽✽✮
a = 1, − 3

5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✷✾ ✭♣✳ ✼✽✽✮

x = 5±
√

41
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✸✶ ✭♣✳ ✼✽✽✮

a = 1±
√

89
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✸✸ ✭♣✳ ✼✽✽✮
b = ±5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✸✺ ✭♣✳ ✼✽✽✮

y = −5±
√

41
2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✸✼ ✭♣✳ ✼✽✾✮
x = −1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✸✾ ✭♣✳ ✼✽✾✮
a = −4, 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✹✶ ✭♣✳ ✼✽✾✮
b = −1, − 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✹✸ ✭♣✳ ✼✽✾✮
◆♦ r❡❛❧ ♥✉♠❜❡r s♦❧✉t✐♦♥✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✹✺ ✭♣✳ ✼✽✾✮
−2±

√
6

2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✹✼ ✭♣✳ ✼✽✾✮
x = 4 ±

√
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✹✾ ✭♣✳ ✼✽✾✮
b = 6 ± 2

√
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✺✶ ✭♣✳ ✼✽✾✮

x = 1±
√

34
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✺✸ ✭♣✳ ✼✽✾✮
◆♦ r❡❛❧ ♥✉♠❜❡r s♦❧✉t✐♦♥✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✺✺ ✭♣✳ ✼✾✵✮
x8y2z6

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✺✼ ✭♣✳ ✼✾✵✮
6y2 + 19y − 7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✻✳✺✾ ✭♣✳ ✼✾✵✮
x = −2, 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✼✳✶ ✭♣✳ ✼✾✶✮
✶✷ ♦r ✶✽
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✼✳✷ ✭♣✳ ✼✾✷✮
■♥ ✾ ❛♥❞ ✶✺ ②❡❛rs✱ t❤❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ t❤❡ ❝✐t② ✇✐❧❧ ❜❡ ✾✺✱✽✻✺✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✼✳✸ ✭♣✳ ✼✾✸✮
✇✐❞t❤ ❂ ✷ ❢❡❡t✱ ❧❡♥❣t❤ ❂ ✼ ❢❡❡t
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✼✳✹ ✭♣✳ ✼✾✸✮
❤❡✐❣❤t ❂ ✻ ♠❡t❡rs✱ ❜❛s❡ ❂ ✽ ♠❡t❡rs
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✼✳✺ ✭♣✳ ✼✾✹✮
✶✹ ❛♥❞ ✶✺✱ ❛♠❞ ✕✶✹ ❛♥❞ ✕✶✺
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✼✳✻ ✭♣✳ ✼✾✹✮
✕✷
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✼✳✼ ✭♣✳ ✼✾✺✮
✶✵ ✐♥✳ ❜② ✶✵ ✐♥✳❀ ✷ ❜② ✷ ✐s ♥♦t ♣❤②s✐❝❛❧❧② ♣♦ss✐❜❧❡✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✼✳✽ ✭♣✳ ✼✾✻✮
✭❛✮✳ 5.1 ♣❛rts ♣❡r ♠✐❧❧✐♦♥ ✭❜✮✳ 3.6 ②❡❛rs
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✼✳✾ ✭♣✳ ✼✾✼✮
✸ ❢t ✇✐❞❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✼✳✶✵ ✭♣✳ ✼✾✽✮
$8 ♦r $14
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✼✳✶✷ ✭♣✳ ✼✾✽✮
✭❛✮ 12, 036 ✭❜✮ 3 ❛♥❞ 12 ②❡❛rs ❢r♦♠♥♦✇
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✼✳✶✹ ✭♣✳ ✼✾✽✮
✭❛✮ 48 ❢❡❡t ✭❜✮ ✻✹ ❢❡❡t ✭❝✮ t = 3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✼✳✶✻ ✭♣✳ ✼✾✾✮
❧❡♥❣t❤ = 8; ✇✐❞t❤ = 1

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✸✺

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✼✳✶✽ ✭♣✳ ✼✾✾✮
✇✐❞t❤ =

√
21 ❧❡♥❣t❤ = 2

3

√
21

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✼✳✷✵ ✭♣✳ ✼✾✾✮
b = 7; h = 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✼✳✷✷ ✭♣✳ ✼✾✾✮
−9,−8 ♦r 8, 9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✼✳✷✹ ✭♣✳ ✼✾✾✮
−13,−11 ♦r 11, 13
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✼✳✷✻ ✭♣✳ ✼✾✾✮
n = 2,−5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✼✳✷✽ ✭♣✳ ✽✵✵✮
4 +

√
12.5 ✐♥❝❤❡s

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✼✳✸✵ ✭♣✳ ✽✵✵✮
✭❛✮ ❝❛r❜♦♥ ♠♦♥♦①✐❞❡ ♥♦✇ 2.2 ♣❛rts ♣❡r ♠✐❧❧✐♦♥
✭❜✮ 2.37 ②❡❛rs
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✼✳✸✷ ✭♣✳ ✽✵✵✮
x = 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✼✳✸✹ ✭♣✳ ✽✵✶✮

3x+14
(x+2)(x−2)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✼✳✸✻ ✭♣✳ ✽✵✶✮
51 3

7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✼✳✸✽ ✭♣✳ ✽✵✶✮
x = 0, 3

4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✽✳✶ ✭♣✳ ✽✵✸✮

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✽✳✷ ✭♣✳ ✽✵✺✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✽✳✸ ✭♣✳ ✽✵✺✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✽✳✹ ✭♣✳ ✽✵✼✮
y = x2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✸✼

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✽✳✻ ✭♣✳ ✽✵✼✮

y = (x − 1)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✽✳✽ ✭♣✳ ✽✵✽✮

y = (x + 3)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✽✳✶✵ ✭♣✳ ✽✵✽✮
y = x2 − 3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✽✳✶✷ ✭♣✳ ✽✵✾✮
y = x2 + 2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✽✳✶✹ ✭♣✳ ✽✶✵✮
y = x2 − 1

2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✽✳✶✻ ✭♣✳ ✽✶✵✮
y = −x2 − 1

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✸✾

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✽✳✶✽ ✭♣✳ ✽✶✶✮

y = (x + 3)
2

+ 2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✽✳✷✵ ✭♣✳ ✽✶✷✮

y = −(x + 3)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✽✳✷✷ ✭♣✳ ✽✶✷✮
y = 3x2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✽✳✷✹ ✭♣✳ ✽✶✸✮
y = 1

3x2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✽✳✷✻ ✭♣✳ ✽✶✹✮

y = (x − 3)
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✽✳✷✽ ✭♣✳ ✽✶✹✮

y = −(x + 3)
2

+ 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✽✳✸✵ ✭♣✳ ✽✶✺✮
(y + 6) (y − 7)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✽✳✸✷ ✭♣✳ ✽✶✺✮
8−2

√
5

11
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✶ ✭♣✳ ✽✶✼✮
x = 2, 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✸ ✭♣✳ ✽✶✼✮
a = −10, 5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✺ ✭♣✳ ✽✶✼✮
m = 8,−1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✼ ✭♣✳ ✽✶✼✮
x = −2, 1

3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✾ ✭♣✳ ✽✶✼✮
x = 0,− 3

2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✶✶ ✭♣✳ ✽✶✼✮
y = −3
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✶✸ ✭♣✳ ✽✶✼✮
y = ± 7

4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✶✺ ✭♣✳ ✽✶✼✮
a = −4,−2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✹✶

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✶✼ ✭♣✳ ✽✶✼✮
s = 1, 8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✶✾ ✭♣✳ ✽✶✼✮
y = 1

6 ,−2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✷✶ ✭♣✳ ✽✶✽✮
m = 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✷✸ ✭♣✳ ✽✶✽✮
a = 0; b = − 7

4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✷✺ ✭♣✳ ✽✶✽✮
m = ±9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✷✼ ✭♣✳ ✽✶✽✮
a = ±5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✷✾ ✭♣✳ ✽✶✽✮
m = 5, 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✸✶ ✭♣✳ ✽✶✽✮
x = −7, 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✸✸ ✭♣✳ ✽✶✽✮
y = 4,−1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✸✺ ✭♣✳ ✽✶✽✮
r = − 5

2 , 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✸✼ ✭♣✳ ✽✶✽✮
a = ±11
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✸✾ ✭♣✳ ✽✶✽✮
m = ±

√
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✹✶ ✭♣✳ ✽✶✾✮
s = ±

√
10

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✹✸ ✭♣✳ ✽✶✾✮
y = ±5
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✹✺ ✭♣✳ ✽✶✾✮
m = ±4np2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✹✼ ✭♣✳ ✽✶✾✮
y = ±x
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✹✾ ✭♣✳ ✽✶✾✮
x = 5,−1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✺✶ ✭♣✳ ✽✶✾✮
a = −11,−9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✺✸ ✭♣✳ ✽✶✾✮
r = 8 ±

√
10

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✺✺ ✭♣✳ ✽✶✾✮
◆♦ r❡❛❧ ♥✉♠❜❡r s♦❧✉t✐♦♥✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✺✼ ✭♣✳ ✽✶✾✮
y = −6 ±√

a
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✺✾ ✭♣✳ ✽✶✾✮

m = 11±a
√

2
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✻✶ ✭♣✳ ✽✷✵✮
s = 4,−6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✻✸ ✭♣✳ ✽✷✵✮

b = −1±
√

33
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✻✺ ✭♣✳ ✽✷✵✮

a = −1±
√

31
5

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✻✼ ✭♣✳ ✽✷✵✮
y = 1 ±

√
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✻✾ ✭♣✳ ✽✷✵✮
r = −1 ±

√
10

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✼✶ ✭♣✳ ✽✷✵✮

x = 0, −1±
√

221
10

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✼✸ ✭♣✳ ✽✷✵✮

x = 0, 1±
√

181
12

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✼✺ ✭♣✳ ✽✷✵✮

x = 1±
√

61
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✼✼ ✭♣✳ ✽✷✵✮
◆♦ r❡❛❧ ♥✉♠❜❡r s♦❧✉t✐♦♥✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✼✾ ✭♣✳ ✽✷✵✮

r = −1±
√

161
10

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✽✶ ✭♣✳ ✽✷✵✮

a = −3±
√

17
4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✽✸ ✭♣✳ ✽✷✶✮
r = 8 ±

√
70

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✽✺ ✭♣✳ ✽✷✶✮
◆♦ s♦❧✉t✐♦♥✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✽✼ ✭♣✳ ✽✷✶✮
x ≈ 1.29 ❢❡❡t
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✽✾ ✭♣✳ ✽✷✶✮
w = 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✾✶ ✭♣✳ ✽✷✶✮
x = −15,−14, ♦r 14, 15
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✵✳✾✸ ✭♣✳ ✽✷✶✮

x = 18+5
√

3
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✶ ✭♣✳ ✽✷✷✮
a = 2, b = −3, c = 10
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✷ ✭♣✳ ✽✷✷✮
a = 10, b = −3, c = 0
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✸ ✭♣✳ ✽✷✷✮
x = − 5

3 , 1
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✹ ✭♣✳ ✽✷✷✮
b = 0, 1

2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✺ ✭♣✳ ✽✷✷✮
a = 8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✻ ✭♣✳ ✽✷✷✮
x = −2, 2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✼ ✭♣✳ ✽✷✷✮
y = 4, 8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✽ ✭♣✳ ✽✷✷✮
−2, 7
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✾ ✭♣✳ ✽✷✷✮
a = − 5

2 , 2
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✶✵ ✭♣✳ ✽✷✷✮
x = −2,− 1

2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✶✶ ✭♣✳ ✽✷✷✮
x = 0,−5, 5

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✹✸

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✶✷ ✭♣✳ ✽✷✷✮
c = −9, 9
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✶✸ ✭♣✳ ✽✷✷✮
x = −

√
15,

√
15

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✶✹ ✭♣✳ ✽✷✷✮
a = −

√
6,
√

6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✶✺ ✭♣✳ ✽✷✷✮
x = 4, 6
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✶✻ ✭♣✳ ✽✷✷✮
y = −8,−14
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✶✼ ✭♣✳ ✽✷✷✮
y = −5z, 5z
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✶✽ ✭♣✳ ✽✷✷✮
a = ±bc

√
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✶✾ ✭♣✳ ✽✷✸✮
x = −2, 8
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✷✵ ✭♣✳ ✽✷✸✮
y = 1 ± 2

√
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✷✶ ✭♣✳ ✽✷✸✮
m = −2 ±

√
5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✷✷ ✭♣✳ ✽✷✸✮
x = −b ± c
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✷✸ ✭♣✳ ✽✷✸✮

x = −5±
√

33
2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✷✹ ✭♣✳ ✽✷✸✮

z = 2±
√

19
3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✷✺ ✭♣✳ ✽✷✸✮
m = 0, 5

2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✷✻ ✭♣✳ ✽✷✸✮
x = −3 ±

√
17

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✷✼ ✭♣✳ ✽✷✸✮

x = −7±
√

145
4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✷✽ ✭♣✳ ✽✷✸✮
✶✶ ❛♥❞ ✶✸ ♦r −11 ❛♥❞ −13
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✷✾ ✭♣✳ ✽✷✸✮
✭❛✮ 3.1 ✭❜✮ ✻ ②❡❛rs ❢r♦♠ ♥♦✇
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✸✵ ✭♣✳ ✽✷✸✮

✇✐❞t❤ = −1+
√

1793
4 ;

❧❡♥❣t❤ = 1+
√

1793
4

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✸✶ ✭♣✳ ✽✷✸✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✸✷ ✭♣✳ ✽✷✹✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✸✸ ✭♣✳ ✽✷✹✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✸✹ ✭♣✳ ✽✷✹✮

y = (x − 2)
2

+ 1 ♦r

y = x2 − 4x + 5

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✵✳✶✶✳✸✺ ✭♣✳ ✽✷✺✮

y = −(x + 3)
2 − 2 ♦r

y = −x2 − 6x − 11

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



❈❤❛♣t❡r ✶✶

❙②st❡♠s ♦❢ ▲✐♥❡❛r ❊q✉❛t✐♦♥s

✶✶✳✶ ❖❜❥❡❝t✐✈❡s✶

❆❢t❡r ❝♦♠♣❧❡t✐♥❣ t❤✐s ❝❤❛♣t❡r✱ ②♦✉ s❤♦✉❧❞

❙♦❧✉t✐♦♥s ❜② ●r❛♣❤✐♥❣ ✭❙❡❝t✐♦♥ ✶✶✳✷✮

• ❜❡ ❛❜❧❡ t♦ r❡❝♦❣♥✐③❡ ❛ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ❛♥❞ ❛ s♦❧✉t✐♦♥ t♦ ✐t
• ❜❡ ❛❜❧❡ t♦ ❣r❛♣❤✐❝❛❧❧② ✐♥t❡r♣r❡t ✐♥❞❡♣❡♥❞❡♥t✱ ✐♥❝♦♥s✐st❡♥t✱ ❛♥❞ ❞❡♣❡♥❞❡♥t s②st❡♠s
• ❜❡ ❛❜❧❡ t♦ s♦❧✈❡ ❛ s②st❡♠ ♦❢ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ❣r❛♣❤✐❝❛❧❧②

❊❧✐♠✐♥❛t✐♦♥ ❜② ❙✉❜st✐t✉t✐♦♥ ✭❙❡❝t✐♦♥ ✶✶✳✸✮

• ❦♥♦✇ ✇❤❡♥ t❤❡ s✉❜st✐t✉t✐♦♥ ♠❡t❤♦❞ ✇♦r❦s ❜❡st
• ❜❡ ❛❜❧❡ t♦ ✉s❡ t❤❡ s✉❜st✐t✉t✐♦♥ ♠❡t❤♦❞ t♦ s♦❧✈❡ ❛ s②st❡♠ ♦❢ ❧✐♥❡❛r ❡q✉❛t✐♦♥s
• ❦♥♦✇ ✇❤❛t t♦ ❡①♣❡❝t ✇❤❡♥ ✉s✐♥❣ s✉❜st✐t✉t✐♦♥ ✇✐t❤ ❛ s②st❡♠ t❤❛t ❝♦♥s✐sts ♦❢ ♣❛r❛❧❧❡❧ ❧✐♥❡s ♦r ❝♦✐♥❝✐❞❡♥t

❧✐♥❡s

❊❧✐♠✐♥❛t✐♦♥ ❜② ❆❞❞✐t✐♦♥ ✭❙❡❝t✐♦♥ ✶✶✳✹✮

• ❦♥♦✇ t❤❡ ♣r♦♣❡rt✐❡s ✉s❡❞ ✐♥ t❤❡ ❛❞❞✐t✐♦♥ ♠❡t❤♦❞
• ❜❡ ❛❜❧❡ t♦ ✉s❡ t❤❡ ❛❞❞✐t✐♦♥ ♠❡t❤♦❞ t♦ s♦❧✈❡ ❛ s②st❡♠ ♦❢ ❧✐♥❡❛r ❡q✉❛t✐♦♥s
• ❦♥♦✇ ✇❤❛t t♦ ❡①♣❡❝t ✇❤❡♥ ✉s✐♥❣ t❤❡ ❛❞❞✐t✐♦♥ ♠❡t❤♦❞ ✇✐t❤ ❛ s②st❡♠ t❤❛t ❝♦♥s✐sts ♦❢ ♣❛r❛❧❧❡❧ ♦r

❝♦✐♥❝✐❞❡♥t ❧✐♥❡s

❆♣♣❧✐❝❛t✐♦♥s ✭❙❡❝t✐♦♥ ✶✶✳✺✮

• ❜❡❝♦♠❡ ♠♦r❡ ❢❛♠✐❧✐❛r ✇✐t❤ t❤❡ ✜✈❡✲st❡♣ ♠❡t❤♦❞ ❢♦r s♦❧✈✐♥❣ ❛♣♣❧✐❡❞ ♣r♦❜❧❡♠s
• ❜❡ ❛❜❧❡ t♦ s♦❧✈❡ ♥✉♠❜❡r ♣r♦❜❧❡♠s
• ❜❡ ❛❜❧❡ t♦ s♦❧✈❡ ✈❛❧✉❡ ❛♥❞ r❛t❡ ♣r♦❜❧❡♠s

✶✶✳✷ ❙♦❧✉t✐♦♥s ❜② ●r❛♣❤✐♥❣✷

✶✶✳✷✳✶ ❖✈❡r✈✐❡✇

• ❙②st❡♠s ♦❢ ❊q✉❛t✐♦♥s
• ❙♦❧✉t✐♦♥ t♦ ❆ ❙②st❡♠ ♦❢ ❊q✉❛t✐♦♥s

✶❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✷✼✾✾✴✶✳✺✴❃✳
✷❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✶✽✽✽✶✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃

✽✹✺
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• ●r❛♣❤s ♦❢ ❙②st❡♠s ♦❢ ❊q✉❛t✐♦♥s
• ■♥❞❡♣❡♥❞❡♥t✱ ■♥❝♦♥s✐st❡♥t✱ ❛♥❞ ❉❡♣❡♥❞❡♥t ❙②st❡♠s
• ❚❤❡ ▼❡t❤♦❞ ♦❢ ❙♦❧✈✐♥❣ ❆ ❙②st❡♠ ●r❛♣❤✐❝❛❧❧②

✶✶✳✷✳✷ ❙②st❡♠s ♦❢ ❊q✉❛t✐♦♥s

❙②st❡♠s ♦❢ ❊q✉❛t✐♦♥s
❆ ❝♦❧❧❡❝t✐♦♥ ♦❢ t✇♦ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ✐s ❝❛❧❧❡❞ ❛ s②st❡♠ ♦❢ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ✐♥ t✇♦
✈❛r✐❛❜❧❡s✱ ♦r ♠♦r❡ ❜r✐❡✢②✱ ❛ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✳ ❚❤❡ ♣❛✐r ♦❢ ❡q✉❛t✐♦♥s

{ 5x − 2y = 5

x + y = 8

✐s ❛ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✳ ❚❤❡ ❜r❛❝❡ { ✐s ✉s❡❞ t♦ ❞❡♥♦t❡ t❤❛t t❤❡ t✇♦ ❡q✉❛t✐♦♥s ♦❝❝✉r t♦❣❡t❤❡r ✭s✐♠✉❧t❛♥❡♦✉s❧②✮✳

✶✶✳✷✳✸ ❙♦❧✉t✐♦♥ t♦ ❆ ❙②st❡♠ ♦❢ ❊q✉❛t✐♦♥s

❙♦❧✉t✐♦♥ t♦ ❛ ❙②st❡♠
❲❡ ❦♥♦✇ t❤❛t ♦♥❡ ♦❢ t❤❡ ✐♥✜♥✐t❡❧② ♠❛♥② s♦❧✉t✐♦♥s t♦ ♦♥❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ✐s ❛♥ ♦r❞❡r❡❞ ♣❛✐r✳
❆♥ ♦r❞❡r❡❞ ♣❛✐r t❤❛t ✐s ❛ s♦❧✉t✐♦♥ t♦ ❜♦t❤ ♦❢ t❤❡ ❡q✉❛t✐♦♥s ✐♥ ❛ s②st❡♠ ✐s ❝❛❧❧❡❞ ❛ s♦❧✉t✐♦♥ t♦ t❤❡ s②st❡♠
♦❢ ❡q✉❛t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ♦r❞❡r❡❞ ♣❛✐r (3, 5) ✐s ❛ s♦❧✉t✐♦♥ t♦ t❤❡ s②st❡♠

{ 5x − 2y = 5

x + y = 8

s✐♥❝❡ (3, 5) ✐s ❛ s♦❧✉t✐♦♥ t♦ ❜♦t❤ ❡q✉❛t✐♦♥s✳

5x − 2y = 5 x + y = 8

5 (3) − 2 (5) = 5 ■s t❤✐s ❝♦rr❡❝t❄ 3 + 5 = 8 ■s t❤✐s ❝♦rr❡❝t❄

15 − 10 = 5 ■s t❤✐s ❝♦rr❡❝t❄ 8 = 8 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

5 = 5 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

✶✶✳✷✳✹ ●r❛♣❤s ♦❢ ❙②st❡♠s ♦❢ ❊q✉❛t✐♦♥s

❖♥❡ ♠❡t❤♦❞ ♦❢ s♦❧✈✐♥❣ ❛ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ✐s ❜② ❣r❛♣❤✐♥❣✳ ❲❡ ❦♥♦✇ t❤❛t t❤❡ ❣r❛♣❤ ♦❢ ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✐♥
t✇♦ ✈❛r✐❛❜❧❡s ✐s ❛ str❛✐❣❤t ❧✐♥❡✳ ❚❤❡ ❣r❛♣❤ ♦❢ ❛ s②st❡♠ ✇✐❧❧ ❝♦♥s✐st ♦❢ t✇♦ str❛✐❣❤t ❧✐♥❡s✳ ❲❤❡♥ t✇♦ str❛✐❣❤t
❧✐♥❡s ❛r❡ ❣r❛♣❤❡❞✱ ♦♥❡ ♦❢ t❤r❡❡ ♣♦ss✐❜✐❧✐t✐❡s ♠❛② r❡s✉❧t✳

❊①❛♠♣❧❡ ✶✶✳✶
❚❤❡ ❧✐♥❡s ✐♥t❡rs❡❝t ❛t t❤❡ ♣♦✐♥t (a, b)✳ ❚❤❡ ♣♦✐♥t (a, b) ✐s t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s②st❡♠✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✹✼

❊①❛♠♣❧❡ ✶✶✳✷
❚❤❡ ❧✐♥❡s ❛r❡ ♣❛r❛❧❧❡❧✳ ❚❤❡② ❞♦ ♥♦t ✐♥t❡rs❡❝t✳ ❚❤❡ s②st❡♠ ❤❛s ♥♦ s♦❧✉t✐♦♥✳

❊①❛♠♣❧❡ ✶✶✳✸
❚❤❡ ❧✐♥❡s ❛r❡ ❝♦✐♥❝✐❞❡♥t ✭♦♥❡ ♦♥ t❤❡ ♦t❤❡r✮✳ ❚❤❡② ✐♥t❡rs❡❝t ❛t ✐♥✜♥✐t❡❧② ♠❛♥② ♣♦✐♥ts✳ ❚❤❡ s②st❡♠
❤❛s ✐♥✜♥✐t❡❧② ♠❛♥② s♦❧✉t✐♦♥s✳

✶✶✳✷✳✺ ■♥❞❡♣❡♥❞❡♥t✱ ■♥❝♦♥s✐st❡♥t✱ ❛♥❞ ❉❡♣❡♥❞❡♥t ❙②st❡♠s

■♥❞❡♣❡♥❞❡♥t ❙②st❡♠s
❙②st❡♠s ✐♥ ✇❤✐❝❤ t❤❡ ❧✐♥❡s ✐♥t❡rs❡❝t ❛t ♣r❡❝✐s❡❧② ♦♥❡ ♣♦✐♥t ❛r❡ ❝❛❧❧❡❞ ✐♥❞❡♣❡♥❞❡♥t s②st❡♠s✳ ■♥ ❛♣♣❧✐❝❛t✐♦♥s✱
✐♥❞❡♣❡♥❞❡♥t s②st❡♠s ❝❛♥ ❛r✐s❡ ✇❤❡♥ t❤❡ ❝♦❧❧❡❝t❡❞ ❞❛t❛ ❛r❡ ❛❝❝✉r❛t❡ ❛♥❞ ❝♦♠♣❧❡t❡✳ ❋♦r ❡①❛♠♣❧❡✱

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❚❤❡ s✉♠ ♦❢ t✇♦ ♥✉♠❜❡rs ✐s ✶✵ ❛♥❞ t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ t✇♦ ♥✉♠❜❡rs ✐s ✷✶✳ ❋✐♥❞ t❤❡ ♥✉♠❜❡rs✳

■♥ t❤✐s ❛♣♣❧✐❝❛t✐♦♥✱ t❤❡ ❞❛t❛ ❛r❡ ❛❝❝✉r❛t❡ ❛♥❞ ❝♦♠♣❧❡t❡✳ ❚❤❡ s♦❧✉t✐♦♥ ✐s ✼ ❛♥❞ ✸✳
■♥❝♦♥s✐st❡♥t ❙②st❡♠s
❙②st❡♠s ✐♥ ✇❤✐❝❤ t❤❡ ❧✐♥❡s ❛r❡ ♣❛r❛❧❧❡❧ ❛r❡ ❝❛❧❧❡❞ ✐♥❝♦♥s✐st❡♥t s②st❡♠s✳ ■♥ ❛♣♣❧✐❝❛t✐♦♥s✱ ✐♥❝♦♥s✐st❡♥t
s②st❡♠s ❝❛♥ ❛r✐s❡ ✇❤❡♥ t❤❡ ❝♦❧❧❡❝t❡❞ ❞❛t❛ ❛r❡ ❝♦♥tr❛❞✐❝t♦r②✳ ❋♦r ❡①❛♠♣❧❡✱

❚❤❡ s✉♠ ♦❢ t✇♦ ❡✈❡♥ ♥✉♠❜❡rs ✐s ✸✵ ❛♥❞ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ s❛♠❡ t✇♦ ♥✉♠❜❡rs ✐s ✵✳ ❋✐♥❞ t❤❡
♥✉♠❜❡rs✳

❚❤❡ ❞❛t❛ ❛r❡ ❝♦♥tr❛❞✐❝t♦r②✳ ❚❤❡r❡ ✐s ♥♦ s♦❧✉t✐♦♥ t♦ t❤✐s ❛♣♣❧✐❝❛t✐♦♥✳
❉❡♣❡♥❞❡♥t ❙②st❡♠s
❙②st❡♠s ✐♥ ✇❤✐❝❤ t❤❡ ❧✐♥❡s ❛r❡ ❝♦✐♥❝✐❞❡♥t ❛r❡ ❝❛❧❧❡❞ ❞❡♣❡♥❞❡♥t s②st❡♠s✳ ■♥ ❛♣♣❧✐❝❛t✐♦♥s✱ ❞❡♣❡♥❞❡♥t
s②st❡♠s ❝❛♥ ❛r✐s❡ ✇❤❡♥ t❤❡ ❝♦❧❧❡❝t❡❞ ❞❛t❛ ❛r❡ ✐♥❝♦♠♣❧❡t❡✳ ❋♦r ❡①❛♠♣❧❡✳

❚❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t✇♦ ♥✉♠❜❡rs ✐s ✾ ❛♥❞ t✇✐❝❡ ♦♥❡ ♥✉♠❜❡r ✐s ✶✽ ♠♦r❡ t❤❛♥ t✇✐❝❡ t❤❡ ♦t❤❡r✳

❚❤❡ ❞❛t❛ ❛r❡ ✐♥❝♦♠♣❧❡t❡✳ ❚❤❡r❡ ❛r❡ ✐♥✜♥✐t❡❧② ♠❛♥② s♦❧✉t✐♦♥s✳

✶✶✳✷✳✻ ❚❤❡ ▼❡t❤♦❞ ♦❢ ❙♦❧✈✐♥❣ ❆ ❙②st❡♠ ●r❛♣❤✐❝❛❧❧②

❚❤❡ ▼❡t❤♦❞ ♦❢ ❙♦❧✈✐♥❣ ❛ ❙②st❡♠ ●r❛♣❤✐❝❛❧❧②
❚♦ s♦❧✈❡ ❛ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ❣r❛♣❤✐❝❛❧❧②✿ ●r❛♣❤ ❜♦t❤ ❡q✉❛t✐♦♥s✳

✶✳ ■❢ t❤❡ ❧✐♥❡s ✐♥t❡rs❡❝t✱ t❤❡ s♦❧✉t✐♦♥ ✐s t❤❡ ♦r❞❡r❡❞ ♣❛✐r t❤❛t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣♦✐♥t ♦❢ ✐♥t❡rs❡❝t✐♦♥✳ ❚❤❡
s②st❡♠ ✐s ✐♥❞❡♣❡♥❞❡♥t✳

✷✳ ■❢ t❤❡ ❧✐♥❡s ❛r❡ ♣❛r❛❧❧❡❧✱ t❤❡r❡ ✐s ♥♦ s♦❧✉t✐♦♥✳ ❚❤❡ s②st❡♠ ✐s ✐♥❝♦♥s✐st❡♥t✳
✸✳ ■❢ t❤❡ ❧✐♥❡s ❛r❡ ❝♦✐♥❝✐❞❡♥t✱ t❤❡r❡ ❛r❡ ✐♥✜♥✐t❡❧② ♠❛♥② s♦❧✉t✐♦♥s✳ ❚❤❡ s②st❡♠ ✐s ❞❡♣❡♥❞❡♥t✳

✶✶✳✷✳✼ ❙❛♠♣❧❡ ❙❡t ❆

❙♦❧✈❡ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠s ❜② ❣r❛♣❤✐♥❣✳

❊①❛♠♣❧❡ ✶✶✳✹

{ 2x + y = 5

x + y = 2

(1)

(2)

❲r✐t❡ ❡❛❝❤ ❡q✉❛t✐♦♥ ✐♥ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠✳

(1) −2x + y = 5 (2) x + y = 2

y = 2x + 5 y = −x + 2

●r❛♣❤ ❡❛❝❤ ♦❢ t❤❡s❡ ❡q✉❛t✐♦♥s✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✹✾

❚❤❡ ❧✐♥❡s ❛♣♣❡❛r t♦ ✐♥t❡rs❡❝t ❛t t❤❡ ♣♦✐♥t (−1, 3)✳ ❚❤❡ s♦❧✉t✐♦♥ t♦ t❤✐s s②st❡♠ ✐s (−1, 3)✱ ♦r

x = −1, y = 3

❈❤❡❝❦✿ ❙✉❜st✐t✉t❡ x = −1, y = 3 ✐♥t♦ ❡❛❝❤ ❡q✉❛t✐♦♥✳

(1) −2x + y = 5 (2) x + y = 2

−2 (−1) + 3 = 5 ■s t❤✐s ❝♦rr❡❝t❄ −1 + 3 = 2 ■s t❤✐s ❝♦rr❡❝t❄

2 + 3 = 5 ■s t❤✐s ❝♦rr❡❝t❄ 2 = 2 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

5 = 5 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❊①❛♠♣❧❡ ✶✶✳✺

{ −x + y = −1

−x + y = 2

(1)

(2)

❲r✐t❡ ❡❛❝❤ ❡q✉❛t✐♦♥ ✐♥ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠✳

(1) −x + y = −1 (2) −x + y = 2

y = x − 1 y = x + 2

●r❛♣❤ ❡❛❝❤ ♦❢ t❤❡s❡ ❡q✉❛t✐♦♥s✳

❚❤❡s❡ ❧✐♥❡s ❛r❡ ♣❛r❛❧❧❡❧✳ ❚❤✐s s②st❡♠ ❤❛s ♥♦ s♦❧✉t✐♦♥✳ ❲❡ ❞❡♥♦t❡ t❤✐s ❢❛❝t ❜② ✇r✐t✐♥❣
✐♥❝♦♥s✐st❡♥t✳

❲❡ ❛r❡ s✉r❡ t❤❛t t❤❡s❡ ❧✐♥❡s ❛r❡ ♣❛r❛❧❧❡❧ ❜❡❝❛✉s❡ ✇❡ ♥♦t✐❝❡ t❤❛t t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ s❧♦♣❡✱
m = 1 ❢♦r ❜♦t❤ ❧✐♥❡s✳ ❚❤❡ ❧✐♥❡s ❛r❡ ♥♦t ❝♦✐♥❝✐❞❡♥t ❜❡❝❛✉s❡ t❤❡ y✲✐♥t❡r❝❡♣ts ❛r❡ ❞✐✛❡r❡♥t✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❛♠♣❧❡ ✶✶✳✻

{ −2x + 3y = −2

−6x + 9y = −6

(1)

(2)

❲r✐t❡ ❡❛❝❤ ❡q✉❛t✐♦♥ ✐♥ s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠✳

(1) −2x + 3y = −2 (2) −6x + 9y = −6

3y = 2x − 2 9y = 6x − 6

y = 2
3x − 2

3 y = 2
3x − 2

3

❇♦t❤ ❡q✉❛t✐♦♥s ❛r❡ t❤❡ s❛♠❡✳ ❚❤✐s s②st❡♠ ❤❛s ✐♥✜♥✐t❡❧② ♠❛♥② s♦❧✉t✐♦♥s✳ ❲❡ ✇r✐t❡ ❞❡♣❡♥❞❡♥t✳

✶✶✳✷✳✽ Pr❛❝t✐❝❡ ❙❡t ❆

❙♦❧✈❡ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠s ❜② ❣r❛♣❤✐♥❣✳ ❲r✐t❡ t❤❡ ♦r❞❡r❡❞ ♣❛✐r s♦❧✉t✐♦♥ ♦r st❛t❡ t❤❛t t❤❡ s②st❡♠ ✐s
✐♥❝♦♥s✐st❡♥t✱ ♦r ❞❡♣❡♥❞❡♥t✳

❊①❡r❝✐s❡ ✶✶✳✷✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✽✼✳✮

{ 2x + y = 1

−x + y = −5

❊①❡r❝✐s❡ ✶✶✳✷✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✽✼✳✮

{ −2x + 3y = 6

6x − 9y = −18

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✺✶

❊①❡r❝✐s❡ ✶✶✳✷✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✽✼✳✮

{ 3x + 5y = 15

9x + 15y = 15

❊①❡r❝✐s❡ ✶✶✳✷✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✽✼✳✮

{ y = −3

x + 2y = −4

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✶✶✳✷✳✾ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s♦❧✈❡ t❤❡ s②st❡♠s ❜② ❣r❛♣❤✐♥❣✳ ❲r✐t❡ t❤❡ ♦r❞❡r❡❞ ♣❛✐r s♦❧✉t✐♦♥✱ ♦r st❛t❡ t❤❛t t❤❡
s②st❡♠ ✐s ✐♥❝♦♥s✐st❡♥t ♦r ❞❡♣❡♥❞❡♥t✳

❊①❡r❝✐s❡ ✶✶✳✷✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✽✽✳✮

{ x + y = −5

−x + y = 1

❊①❡r❝✐s❡ ✶✶✳✷✳✻

{ x + y = 4

x + y = 0

❊①❡r❝✐s❡ ✶✶✳✷✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✽✽✳✮

{ −3x + y = 5

− x + y = 3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✺✸

❊①❡r❝✐s❡ ✶✶✳✷✳✽

{ x − y = −6

x + 2y = 0

❊①❡r❝✐s❡ ✶✶✳✷✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✽✽✳✮

{ 3x + y = 0

4x − 3y = 12

❊①❡r❝✐s❡ ✶✶✳✷✳✶✵

{ −4x + y = 7

−3x + y = 2

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✶✶✳✷✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✽✾✳✮

{ 2x + 3y = 6

3x + 4y = 6

❊①❡r❝✐s❡ ✶✶✳✷✳✶✷

{ x + y = −3

4x + 4y = −12

❊①❡r❝✐s❡ ✶✶✳✷✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✽✾✳✮

{ 2x − 3y = 1

4x − 6y = 4

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✺✺

❊①❡r❝✐s❡ ✶✶✳✷✳✶✹

{ x + 2y = 3

−3x − 6y = −9

❊①❡r❝✐s❡ ✶✶✳✷✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✽✾✳✮

{ x − 2y = 6

3x − 6y = 18

❊①❡r❝✐s❡ ✶✶✳✷✳✶✻

{ 2x + 3y = 6

−10x − 15y = 30

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✺✻ ❈❍❆P❚❊❘ ✶✶✳ ❙❨❙❚❊▼❙ ❖❋ ▲■◆❊❆❘ ❊◗❯❆❚■❖◆❙

✶✶✳✷✳✶✵ ❊①❡r❝✐s❡s ❋♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✶✶✳✷✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✵✳✮

✭❙❡❝t✐♦♥ ✸✳✽✮ ❊①♣r❡ss 0.000426 ✐♥ s❝✐❡♥t✐✜❝ ♥♦t❛t✐♦♥✳

❊①❡r❝✐s❡ ✶✶✳✷✳✶✽
✭❙❡❝t✐♦♥ ✹✳✼✮ ❋✐♥❞ t❤❡ ♣r♦❞✉❝t✿ (7x − 3)

2
.

❊①❡r❝✐s❡ ✶✶✳✷✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✵✳✮

✭❙❡❝t✐♦♥ ✼✳✺✮ ❙✉♣♣❧② t❤❡ ♠✐ss✐♥❣ ✇♦r❞✳ ❚❤❡ ♦❢ ❛ ❧✐♥❡ ✐s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ st❡❡♣♥❡ss ♦❢
t❤❡ ❧✐♥❡✳

❊①❡r❝✐s❡ ✶✶✳✷✳✷✵
✭❙❡❝t✐♦♥ ✶✵✳✷✮ ❙✉♣♣❧② t❤❡ ♠✐ss✐♥❣ ✇♦r❞✳ ❆♥ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠ ax2 +bx+c = 0, a 6= 0✱ ✐s ❝❛❧❧❡❞
❛ ❡q✉❛t✐♦♥✳

❊①❡r❝✐s❡ ✶✶✳✷✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✵✳✮

✭❙❡❝t✐♦♥ ✶✵✳✽✮ ❈♦♥str✉❝t t❤❡ ❣r❛♣❤ ♦❢ t❤❡ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥ y = x2 − 3.

✶✶✳✸ ❊❧✐♠✐♥❛t✐♦♥ ❜② ❙✉❜st✐t✉t✐♦♥ ✸

✶✶✳✸✳✶ ❖✈❡r✈✐❡✇

• ❲❤❡♥ ❙✉❜st✐t✉t✐♦♥ ❲♦r❦s ❇❡st

✸❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✽✹✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✺✼

• ❚❤❡ ❙✉❜st✐t✉t✐♦♥ ▼❡t❤♦❞
• ❙✉❜st✐t✉t✐♦♥ ❛♥❞ P❛r❛❧❧❡❧ ▲✐♥❡s
• ❙✉❜st✐t✉t✐♦♥ ❛♥❞ ❈♦✐♥❝✐❞❡♥t ▲✐♥❡s

✶✶✳✸✳✷ ❲❤❡♥ ❙✉❜st✐t✉t✐♦♥ ❲♦r❦s ❇❡st

❲❡ ❦♥♦✇ ❤♦✇ t♦ s♦❧✈❡ ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✐♥ ♦♥❡ ✈❛r✐❛❜❧❡✳ ❲❡ s❤❛❧❧ ♥♦✇ st✉❞② ❛ ♠❡t❤♦❞ ❢♦r s♦❧✈✐♥❣ ❛ s②st❡♠
♦❢ t✇♦ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ❜② tr❛♥s❢♦r♠✐♥❣ t❤❡ t✇♦ ❡q✉❛t✐♦♥s ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ✐♥t♦ ♦♥❡ ❡q✉❛t✐♦♥
✐♥ ♦♥❡ ✈❛r✐❛❜❧❡✳

❚♦ ♠❛❦❡ t❤✐s tr❛♥s❢♦r♠❛t✐♦♥✱ ✇❡ ♥❡❡❞ t♦ ❡❧✐♠✐♥❛t❡ ♦♥❡ ❡q✉❛t✐♦♥ ❛♥❞ ♦♥❡ ✈❛r✐❛❜❧❡✳ ❲❡ ❝❛♥ ♠❛❦❡
t❤✐s ❡❧✐♠✐♥❛t✐♦♥ ❜② s✉❜st✐t✉t✐♦♥✳
❲❤❡♥ ❙✉❜st✐t✉t✐♦♥ ❲♦r❦s ❇❡st
❚❤❡ s✉❜st✐t✉t✐♦♥ ♠❡t❤♦❞ ✇♦r❦s ❜❡st ✇❤❡♥ ❡✐t❤❡r ♦❢ t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❡①✐sts✿

✶✳ ❖♥❡ ♦❢ t❤❡ ✈❛r✐❛❜❧❡s ❤❛s ❛ ❝♦❡✣❝✐❡♥t ♦❢ 1, ♦r
✷✳ ❖♥❡ ♦❢ t❤❡ ✈❛r✐❛❜❧❡s ❝❛♥ ❜❡ ♠❛❞❡ t♦ ❤❛✈❡ ❛ ❝♦❡✣❝✐❡♥t ♦❢ ✶ ✇✐t❤♦✉t ✐♥tr♦❞✉❝✐♥❣ ❢r❛❝t✐♦♥s✳

✶✶✳✸✳✸ ❚❤❡ ❙✉❜st✐t✉t✐♦♥ ▼❡t❤♦❞

❚❤❡ ❙✉❜st✐t✉t✐♦♥ ▼❡t❤♦❞
❚♦ s♦❧✈❡ ❛ s②st❡♠ ♦❢ t✇♦ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ✐♥ t✇♦ ✈❛r✐❛❜❧❡s✱

✶✳ ❙♦❧✈❡ ♦♥❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥s ❢♦r ♦♥❡ ♦❢ t❤❡ ✈❛r✐❛❜❧❡s✳
✷✳ ❙✉❜st✐t✉t❡ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ✈❛r✐❛❜❧❡ ❝❤♦s❡♥ ✐♥ st❡♣ ✶ ✐♥t♦ t❤❡ ♦t❤❡r ❡q✉❛t✐♦♥✳
✸✳ ❙♦❧✈❡ t❤❡ r❡s✉❧t✐♥❣ ❡q✉❛t✐♦♥ ✐♥ ♦♥❡ ✈❛r✐❛❜❧❡✳
✹✳ ❙✉❜st✐t✉t❡ t❤❡ ✈❛❧✉❡ ♦❜t❛✐♥❡❞ ✐♥ st❡♣ ✸ ✐♥t♦ t❤❡ ❡q✉❛t✐♦♥ ♦❜t❛✐♥❡❞ ✐♥ st❡♣ ✶ ❛♥❞ s♦❧✈❡ t♦ ♦❜t❛✐♥ t❤❡

✈❛❧✉❡ ♦❢ t❤❡ ♦t❤❡r ✈❛r✐❛❜❧❡✳
✺✳ ❈❤❡❝❦ t❤❡ s♦❧✉t✐♦♥ ✐♥ ❜♦t❤ ❡q✉❛t✐♦♥s✳
✻✳ ❲r✐t❡ t❤❡ s♦❧✉t✐♦♥ ❛s ❛♥ ♦r❞❡r❡❞ ♣❛✐r✳

✶✶✳✸✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❊①❛♠♣❧❡ ✶✶✳✼

❙♦❧✈❡ t❤❡ s②st❡♠ { 2x + 3y = 14

3x + y = 7

(1)

(2)

❙t❡♣ ✶✿ ❙✐♥❝❡ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ y ✐♥ ❡q✉❛t✐♦♥ ✷ ✐s ✶✱ ✇❡ ✇✐❧❧ s♦❧✈❡ ❡q✉❛t✐♦♥ ✷ ❢♦r y✳

y = −3x + 7

❙t❡♣ ✷✿ ❙✉❜st✐t✉t❡ t❤❡ ❡①♣r❡ss✐♦♥ −3x + 7 ❢♦r y ✐♥ ❡q✉❛t✐♦♥ ✶✳

2x + 3 (−3x + 7) = 14

❙t❡♣ ✸✿ ❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥ ♦❜t❛✐♥❡❞ ✐♥ st❡♣ ✷✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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2x + 3 (−3x + 7) = 14

2x − 9x + 21 = 14

−7x + 21 = 14

−7x = −7

x = 1

❙t❡♣ ✹✿ ❙✉❜st✐t✉t❡ x = 1 ✐♥t♦ t❤❡ ❡q✉❛t✐♦♥ ♦❜t❛✐♥❡❞ ✐♥ st❡♣ 1, y = −3x + 7.

y = −3 (1) + 7

y = −3 + 7

y = 4

❲❡ ♥♦✇ ❤❛✈❡ x = 1 ❛♥❞ y = 4.

❙t❡♣ ✺✿ ❙✉❜st✐t✉t❡ x = 1, y = 4 ✐♥t♦ ❡❛❝❤ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥s ❢♦r ❛ ❝❤❡❝❦✳

(1) 2x + 3y = 14 (2) 3x + y = 7

2 (1) + 3 (4) = 14 ■s t❤✐s ❝♦rr❡❝t❄ 3 (1) + (4) = 7 ■s t❤✐s ❝♦rr❡❝t❄

2 + 12 = 14 ■s t❤✐s ❝♦rr❡❝t❄ 3 + 4 = 7 ■s t❤✐s ❝♦rr❡❝t❄

14 = 14 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳ 7 = 7 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❙t❡♣ ✻✿ ❚❤❡ s♦❧✉t✐♦♥ ✐s (1, 4) . ❚❤❡ ♣♦✐♥t (1, 4) ✐s t❤❡ ♣♦✐♥t ♦❢ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ t✇♦ ❧✐♥❡s
♦❢ t❤❡ s②st❡♠✳

✶✶✳✸✳✺ Pr❛❝t✐❝❡ ❙❡t ❆

❊①❡r❝✐s❡ ✶✶✳✸✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✵✳✮

❙❧♦✈❡ t❤❡ s②st❡♠ { 5x − 8y = 18

4x + y = 7

✶✶✳✸✳✻ ❙✉❜st✐t✉t✐♦♥ ❆♥❞ P❛r❛❧❧❡❧ ▲✐♥❡s

❚❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡ ❛❧❡rts ✉s t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ t✇♦ ❧✐♥❡s ♦❢ ❛ s②st❡♠ ❛r❡ ♣❛r❛❧❧❡❧✳
❙✉❜st✐t✉t✐♦♥ ❛♥❞ P❛r❛❧❧❡❧ ▲✐♥❡s
■❢ ❝♦♠♣✉t❛t✐♦♥s ❡❧✐♠✐♥❛t❡ ❛❧❧ t❤❡ ✈❛r✐❛❜❧❡s ❛♥❞ ♣r♦❞✉❝❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱ t❤❡ t✇♦ ❧✐♥❡s ♦❢ ❛ s②st❡♠ ❛r❡ ♣❛r❛❧❧❡❧✱
❛♥❞ t❤❡ s②st❡♠ ✐s ❝❛❧❧❡❞ ✐♥❝♦♥s✐st❡♥t✳

✶✶✳✸✳✼ ❙❛♠♣❧❡ ❙❡t ❇

❊①❛♠♣❧❡ ✶✶✳✽

❙♦❧✈❡ t❤❡ s②st❡♠ { 2x − y = 1

4x − 2y = 4

(1)

(2)

❙t❡♣ ✶✿ ❙♦❧✈❡ ❡q✉❛t✐♦♥ ✶ ❢♦r y.

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✺✾

2x − y = 1

−y = −2x + 1

y = 2x − 1

❙t❡♣ ✷✿ ❙✉❜st✐t✉t❡ t❤❡ ❡①♣r❡ss✐♦♥ 2x − 1 ❢♦r y ✐♥t♦ ❡q✉❛t✐♦♥ ✷✳
4x − 2 (2x − 1) = 4

❙t❡♣ ✸✿ ❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥ ♦❜t❛✐♥❡❞ ✐♥ st❡♣ ✷✳

4x − 2 (2x − 1) = 4

4x − 4x + 2 = 4

2 6= 4

❈♦♠♣✉t❛t✐♦♥s ❤❛✈❡ ❡❧✐♠✐♥❛t❡❞ ❛❧❧ t❤❡ ✈❛r✐❛❜❧❡s ❛♥❞ ♣r♦❞✉❝❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤❡s❡ ❧✐♥❡s
❛r❡ ♣❛r❛❧❧❡❧✳

❚❤✐s s②st❡♠ ✐s ✐♥❝♦♥s✐st❡♥t✳

✶✶✳✸✳✽ Pr❛❝t✐❝❡ ❙❡t ❇

❊①❡r❝✐s❡ ✶✶✳✸✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✵✳✮

❙❧♦✈❡ t❤❡ s②st❡♠ { 7x − 3y = 2

14x − 6y = 1

✶✶✳✸✳✾ ❙✉❜st✐t✉t✐♦♥ ❆♥❞ ❈♦✐♥❝✐❞❡♥t ▲✐♥❡s

❚❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡ ❛❧❡rts ✉s t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ t✇♦ ❧✐♥❡s ♦❢ ❛ s②st❡♠ ❛r❡ ❝♦✐♥❝✐❞❡♥t✳
❙✉❜st✐t✉t✐♦♥ ❛♥❞ ❈♦✐♥❝✐❞❡♥t ▲✐♥❡s
■❢ ❝♦♠♣✉t❛t✐♦♥s ❡❧✐♠✐♥❛t❡ ❛❧❧ t❤❡ ✈❛r✐❛❜❧❡s ❛♥❞ ♣r♦❞✉❝❡ ❛♥ ✐❞❡♥t✐t②✱ t❤❡ t✇♦ ❧✐♥❡s ♦❢ ❛ s②st❡♠ ❛r❡ ❝♦✐♥❝✐❞❡♥t
❛♥❞ t❤❡ s②st❡♠ ✐s ❝❛❧❧❡❞ ❞❡♣❡♥❞❡♥t✳

✶✶✳✸✳✶✵ ❙❛♠♣❧❡ ❙❡t ❈

❊①❛♠♣❧❡ ✶✶✳✾

❙♦❧✈❡ t❤❡ s②st❡♠ { 4x + 8y = 8

3x + 6y = 6

(1)

(2)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✻✵ ❈❍❆P❚❊❘ ✶✶✳ ❙❨❙❚❊▼❙ ❖❋ ▲■◆❊❆❘ ❊◗❯❆❚■❖◆❙

❙t❡♣ ✶✿ ❉✐✈✐❞❡ ❡q✉❛t✐♦♥ ✶ ❜② ✹ ❛♥❞ s♦❧✈❡ ❢♦r x.

4x + 8y = 8

x + 2y = 2

x = −2y + 2

❙t❡♣ ✷✿ ❙✉❜st✐t✉t❡ t❤❡ ❡①♣r❡ss✐♦♥ −2y + 2 ❢♦r x ✐♥ ❡q✉❛t✐♦♥ ✷✳
3 (−2y + 2) + 6y = 6

❙t❡♣ ✸✿ ❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥ ♦❜t❛✐♥❡❞ ✐♥ st❡♣ ✷✳

3 (−2y + 2) + 6y = 6

−6y + 6 + 6y = 6

6 = 6

❈♦♠♣✉t❛t✐♦♥s ❤❛✈❡ ❡❧✐♠✐♥❛t❡❞ ❛❧❧ t❤❡ ✈❛r✐❛❜❧❡s ❛♥❞ ♣r♦❞✉❝❡❞ ❛♥ ✐❞❡♥t✐t②✳ ❚❤❡s❡ ❧✐♥❡s ❛r❡
❝♦✐♥❝✐❞❡♥t✳

❚❤✐s s②st❡♠ ✐s ❞❡♣❡♥❞❡♥t✳

✶✶✳✸✳✶✶ Pr❛❝t✐❝❡ ❙❡t ❈

❊①❡r❝✐s❡ ✶✶✳✸✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✵✳✮

❙♦❧✈❡ t❤❡ s②st❡♠ { 4x + 3y = 1

−8x − 6y = −2

❙②st❡♠s ✐♥ ✇❤✐❝❤ ❛ ❝♦❡✣❝✐❡♥t ♦❢ ♦♥❡ ♦❢ t❤❡ ✈❛r✐❛❜❧❡s ✐s ♥♦t ✶ ♦r ❝❛♥♥♦t ❜❡ ♠❛❞❡ t♦ ❜❡ ✶ ✇✐t❤♦✉t ✐♥tr♦❞✉❝✐♥❣
❢r❛❝t✐♦♥s ❛r❡ ♥♦t ✇❡❧❧ s✉✐t❡❞ ❢♦r t❤❡ s✉❜st✐t✉t✐♦♥ ♠❡t❤♦❞✳ ❚❤❡ ♣r♦❜❧❡♠ ✐♥ ❙❛♠♣❧❡ ❙❡t ❉ ✐❧❧✉str❛t❡s t❤✐s
✏♠❡ss②✑ s✐t✉❛t✐♦♥✳

✶✶✳✸✳✶✷ ❙❛♠♣❧❡ ❙❡t ❉

❊①❛♠♣❧❡ ✶✶✳✶✵

❙♦❧✈❡ t❤❡ s②st❡♠ { 3x + 2y = 1

4x − 3y = 3

(1)

(2)

❙t❡♣ ✶✿ ❲❡ ✇✐❧❧ s♦❧✈❡ ❡q✉❛t✐♦♥ (1) ❢♦r y.

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✻✶

3x + 2y = 1

2y = −3x + 1

y = −3
2 x + 1

2

❙t❡♣ ✷✿ ❙✉❜st✐t✉t❡ t❤❡ ❡①♣r❡ss✐♦♥ −3
2 x + 1

2 ❢♦r y ✐♥ ❡q✉❛t✐♦♥ (2) .
4x − 3

(−3
2 x + 1

2

)
= 3

❙t❡♣ ✸✿ ❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥ ♦❜t❛✐♥❡❞ ✐♥ st❡♣ ✷✳

4x − 3
(−3

2 x + 1
2

)
= 3 ▼✉❧t✐♣❧② ❜♦t❤ s✐❞❡s ❜② t❤❡ ▲❈❉, ✷.

4x + 9
2x − 3

2 = 3

8x + 9x − 3 = 6

17x − 3 = 6

17x = 9

x = 9
17

❙t❡♣ ✹✿ ❙✉❜st✐t✉t❡ x = 9
17 ✐♥t♦ t❤❡ ❡q✉❛t✐♦♥ ♦❜t❛✐♥❡❞ ✐♥ st❡♣ 1, y = −3

2 x + 1
2 .

y = −3
2

(
9
17

)
+ 1

2
y = −27

34 + 17
34 = −10

34 = −5
17

❲❡ ♥♦✇ ❤❛✈❡ x = 9
17 ❛♥❞ y = −5

17 .

❙t❡♣ ✺✿ ❙✉❜st✐t✉t✐♦♥ ✇✐❧❧ s❤♦✇ t❤❛t t❤❡s❡ ✈❛❧✉❡s ♦❢ x ❛♥❞ y ❝❤❡❝❦✳

❙t❡♣ ✻✿ ❚❤❡ s♦❧✉t✐♦♥ ✐s
(

9
17 , −5

17

)
.

✶✶✳✸✳✶✸ Pr❛❝t✐❝❡ ❙❡t ❉

❊①❡r❝✐s❡ ✶✶✳✸✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✵✳✮

❙♦❧✈❡ t❤❡ s②st❡♠ { 9x − 5y = −4

2x + 7y = −9

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✻✷ ❈❍❆P❚❊❘ ✶✶✳ ❙❨❙❚❊▼❙ ❖❋ ▲■◆❊❆❘ ❊◗❯❆❚■❖◆❙

✶✶✳✸✳✶✹ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s♦❧✈❡ t❤❡ s②st❡♠s ❜② s✉❜st✐t✉t✐♦♥✳

❊①❡r❝✐s❡ ✶✶✳✸✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✵✳✮

{ 3x + 2y = 9

y = −3x + 6

❊①❡r❝✐s❡ ✶✶✳✸✳✻

{ 5x − 3y = −6

y = −4x + 12

❊①❡r❝✐s❡ ✶✶✳✸✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✵✳✮

{ 2x + 2y = 0

x = 3y − 4

❊①❡r❝✐s❡ ✶✶✳✸✳✽

{ 3x + 5y = 9

x = 4y − 14

❊①❡r❝✐s❡ ✶✶✳✸✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✵✳✮

{ −3x + y = −4

2x + 3y = 10

❊①❡r❝✐s❡ ✶✶✳✸✳✶✵

{ −4x + y = −7

2x + 5y = 9

❊①❡r❝✐s❡ ✶✶✳✸✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✵✳✮

{ 6x − 6 = 18

x + 3y = 3

❊①❡r❝✐s❡ ✶✶✳✸✳✶✷

{ −x − y = 5

2x + y = 5

❊①❡r❝✐s❡ ✶✶✳✸✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✵✳✮

{ −5x + y = 4

10x − 2y = −8

❊①❡r❝✐s❡ ✶✶✳✸✳✶✹

{ x + 4y = 1

−3x − 12y = −1

❊①❡r❝✐s❡ ✶✶✳✸✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✵✳✮

{ 4x − 2y = 8

6x + 3y = 0

❊①❡r❝✐s❡ ✶✶✳✸✳✶✻

{ 2x + 3y = 12

2x + 4y = 18

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✻✸

❊①❡r❝✐s❡ ✶✶✳✸✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✵✳✮

{ 3x − 9y = 6

6x − 18y = 5

❊①❡r❝✐s❡ ✶✶✳✸✳✶✽

{ −x + 4y = 8

3x − 12y = 10

❊①❡r❝✐s❡ ✶✶✳✸✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✶✳✮

{ x + y = −6

x − y = 4

❊①❡r❝✐s❡ ✶✶✳✸✳✷✵

{ 2x + y = 0

x − 3y = 0

❊①❡r❝✐s❡ ✶✶✳✸✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✶✳✮

{ 4x − 2y = 7

y = 4

❊①❡r❝✐s❡ ✶✶✳✸✳✷✷

{ x + 6y = 11

x = −1

❊①❡r❝✐s❡ ✶✶✳✸✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✶✳✮

{ 2x − 4y = 10

3x = 5y + 12

❊①❡r❝✐s❡ ✶✶✳✸✳✷✹

{ y + 7x + 4 = 0

x = −7y + 28

❊①❡r❝✐s❡ ✶✶✳✸✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✶✳✮

{ x + 4y = 0

x + 2
3y = 10

3

❊①❡r❝✐s❡ ✶✶✳✸✳✷✻

{ x = 24 − 5y

x − 5
4y = 3

2

❊①❡r❝✐s❡ ✶✶✳✸✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✶✳✮

{ x = 11 − 6y

3x + 18y = −33

❊①❡r❝✐s❡ ✶✶✳✸✳✷✽

{ 2x + 1
3y = 4

3x + 6y = 39

❊①❡r❝✐s❡ ✶✶✳✸✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✶✳✮

{
4
5x + 1

2y = 3
10

1
3x + 1

2y = −1
6

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✶✶✳✸✳✸✵

{ x − 1
3y = −8

3

−3x + y = 1

✶✶✳✸✳✶✺ ❊①❡r❝✐s❡s ❋♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✶✶✳✸✳✸✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✶✳✮

✭❙❡❝t✐♦♥ ✽✳✹✮ ❋✐♥❞ t❤❡ q✉♦t✐❡♥t✿ x2−x−12
x2−2x−15

÷ x2−3x−10
x2−2x−8 .

❊①❡r❝✐s❡ ✶✶✳✸✳✸✷
✭❙❡❝t✐♦♥ ✽✳✻✮ ❋✐♥❞ t❤❡ ❞✐✛❡r❡♥❝❡✿ x+2

x2+5x+6
− x+1

x2+4x+3 .

❊①❡r❝✐s❡ ✶✶✳✸✳✸✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✶✳✮

✭❙❡❝t✐♦♥ ✾✳✸✮ ❙✐♠♣❧✐❢② −
√

81x8y5z4.

❊①❡r❝✐s❡ ✶✶✳✸✳✸✹
✭❙❡❝t✐♦♥ ✶✵✳✻✮ ❯s❡ t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠✉❧❛ t♦ s♦❧✈❡ 2x2 + 2x − 3 = 0.

❊①❡r❝✐s❡ ✶✶✳✸✳✸✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✶✳✮

✭❙❡❝t✐♦♥ ✶✶✳✷✮ ❙♦❧✈❡ ❜② ❣r❛♣❤✐♥❣ { x − y = 1

2x + y = 5

✶✶✳✹ ❊❧✐♠✐♥❛t✐♦♥ ❜② ❆❞❞✐t✐♦♥✹

✶✶✳✹✳✶ ❖✈❡r✈✐❡✇

• ❚❤❡ Pr♦♣❡rt✐❡s ❯s❡❞ ✐♥ t❤❡ ❆❞❞✐t✐♦♥ ▼❡t❤♦❞
• ❚❤❡ ❆❞❞✐t✐♦♥ ▼❡t❤♦❞
• ❆❞❞✐t✐♦♥ ❛♥❞ P❛r❛❧❧❡❧ ♦r ❈♦✐♥❝✐❞❡♥t ▲✐♥❡s

✶✶✳✹✳✷ ❚❤❡ Pr♦♣❡rt✐❡s ❯s❡❞ ✐♥ t❤❡ ❆❞❞✐t✐♦♥ ▼❡t❤♦❞

❆♥♦t❤❡r ♠❡t❤♦❞ ♦❢ s♦❧✈✐♥❣ ❛ s②st❡♠ ♦❢ t✇♦ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ✐s ❝❛❧❧❡❞ t❤❡ ♠❡t❤♦❞ ♦❢
❡❧✐♠✐♥❛t✐♦♥ ❜② ❛❞❞✐t✐♦♥✳ ■t ✐s s✐♠✐❧❛r t♦ t❤❡ ♠❡t❤♦❞ ♦❢ ❡❧✐♠✐♥❛t✐♦♥ ❜② s✉❜st✐t✉t✐♦♥ ✐♥ t❤❛t t❤❡ ♣r♦❝❡ss
❡❧✐♠✐♥❛t❡s ♦♥❡ ❡q✉❛t✐♦♥ ❛♥❞ ♦♥❡ ✈❛r✐❛❜❧❡✳ ❚❤❡ ♠❡t❤♦❞ ♦❢ ❡❧✐♠✐♥❛t✐♦♥ ❜② ❛❞❞✐t✐♦♥ ♠❛❦❡s ✉s❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣
t✇♦ ♣r♦♣❡rt✐❡s✳

✹❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✽✻✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✻✺

✶✳ ■❢ A✱ B✱ ❛♥❞ C ❛r❡ ❛❧❣❡❜r❛✐❝ ❡①♣r❡ss✐♦♥s s✉❝❤ t❤❛t

A = B

C = D

A + C = B + D

❛♥❞

t❤❡♥

✷✳ ax + (−ax) = 0

Pr♦♣❡rt② ✶ st❛t❡s t❤❛t ✐❢ ✇❡ ❛❞❞ t❤❡ ❧❡❢t s✐❞❡s ♦❢ t✇♦ ❡q✉❛t✐♦♥s t♦❣❡t❤❡r ❛♥❞ t❤❡ r✐❣❤t s✐❞❡s ♦❢ t❤❡ s❛♠❡ t✇♦
❡q✉❛t✐♦♥s t♦❣❡t❤❡r✱ t❤❡ r❡s✉❧t✐♥❣ s✉♠s ✇✐❧❧ ❜❡ ❡q✉❛❧✳ ❲❡ ❝❛❧❧ t❤✐s ❛❞❞✐♥❣ ❡q✉❛t✐♦♥s✳ Pr♦♣❡rt② ✷ st❛t❡s
t❤❛t t❤❡ s✉♠ ♦❢ t✇♦ ♦♣♣♦s✐t❡s ✐s ③❡r♦✳

✶✶✳✹✳✸ ❚❤❡ ❆❞❞✐t✐♦♥ ▼❡t❤♦❞

❚♦ s♦❧✈❡ ❛ s②st❡♠ ♦❢ t✇♦ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ❜② ❛❞❞✐t✐♦♥✱

✶✳ ❲r✐t❡✱ ✐❢ ♥❡❝❡ss❛r②✱ ❜♦t❤ ❡q✉❛t✐♦♥s ✐♥ ❣❡♥❡r❛❧ ❢♦r♠✱ ax + by = c.
✷✳ ■❢ ♥❡❝❡ss❛r②✱ ♠✉❧t✐♣❧② ♦♥❡ ♦r ❜♦t❤ ❡q✉❛t✐♦♥s ❜② ❢❛❝t♦rs t❤❛t ✇✐❧❧ ♣r♦❞✉❝❡ ♦♣♣♦s✐t❡ ❝♦❡✣❝✐❡♥ts ❢♦r ♦♥❡

♦❢ t❤❡ ✈❛r✐❛❜❧❡s✳
✸✳ ❆❞❞ t❤❡ ❡q✉❛t✐♦♥s t♦ ❡❧✐♠✐♥❛t❡ ♦♥❡ ❡q✉❛t✐♦♥ ❛♥❞ ♦♥❡ ✈❛r✐❛❜❧❡✳
✹✳ ❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥ ♦❜t❛✐♥❡❞ ✐♥ st❡♣ ✸✳
✺✳ ❉♦ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣✿

✭❛✮ ❙✉❜st✐t✉t❡ t❤❡ ✈❛❧✉❡ ♦❜t❛✐♥❡❞ ✐♥ st❡♣ ✹ ✐♥t♦ ❡✐t❤❡r ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥s ❛♥❞ s♦❧✈❡ t♦ ♦❜t❛✐♥ t❤❡
✈❛❧✉❡ ♦❢ t❤❡ ♦t❤❡r ✈❛r✐❛❜❧❡✱
♦r
✭❜✮ ❘❡♣❡❛t st❡♣s ✶✲✺ ❢♦r t❤❡ ♦t❤❡r ✈❛r✐❛❜❧❡✳

✻✳ ❈❤❡❝❦ t❤❡ s♦❧✉t✐♦♥s ✐♥ ❜♦t❤ ❡q✉❛t✐♦♥s✳
✼✳ ❲r✐t❡ t❤❡ s♦❧✉t✐♦♥ ❛s ❛♥ ♦r❞❡r❡❞ ♣❛✐r✳

❚❤❡ ❛❞❞✐t✐♦♥ ♠❡t❤♦❞ ✇♦r❦s ✇❡❧❧ ✇❤❡♥ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ♦♥❡ ♦❢ t❤❡ ✈❛r✐❛❜❧❡s ✐s ✶ ♦r ❛ ♥✉♠❜❡r ♦t❤❡r t❤❛♥ ✶✳

✶✶✳✹✳✹ ❙❛♠♣❧❡ ❙❡t ❆

❊①❛♠♣❧❡ ✶✶✳✶✶

❙♦❧✈❡ { x − y = 2 (1)

3x + y = 14 (2)

❙t❡♣ ✶✿ ❇♦t❤ ❡q✉❛t✐♦♥s ❛♣♣❡❛r ✐♥ t❤❡ ♣r♦♣❡r ❢♦r♠✳

❙t❡♣ ✷✿ ❚❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ y ❛r❡ ❛❧r❡❛❞② ♦♣♣♦s✐t❡s✱ ✶ ❛♥❞ −1, s♦ t❤❡r❡ ✐s ♥♦ ♥❡❡❞ ❢♦r ❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥✳

❙t❡♣ ✸✿ ❆❞❞ t❤❡ ❡q✉❛t✐♦♥s✳

x − y = 2

3x + y = 14
4x+0=16

❙t❡♣ ✹✿ ❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥ 4x = 16.

4x = 16

x = 4

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❚❤❡ ♣r♦❜❧❡♠ ✐s ♥♦t s♦❧✈❡❞ ②❡t❀ ✇❡ st✐❧❧ ♥❡❡❞ t❤❡ ✈❛❧✉❡ ♦❢ y✳

❙t❡♣ ✺✿ ❙✉❜st✐t✉t❡ x = 4 ✐♥t♦ ❡✐t❤❡r ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥s✳ ❲❡ ✇✐❧❧ ✉s❡ ❡q✉❛t✐♦♥ ✶✳

4 − y = 2 ❙♦❧✈❡ ❢♦r y.

−y = −2

y = 2

❲❡ ♥♦✇ ❤❛✈❡ x = 4, y = 2.

❙t❡♣ ✻✿ ❙✉❜st✐t✉t❡ x = 4 ❛♥❞ y = 2 ✐♥t♦ ❜♦t❤ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥s ❢♦r ❛ ❝❤❡❝❦✳

(1) x − y = 2 (2) 3x + y = 14

4 − 2 = 2 ■s t❤✐s ❝♦rr❡❝t❄ 3 (4) + 2 = 14 ■s t❤✐s ❝♦rr❡❝t❄

2 = 2 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳ 12 + 2 = 14 ■s t❤✐s ❝♦rr❡❝t❄

14 = 14 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❙t❡♣ ✼✿ ❚❤❡ s♦❧✉t✐♦♥ ✐s (4, 2) .

❚❤❡ t✇♦ ❧✐♥❡s ♦❢ t❤✐s s②st❡♠ ✐♥t❡rs❡❝t ❛t (4, 2) .

✶✶✳✹✳✺ Pr❛❝t✐❝❡ ❙❡t ❆

❙♦❧✈❡ ❡❛❝❤ s②st❡♠ ❜② ❛❞❞✐t✐♦♥✳

❊①❡r❝✐s❡ ✶✶✳✹✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✶✳✮

{ x + y = 6

2x − y = 0

❊①❡r❝✐s❡ ✶✶✳✹✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✶✳✮

{ x + 6y = 8

−x − 2y = 0

✶✶✳✹✳✻ ❙❛♠♣❧❡ ❙❡t ❇

❙♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠s ✉s✐♥❣ t❤❡ ❛❞❞✐t✐♦♥ ♠❡t❤♦❞✳

❊①❛♠♣❧❡ ✶✶✳✶✷

❙♦❧✈❡ { 6a − 5b = 14 (1)

2a + 2b = −10 (2)

❙t❡♣ ✶✿ ❚❤❡ ❡q✉❛t✐♦♥s ❛r❡ ❛❧r❡❛❞② ✐♥ t❤❡ ♣r♦♣❡r ❢♦r♠✱ ax + by = c.

❙t❡♣ ✷✿ ■❢ ✇❡ ♠✉❧t✐♣❧② ❡q✉❛t✐♦♥ ✭✷✮ ❜② ✖✸✱ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ a ✇✐❧❧ ❜❡ ♦♣♣♦s✐t❡s ❛♥❞ ❜❡✲
❝♦♠❡ ✵ ✉♣♦♥ ❛❞❞✐t✐♦♥✱ t❤✉s ❡❧✐♠✐♥❛t✐♥❣ a✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✻✼

{ 6a − 5b = 14

−3 (2a + 2b) = −3 (10)
→ { 6a − 5b = 14

−6a − 6b = 30

❙t❡♣ ✸✿ ❆❞❞ t❤❡ ❡q✉❛t✐♦♥s✳

6a − 5b = 14

−6a − 6b = 30
0−11b=44

❙t❡♣ ✹✿ ❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥ −11b = 44.

−11b = 44
b = −4

❙t❡♣ ✺✿ ❙✉❜st✐t✉t❡b = −4 ✐♥t♦ ❡✐t❤❡r ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥s✳ ❲❡ ✇✐❧❧ ✉s❡ ❡q✉❛t✐♦♥ ✷✳

2a + 2b = −10

2a + 2 (−4) = −10 ❙♦❧✈❡ ❢♦r a.

2a − 8 = −10

2a = −2

a = −1

❲❡ ♥♦✇ ❤❛✈❡ a = −1 ❛♥❞ b = −4.

❙t❡♣ ✻✿ ❙✉❜st✐t✉t❡ a = −1 ❛♥❞ b = −4 ✐♥t♦ ❜♦t❤ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥s ❢♦r ❛ ❝❤❡❝❦✳

(1) 6a − 5b = 14 (2) 2a + 2b = −10

6 (−1) − 5 (−4) = 14 ■s t❤✐s ❝♦rr❡❝t❄ 2 (−1) + 2 (−4) = −10 ■s t❤✐s ❝♦rr❡❝t❄

−6 + 20 = 14 ■s t❤✐s ❝♦rr❡❝t❄ −2 − 8 = −10 ■s t❤✐s ❝♦rr❡❝t❄

14 = 14 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳ −10 = −10 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❙t❡♣ ✼✿ ❚❤❡ s♦❧✉t✐♦♥ ✐s (−1,−4) .

❊①❛♠♣❧❡ ✶✶✳✶✸

❙♦❧✈❡ { 3x + 2y = −4

4x = 5y + 10

(1)

(2)

❙t❡♣ ✶✿ ❘❡✇r✐t❡ t❤❡ s②st❡♠ ✐♥ t❤❡ ♣r♦♣❡r ❢♦r♠✳

{ 3x + 2y = −4

4x − 5y = 10

(1)

(2)

❙t❡♣ ✷✿ ❙✐♥❝❡ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ y ❛❧r❡❛❞② ❤❛✈❡ ♦♣♣♦s✐t❡ s✐❣♥s✱ ✇❡ ✇✐❧❧ ❡❧✐♠✐♥❛t❡ y✳
▼✉❧t✐♣❧② ❡q✉❛t✐♦♥ ✭✶✮ ❜② ✺✱ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ y ✐♥ ❡q✉❛t✐♦♥ ✷✳
▼✉❧t✐♣❧② ❡q✉❛t✐♦♥ ✭✷✮ ❜② ✷✱ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ y ✐♥ ❡q✉❛t✐♦♥ ✶✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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{ 5 (3x + 2y) = 5 (−4)

2 (4x − 5y) = 2 (10)
→ { 15x + 10y = −20

8x − 10y = 20

❙t❡♣ ✸✿ ❆❞❞ t❤❡ ❡q✉❛t✐♦♥s✳

15x + 10y = −20

8x − 10y = 20
23x+0=0

❙t❡♣ ✹✿ ❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥ 23x = 0

23x = 0

x = 0

❙t❡♣ ✺✿ ❙✉❜st✐t✉t❡ x = 0 ✐♥t♦ ❡✐t❤❡r ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥s✳ ❲❡ ✇✐❧❧ ✉s❡ ❡q✉❛t✐♦♥ ✶✳

3x + 2y = −4

3 (0) + 2y = −4 ❙♦❧✈❡ ❢♦r y.

0 + 2y = −4

y = −2

❲❡ ♥♦✇ ❤❛✈❡ x = 0 ❛♥❞ y = −2.

❙t❡♣ ✻✿ ❙✉❜st✐t✉t✐♦♥ ✇✐❧❧ s❤♦✇ t❤❛t t❤❡s❡ ✈❛❧✉❡s ❝❤❡❝❦✳

❙t❡♣ ✼✿ ❚❤❡ s♦❧✉t✐♦♥ ✐s (0,−2) .

✶✶✳✹✳✼ Pr❛❝t✐❝❡ ❙❡t ❇

❙♦❧✈❡ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠s ✉s✐♥❣ t❤❡ ❛❞❞✐t✐♦♥ ♠❡t❤♦❞✳

❊①❡r❝✐s❡ ✶✶✳✹✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✶✳✮

{ 3x + y = 1

5x + y = 3

❊①❡r❝✐s❡ ✶✶✳✹✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✶✳✮

{ x + 4y = 1

x − 2y = −5

❊①❡r❝✐s❡ ✶✶✳✹✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✶✳✮

{ 2x + 3y = −10

−x + 2y = −2

❊①❡r❝✐s❡ ✶✶✳✹✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✶✳✮

{ 5x − 3y = 1

8x − 6y = 4

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✻✾

❊①❡r❝✐s❡ ✶✶✳✹✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✶✳✮

{ 3x − 5y = 9

4x + 8y = 12

✶✶✳✹✳✽ ❆❞❞✐t✐♦♥ ❆♥❞ P❛r❛❧❧❡❧ ❖r ❈♦✐♥❝✐❞❡♥t ▲✐♥❡s

❲❤❡♥ t❤❡ ❧✐♥❡s ♦❢ ❛ s②st❡♠ ❛r❡ ♣❛r❛❧❧❡❧ ♦r ❝♦✐♥❝✐❞❡♥t✱ t❤❡ ♠❡t❤♦❞ ♦❢ ❡❧✐♠✐♥❛t✐♦♥ ♣r♦❞✉❝❡s r❡s✉❧ts ✐❞❡♥t✐❝❛❧
t♦ t❤❛t ♦❢ t❤❡ ♠❡t❤♦❞ ♦❢ ❡❧✐♠✐♥❛t✐♦♥ ❜② s✉❜st✐t✉t✐♦♥✳
❆❞❞✐t✐♦♥ ❛♥❞ P❛r❛❧❧❡❧ ▲✐♥❡s
■❢ ❝♦♠♣✉t❛t✐♦♥s ❡❧✐♠✐♥❛t❡ ❛❧❧ ✈❛r✐❛❜❧❡s ❛♥❞ ♣r♦❞✉❝❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱ t❤❡ t✇♦ ❧✐♥❡s ♦❢ t❤❡ s②st❡♠ ❛r❡ ♣❛r❛❧❧❡❧
❛♥❞ t❤❡ s②st❡♠ ✐s ❝❛❧❧❡❞ ✐♥❝♦♥s✐st❡♥t✳
❆❞❞✐t✐♦♥ ❛♥❞ ❈♦✐♥❝✐❞❡♥t ▲✐♥❡s
■❢ ❝♦♠♣✉t❛t✐♦♥s ❡❧✐♠✐♥❛t❡ ❛❧❧ ✈❛r✐❛❜❧❡s ❛♥❞ ♣r♦❞✉❝❡ ❛♥ ✐❞❡♥t✐t②✱ t❤❡ t✇♦ ❧✐♥❡s ♦❢ t❤❡ s②st❡♠ ❛r❡ ❝♦✐♥❝✐❞❡♥t
❛♥❞ t❤❡ s②st❡♠ ✐s ❝❛❧❧❡❞ ❞❡♣❡♥❞❡♥t✳

✶✶✳✹✳✾ ❙❛♠♣❧❡ ❙❡t ❈

❊①❛♠♣❧❡ ✶✶✳✶✹

❙♦❧✈❡ { 2x − y = 1 (1)

4x − 2y = 4 (2)

❙t❡♣ ✶✿ ❚❤❡ ❡q✉❛t✐♦♥s ❛r❡ ✐♥ t❤❡ ♣r♦♣❡r ❢♦r♠✳

❙t❡♣ ✷✿❲❡ ❝❛♥ ❡❧✐♠✐♥❛t❡ x ❜② ♠✉❧t✐♣❧②✐♥❣ ❡q✉❛t✐♦♥ ✭✶✮ ❜② ✕✷✳

{ −2 (2x − y) = −2 (1)

4x − 2y = 4
→ { −4x + 2y = −2

4x − 2y = 4

❙t❡♣ ✸✿ ❆❞❞ t❤❡ ❡q✉❛t✐♦♥s✳

−4x + 2y = −2

4x − 2y = 4

0 + 0 = 2

0 = 2

❚❤✐s ✐s ❢❛❧s❡ ❛♥❞ ✐s t❤❡r❡❢♦r❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤❡ ❧✐♥❡s ♦❢ t❤✐s s②st❡♠ ❛r❡ ♣❛r❛❧❧❡❧✳ ❚❤✐s
s②st❡♠ ✐s ✐♥❝♦♥s✐st❡♥t✳

❊①❛♠♣❧❡ ✶✶✳✶✺

❙♦❧✈❡ { 4x + 8y = 8 (1)

3x + 6y = 6 (2)

❙t❡♣ ✶✿ ❚❤❡ ❡q✉❛t✐♦♥s ❛r❡ ✐♥ t❤❡ ♣r♦♣❡r ❢♦r♠✳

❙t❡♣ ✷✿ ❲❡ ❝❛♥ ❡❧✐♠✐♥❛t❡ x ❜② ♠✉❧t✐♣❧②✐♥❣ ❡q✉❛t✐♦♥ ✭✶✮ ❜② ✕✸ ❛♥❞ ❡q✉❛t✐♦♥ ✭✷✮ ❜② ✹✳

{ −3 (4x + 8y) = −3 (8)

4 (3x + 6y) = 4 (6)
→ { −12x − 24y = −24

12x + 24y = 24

❙t❡♣ ✸✿ ❆❞❞ t❤❡ ❡q✉❛t✐♦♥s✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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−12x − 24y = −24

12x + 24y = 24

0 + 0 = 0

0 = 0

❚❤✐s ✐s tr✉❡ ❛♥❞ ✐s ❛♥ ✐❞❡♥t✐t②✳ ❚❤❡ ❧✐♥❡s ♦❢ t❤✐s s②st❡♠ ❛r❡ ❝♦✐♥❝✐❞❡♥t✳

❚❤✐s s②st❡♠ ✐s ❞❡♣❡♥❞❡♥t✳

✶✶✳✹✳✶✵ Pr❛❝t✐❝❡ ❙❡t ❈

❙♦❧✈❡ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠s ✉s✐♥❣ t❤❡ ❛❞❞✐t✐♦♥ ♠❡t❤♦❞✳

❊①❡r❝✐s❡ ✶✶✳✹✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✶✳✮

{ −x + 2y = 6

−6x + 12y = 1

❊①❡r❝✐s❡ ✶✶✳✹✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✶✳✮

{ 4x − 28y = −4

x − 7y = −1

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✼✶

✶✶✳✹✳✶✶ ❊①❡r❝✐s❡s

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s♦❧✈❡ t❤❡ s②st❡♠s ✉s✐♥❣ ❡❧✐♠✐♥❛t✐♦♥ ❜② ❛❞❞✐t✐♦♥✳

❊①❡r❝✐s❡ ✶✶✳✹✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✶✳✮

{ x + y = 11

x − y = −1

❊①❡r❝✐s❡ ✶✶✳✹✳✶✶

{ x + 3y = 13

x − 3y = −11

❊①❡r❝✐s❡ ✶✶✳✹✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✷✳✮

{ 3x − 5y = −4

−4x + 5y = 2

❊①❡r❝✐s❡ ✶✶✳✹✳✶✸

{ 2x − 7y = 1

5x + 7y = −22

❊①❡r❝✐s❡ ✶✶✳✹✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✷✳✮

{ −3x + 4y = −24

3x − 7y = 42

❊①❡r❝✐s❡ ✶✶✳✹✳✶✺

{ 8x + 5y = 3

9x − 5y = −71

❊①❡r❝✐s❡ ✶✶✳✹✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✷✳✮

{ −x + 2y = −6

x + 3y = −4

❊①❡r❝✐s❡ ✶✶✳✹✳✶✼

{ 4x + y = 0

3x + y = 0

❊①❡r❝✐s❡ ✶✶✳✹✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✷✳✮

{ x + y = −4

−x − y = 4

❊①❡r❝✐s❡ ✶✶✳✹✳✶✾

{ −2x − 3y = −6

2x + 3y = 6

❊①❡r❝✐s❡ ✶✶✳✹✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✷✳✮

{ 3x + 4y = 7

x + 5y = 6

❊①❡r❝✐s❡ ✶✶✳✹✳✷✶

{ 4x − 2y = 2

7x + 4y = 26

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✶✶✳✹✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✷✳✮

{ 3x + y = −4

5x − 2y = −14

❊①❡r❝✐s❡ ✶✶✳✹✳✷✸

{ 5x − 3y = 20

−x + 6y = −4

❊①❡r❝✐s❡ ✶✶✳✹✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✷✳✮

{ 6x + 2y = −18

−x + 5y = 19

❊①❡r❝✐s❡ ✶✶✳✹✳✷✺

{ x − 11y = 17

2x − 22y = 4

❊①❡r❝✐s❡ ✶✶✳✹✳✷✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✷✳✮

{ −2x + 3y = 20

−3x + 2y = 15

❊①❡r❝✐s❡ ✶✶✳✹✳✷✼

{ −5x + 2y = −4

−3x − 5y = 10

❊①❡r❝✐s❡ ✶✶✳✹✳✷✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✷✳✮

{ −3x − 4y = 2

−9x − 12y = 6

❊①❡r❝✐s❡ ✶✶✳✹✳✷✾

{ 3x − 5y = 28

−4x − 2y = −20

❊①❡r❝✐s❡ ✶✶✳✹✳✸✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✷✳✮

{ 6x − 3y = 3

10x − 7y = 3

❊①❡r❝✐s❡ ✶✶✳✹✳✸✶

{ −4x + 12y = 0

−8x + 16y = 0

❊①❡r❝✐s❡ ✶✶✳✹✳✸✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✷✳✮

{ 3x + y = −1

12x + 4y = 6

❊①❡r❝✐s❡ ✶✶✳✹✳✸✸

{ 8x + 5y = −23

−3x − 3y = 12

❊①❡r❝✐s❡ ✶✶✳✹✳✸✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✷✳✮

{ 2x + 8y = 10

3x + 12y = 15

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✼✸

❊①❡r❝✐s❡ ✶✶✳✹✳✸✺

{ 4x + 6y = 8

6x + 8y = 12

❊①❡r❝✐s❡ ✶✶✳✹✳✸✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✷✳✮

{ 10x + 2y = 2

−15x − 3y = 3

❊①❡r❝✐s❡ ✶✶✳✹✳✸✼

{ x + 3
4y = − 1

2

3
5x + y = − 7

5

❊①❡r❝✐s❡ ✶✶✳✹✳✸✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✷✳✮

{ x + 1
3y = 4

3

−x + 1
6y = 2

3

❊①❡r❝✐s❡ ✶✶✳✹✳✸✾

{ 8x − 3y = 25

4x − 5y = −5

❊①❡r❝✐s❡ ✶✶✳✹✳✹✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✷✳✮

{ −10x − 4y = 72

9x + 5y = 39

❊①❡r❝✐s❡ ✶✶✳✹✳✹✶

{ 12x + 16y = −36

−10x + 12y = 30

❊①❡r❝✐s❡ ✶✶✳✹✳✹✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✷✳✮

{ 25x − 32y = 14

−50x + 64y = −28

✶✶✳✹✳✶✷ ❊①❡r❝✐s❡s ❋♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✶✶✳✹✳✹✸
✭❙❡❝t✐♦♥ ✸✳✻✮ ❙✐♠♣❧✐❢② ❛♥❞ ✇r✐t❡

(
2x−3y4

)5(
2xy−6

)−5
s♦ t❤❛t ♦♥❧② ♣♦s✐t✐✈❡ ❡①♣♦♥❡♥ts ❛♣♣❡❛r✳

❊①❡r❝✐s❡ ✶✶✳✹✳✹✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✷✳✮

✭❙❡❝t✐♦♥ ✾✳✻✮ ❙✐♠♣❧✐❢②
√

8 + 3
√

50.

❊①❡r❝✐s❡ ✶✶✳✹✳✹✺
✭❙❡❝t✐♦♥ ✾✳✼✮ ❙♦❧✈❡ t❤❡ r❛❞✐❝❛❧ ❡q✉❛t✐♦♥

√
2x + 3 + 5 = 8.

❊①❡r❝✐s❡ ✶✶✳✹✳✹✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✷✳✮

✭❙❡❝t✐♦♥ ✶✶✳✷✮ ❙♦❧✈❡ ❜② ❣r❛♣❤✐♥❣ { x + y = 4

3x − y = 0

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❊①❡r❝✐s❡ ✶✶✳✹✳✹✼

✭❙❡❝t✐♦♥ ✶✶✳✸✮ ❙♦❧✈❡ ✉s✐♥❣ t❤❡ s✉❜st✐t✉t✐♦♥ ♠❡t❤♦❞✿ { 3x − 4y = −11

5x + y = −3

✶✶✳✺ ❆♣♣❧✐❝❛t✐♦♥s✺

✶✶✳✺✳✶ ❖✈❡r✈✐❡✇

• ❚❤❡ ❋✐✈❡✲❙t❡♣ ▼❡t❤♦❞
• ◆✉♠❜❡r Pr♦❜❧❡♠s
• ❱❛❧✉❡ ❛♥❞ ❘❛t❡ Pr♦❜❧❡♠s✿ ❈♦✐♥ Pr♦❜❧❡♠s Pr♦❜❧❡♠s ❛♥❞ ▼✐①t✉r❡ Pr♦❜❧❡♠s

✶✶✳✺✳✷ ❚❤❡ ❋✐✈❡✲❙t❡♣ ▼❡t❤♦❞

❲❤❡♥ s♦❧✈✐♥❣ ♣r❛❝t✐❝❛❧ ♣r♦❜❧❡♠s✱ ✐t ✐s ♦❢t❡♥ ♠♦r❡ ❝♦♥✈❡♥✐❡♥t t♦ ✐♥tr♦❞✉❝❡ t✇♦ ✈❛r✐❛❜❧❡s r❛t❤❡r t❤❛♥ ♦♥❧②
♦♥❡✳ ❚✇♦ ✈❛r✐❛❜❧❡s s❤♦✉❧❞ ❜❡ ✐♥tr♦❞✉❝❡❞ ♦♥❧② ✇❤❡♥ t✇♦ r❡❧❛t✐♦♥s❤✐♣s ❝❛♥ ❜❡ ❢♦✉♥❞ ✇✐t❤✐♥ t❤❡ ♣r♦❜❧❡♠✳
❊❛❝❤ r❡❧❛t✐♦♥s❤✐♣ ✇✐❧❧ ♣r♦❞✉❝❡ ❛♥ ❡q✉❛t✐♦♥✱ ❛♥❞ ❛ s②st❡♠ ♦❢ t✇♦ ❡q✉❛t✐♦♥s ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ✇✐❧❧ r❡s✉❧t✳

❲❡ ✇✐❧❧ ✉s❡ t❤❡ ✜✈❡✲st❡♣ ♠❡t❤♦❞ t♦ s♦❧✈❡ t❤❡s❡ ♣r♦❜❧❡♠s✳

✶✳ ■♥tr♦❞✉❝❡ t✇♦ ✈❛r✐❛❜❧❡s✱ ♦♥❡ ❢♦r ❡❛❝❤ ✉♥❦♥♦✇♥ q✉❛♥t✐t②✳
✷✳ ▲♦♦❦ ❢♦r t✇♦ r❡❧❛t✐♦♥s❤✐♣s ✇✐t❤✐♥ t❤❡ ♣r♦❜❧❡♠✳ ❚r❛♥s❧❛t❡ t❤❡ ✈❡r❜❛❧ ♣❤r❛s❡s ✐♥t♦ ♠❛t❤❡♠❛t✐❝❛❧ ❡①♣r❡s✲

s✐♦♥s t♦ ❢♦r♠ t✇♦ ❡q✉❛t✐♦♥s✳
✸✳ ❙♦❧✈❡ t❤❡ r❡s✉❧t✐♥❣ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✳
✹✳ ❈❤❡❝❦ t❤❡ s♦❧✉t✐♦♥✳
✺✳ ❲r✐t❡ ❛ ❝♦♥❝❧✉s✐♦♥✳

✶✶✳✺✳✸ ❙❛♠♣❧❡ ❙❡t ❆ ✭◆✉♠❜❡r Pr♦❜❧❡♠s✮

❊①❛♠♣❧❡ ✶✶✳✶✻
❚❤❡ s✉♠ ♦❢ t✇♦ ♥✉♠❜❡rs ✐s ✸✼✳ ❖♥❡ ♥✉♠❜❡r ✐s ✺ ❧❛r❣❡r t❤❛♥ t❤❡ ♦t❤❡r✳ ❲❤❛t ❛r❡ t❤❡ ♥✉♠❜❡rs❄

❙t❡♣ ✶✿ ▲❡tx = s♠❛❧❧❡r ♥✉♠❜❡r.

y = ❧❛r❣❡r ♥✉♠❜❡r.

✺❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✽✸✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✼✺

❙t❡♣ ✷✿ ❚❤❡r❡ ❛r❡ t✇♦ r❡❧❛t✐♦♥s❤✐♣s✳
✭❛✮❚❤❡ ❙✉♠ ✐s ✸✼✳
x + y = 37
✭❜✮❖♥❡ ✐s ✺ ❧❛r❣❡r t❤❛♥ t❤❡ ♦t❤❡r✳
y = x + 5

{ x + y = 37

y = x + 5

(1)

(2)

❙t❡♣ ✸✿ { x + y = 37

y = x + 5

(1)

(2)

❲❡ ❝❛♥ ❡❛s✐❧② s♦❧✈❡ t❤✐s s②st❡♠ ❜② s✉❜st✐t✉t✐♦♥✳ ❙✉❜st✐t✉t❡ x + 5 ❢♦r y ✐♥ ❡q✉❛t✐♦♥ ✶✳

x + (x + 5) = 37

x + x + 5 = 37

2x + 5 = 37

2x = 32

x = 16 ❚❤❡♥✱ y = 16 + 5 = 21.

x = 16, y = 21

❙t❡♣ ✹✿ ❚❤❡ ❙✉♠ ✐s ✸✼✳

x + y = 37

16 + 21 = 37 ■s t❤✐s ❝♦rr❡❝t❄

37 = 37 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❖♥❡ ✐s ✺ ❧❛r❣❡r t❤❛♥ t❤❡ ♦t❤❡r✳

y = x + 5

21 = 16 + 5 ■s t❤✐s ❝♦rr❡❝t❄

21 = 21 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❙t❡♣ ✺✿ ❚❤❡ t✇♦ ♥✉♠❜❡rs ❛r❡ ✶✻ ❛♥❞ ✷✶✳

✶✶✳✺✳✹ Pr❛❝t✐❝❡ ❙❡t ❆

❚❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t✇♦ ♥✉♠❜❡rs ✐s ✾✱ ❛♥❞ t❤❡ s✉♠ ♦❢ t❤❡ s❛♠❡ t✇♦ ♥✉♠❜❡rs ✐s ✶✾✳ ❲❤❛t ❛r❡ t❤❡ t✇♦ ♥✉♠❜❡rs❄

❊①❡r❝✐s❡ ✶✶✳✺✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✷✳✮

❙t❡♣ ✶✿

❙t❡♣ ✷✿

❙t❡♣ ✸✿

❙t❡♣ ✹✿

❙t❡♣ ✺✿

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❱❛❧✉❡ ❆♥❞ ❘❛t❡ Pr♦❜❧❡♠s✿ ❈♦✐♥ Pr♦❜❧❡♠s Pr♦❜❧❡♠s ❆♥❞ ▼✐①t✉r❡ Pr♦❜❧❡♠s
❚❤❡ ♣r♦❜❧❡♠s ✐♥ ❙❛♠♣❧❡ ❙❡ts ❇ ❛♥❞ ❈ ❛r❡ ✈❛❧✉❡ ♣r♦❜❧❡♠s✳ ❚❤❡② ❛r❡ r❡❢❡rr❡❞ t♦ ❛s ✈❛❧✉❡ ♣r♦❜❧❡♠s ❜❡❝❛✉s❡
♦♥❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥s ♦❢ t❤❡ s②st❡♠ ✉s❡❞ ✐♥ s♦❧✈✐♥❣ t❤❡♠ ✐s ❣❡♥❡r❛t❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛ ✈❛❧✉❡✱ ♦r r❛t❡✱ ♦r
❛♠♦✉♥t t✐♠❡s ❛ q✉❛♥t✐t②✳

✶✶✳✺✳✺ ❙❛♠♣❧❡ ❙❡t ❇ ✭❈♦✐♥ Pr♦❜❧❡♠s✮

❊①❛♠♣❧❡ ✶✶✳✶✼
❆ ♣❛r❦✐♥❣ ♠❡t❡r ❝♦♥t❛✐♥s ✷✼ ❝♦✐♥s ❝♦♥s✐st✐♥❣ ♦♥❧② ♦❢ ❞✐♠❡s ❛♥❞ q✉❛rt❡rs✳ ■❢ t❤❡ ♠❡t❡r ❝♦♥t❛✐♥s
✩✹✳✸✺✱ ❤♦✇ ♠❛♥② ♦❢ ❡❛❝❤ t②♣❡ ♦❢ ❝♦✐♥ ✐s t❤❡r❡❄

❙t❡♣ ✶✿ ▲❡tD = ♥✉♠❜❡r ♦❢ ❞✐♠❡s.

Q = ♥✉♠❜❡r ♦❢ q✉❛rt❡rs.

❙t❡♣ ✷✿ ❚❤❡r❡ ❛r❡ t✇♦ r❡❧❛t✐♦♥s❤✐♣s✳
✭❛✮ ❚❤❡r❡ ❛r❡ ✷✼ ❝♦✐♥s✳ D + Q = 27.

✭❜✮❈♦♥tr✐❜✉t✐♦♥ ❞✉❡ t♦ ❞✐♠❡s ❂

❈♦♥tr✐❜✉t✐♦♥ ❞✉❡ t♦ q✉❛rt❡rs ❂

10D + 25Q = 435

{ D + Q = 27

10D + 25Q = 435

(1)

(2)

❙t❡♣ ✸✿ { D + Q = 27

10D + 25Q = 435

(1)

(2)

❲❡ ❝❛♥ s♦❧✈❡ t❤✐s s②st❡♠ ✉s✐♥❣ ❡❧✐♠✐♥❛t✐♦♥ ❜② ❛❞❞✐t✐♦♥✳ ▼✉❧t✐♣❧② ❜♦t❤ s✐❞❡s ♦❢ ❡q✉❛t✐♦♥ (1) ❜②
−10 ❛♥❞ ❛❞❞✳

−10D − 10Q = −270

10D + 25Q = 435

15Q = 165

Q = 11
❚❤❡♥✱D + 11 = 27

D = 16

D = 16, Q = 11

❙t❡♣ ✹✿ ✶✻ ❞✐♠❡s ❛♥❞ ✶✶ q✉❛rt❡rs ✐s ✷✼ ❝♦✐♥s✳

10 (16) + 11 (25) = 435 ■s t❤✐s ❝♦rr❡❝t❄

160 + 275 = 435 ■s t❤✐s ❝♦rr❡❝t❄

435 = 435 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❚❤❡ s♦❧✉t✐♦♥ ❝❤❡❝❦s✳

❙t❡♣ ✺✿ ❚❤❡r❡ ❛r❡ ✶✶ q✉❛rt❡rs ❛♥❞ ✶✻ ❞✐♠❡s✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✼✼

✶✶✳✺✳✻ Pr❛❝t✐❝❡ ❙❡t ❇

❊①❡r❝✐s❡ ✶✶✳✺✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✸✳✮

❆ ❜❛❣ ❝♦♥t❛✐♥s ♦♥❧② ♥✐❝❦❡❧s ❛♥❞ ❞✐♠❡s✳ ❚❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦❧❧❡❝t✐♦♥ ✐s ✩✷✳ ■❢ t❤❡r❡ ❛r❡ ✷✻ ❝♦✐♥s ✐♥
❛❧❧✱ ❤♦✇ ♠❛♥② ♦❢ ❡❛❝❤ ❝♦✐♥ ❛r❡ t❤❡r❡❄

✶✶✳✺✳✼ ❙❛♠♣❧❡ ❙❡t ❈ ✭▼✐①t✉r❡ Pr♦❜❧❡♠s✮

❊①❛♠♣❧❡ ✶✶✳✶✽
❆ ❝❤❡♠✐str② st✉❞❡♥t ♥❡❡❞s ✹✵ ♠✐❧❧✐❧✐t❡rs ✭♠❧✮ ♦❢ ❛ ✶✹✪ ❛❝✐❞ s♦❧✉t✐♦♥✳ ❙❤❡ ❤❛❞ t✇♦ ❛❝✐❞ s♦❧✉t✐♦♥s✱
❆ ❛♥❞ ❇✱ t♦ ♠✐① t♦❣❡t❤❡r t♦ ❢♦r♠ t❤❡ ✹✵ ♠❧ ❛❝✐❞ s♦❧✉t✐♦♥✳ ❆❝✐❞ s♦❧✉t✐♦♥ ❆ ✐s ✶✵✪ ❛❝✐❞ ❛♥❞ ❛❝✐❞
s♦❧✉t✐♦♥ ❇ ✐s ✷✵✪ ❛❝✐❞✳ ❍♦✇ ♠✉❝❤ ♦❢ ❡❛❝❤ s♦❧✉t✐♦♥ s❤♦✉❧❞ ❜❡ ✉s❡❞❄

❙t❡♣ ✶✿ ▲❡t x = ♥✉♠❜❡r ♦❢♠❧ ♦❢ s♦❧✉t✐♦♥❆.

y = ♥✉♠❜❡r ♦❢♠❧ ♦❢ s♦❧✉t✐♦♥❇.

❙t❡♣ ✷✿ ❚❤❡r❡ ❛r❡ t✇♦ r❡❧❛t✐♦♥s❤✐♣s✳
✭❛✮❚❤❡ s✉♠ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♠❧ ♦❢ t❤❡ t✇♦ s♦❧✉t✐♦♥s ✐s ✹✵✳
x + y = 40

✭❜✮❚♦ ❞❡t❡r♠✐♥❡ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥✱ ❞r❛✇ ❛ ♣✐❝t✉r❡ ♦❢ t❤❡ s✐t✉❛t✐♦♥✳

❚❤❡ ❡q✉❛t✐♦♥ ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❞r❛✇✐♥❣ ✐❢ ✇❡ ✉s❡ t❤❡ ✐❞❡❛ ♦❢ ❛♠♦✉♥t t✐♠❡s q✉❛♥t✐t②✳

❙t❡♣ ✸✿ .10x + .20y = .14 (40)

{ x + y = 40

.10x + .20y = .14 (40)

(1)

(2)

{ x + y = 40

.10x + .20y = .14 (40)

(1)

(2)

❙♦❧✈❡ t❤✐s s②st❡♠ ❜② ❛❞❞✐t✐♦♥✳ ❋✐rst✱ ❡❧✐♠✐♥❛t❡ ❞❡❝✐♠❛❧s ✐♥ ❡q✉❛t✐♦♥ ✷ ❜② ♠✉❧t✐♣❧②✐♥❣ ❜♦t❤ s✐❞❡s ❜②
✶✵✵✳

{ x + y = 40

10x + 20y = 14 (40)

(1)

(2)

❊❧✐♠✐♥❛t❡ x ❜② ♠✉❧t✐♣❧②✐♥❣ ❡q✉❛t✐♦♥ ✶ ❜② −10 ❛♥❞ t❤❡♥ ❛❞❞✐♥❣✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✼✽ ❈❍❆P❚❊❘ ✶✶✳ ❙❨❙❚❊▼❙ ❖❋ ▲■◆❊❆❘ ❊◗❯❆❚■❖◆❙

−10x − 10y = −400

10x + 20y = 560

10y = 160

y = 16
❚❤❡♥✱ x + 16 = 40

x = 24

x = 24, y = 16

❙t❡♣ ✹✿ ✷✹ ♠❧ ❛♥❞ ✶✻ ♠❧ t♦ ❛❞❞ t♦ ✹✵ ♠❧✳

10 (24) + 20 (16) = 560 ■s t❤✐s ❝♦rr❡❝t❄

240 + 320 = 560 ■s t❤✐s ❝♦rr❡❝t❄

560 = 560 ❨❡s✱ t❤✐s ✐s ❝♦rr❡❝t✳

❚❤❡ s♦❧✉t✐♦♥ ❝❤❡❝❦s✳

❙t❡♣ ✺✿ ❚❤❡ st✉❞❡♥t s❤♦✉❧❞ ✉s❡ ✷✹ ♠❧ ♦❢ ❛❝✐❞ s♦❧✉t✐♦♥ ❆ ❛♥❞ ✶✻ ♠❧ ♦❢ ❛❝✐❞ s♦❧✉t✐♦♥ ❇✳

✶✶✳✺✳✽ Pr❛❝t✐❝❡ ❙❡t ❈

❊①❡r❝✐s❡ ✶✶✳✺✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✸✳✮

❆ ❝❤❡♠✐str② st✉❞❡♥t ♥❡❡❞s ✻✵ ♠❧ ♦❢ ❛ ✷✻✪ s❛❧t s♦❧✉t✐♦♥✳ ❍❡ ❤❛s t✇♦ s❛❧t s♦❧✉t✐♦♥s✱ ❆ ❛♥❞ ❇✱ t♦ ♠✐①
t♦❣❡t❤❡r t♦ ❢♦r♠ t❤❡ ✻✵ ♠❧ s♦❧✉t✐♦♥✳ ❙❛❧t s♦❧✉t✐♦♥ ❆ ✐s ✸✵✪ s❛❧t ❛♥❞ s❛❧t s♦❧✉t✐♦♥ ❇ ✐s ✷✵✪ s❛❧t✳
❍♦✇ ♠✉❝❤ ♦❢ ❡❛❝❤ s♦❧✉t✐♦♥ s❤♦✉❧❞ ❜❡ ✉s❡❞❄

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✼✾

✶✶✳✺✳✾ ❊①❡r❝✐s❡s

❊①❡r❝✐s❡ ✶✶✳✺✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✸✳✮

❚❤❡ s✉♠ ♦❢ t✇♦ ♥✉♠❜❡rs ✐s ✷✷✳ ❖♥❡ ♥✉♠❜❡r ✐s ✻ ♠♦r❡ t❤❛♥ t❤❡ ♦t❤❡r✳ ❲❤❛t ❛r❡ t❤❡ ♥✉♠❜❡rs❄

❊①❡r❝✐s❡ ✶✶✳✺✳✺
❚❤❡ s✉♠ ♦❢ t✇♦ ♥✉♠❜❡rs ✐s ✸✷✳ ❖♥❡ ♥✉♠❜❡r ✐s ✽ ♠♦r❡ t❤❛♥ t❤❡ ♦t❤❡r✳ ❲❤❛t ❛r❡ t❤❡ ♥✉♠❜❡rs❄

❊①❡r❝✐s❡ ✶✶✳✺✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✸✳✮

❚❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t✇♦ ♥✉♠❜❡rs ✐s ✶✷ ❛♥❞ ♦♥❡ ♥✉♠❜❡r ✐s t❤r❡❡ t✐♠❡s ❛s ❧❛r❣❡ ❛s t❤❡ ♦t❤❡r✳ ❲❤❛t❛r❡
t❤❡ ♥✉♠❜❡rs❄

❊①❡r❝✐s❡ ✶✶✳✺✳✼
❚❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t✇♦ ♥✉♠❜❡rs ✐s ✾ ❛♥❞ ♦♥❡ ♥✉♠❜❡r ✐s ✶✵ t✐♠❡s ❧❛r❣❡r t❤❛♥ t❤❡ ♦t❤❡r✳ ❲❤❛t❛r❡ t❤❡
♥✉♠❜❡rs❄

❊①❡r❝✐s❡ ✶✶✳✺✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✸✳✮

❍❛❧❢ t❤❡ s✉♠ ♦❢ t✇♦ ♥✉♠❜❡rs ✐s ✶✹ ❛♥❞ ❤❛❧❢ t❤❡ ❞✐✛❡r❡♥❝❡ ✐s ✷✳ ❲❤❛t ❛r❡ t❤❡ ♥✉♠❜❡rs❄

❊①❡r❝✐s❡ ✶✶✳✺✳✾
❖♥❡ t❤✐r❞ ♦❢ t❤❡ s✉♠ ♦❢ t✇♦ ♥✉♠❜❡rs ✐s ✻ ❛♥❞ ♦♥❡ ✜❢t❤ ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ ✐s ✷✳ ❲❤❛t ❛r❡ t❤❡ ♥✉♠❜❡rs❄

❊①❡r❝✐s❡ ✶✶✳✺✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✸✳✮

❆ ✶✹ ♣♦✉♥❞ ♠✐①t✉r❡ ♦❢ ❣r❛♣❡s s❡❧❧s ❢♦r $3.10✳ ❚②♣❡ ✶ ❣r❛♣❡ s❡❧❧s ❢♦r ✷✺➣ ❛ ♣♦✉♥❞ ❛♥❞ t②♣❡ ✷ ❣r❛♣❡
s❡❧❧s ❢♦r ✷✵➣ ❛ ♣♦✉♥❞✳ ❍♦✇ ♠❛♥② ♣♦✉♥❞s ♦❢ ❡❛❝❤ t②♣❡ ♦❢ ❣r❛♣❡ ✇❡r❡ ✉s❡❞❄

❊①❡r❝✐s❡ ✶✶✳✺✳✶✶
❚❤❡ ❝♦st ♦❢ ✽✵ ❧✐t❡rs ♦❢ ❛ ❜❧❡♥❞❡❞ ❝❧❡❛♥✐♥❣ s♦❧✉t✐♦♥ ✐s ✩✷✽✳ ❚②♣❡ ✶ s♦❧✉t✐♦♥ ❝♦sts ✷✵➣ ❛ ❧✐t❡r ❛♥❞
t②♣❡ ✷ s♦❧✉t✐♦♥ ❝♦sts ✹✵➣ ❛ ❧✐t❡r✳ ❍♦✇ ♠❛♥② ❧✐t❡rs ♦❢ ❡❛❝❤ s♦❧✉t✐♦♥ ✇❡r❡ ✉s❡❞ t♦ ❢♦r♠ t❤❡ ❜❧❡♥❞❡❞
s♦❧✉t✐♦♥❄

❊①❡r❝✐s❡ ✶✶✳✺✳✶✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✸✳✮

❚❤❡ ❝♦st ♦❢ ✹✷ ❣r❛♠s ♦❢ ❛ ❝❡rt❛✐♥ ❝❤❡♠✐❝❛❧ ❝♦♠♣♦✉♥❞ ✐s $14.40✳ ❚②♣❡ ✶ ❝❤❡♠✐❝❛❧ ❝♦sts ✹✺➣ ❛ ❣r❛♠
❛♥❞ t②♣❡ ✷ ❝❤❡♠✐❝❛❧ ❝♦sts ✸✵➣ ❛ ❣r❛♠✳ ❍♦✇ ♠❛♥② ❣r❛♠s ♦❢ ❡❛❝❤ ❝❤❡♠✐❝❛❧ ✇❡r❡ ✉s❡❞ t♦ ❢♦r♠ t❤❡
❝♦♠♣♦✉♥❞❄

❊①❡r❝✐s❡ ✶✶✳✺✳✶✸
❆ ♣❧❛② ✇❛s ❛tt❡♥❞❡❞ ❜② ✸✹✷ ♣❡♦♣❧❡✱ s♦♠❡ ❛❞✉❧ts ❛♥❞ s♦♠❡ ❝❤✐❧❞r❡♥✳ ❆❞♠✐ss✐♦♥ ❢♦r ❛❞✉❧ts ✇❛s $1.50
❛♥❞ ❢♦r ❝❤✐❧❞r❡♥ ✼✺➣✳ ❍♦✇ ♠❛♥② ❛❞✉❧ts ❛♥❞ ❤♦✇ ♠❛♥② ❝❤✐❧❞r❡♥ ❛tt❡♥❞❡❞ t❤❡ ♣❧❛②❄

❊①❡r❝✐s❡ ✶✶✳✺✳✶✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✸✳✮

✷✵✵ t✐❝❦❡ts ✇❡r❡ s♦❧❞ t♦ ❛ ❝♦❧❧❡❣❡✬s ❛♥♥✉❛❧ ♠✉s✐❝❛❧ ♣❡r❢♦r♠❛♥❝❡✳ ❚✐❝❦❡ts ❢♦r st✉❞❡♥ts ✇❡r❡ $2.50 ❛♥❞
❢♦r ♥♦♥st✉❞❡♥ts $3.50✳ ❚❤❡ t♦t❛❧ ❛♠♦✉♥t ❝♦❧❧❡❝t❡❞ ✇❛s ✩✺✸✼✳ ❍♦✇ ♠❛♥② ♥♦♥st✉❞❡♥ts ♣✉r❝❤❛s❡❞
t✐❝❦❡ts ❢♦r t❤❡ ♣❡r❢♦r♠❛♥❝❡❄

❊①❡r❝✐s❡ ✶✶✳✺✳✶✺
❆ ❝❤❡♠✐str② st✉❞❡♥t ♥❡❡❞s ✷✷ ♠❧ ♦❢ ❛ ✸✽✪ ❛❝✐❞ s♦❧✉t✐♦♥✳ ❙❤❡ ❤❛s t✇♦ ❛❝✐❞ s♦❧✉t✐♦♥s✱ ❆ ❛♥❞ ❇✱ t♦
♠✐① t♦❣❡t❤❡r t♦ ❢♦r♠ t❤❡ s♦❧✉t✐♦♥✳ ❆❝✐❞ s♦❧✉t✐♦♥ ❆ ✐s ✹✵✪ ❛❝✐❞ ❛♥❞ ❛❝✐❞ s♦❧✉t✐♦♥ ❇ ✐s ✸✵✪ ❛❝✐❞✳
❍♦✇ ♠✉❝❤ ♦❢ ❡❛❝❤ s♦❧✉t✐♦♥ s❤♦✉❧❞ ❜❡ ✉s❡❞❄

❊①❡r❝✐s❡ ✶✶✳✺✳✶✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✸✳✮

❆ ❝❤❡♠✐str② st✉❞❡♥t ♥❡❡❞s ✺✵ ♠❧ ♦❢ ❛ ✼✷✪ s❛❧t s♦❧✉t✐♦♥✳ ❍❡ ❤❛s t✇♦ s❛❧t s♦❧✉t✐♦♥s✱ ❆ ❛♥❞ ❇✱ t♦
♠✐① t♦❣❡t❤❡r t♦ ❢♦r♠ t❤❡ s♦❧✉t✐♦♥✳ ❙❛❧t s♦❧✉t✐♦♥ ❆ ✐s ✻✵✪ s❛❧t ❛♥❞ s❛❧t s♦❧✉t✐♦♥ ❇ ✐s ✽✵✪ s❛❧t✳ ❍♦✇
♠✉❝❤ ♦❢ ❡❛❝❤ s♦❧✉t✐♦♥ s❤♦✉❧❞ ❜❡ ✉s❡❞❄

❊①❡r❝✐s❡ ✶✶✳✺✳✶✼
❆ ❝❤❡♠✐st ♥❡❡❞s ✷ ❧✐t❡rs ♦❢ ❛♥ ✶✽✪ ❛❝✐❞ s♦❧✉t✐♦♥✳ ❍❡ ❤❛s t✇♦ s♦❧✉t✐♦♥s✱ ❆ ❛♥❞ ❇✱ t♦ ♠✐① t♦❣❡t❤❡r
t♦ ❢♦r♠ t❤❡ s♦❧✉t✐♦♥✳ ❆❝✐❞ s♦❧✉t✐♦♥ ❆ ✐s ✶✵✪ ❛❝✐❞ ❛♥❞ ❛❝✐❞ s♦❧✉t✐♦♥ ❇ ✐s ✶✺✪ ❛❝✐❞✳ ❈❛♥ t❤❡ ❝❤❡♠✐st
❢♦r♠ t❤❡ ♥❡❡❞❡❞ ✶✽✪ ❛❝✐❞ s♦❧✉t✐♦♥❄ ✭❱❡r✐❢② ❜② ❝❛❧❝✉❧❛t✐♦♥✳✮ ■❢ t❤❡ ❝❤❡♠✐st ❧♦❝❛t❡s ❛ ✷✵✪ ❛❝✐❞
s♦❧✉t✐♦♥✱ ❤♦✇ ♠✉❝❤ ✇♦✉❧❞ ❤❛✈❡ t♦ ❜❡ ♠✐①❡❞ ✇✐t❤ t❤❡ ✶✵✪ s♦❧✉t✐♦♥ t♦ ♦❜t❛✐♥ t❤❡ ♥❡❡❞❡❞ ✷✲❧✐t❡r ✶✽✪
s♦❧✉t✐♦♥❄

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✽✵ ❈❍❆P❚❊❘ ✶✶✳ ❙❨❙❚❊▼❙ ❖❋ ▲■◆❊❆❘ ❊◗❯❆❚■❖◆❙

❊①❡r❝✐s❡ ✶✶✳✺✳✶✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✸✳✮

❆ ❝❤❡♠✐st ♥❡❡❞s ✸ ❧✐t❡rs ♦❢ ❛ ✶✷✪ ❛❝✐❞ s♦❧✉t✐♦♥✳ ❙❤❡ ❤❛s t✇♦ ❛❝✐❞ s♦❧✉t✐♦♥s✱ ❆ ❛♥❞ ❇✱ t♦ ♠✐①
t♦❣❡t❤❡r t♦ ❢♦r♠ t❤❡ s♦❧✉t✐♦♥✳ ❆❝✐❞ s♦❧✉t✐♦♥ ❆ ✐s ✶✹✪ ❛❝✐❞ ❛♥❞ ❛❝✐❞ s♦❧✉t✐♦♥ ❇ ✐s ✷✵✪ ❛❝✐❞✳ ❈❛♥
t❤❡ ❝❤❡♠✐st ❢♦r♠ t❤❡ ♥❡❡❞❡❞ ✶✷✪ s♦❧✉t✐♦♥❄ ✭❱❡r✐❢② ❜② ❝❛❧❝✉❧❛t✐♦♥✳✮ ■❢ t❤❡ ❝❤❡♠✐st ❧♦❝❛t❡s ❛ ✹✪
❛❝✐❞ s♦❧✉t✐♦♥✱ ❤♦✇ ♠✉❝❤ ✇♦✉❧❞ ❤❛✈❡ t♦ ❜❡ ♠✐①❡❞ ✇✐t❤ t❤❡ ✶✹✪ ❛❝✐❞ s♦❧✉t✐♦♥ t♦ ♦❜t❛✐♥ t❤❡ ♥❡❡❞❡❞
✸✲❧✐t❡r ✶✷✪ s♦❧✉t✐♦♥❄

❊①❡r❝✐s❡ ✶✶✳✺✳✶✾
❆ ❝❤❡♠✐str② st✉❞❡♥t ♥❡❡❞s ✶✵✵ ♠❧ ♦❢ ❛ ✶✻✪ ❛❝✐❞ s♦❧✉t✐♦♥✳ ❍❡ ❤❛s ❛ ❜♦tt❧❡ ♦❢ ✷✵✪ ❛❝✐❞ s♦❧✉t✐♦♥✳
❍♦✇ ♠✉❝❤ ♣✉r❡ ✇❛t❡r ❛♥❞ ❤♦✇ ♠✉❝❤ ♦❢ t❤❡ ✷✵✪ s♦❧✉t✐♦♥ s❤♦✉❧❞ ❜❡ ♠✐①❡❞ t♦ ❞✐❧✉t❡ t❤❡ ✷✵✪ ❛❝✐❞
s♦❧✉t✐♦♥ t♦ ❛ ✶✻✪ ❛❝✐❞ s♦❧✉t✐♦♥❄

❊①❡r❝✐s❡ ✶✶✳✺✳✷✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✸✳✮

❆ ❝❤❡♠✐str② st✉❞❡♥t ♥❡❡❞s ✶ ❧✐t❡r ♦❢ ❛ ✼✽✪ s❛❧t s♦❧✉t✐♦♥✳ ❙❤❡ ❤❛s ❛ ❜♦tt❧❡ ♦❢ ✽✵✪ s❛❧t s♦❧✉t✐♦♥✳
❍♦✇ ♠✉❝❤ ♣✉r❡ ✇❛t❡r ❛♥❞ ❤♦✇ ♠✉❝❤ ♦❢ t❤❡ ✽✵✪ s❛❧t s♦❧✉t✐♦♥ s❤♦✉❧❞ ❜❡ ♠✐①❡❞ t♦ ❞✐❧✉t❡ t❤❡ ✽✵✪
s❛❧t s♦❧✉t✐♦♥ t♦ ❛ ✼✽✪ s❛❧t s♦❧✉t✐♦♥❄

❊①❡r❝✐s❡ ✶✶✳✺✳✷✶
❆ ♣❛r❦✐♥❣ ♠❡t❡r ❝♦♥t❛✐♥s ✹✷ ❝♦✐♥s✳ ❚❤❡ t♦t❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦✐♥s ✐s $8.40✳ ■❢ t❤❡ ♠❡t❡r ❝♦♥t❛✐♥s ♦♥❧②
❞✐♠❡s ❛♥❞ q✉❛rt❡rs✱ ❤♦✇ ♠❛♥② ♦❢ ❡❛❝❤ t②♣❡ ❛r❡ t❤❡r❡❄

❊①❡r❝✐s❡ ✶✶✳✺✳✷✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✸✳✮

❆ ❝❤✐❧❞✬s ❜❛♥❦ ❝♦♥t❛✐♥s ✼✽ ❝♦✐♥s✳ ❚❤❡ ❝♦✐♥s ❛r❡ ♦♥❧② ♣❡♥♥✐❡s ❛♥❞ ♥✐❝❦❡❧s✳ ■❢ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦✐♥s
✐s $1.50✱ ❤♦✇ ♠❛♥② ♦❢ ❡❛❝❤ ❝♦✐♥ ❛r❡ t❤❡r❡❄

✶✶✳✺✳✶✵ ❊①❡r❝✐s❡s ❋♦r ❘❡✈✐❡✇

❊①❡r❝✐s❡ ✶✶✳✺✳✷✸
✭❙❡❝t✐♦♥ ✷✳✼✮ ❙✐♠♣❧✐❢② xn+6

x2 .

❊①❡r❝✐s❡ ✶✶✳✺✳✷✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✸✳✮

✭❙❡❝t✐♦♥ ✹✳✼✮ ❋✐♥❞ t❤❡ ♣r♦❞✉❝t✿ (3x − 5)
2
.

❊①❡r❝✐s❡ ✶✶✳✺✳✷✺
✭❙❡❝t✐♦♥ ✽✳✻✮ ❋✐♥❞ t❤❡ ❞✐✛❡r❡♥❝❡✿ 2x−1

x2+x−6 − x+2
x2+5x+6 .

❊①❡r❝✐s❡ ✶✶✳✺✳✷✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✸✳✮

✭❙❡❝t✐♦♥ ✶✶✳✸✮ ❯s❡ t❤❡ s✉❜st✐t✉t✐♦♥ ♠❡t❤♦❞ t♦ s♦❧✈❡ { 4x − y = 3

2x − 5y = 15

❊①❡r❝✐s❡ ✶✶✳✺✳✷✼

✭❙❡❝t✐♦♥ ✶✶✳✹✮ ❯s❡ t❤❡ ❛❞❞✐t✐♦♥ ♠❡t❤♦❞ t♦ s♦❧✈❡ { 3x + 4y = −7

4x − 5y = 1

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✽✶

✶✶✳✻ ❙✉♠♠❛r② ♦❢ ❑❡② ❈♦♥❝❡♣ts✻

✶✶✳✻✳✶ ❙✉♠♠❛r② ❖❢ ❑❡② ❈♦♥❝❡♣ts

❙②st❡♠ ♦❢ ❊q✉❛t✐♦♥s ✭❙❡❝t✐♦♥ ✶✶✳✷✮
❆ ❝♦❧❧❡❝t✐♦♥ ♦❢ t✇♦ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ✐s ❝❛❧❧❡❞ ❛ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✳
❙♦❧✉t✐♦♥ t♦ ❛ ❙②st❡♠ ✭❙❡❝t✐♦♥ ✶✶✳✷✮
❆♥ ♦r❞❡r❡❞ ♣❛✐r t❤❛t ✐s ❛ s♦❧✉t✐♦♥ t♦ ❜♦t❤ ❡q✉❛t✐♦♥s ✐♥ ❛ s②st❡♠ ✐s ❝❛❧❧❡❞ ❛ s♦❧✉t✐♦♥ t♦ t❤❡ s②st❡♠ ♦❢
❡q✉❛t✐♦♥s✳ ❚❤❡ ✈❛❧✉❡s x = 3, y = 1 ❛r❡ ❛ s♦❧✉t✐♦♥ t♦ t❤❡ s②st❡♠

{ x − y = 2

x + y = 4

■♥❞❡♣❡♥❞❡♥t ❙②st❡♠s ✭❙❡❝t✐♦♥ ✶✶✳✷✮
❙②st❡♠s ✐♥ ✇❤✐❝❤ t❤❡ ❧✐♥❡s ✐♥t❡rs❡❝t ❛t ♣r❡❝✐s❡❧② ♦♥❡ ♣♦✐♥t ❛r❡ ✐♥❞❡♣❡♥❞❡♥t s②st❡♠s✳ ■♥ ❛♣♣❧✐❝❛t✐♦♥s✱
✐♥❞❡♣❡♥❞❡♥t s②st❡♠s ❝❛♥ ❛r✐s❡ ✇❤❡♥ t❤❡ ❝♦❧❧❡❝t❡❞ ❞❛t❛ ❛r❡ ❛❝❝✉r❛t❡ ❛♥❞ ❝♦♠♣❧❡t❡✳
■♥❝♦♥s✐st❡♥t ❙②st❡♠s ✭❙❡❝t✐♦♥ ✶✶✳✷✮
❙②st❡♠s ✐♥ ✇❤✐❝❤ t❤❡ ❧✐♥❡s ❛r❡ ♣❛r❛❧❧❡❧ ❛r❡ ✐♥❝♦♥s✐st❡♥t s②st❡♠s✳ ■♥ ❛♣♣❧✐❝❛t✐♦♥s✱ ✐♥❝♦♥s✐st❡♥t s②st❡♠s ❝❛♥
❛r✐s❡ ✇❤❡♥ t❤❡ ❝♦❧❧❡❝t❡❞ ❞❛t❛ ❛r❡ ❝♦♥tr❛❞✐❝t♦r②✳
❉❡♣❡♥❞❡♥t ❙②st❡♠s ✭❙❡❝t✐♦♥ ✶✶✳✷✮
❙②st❡♠s ✐♥ ✇❤✐❝❤ t❤❡ ❧✐♥❡s ❛r❡ ❝♦✐♥❝✐❞❡♥t ✭♦♥❡ ♦♥ t❤❡ ♦t❤❡r✮ ❛r❡ ❞❡♣❡♥❞❡♥t s②st❡♠s✳ ■♥ ❛♣♣❧✐❝❛t✐♦♥s✱
❞❡♣❡♥❞❡♥t s②st❡♠s ❝❛♥ ❛r✐s❡ ✇❤❡♥ t❤❡ ❝♦❧❧❡❝t❡❞ ❞❛t❛ ❛r❡ ✐♥❝♦♠♣❧❡t❡✳
❙♦❧✈✐♥❣ ❛ ❙②st❡♠ ❜② ●r❛♣❤✐♥❣ ✭❙❡❝t✐♦♥ ✶✶✳✷✮
❚♦ s♦❧✈❡ ❛ s②st❡♠ ❜② ❣r❛♣❤✐♥❣✿

✶✳ ●r❛♣❤ ❡❛❝❤ ❡q✉❛t✐♦♥ ♦❢ t❤❡ s❛♠❡ s❡t ♦❢ ❛①❡s✳
✷✳ ■❢ t❤❡ ❧✐♥❡s ✐♥t❡rs❡❝t✱ t❤❡ s♦❧✉t✐♦♥ ✐s t❤❡ ♣♦✐♥t ♦❢ ✐♥t❡rs❡❝t✐♦♥✳

❙♦❧✈✐♥❣ ❛ ❙②st❡♠ ❜② ❙✉❜st✐t✉t✐♦♥ ✭❙❡❝t✐♦♥ ✶✶✳✸✮
❚♦ s♦❧✈❡ ❛ s②st❡♠ ✉s✐♥❣ s✉❜st✐t✉t✐♦♥✱

✶✳ ❙♦❧✈❡ ♦♥❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥s ❢♦r ♦♥❡ ♦❢ t❤❡ ✈❛r✐❛❜❧❡s✳
✷✳ ❙✉❜st✐t✉t❡ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ✈❛r✐❛❜❧❡ ❝❤♦s❡♥ ✐♥ st❡♣ ✶ ✐♥t♦ t❤❡ ♦t❤❡r ❡q✉❛t✐♦♥✳
✸✳ ❙♦❧✈❡ t❤❡ r❡s✉❧t✐♥❣ ❡q✉❛t✐♦♥ ✐♥ ♦♥❡ ✈❛r✐❛❜❧❡✳
✹✳ ❙✉❜st✐t✉t❡ t❤❡ ✈❛❧✉❡ ♦❜t❛✐♥❡❞ ✐♥ st❡♣ ✸ ✐♥t♦ t❤❡ ❡q✉❛t✐♦♥ ♦❜t❛✐♥❡❞ ✐♥ st❡♣ ✶ ❛♥❞ s♦❧✈❡ t♦ ♦❜t❛✐♥ t❤❡

✈❛❧✉❡ ♦❢ t❤❡ ♦t❤❡r ✈❛r✐❛❜❧❡✳
✺✳ ❈❤❡❝❦ t❤❡ s♦❧✉t✐♦♥ ✐♥ ❜♦t❤ ❡q✉❛t✐♦♥s✳
✻✳ ❲r✐t❡ t❤❡ s♦❧✉t✐♦♥ ❛s ❛♥ ♦r❞❡r❡❞ ♣❛✐r✳

❙♦❧✈✐♥❣ ❛ ❙②st❡♠ ❜② ❆❞❞✐t✐♦♥ ✭❙❡❝t✐♦♥ ✶✶✳✹✮
❚♦ s♦❧✈❡ ❛ s②st❡♠ ✉s✐♥❣ ❛❞❞✐t✐♦♥✱

✶✳ ❲r✐t❡✱ ✐❢ ♥❡❝❡ss❛r②✱ ❜♦t❤ ❡q✉❛t✐♦♥s ✐♥ ❣❡♥❡r❛❧ ❢♦r♠

ax + by = c
✷✳ ■❢ ♥❡❝❡ss❛r②✱ ♠✉❧t✐♣❧② ♦♥❡ ♦r ❜♦t❤ ❡q✉❛t✐♦♥s ❜② ❢❛❝t♦rs t❤❛t ✇✐❧❧ ♣r♦❞✉❝❡ ♦♣♣♦s✐t❡ ❝♦❡✣❝✐❡♥ts ❢♦r ♦♥❡

♦❢ t❤❡ ✈❛r✐❛❜❧❡s✳
✸✳ ❆❞❞ t❤❡ ❡q✉❛t✐♦♥s t♦ ❡❧✐♠✐♥❛t❡ ♦♥❡ ❡q✉❛t✐♦♥ ❛♥❞ ♦♥❡ ✈❛r✐❛❜❧❡✳
✹✳ ❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥ ♦❜t❛✐♥❡❞ ✐♥ st❡♣ ✸✳
✺✳ ❙✉❜st✐t✉t❡ t❤❡ ✈❛❧✉❡ ♦❜t❛✐♥❡❞ ✐♥ st❡♣ ✹ ✐♥t♦ ❡✐t❤❡r ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥s ❛♥❞ s♦❧✈❡ t♦ ♦❜t❛✐♥ t❤❡

✈❛❧✉❡ ♦❢ t❤❡ ♦t❤❡r ✈❛r✐❛❜❧❡✳
✻✳ ❈❤❡❝❦ t❤❡ s♦❧✉t✐♦♥ ✐♥ ❜♦t❤ ❡q✉❛t✐♦♥s✳
✼✳ ❲r✐t❡ t❤❡ s♦❧✉t✐♦♥ ❛s ❛♥ ♦r❞❡r❡❞ ♣❛✐r✳

✻❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✽✾✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙✉❜st✐t✉t✐♦♥ ❛♥❞ ❆❞❞✐t✐♦♥ ❛♥❞ P❛r❛❧❧❡❧ ▲✐♥❡s ✭❙❡❝t✐♦♥ ✶✶✳✸✱ ❙❡❝t✐♦♥ ✶✶✳✹✮
■❢ ❝♦♠♣✉t❛t✐♦♥s ❡❧✐♠✐♥❛t❡ ❛❧❧ ✈❛r✐❛❜❧❡s ❛♥❞ ♣r♦❞✉❝❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱ t❤❡ t✇♦ ❧✐♥❡s ♦❢ t❤❡ s②st❡♠ ❛r❡ ♣❛r❛❧❧❡❧
❛♥❞ ♥♦ s♦❧✉t✐♦♥ ❡①✐sts✳ ❚❤❡ s②st❡♠ ✐s ✐♥❝♦♥s✐st❡♥t✳
❙✉❜st✐t✉t✐♦♥ ❛♥❞ ❆❞❞✐t✐♦♥ ❛♥❞ ❈♦✐♥❝✐❞❡♥t ▲✐♥❡s ✭❙❡❝t✐♦♥ ✶✶✳✸✱ ❙❡❝t✐♦♥ ✶✶✳✹✮
■❢ ❝♦♠♣✉t❛t✐♦♥s ❡❧✐♠✐♥❛t❡ ❛❧❧ ✈❛r✐❛❜❧❡s ❛♥❞ ♣r♦❞✉❝❡ ❛♥ ✐❞❡♥t✐t②✱ t❤❡ t✇♦ ❧✐♥❡s ♦❢ t❤❡ s②st❡♠ ❛r❡ ❝♦✐♥❝✐❞❡♥t
❛♥❞ t❤❡ s②st❡♠ ❤❛s ✐♥✜♥✐t❡❧② ♠❛♥② s♦❧✉t✐♦♥s✳ ❚❤❡ s②st❡♠ ✐s ❞❡♣❡♥❞❡♥t✳
❆♣♣❧✐❝❛t✐♦♥s ✭❙❡❝t✐♦♥ ✶✶✳✺✮
❚❤❡ ✜✈❡✲st❡♣ ♠❡t❤♦❞ ❝❛♥ ❜❡ ✉s❡❞ t♦ s♦❧✈❡ ❛♣♣❧✐❡❞ ♣r♦❜❧❡♠s t❤❛t ✐♥✈♦❧✈❡ ❧✐♥❡❛r s②st❡♠s t❤❛t ❝♦♥s✐st ♦❢
t✇♦ ❡q✉❛t✐♦♥s ✐♥ t✇♦ ✈❛r✐❛❜❧❡s✳ ❚❤❡ s♦❧✉t✐♦♥s ♦❢ ♥✉♠❜❡r ♣r♦❜❧❡♠s✱ ♠✐①t✉r❡ ♣r♦❜❧❡♠s✱ ❛♥❞ ✈❛❧✉❡ ❛♥❞ r❛t❡
♣r♦❜❧❡♠s ❛r❡ ❡①❛♠✐♥❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✳ ❚❤❡ r❛t❡ ♣r♦❜❧❡♠s ❤❛✈❡ ♣❛rt✐❝✉❧❛r ✉s❡ ✐♥ ❝❤❡♠✐str②✳

✶✶✳✼ ❊①❡r❝✐s❡ ❙✉♣♣❧❡♠❡♥t✼

✶✶✳✼✳✶ ❊①❡r❝✐s❡ ❙✉♣♣❧❡♠❡♥t

✶✶✳✼✳✶✳✶ ❙♦❧✉t✐♦♥s ❜② ●r❛♣❤✐♥❣ ✭❙❡❝t✐♦♥ ✶✶✳✷✮ ✲ ❊❧✐♠✐♥❛t✐♦♥ ❜② ❆❞❞✐t✐♦♥ ✭❙❡❝t✐♦♥ ✶✶✳✹✮

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✱ s♦❧✈❡ t❤❡ s②st❡♠s ♦❢ ❡q✉❛t✐♦♥s✳

❊①❡r❝✐s❡ ✶✶✳✼✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✸✳✮

{ 4x + y = 5

−2x + 3y = −13

❊①❡r❝✐s❡ ✶✶✳✼✳✷

{ −5x + 2y = 5

x + 7y = −1

❊①❡r❝✐s❡ ✶✶✳✼✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✸✳✮

{ x − 3y = 17

8x + 2y = 46

❊①❡r❝✐s❡ ✶✶✳✼✳✹

{ 6m + 5n = −9

2m − 4n = 14

❊①❡r❝✐s❡ ✶✶✳✼✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✸✳✮

{ 3x − 9y = 5

−x + 3y = 0

❊①❡r❝✐s❡ ✶✶✳✼✳✻

{ y = 2x − 5

8x − 75 = 5

❊①❡r❝✐s❡ ✶✶✳✼✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✸✳✮

{ x = 8

9y = 5x − 76

❊①❡r❝✐s❡ ✶✶✳✼✳✽

{ 7x − 2y = 4

−14x + 4y = −8

✼❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✽✺✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✽✸

❊①❡r❝✐s❡ ✶✶✳✼✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✸✳✮

{ y = −x − 7

x = y − 5

❊①❡r❝✐s❡ ✶✶✳✼✳✶✵

{ 20x + 15y = −13

5x − 20y = 13

❊①❡r❝✐s❡ ✶✶✳✼✳✶✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✸✳✮

{ x − 6y = 12

4x + 6y = 18

❊①❡r❝✐s❡ ✶✶✳✼✳✶✷

{ 8x + 9y = 0

4x + 3y = 0

❊①❡r❝✐s❡ ✶✶✳✼✳✶✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✸✳✮

{ −5x + 2y = 1

10x − 4y = −2

❊①❡r❝✐s❡ ✶✶✳✼✳✶✹

{ 2x − 5y = 3

5x + 2y = −7

❊①❡r❝✐s❡ ✶✶✳✼✳✶✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✸✳✮

{ 6x + 5y = 14

4x − 8y = 32

❊①❡r❝✐s❡ ✶✶✳✼✳✶✻

{ 5x − 7y = 4

10x − 14y = 1

❊①❡r❝✐s❡ ✶✶✳✼✳✶✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✸✳✮

{ 2m + 10n = 0

−4m − 20n = −6

❊①❡r❝✐s❡ ✶✶✳✼✳✶✽

{ 7r − 2s = 6

−3r + 5s = −15

❊①❡r❝✐s❡ ✶✶✳✼✳✶✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✸✳✮

{ 28a − 21b = −19

21a + 7b = 15

❊①❡r❝✐s❡ ✶✶✳✼✳✷✵

{ 72x − 108y = 21

18x + 36y = 25

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✶✶✳✼✳✶✳✷ ❆♣♣❧✐❝❛t✐♦♥s ✭❙❡❝t✐♦♥ ✶✶✳✺✮

❊①❡r❝✐s❡ ✶✶✳✼✳✷✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✸✳✮

❚❤❡ s✉♠ ♦❢ t✇♦ ♥✉♠❜❡rs ✐s ✸✺✳ ❖♥❡ ♥✉♠❜❡r ✐s ✼ ❧❛r❣❡r t❤❛♥ t❤❡ ♦t❤❡r✳ ❲❤❛t ❛r❡ t❤❡ ♥✉♠❜❡rs❄

❊①❡r❝✐s❡ ✶✶✳✼✳✷✷
❚❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t✇♦ ♥✉♠❜❡rs ✐s ✹✽✳ ❖♥❡ ♥✉♠❜❡r ✐s t❤r❡❡ t✐♠❡s ❧❛r❣❡r t❤❛♥ t❤❡ ♦t❤❡r✳ ❲❤❛t ❛r❡
t❤❡ ♥✉♠❜❡rs❄

❊①❡r❝✐s❡ ✶✶✳✼✳✷✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✹✳✮

❆ ✸✺ ♣♦✉♥❞ ♠✐①t✉r❡ ♦❢ t✇♦ t②♣❡s ♦❢ ❝❛r❞❜♦❛r❞ s❡❧❧s ❢♦r $30.15✳ ❚②♣❡ ■ ❝❛r❞❜♦❛r❞ s❡❧❧s ❢♦r ✾✵➣ ❛
♣♦✉♥❞ ❛♥❞ t②♣❡ ■■ ❝❛r❞❜♦❛r❞ s❡❧❧s ❢♦r ✼✺➣ ❛ ♣♦✉♥❞✳ ❍♦✇ ♠❛♥② ♣♦✉♥❞s ♦❢ ❡❛❝❤ t②♣❡ ♦❢ ❝❛r❞❜♦❛r❞
✇❡r❡ ✉s❡❞❄

❊①❡r❝✐s❡ ✶✶✳✼✳✷✹
❚❤❡ ❝♦st ♦❢ ✸✹ ❝❛❧❝✉❧❛t♦rs ♦❢ t✇♦ ❞✐✛❡r❡♥t t②♣❡s ✐s ✩✶✶✸✾✳ ❚②♣❡ ■ ❝❛❧❝✉❧❛t♦r s❡❧❧s ❢♦r ✩✸✺ ❡❛❝❤ ❛♥❞
t②♣❡ ■■ s❡❧❧s ❢♦r ✩✸✷ ❡❛❝❤✳ ❍♦✇ ♠❛♥② ♦❢ ❡❛❝❤ t②♣❡ ♦❢ ❝❛❧❝✉❧❛t♦rs ✇❡r❡ ✉s❡❞❄

❊①❡r❝✐s❡ ✶✶✳✼✳✷✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✹✳✮

❆ ❝❤❡♠✐str② st✉❞❡♥t ♥❡❡❞s ✹✻ ♠❧ ♦❢ ❛ ✶✺✪ s❛❧t s♦❧✉t✐♦♥✳ ❙❤❡ ❤❛s t✇♦ s❛❧t s♦❧✉t✐♦♥s✱ ❆ ❛♥❞ ❇✱ t♦
♠✐① t♦❣❡t❤❡r t♦ ❢♦r♠ t❤❡ ♥❡❡❞❡❞ ✹✻ ♠❧ s♦❧✉t✐♦♥✳ ❙❛❧t s♦❧✉t✐♦♥ ❆ ✐s ✶✷✪ s❛❧t ❛♥❞ s❛❧t s♦❧✉t✐♦♥ ❇ ✐s
✷✵✪ s❛❧t✳ ❍♦✇ ♠✉❝❤ ♦❢ ❡❛❝❤ s♦❧✉t✐♦♥ s❤♦✉❧❞ ❜❡ ✉s❡❞❄

❊①❡r❝✐s❡ ✶✶✳✼✳✷✻
❆ ❝❤❡♠✐st ♥❡❡❞s ✶✵✵ ♠❧ ♦❢ ❛ ✼✽✪ ❛❝✐❞ s♦❧✉t✐♦♥✳ ❍❡ ❤❛s t✇♦ ❛❝✐❞ s♦❧✉t✐♦♥s t♦ ♠✐① t♦❣❡t❤❡r t♦ ❢♦r♠
t❤❡ ♥❡❡❞❡❞ ✶✵✵✲♠❧ s♦❧✉t✐♦♥✳ ❖♥❡ s♦❧✉t✐♦♥ ✐s ✺✵✪ ❛❝✐❞ ❛♥❞ t❤❡ ♦t❤❡r s♦❧✉t✐♦♥ ✐s ✾✵✪ ❛❝✐❞✳ ❍♦✇
♠✉❝❤ ♦❢ ❡❛❝❤ s♦❧✉t✐♦♥ s❤♦✉❧❞ ❜❡ ✉s❡❞❄

❊①❡r❝✐s❡ ✶✶✳✼✳✷✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✹✳✮

❖♥❡ t❤✐r❞ t❤❡ s✉♠ ♦❢ t✇♦ ♥✉♠❜❡rs ✐s ✶✷ ❛♥❞ ❤❛❧❢ t❤❡ ❞✐✛❡r❡♥❝❡ ✐s ✶✹✳ ❲❤❛t ❛r❡ t❤❡ ♥✉♠❜❡rs❄

❊①❡r❝✐s❡ ✶✶✳✼✳✷✽
❚✇♦ ❛♥❣❧❡s ❛r❡ s❛✐❞ t♦ ❜❡ ❝♦♠♣❧❡♠❡♥t❛r② ✐❢ t❤❡✐r ♠❡❛s✉r❡s ❛❞❞ t♦ ✾✵ ◦✳ ■❢ ♦♥❡ ❛♥❣❧❡ ♠❡❛s✉r❡s ✽
♠♦r❡ t❤❛♥ ❢♦✉r t✐♠❡s t❤❡ ♠❡❛s✉r❡ ♦❢ ✐ts ❝♦♠♣❧❡♠❡♥t✱ ✜♥❞ t❤❡ ♠❡❛s✉r❡ ♦❢ ❡❛❝❤ ♦❢ t❤❡ ❛♥❣❧❡s✳

❊①❡r❝✐s❡ ✶✶✳✼✳✷✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✹✳✮

❆ ❝❤❡♠✐st ♥❡❡❞s ✹ ❧✐t❡rs ♦❢ ❛ ✷✵✪ ❛❝✐❞ s♦❧✉t✐♦♥✳ ❙❤❡ ❤❛s t✇♦ s♦❧✉t✐♦♥s t♦ ♠✐① t♦❣❡t❤❡r t♦ ❢♦r♠ t❤❡
✷✵✪ s♦❧✉t✐♦♥✳ ❖♥❡ s♦❧✉t✐♦♥ ✐s ✸✵✪ ❛❝✐❞ ❛♥❞ t❤❡ ♦t❤❡r s♦❧✉t✐♦♥ ✐s ✷✹✪ ❛❝✐❞✳ ❈❛♥ t❤❡ ❝❤❡♠✐st ❢♦r♠
t❤❡ ♥❡❡❞❡❞ ✷✵✪ ❛❝✐❞ s♦❧✉t✐♦♥❄ ■❢ t❤❡ ❝❤❡♠✐st ❧♦❝❛t❡s ❛ ✶✹✪ ❛❝✐❞ s♦❧✉t✐♦♥✱ ❤♦✇ ♠✉❝❤ ✇♦✉❧❞ ❤❛✈❡ t♦
❜❡ ♠✐①❡❞ ✇✐t❤ t❤❡ ✷✹✪ ❛❝✐❞ s♦❧✉t✐♦♥ t♦ ♦❜t❛✐♥ t❤❡ ♥❡❡❞❡❞ ✷✵✪ s♦❧✉t✐♦♥❄

❊①❡r❝✐s❡ ✶✶✳✼✳✸✵
❆ ❝❤❡♠✐st ♥❡❡❞s ✽✵ ♠❧ ♦❢ ❛ ✺✻✪ s❛❧t s♦❧✉t✐♦♥✳ ❙❤❡ ❤❛s ❛ ❜♦tt❧❡ ♦❢ ✻✵✪ s❛❧t s♦❧✉t✐♦♥✳ ❍♦✇ ♠✉❝❤
♣✉r❡ ✇❛t❡r ❛♥❞ ❤♦✇ ♠✉❝❤ ♦❢ t❤❡ ✻✵✪ s❛❧t s♦❧✉t✐♦♥ s❤♦✉❧❞ ❜❡ ♠✐①❡❞ t♦ ❞✐❧✉t❡ t❤❡ ✻✵✪ s❛❧t s♦❧✉t✐♦♥
t♦ ❛ ✺✻✪ s❛❧t s♦❧✉t✐♦♥❄

✶✶✳✽ Pr♦✜❝✐❡♥❝② ❊①❛♠✽

✶✶✳✽✳✶ Pr♦✜❝✐❡♥❝② ❊①❛♠

❊①❡r❝✐s❡ ✶✶✳✽✳✶ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✹✳✮

✭❙❡❝t✐♦♥ ✶✶✳✷✮ ❙♦❧✈❡ ✉s✐♥❣ ❣r❛♣❤✐♥❣✿ { 3x + 2y = 4

15x + 10y = −10

✽❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✶✾✽✼✴✶✳✹✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✽✺

❊①❡r❝✐s❡ ✶✶✳✽✳✷ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✹✳✮

✭❙❡❝t✐♦♥ ✶✶✳✷✮ ❙♦❧✈❡ ✉s✐♥❣ ❣r❛♣❤✐♥❣✿ { 2x − 3y = 2

x + 2y = 8

❊①❡r❝✐s❡ ✶✶✳✽✳✸ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✹✳✮

✭❙❡❝t✐♦♥ ✶✶✳✸✮ ❙♦❧✈❡ ✉s✐♥❣ s✉❜st✐t✉t✐♦♥✿ { 2x + 6y = 16

x − 4y = −13

❊①❡r❝✐s❡ ✶✶✳✽✳✹ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✹✳✮

✭❙❡❝t✐♦♥ ✶✶✳✹✮ ❙♦❧✈❡ ✉s✐♥❣ ❛❞❞✐t✐♦♥✿ { 3x + 8y = −5

x − 2y = 3

❊①❡r❝✐s❡ ✶✶✳✽✳✺ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✹✳✮

✭❙❡❝t✐♦♥ ✶✶✳✸✱ ❙❡❝t✐♦♥ ✶✶✳✹✮ ❙♦❧✈❡ ✉s✐♥❣ ❡✐t❤❡r s✉❜st✐t✉t✐♦♥ ♦r ❛❞❞✐t✐♦♥✿ { 4x − 4y = 8

x − y = 5

❊①❡r❝✐s❡ ✶✶✳✽✳✻ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✹✳✮

✭❙❡❝t✐♦♥ ✶✶✳✸✱ ❙❡❝t✐♦♥ ✶✶✳✹✮ ❙♦❧✈❡ ✉s✐♥❣ ❡✐t❤❡r s✉❜st✐t✉t✐♦♥ ♦r ❛❞❞✐t✐♦♥✿ { 9x + 3y = 12

3x − y = 4

❊①❡r❝✐s❡ ✶✶✳✽✳✼ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✹✳✮

✭❙❡❝t✐♦♥ ✶✶✳✺✮ ❚❤❡ s✉♠ ♦❢ t✇♦ ♥✉♠❜❡rs ✐s ✹✸ ❛♥❞ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ s❛♠❡ t✇♦ ♥✉♠❜❡rs ✐s ✼✳
❲❤❛t ❛r❡ t❤❡ ♥✉♠❜❡rs❄

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✽✻ ❈❍❆P❚❊❘ ✶✶✳ ❙❨❙❚❊▼❙ ❖❋ ▲■◆❊❆❘ ❊◗❯❆❚■❖◆❙

❊①❡r❝✐s❡ ✶✶✳✽✳✽ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✺✳✮

✭❙❡❝t✐♦♥ ✶✶✳✺✮ ❆ ❝❤❡♠✐st ♥❡❡❞s ✽✵ ♠❧ ♦❢ ❛♥ ✶✽✪ ❛❝✐❞ s♦❧✉t✐♦♥✳ ❙❤❡ ❤❛s t✇♦ ❛❝✐❞ s♦❧✉t✐♦♥s✱ ❆ ❛♥❞
❇✱ t♦ ♠✐① t♦❣❡t❤❡r t♦ ❢♦r♠ t❤❡ ✽✵✲♠❧ s♦❧✉t✐♦♥✳ ❆❝✐❞ s♦❧✉t✐♦♥ ❆ ✐s ✶✺✪ ❛❝✐❞ ❛♥❞ ❛❝✐❞ s♦❧✉t✐♦♥ ❇ ✐s
✷✵✪ ❛❝✐❞✳ ❍♦✇ ♠✉❝❤ ♦❢ ❡❛❝❤ s♦❧✉t✐♦♥ s❤♦✉❧❞ ❜❡ ✉s❡❞❄

❊①❡r❝✐s❡ ✶✶✳✽✳✾ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✺✳✮

✭❙❡❝t✐♦♥ ✶✶✳✺✮ ❆ ♣❛r❦✐♥❣ ♠❡t❡r ❝♦♥t❛✐♥s ✸✷ ❝♦✐♥s✳ ■❢ t❤❡ ♠❡t❡r ❝♦♥t❛✐♥s ♦♥❧② ♥✐❝❦❡❧s ❛♥❞ q✉❛rt❡rs✱
❛♥❞ t❤❡ t♦t❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦✐♥s ✐s $4.60✱ ❤♦✇ ♠❛♥② ♦❢ ❡❛❝❤ t②♣❡ ♦❢ ❝♦✐♥ ❛r❡ t❤❡r❡❄

❊①❡r❝✐s❡ ✶✶✳✽✳✶✵ ✭❙♦❧✉t✐♦♥ ♦♥ ♣✳ ✽✾✺✳✮

✭❙❡❝t✐♦♥ ✶✶✳✺✮ ❆ ♣❡rs♦♥ ❤❛s ✩✶✺✱✵✵✵ t♦ ✐♥✈❡st✳ ■❢ ❤❡ ✐♥✈❡sts ♣❛rt ❛t ✽✪ ❛♥❞ t❤❡ r❡st ❛t ✶✷✪✱ ❤♦✇
♠✉❝❤ s❤♦✉❧❞ ❤❡ ✐♥✈❡st ❛t ❡❛❝❤ r❛t❡ t♦ ♣r♦❞✉❝❡ t❤❡ s❛♠❡ r❡t✉r♥ ❛s ✐❢ ❤❡ ❤❛❞ ✐♥✈❡st❡❞ ✐t ❛❧❧ ❛t ✾✪❄

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✽✼

❙♦❧✉t✐♦♥s t♦ ❊①❡r❝✐s❡s ✐♥ ❈❤❛♣t❡r ✶✶

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✷✳✶ ✭♣✳ ✽✺✵✮
x = 2, y = −3

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✷✳✷ ✭♣✳ ✽✺✵✮
❞❡♣❡♥❞❡♥t

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✷✳✸ ✭♣✳ ✽✺✶✮
✐♥❝♦♥s✐st❡♥t

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✷✳✹ ✭♣✳ ✽✺✶✮
x = 2, y = −3

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✷✳✺ ✭♣✳ ✽✺✷✮
(−3,−2)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✷✳✼ ✭♣✳ ✽✺✷✮
(−1, 2)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✷✳✾ ✭♣✳ ✽✺✸✮
(

12
13 ,− 36

13

)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✽✾

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✷✳✶✶ ✭♣✳ ✽✺✹✮
❚❤❡s❡ ❝♦♦r❞✐♥❛t❡s ❛r❡ ❤❛r❞ t♦ ❡st✐♠❛t❡✳ ❚❤✐s ♣r♦❜❧❡♠ ✐❧❧✉str❛t❡s t❤❛t t❤❡ ❣r❛♣❤✐❝❛❧ ♠❡t❤♦❞ ✐s ♥♦t ❛❧✇❛②s
t❤❡ ♠♦st ❛❝❝✉r❛t❡✳ (−6, 6)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✷✳✶✸ ✭♣✳ ✽✺✹✮
✐♥❝♦♥s✐st❡♥t

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✷✳✶✺ ✭♣✳ ✽✺✺✮
❞❡♣❡♥❞❡♥t

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✷✳✶✼ ✭♣✳ ✽✺✻✮
4.26 × 10−4

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✷✳✶✾ ✭♣✳ ✽✺✻✮
s❧♦♣❡
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✷✳✷✶ ✭♣✳ ✽✺✻✮

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✸✳✶ ✭♣✳ ✽✺✽✮
❚❤❡ ♣♦✐♥t (2,−1) ✐s t❤❡ ♣♦✐♥t ♦❢ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ t✇♦ ❧✐♥❡s✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✸✳✷ ✭♣✳ ✽✺✾✮
❙✉❜st✐t✉t✐♦♥ ♣r♦❞✉❝❡s 4 6= 1, ♦r 1

2 6= 2✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤❡s❡ ❧✐♥❡s ❛r❡ ♣❛r❛❧❧❡❧ ❛♥❞ t❤❡ s②st❡♠ ✐s ✐♥❝♦♥s✐st❡♥t✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✸✳✸ ✭♣✳ ✽✻✵✮
❈♦♠♣✉t❛t✐♦♥s ♣r♦❞✉❝❡ −2 = −2, ❛♥ ✐❞❡♥t✐t②✳ ❚❤❡s❡ ❧✐♥❡s ❛r❡ ❝♦✐♥❝✐❞❡♥t ❛♥❞ t❤❡ s②st❡♠ ✐s ❞❡♣❡♥❞❡♥t✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✸✳✹ ✭♣✳ ✽✻✶✮
❚❤❡s❡ ❧✐♥❡s ✐♥t❡rs❡❝t ❛t t❤❡ ♣♦✐♥t (−1,−1) .
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✸✳✺ ✭♣✳ ✽✻✷✮
(1, 3)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✸✳✼ ✭♣✳ ✽✻✷✮
(−1, 1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✸✳✾ ✭♣✳ ✽✻✷✮
(2, 2)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✸✳✶✶ ✭♣✳ ✽✻✷✮
(
4,− 1

3

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✸✳✶✸ ✭♣✳ ✽✻✷✮
❉❡♣❡♥❞❡♥t ✭s❛♠❡ ❧✐♥❡✮
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✸✳✶✺ ✭♣✳ ✽✻✷✮
(1,−2)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✾✶

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✸✳✶✼ ✭♣✳ ✽✻✷✮
✐♥❝♦♥s✐st❡♥t ✭♣❛r❛❧❧❡❧ ❧✐♥❡s✮
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✸✳✶✾ ✭♣✳ ✽✻✸✮
(−1,−5)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✸✳✷✶ ✭♣✳ ✽✻✸✮
(

15
4 , 4

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✸✳✷✸ ✭♣✳ ✽✻✸✮
(−1,−3)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✸✳✷✺ ✭♣✳ ✽✻✸✮
(4,−1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✸✳✷✼ ✭♣✳ ✽✻✸✮
✐♥❝♦♥s✐st❡♥t ✭♣❛r❛❧❧❡❧ ❧✐♥❡s✮
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✸✳✷✾ ✭♣✳ ✽✻✸✮
(1,−1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✸✳✸✶ ✭♣✳ ✽✻✹✮
(x−4)2

(x−5)2

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✸✳✸✸ ✭♣✳ ✽✻✹✮
−9x4y2z2√y
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✸✳✸✺ ✭♣✳ ✽✻✹✮
(2, 1)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✹✳✶ ✭♣✳ ✽✻✻✮
(2, 4)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✹✳✷ ✭♣✳ ✽✻✻✮
(−4, 2)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✹✳✸ ✭♣✳ ✽✻✽✮
(1,−2)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✹✳✹ ✭♣✳ ✽✻✽✮
(−3, 1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✹✳✺ ✭♣✳ ✽✻✽✮
(−2,−2)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✹✳✻ ✭♣✳ ✽✻✽✮
(−1,−2)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✹✳✼ ✭♣✳ ✽✻✽✮
(3, 0)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✹✳✽ ✭♣✳ ✽✼✵✮
✐♥❝♦♥s✐st❡♥t
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✹✳✾ ✭♣✳ ✽✼✵✮
❞❡♣❡♥❞❡♥t

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✹✳✶✵ ✭♣✳ ✽✼✶✮
(5, 6)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✹✳✶✷ ✭♣✳ ✽✼✶✮
(2, 2)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✹✳✶✹ ✭♣✳ ✽✼✶✮
(0,−6)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✹✳✶✻ ✭♣✳ ✽✼✶✮
(2,−2)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✹✳✶✽ ✭♣✳ ✽✼✶✮
❞❡♣❡♥❞❡♥t
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✹✳✷✵ ✭♣✳ ✽✼✶✮
(1, 1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✹✳✷✷ ✭♣✳ ✽✼✶✮
(−2, 2)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✹✳✷✹ ✭♣✳ ✽✼✷✮
(−4, 3)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✹✳✷✻ ✭♣✳ ✽✼✷✮
(−1, 6)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✹✳✷✽ ✭♣✳ ✽✼✷✮
❞❡♣❡♥❞❡♥t
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✹✳✸✵ ✭♣✳ ✽✼✷✮
(1, 1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✹✳✸✷ ✭♣✳ ✽✼✷✮
✐♥❝♦♥s✐st❡♥t
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✹✳✸✹ ✭♣✳ ✽✼✷✮
❞❡♣❡♥❞❡♥t
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✹✳✸✻ ✭♣✳ ✽✼✸✮
✐♥❝♦♥s✐st❡♥t
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✹✳✸✽ ✭♣✳ ✽✼✸✮
(0, 4)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✹✳✹✵ ✭♣✳ ✽✼✸✮
(
− 258

7 , 519
7

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✹✳✹✷ ✭♣✳ ✽✼✸✮
❞❡♣❡♥❞❡♥t
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✹✳✹✹ ✭♣✳ ✽✼✸✮
17
√

2
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✹✳✹✻ ✭♣✳ ✽✼✸✮
(1, 3)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✾✸

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✺✳✶ ✭♣✳ ✽✼✺✮
❚❤❡ t✇♦ ♥✉♠❜❡rs ❛r❡ ✶✹ ❛♥❞ ✺✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✺✳✷ ✭♣✳ ✽✼✼✮
❚❤❡r❡ ❛r❡ ✶✹ ❞✐♠❡s ❛♥❞ ✶✷ ♥✐❝❦❡❧s✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✺✳✸ ✭♣✳ ✽✼✽✮
❚❤❡ st✉❞❡♥t s❤♦✉❧❞ ✉s❡ ✸✻ ♠❧ ♦❢ s❛❧t s♦❧✉t✐♦♥ ❆ ❛♥❞ ✷✹ ♠❧ ♦❢ s❛❧t s♦❧✉t✐♦♥ ❇✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✺✳✹ ✭♣✳ ✽✼✾✮
❚❤❡ t✇♦ ♥✉♠❜❡rs ❛r❡ ✶✹ ❛♥❞ ✽✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✺✳✻ ✭♣✳ ✽✼✾✮
❚❤❡ t✇♦ ♥✉♠❜❡rs ❛r❡ ✶✽ ❛♥❞ ✻✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✺✳✽ ✭♣✳ ✽✼✾✮
❚❤❡ ♥✉♠❜❡rs ❛r❡ ✶✻ ❛♥❞ ✶✷✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✺✳✶✵ ✭♣✳ ✽✼✾✮
✻ ♣♦✉♥❞s ♦❢ ❚②♣❡ ✶ ❛♥❞ ✽ ♣♦✉♥❞s ♦❢ ❚②♣❡ ✷✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✺✳✶✷ ✭♣✳ ✽✼✾✮
✶✷ ❣r❛♠s ♦❢ ❚②♣❡ ✶ ❛♥❞ ✸✵ ❣r❛♠s ♦❢ ❚②♣❡ ✷✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✺✳✶✹ ✭♣✳ ✽✼✾✮
✸✼ ♥♦♥✲st✉❞❡♥t t✐❝❦❡ts✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✺✳✶✻ ✭♣✳ ✽✼✾✮
✸✵ ♠❧ ♦❢ ✽✵✪ s♦❧✉t✐♦♥❀ ✷✵ ♠❧ ♦❢ ✻✵✪ s♦❧✉t✐♦♥✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✺✳✶✽ ✭♣✳ ✽✽✵✮

(❛) ❝❛♥♥♦t ❢♦r♠ ✶✷✪ s♦❧✉t✐♦♥❀

(❜) 3
5 ❧✐t❡r ♦❢ ✹✪ s♦❧✉t✐♦♥✳

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✺✳✷✵ ✭♣✳ ✽✽✵✮
✷✺ ♠❧ ♦❢ ♣✉r❡ ✇❛t❡r❀ ✾✼✺ ♠❧ ♦❢ ✽✵✪ s❛❧t s♦❧✉t✐♦♥✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✺✳✷✷ ✭♣✳ ✽✽✵✮
✶✽ ♥✐❝❦❡❧s❀ ✻✵ ♣❡♥♥✐❡s✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✺✳✷✹ ✭♣✳ ✽✽✵✮
9x2 − 30x + 25
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✺✳✷✻ ✭♣✳ ✽✽✵✮
(0,−3)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✼✳✶ ✭♣✳ ✽✽✷✮
(2,−3)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✼✳✸ ✭♣✳ ✽✽✷✮
(

86
13 ,− 45

13

)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✼✳✺ ✭♣✳ ✽✽✷✮
◆♦ s♦❧✉t✐♦♥✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✼✳✼ ✭♣✳ ✽✽✷✮
(8,−4)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✼✳✾ ✭♣✳ ✽✽✷✮
(−6,−1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✼✳✶✶ ✭♣✳ ✽✽✸✮
(6,−1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✼✳✶✸ ✭♣✳ ✽✽✸✮
❉❡♣❡♥❞❡♥t ✭s❛♠❡ ❧✐♥❡✮
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✼✳✶✺ ✭♣✳ ✽✽✸✮
(4,−2)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✼✳✶✼ ✭♣✳ ✽✽✸✮
■♥❝♦♥s✐st❡♥t ✭♣❛r❛❧❧❡❧ ❧✐♥❡s✮
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✼✳✶✾ ✭♣✳ ✽✽✸✮
(

2
7 , 9

7

)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✼✳✷✶ ✭♣✳ ✽✽✹✮
❚❤❡ ♥✉♠❜❡rs ❛r❡ ✶✹ ❛♥❞ ✷✶✳
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✼✳✷✸ ✭♣✳ ✽✽✹✮
26 ♣♦✉♥❞s ❛t ✾✵; ✾ ♣♦✉♥❞s ❛t ✼✺
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✼✳✷✺ ✭♣✳ ✽✽✹✮
28 3

4 ♠❧ ♦❢ s♦❧✉t✐♦♥A❀ ✶✼ 3
4 ♠❧ ♦❢ s♦❧✉t✐♦♥B.

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✼✳✷✼ ✭♣✳ ✽✽✹✮
x = 32, y = 4
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✼✳✷✾ ✭♣✳ ✽✽✹✮
✭❛✮ ◆♦ s♦❧✉t✐♦♥

✭❜✮ 1.6 ❧✐t❡rs (1600♠❧) ♦❢ t❤❡ 14% s♦❧✉t✐♦♥❀

2.4 ❧✐t❡rs (2400♠❧) ♦❢ t❤❡ 24% s♦❧✉t✐♦♥✳

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✽✳✶ ✭♣✳ ✽✽✹✮
✐♥❝♦♥s✐st❡♥t

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✽✳✷ ✭♣✳ ✽✽✺✮
(4, 2)

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✽✳✸ ✭♣✳ ✽✽✺✮
(−1, 3)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✽✳✹ ✭♣✳ ✽✽✺✮
(1,−1)
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✽✳✺ ✭♣✳ ✽✽✺✮
✐♥❝♦♥s✐st❡♥t
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✽✳✻ ✭♣✳ ✽✽✺✮
(

4
3 , 0

)

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✽✾✺

❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✽✳✼ ✭♣✳ ✽✽✺✮
✶✽ ❛♥❞ ✷✺
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✽✳✽ ✭♣✳ ✽✽✻✮
32♠❧ ♦❢ s♦❧✉t✐♦♥❆❀ 48♠❧ ♦❢ s♦❧✉t✐♦♥❇.
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✽✳✾ ✭♣✳ ✽✽✻✮
✶✼ ♥✐❝❦❡❧s ❛♥❞ ✶✺ q✉❛rt❡rs
❙♦❧✉t✐♦♥ t♦ ❊①❡r❝✐s❡ ✶✶✳✽✳✶✵ ✭♣✳ ✽✽✻✮
$✶✶✱✷✺✵ ❛t 8%; $3, 750 ❛t 12%

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



❆♣♣❡♥❞✐①

✶✷✳✶ ❚❛❜❧❡ ♦❢ ❙②♠❜♦❧s✶

✭ ✮ P❛r❡♥t❤❡s❡s ✭❣r♦✉♣✐♥❣ s②♠❜♦❧s✮

❬ ❪ ❇r❛❝❦❡ts ✭❣r♦✉♣✐♥❣ s②♠❜♦❧s✮

④ ⑥ ❇r❛❝❡s ✭❣r♦✉♣✐♥❣ s②♠❜♦❧s✮

❂ ❡q✉❛❧

6= ♥♦t ❡q✉❛❧ t♦

≈ ❛♣♣r♦①✐♠❛t❡❧② ❡q✉❛❧ t♦

> ❣r❡❛t❡r t❤❛♥

< ❧❡ss t❤❛♥

≥ ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦

≤ ❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦

x ✈❛r✐❛❜❧❡ ♦r ❝♦♥st❛♥t

−x ♥❡❣❛t✐✈❡ ♦❢ x ✭♦♣♣♦s✐t❡ ♦❢ x✮

⑤x⑤ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ x

1
x r❡❝✐♣r♦❝❛❧ ♦❢ x

✭a✱b✮ ♦r❞❡r❡❞ ♣❛✐r ✇✐t❤ ❝♦♠♣♦♥❡♥t a ❛♥❞ s❡❝♦♥❞ ❝♦♠♣♦♥❡♥t b

π t❤❡ ✐rr❛t✐♦♥❛❧ ♥✉♠❜❡r ♣✐✱ ♦❢t❡♥ ❛♣♣r♦①✐♠❛t❡❞ ❜② ✸✳✶✹
√

a t❤❡ ♣r✐♥❝✐♣❛❧ sq✉❛r❡ r♦♦t ♦❢ a

−√
a t❤❡ s❡❝♦♥❞❛r② sq✉❛r❡ r♦♦t ♦❢ a

❚❛❜❧❡ ✶✷✳✶

✶❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✷✼✼✾✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃

✽✾✼



✽✾✽ ❆PP❊◆❉■❳

✶✷✳✷ Pr♦♣❡rt✐❡s ♦❢ ❘❡❛❧ ◆✉♠❜❡rs✷

❘✉❧❡ ✶✷✳✶✿ ❈♦♠♠✉t❛t✐✈❡ Pr♦♣❡rt②
❆❞❞✐t✐♦♥

a + b = b + a

3 + 4 = 4 + 3

▼✉❧t✐♣❧✐❝❛t✐♦♥

ab = ba

4 · 3 = 3 · 4

❘✉❧❡ ✶✷✳✷✿ ❆ss♦❝✐❛t✐✈❡ Pr♦♣❡rt②
❆❞❞✐t✐♦♥

a + (b + c) = (a + b) + c

4 + (3 + 5) = (4 + 3) + 5

▼✉❧t✐♣❧✐❝❛t✐♦♥

a (bc) = (ab) c

4 (3 · 5) = (4 · 3) 5

❘✉❧❡ ✶✷✳✸✿ ❉✐str✐❜✉t✐✈❡ Pr♦♣❡rt②

a (b + c) = ab + ac

4 (x + 3) = 4x + 12

(b + c) a = ab + bc

(x + 3) 4 = 4x + 12

❘✉❧❡ ✶✷✳✹✿ Pr♦♣❡rt✐❡s ♦❢ ❩❡r♦

a · 0 = 0

✷❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✷✼✼✺✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



❆PP❊◆❉■❳ ✽✾✾

0 · a = 0

■❢ a 6= 0✱ t❤❡♥ 0
a = 0 ❛♥❞ 0

a = 0 ✐s ✉♥❞❡✜♥❡❞✳

❘✉❧❡ ✶✷✳✺✿ ❉♦✉❜❧❡ ◆❡❣❛t✐✈❡ Pr♦♣❡rt②

− (−a) = a

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✾✵✵ ❆PP❊◆❉■❳

✶✷✳✸ ■♠♣♦rt❛♥t ❛♥❞ ❯s❡❢✉❧ ❘✉❧❡s✴❋♦r♠✉❧❛s✸

✶✷✳✸✳✶ ❊①♣♦♥❡♥ts ✭❆ss✉♠❡ ❡❛❝❤ ❡①♣r❡ss✐♦♥ ✐s ❞❡✜♥❡❞✳✮

anam = an+m

an

am = an−m

(an)
m

= anm

(ab)
n

= anbn

a−1 = 1
a

a−n = 1
an

a0 = 1
(

a
b

)n
= an

bn

✶✷✳✸✳✷ ❋❛❝t♦r✐③❛t✐♦♥ ❛♥❞ s♣❡❝✐❛❧ ♣r♦❞✉❝t ❢♦r♠✉❧❛s

ab + ac = a (b + c)

a2 + 2ab + b2 = (a + b)
2

a2 − b2 = (a + b) (a − b)

a2 − 2ab + b2 = (a − b)
2

✶✷✳✸✳✸ ❋♦r♠✉❧❛s

x = −b±
√

b2−4ac
2a ◗✉❛❞r❛t✐❝ ❢♦r♠✉❧❛

y = mx + b ❙❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠ ♦❢ ❛ str❛✐❣❤t ❧✐♥❡

y − y1 = m (x − x1) P♦✐♥t✲s❧♦♣❡ ❢♦r♠ ♦❢ ❛ str❛✐❣❤t ❧✐♥❡

m = y2−y1

x2−x1
❙❧♦♣❡ ♦❢ ❛ str❛✐❣❤t ❧✐♥❡ ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ ♣♦✐♥ts (x1, x2) ❛♥❞ (y1, y2)

✸❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✷✼✼✼✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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✶✷✳✹ ❚❤❡ ✺✲❙t❡♣ ▼❡t❤♦❞ ♦❢ ❙♦❧✈✐♥❣ ❆♣♣❧✐❡❞ Pr♦❜❧❡♠s✹

❙t❡♣ ✶✳ ▲❡t x ✭♦r s♦♠❡ ♦t❤❡r ❧❡tt❡r✮ r❡♣r❡s❡♥t t❤❡ ✉♥❦♥♦✇♥ q✉❛♥t✐t②✳
❙t❡♣ ✷✳ ❚r❛♥s❧❛t❡ t❤❡ ❊♥❣❧✐s❤ t♦ ♠❛t❤❡♠❛t✐❝s ❛♥❞ ❢♦r♠ ❛♥ ❡q✉❛t✐♦♥✳
❙t❡♣ ✸✳ ❙♦❧✈❡ t❤✐s ❡q✉❛t✐♦♥✳
❙t❡♣ ✹✳ ❈❤❡❝❦ t❤✐s r❡s✉❧t ❜② s✉❜st✐t✉t✐♥❣ ✐t ✐♥t♦ t❤❡ ♦r✐❣✐♥❛❧ st❛t❡♠❡♥t ♦❢ t❤❡ ♣r♦❜❧❡♠✳
❙t❡♣ ✺✳ ❲r✐t❡ ❛ ❝♦♥❝❧✉s✐♦♥✳

✹❚❤✐s ❝♦♥t❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✷✼✽✵✴✶✳✺✴❃✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



✾✵✷ ●▲❖❙❙❆❘❨

●❧♦ss❛r②

▼ ▼❡t❤♦❞ ❢♦r ▼✉❧t✐♣❧②✐♥❣ ❘❛t✐♦♥❛❧
❊①♣r❡ss✐♦♥s

• ❋❛❝t♦r ❛❧❧ ♥✉♠❡r❛t♦rs ❛♥❞
❞❡♥♦♠✐♥❛t♦rs✳

• ❘❡❞✉❝❡ t♦ ❧♦✇❡st t❡r♠s ✜rst ❜②
❞✐✈✐❞✐♥❣ ♦✉t ❛❧❧ ❝♦♠♠♦♥ ❢❛❝t♦rs✳ ✭■t
✐s ♣❡r❢❡❝t❧② ❧❡❣✐t✐♠❛t❡ t♦ ❝❛♥❝❡❧ t❤❡
♥✉♠❡r❛t♦r ♦❢ ♦♥❡ ❢r❛❝t✐♦♥ ✇✐t❤ t❤❡
❞❡♥♦♠✐♥❛t♦r ♦❢ ❛♥♦t❤❡r✳✮

• ▼✉❧t✐♣❧② ♥✉♠❡r❛t♦rs t♦❣❡t❤❡r✳
• ▼✉❧t✐♣❧② ❞❡♥♦♠✐♥❛t♦rs✳ ■t ✐s ♦❢t❡♥
❝♦♥✈❡♥✐❡♥t✱ ❜✉t ♥♦t ♥❡❝❡ss❛r②✱ t♦
❧❡❛✈❡ ❞❡♥♦♠✐♥❛t♦rs ✐♥ ❢❛❝t♦r❡❞ ❢♦r♠✳

▼❡t❤♦❞ ❢♦r ▼✉❧t✐♣❧②✐♥❣ ❘❛t✐♦♥❛❧
◆✉♠❜❡rs

• ❘❡❞✉❝❡ ❡❛❝❤ ❢r❛❝t✐♦♥ t♦ ❧♦✇❡st t❡r♠s✳
• ▼✉❧t✐♣❧② t❤❡ ♥✉♠❡r❛t♦rs t♦❣❡t❤❡r✳
• ▼✉❧t✐♣❧② t❤❡ ❞❡♥♦♠✐♥❛t♦rs t♦❣❡t❤❡r✳

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃



■◆❉❊❳ ✾✵✸

■♥❞❡① ♦❢ ❑❡②✇♦r❞s ❛♥❞ ❚❡r♠s

❑❡②✇♦r❞s ❛r❡ ❧✐st❡❞ ❜② t❤❡ s❡❝t✐♦♥ ✇✐t❤ t❤❛t ❦❡②✇♦r❞ ✭♣❛❣❡ ♥✉♠❜❡rs ❛r❡ ✐♥ ♣❛r❡♥t❤❡s❡s✮✳ ❑❡②✇♦r❞s
❞♦ ♥♦t ♥❡❝❡ss❛r✐❧② ❛♣♣❡❛r ✐♥ t❤❡ t❡①t ♦❢ t❤❡ ♣❛❣❡✳ ❚❤❡② ❛r❡ ♠❡r❡❧② ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❛t s❡❝t✐♦♥✳ ❊①✳
❛♣♣❧❡s✱ ➓ ✶✳✶ ✭✶✮ ❚❡r♠s ❛r❡ r❡❢❡r❡♥❝❡❞ ❜② t❤❡ ♣❛❣❡ t❤❡② ❛♣♣❡❛r ♦♥✳ ❊①✳ ❛♣♣❧❡s✱ ✶

✵ ✵t❤✱ ✷✷✼

❆ ❛ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✱ ✽✹✻
❛❜s♦❧✉t❡ ✈❛❧✉❡✱ ✶✸✸✱ ✶✸✹
❛❞❞✱ ✼✼✻
❛❞❞✐t✐♦♥✱ ➓ ✸✳✹✭✶✸✾✮
❛❞❞✐t✐♦♥ ♠❡t❤♦❞✱ ➓ ✶✶✳✹✭✽✻✹✮
❛❞❞✐t✐✈❡ ✐❞❡♥t✐t②✱ ✼✵✱ ✶✹✵
❛❞❞✐t✐✈❡ ✐♥✈❡rs❡s✱ ✼✶✱ ✼✶
❛❧❣❡❜r❛✱ ➓ ✭✶✮✱ ➓ ✭✺✮✱ ➓ ✶✳✶✭✼✮✱ ➓ ✶✳✷✭✼✮✱
➓ ✶✳✸✭✶✶✮✱ ➓ ✶✳✹✭✶✺✮✱ ➓ ✶✳✺✭✶✾✮✱ ➓ ✶✳✻✭✷✸✮✱
➓ ✶✳✼✭✸✵✮✱ ➓ ✶✳✽✭✸✽✮✱ ➓ ✷✳✶✭✹✾✮✱ ➓ ✷✳✷✭✺✵✮✱
➓ ✷✳✸✭✺✽✮✱ ➓ ✷✳✹✭✻✺✮✱ ➓ ✷✳✺✭✼✹✮✱ ➓ ✷✳✻✭✽✸✮✱
➓ ✷✳✼✭✾✷✮✱ ➓ ✷✳✽✭✶✵✶✮✱ ➓ ✷✳✾✭✶✵✷✮✱ ➓ ✷✳✶✵✭✶✵✾✮✱
➓ ✸✳✶✭✶✷✼✮✱ ➓ ✸✳✷✭✶✷✽✮✱ ➓ ✸✳✸✭✶✸✸✮✱ ➓ ✸✳✹✭✶✸✾✮✱
➓ ✸✳✺✭✶✹✻✮✱ ➓ ✸✳✻✭✶✺✷✮✱ ➓ ✸✳✼✭✶✻✵✮✱ ➓ ✸✳✽✭✶✼✶✮✱
➓ ✸✳✾✭✶✽✵✮✱ ➓ ✸✳✶✵✭✶✽✶✮✱ ➓ ✸✳✶✶✭✶✽✻✮✱ ➓ ✹✳✶✭✷✵✼✮✱
➓ ✹✳✷✭✷✵✽✮✱ ➓ ✹✳✸✭✷✶✼✮✱ ➓ ✹✳✹✭✷✷✺✮✱ ➓ ✹✳✺✭✷✸✷✮✱
➓ ✹✳✻✭✷✸✾✮✱ ➓ ✹✳✼✭✷✺✷✮✱ ➓ ✹✳✽✭✷✻✵✮✱ ➓ ✹✳✾✭✷✻✸✮✱
➓ ✹✳✶✵✭✷✻✹✮✱ ➓ ✹✳✶✶✭✷✼✶✮✱ ➓ ✺✳✶✭✷✾✶✮✱ ➓ ✺✳✷✭✷✾✷✮✱
➓ ✺✳✸✭✷✾✾✮✱ ➓ ✺✳✹✭✸✵✺✮✱ ➓ ✺✳✺✭✸✶✸✮✱ ➓ ✺✳✻✭✸✶✾✮✱
➓ ✺✳✼✭✸✷✾✮✱ ➓ ✺✳✽✭✸✸✽✮✱ ➓ ✺✳✾✭✸✹✺✮✱ ➓ ✺✳✶✵✭✸✹✻✮✱
➓ ✺✳✶✶✭✸✺✷✮✱ ➓ ✻✳✶✭✸✻✾✮✱ ➓ ✻✳✷✭✸✼✵✮✱ ➓ ✻✳✸✭✸✼✸✮✱
➓ ✻✳✹✭✸✼✽✮✱ ➓ ✻✳✺✭✸✽✹✮✱ ➓ ✻✳✻✭✸✽✼✮✱ ➓ ✻✳✼✭✸✾✺✮✱
➓ ✻✳✽✭✹✵✷✮✱ ➓ ✻✳✾✭✹✶✸✮✱ ➓ ✻✳✶✵✭✹✶✸✮✱ ➓ ✻✳✶✶✭✹✶✼✮✱
➓ ✼✳✶✭✹✸✶✮✱ ➓ ✼✳✷✭✹✸✷✮✱ ➓ ✼✳✸✭✹✹✵✮✱ ➓ ✼✳✹✭✹✹✽✮✱
➓ ✼✳✺✭✹✻✾✮✱ ➓ ✼✳✻✭✹✽✺✮✱ ➓ ✼✳✼✭✹✾✼✮✱ ➓ ✼✳✽✭✺✵✼✮✱
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♣r✐♥❝✐♣❛❧ sq✉❛r❡ r♦♦t✱ ➓ ✾✳✷✭✻✽✹✮✱ ✻✽✺
♣r♦❞✉❝ts✱ ➓ ✶✳✷✭✼✮✱ ➓ ✷✳✼✭✾✷✮
Pr♦✜❝✐❡♥❝② ❊①❛♠✱ ✶
♣r♦♣❡rt②✱ ✻✺

◗ q✉❛❞r❛♥t✱ ✹✹✵
q✉❛❞r❛t✐❝✱ ✷✷✼
q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥✱ ✼✺✹
q✉❛❞r❛t✐❝s✱ ➓ ✶✵✳✶✭✼✺✸✮✱ ➓ ✶✵✳✷✭✼✺✹✮✱
➓ ✶✵✳✸✭✼✻✵✮✱ ➓ ✶✵✳✹✭✼✻✼✮✱ ➓ ✶✵✳✺✭✼✼✺✮✱
➓ ✶✵✳✻✭✼✽✷✮✱ ➓ ✶✵✳✼✭✼✾✵✮✱ ➓ ✶✵✳✽✭✽✵✶✮✱
➓ ✶✵✳✶✵✭✽✶✼✮✱ ➓ ✶✵✳✶✶✭✽✷✷✮
q✉♦t✐❡♥ts✱ ➓ ✷✳✼✭✾✷✮

❘ r❛❞✐❝❛❧✱ ✻✽✺
r❛❞✐❝❛❧ s✐❣♥✱ ✻✽✺
r❛❞✐❝❛♥❞✱ ✻✽✺
r❛✐s✐♥❣ ❢r❛❝t✐♦♥s t♦ ❤✐❣❤❡r t❡r♠s✳✱ ✷✵
r❛t✐♦✱ ✹✼✼
r❛t✐♦♥❛❧ ❡q✉❛t✐♦♥✱ ✻✶✹
r❛t✐♦♥❛❧ ❡q✉❛t✐♦♥s✱ ➓ ✽✳✼✭✻✶✹✮
r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥✱ ✺✻✽
r❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s✱ ➓ ✽✳✶✭✺✻✼✮✱ ➓ ✽✳✷✭✺✻✽✮✱
➓ ✽✳✸✭✺✼✻✮✱ ➓ ✽✳✹✭✺✽✸✮✱ ➓ ✽✳✺✭✺✾✵✮✱ ➓ ✽✳✻✭✻✵✸✮✱
➓ ✽✳✽✭✻✷✸✮✱ ➓ ✽✳✾✭✻✸✸✮✱ ➓ ✽✳✶✵✭✻✹✶✮✱ ➓ ✽✳✶✶✭✻✺✷✮✱
➓ ✽✳✶✷✭✻✺✸✮✱ ➓ ✽✳✶✸✭✻✻✵✮

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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r❛t✐♦♥❛❧ ♥✉♠❜❡rs ✭◗✮ ✿✱ ✺✾
r❛t✐♦♥❛❧✐③✐♥❣ t❤❡ ❞❡♥♦♠✐♥❛t♦r✳✱ ✻✾✻
r❡❛❧ ♥✉♠❜❡r✱ ✺✽
r❡❛❧ ♥✉♠❜❡r ❧✐♥❡✱ ➓ ✷✳✸✭✺✽✮✱ ✺✽
r❡❛❧ ♥✉♠❜❡rs✱ ➓ ✷✳✸✭✺✽✮✱ ➓ ✶✷✳✷✭✽✾✽✮
r❡❝✐♣r♦❝❛❧s✱ ✷✹✱ ➓ ✸✳✼✭✶✻✵✮
r❡❝t❛♥❣✉❧❛r ❝♦♦r❞✐♥❛t❡ s②st❡♠✳✱ ✹✹✵
r❡❞✉❝❡❞ t♦ ❧♦✇❡st t❡r♠s✱ ✺✼✼
r❡❞✉❝❡❞ t♦ ❧♦✇❡st t❡r♠s✳✱ ✶✾
r❡❞✉❝✐♥❣✱ ➓ ✽✳✸✭✺✼✻✮
r❡❞✉❝✐♥❣ ❛ ❢r❛❝t✐♦♥✳✱ ✶✾
r✉❧❡s✱ ➓ ✶✷✳✸✭✾✵✵✮

❙ s❛♠❡ s✐❣♥✱ ✶✺✷✱ ✶✺✹
❙❛♠♣❧❡ ❙❡ts✱ ✶
s❝✐❡♥t✐✜❝ ❢♦r♠✱ ✶✼✶
s❝✐❡♥t✐✜❝ ♥♦t❛t✐♦♥✱ ➓ ✸✳✽✭✶✼✶✮✱ ✶✼✷
s❡❝♦♥❞❛r② sq✉❛r❡ r♦♦t✱ ➓ ✾✳✷✭✻✽✹✮✱ ✻✽✺
❙❡❝t✐♦♥ ❊①❡r❝✐s❡s✱ ✶
❙❡❝t✐♦♥ ❖✈❡r✈✐❡✇✱ ✶
s✐❣♥❡❞ ♥✉♠❜❡rs✱ ➓ ✸✳✷✭✶✷✽✮✱ ➓ ✸✳✹✭✶✸✾✮✱
➓ ✸✳✺✭✶✹✻✮✱ ➓ ✸✳✻✭✶✺✷✮
s✐♠♣❧❡ ❢r❛❝t✐♦♥✱ ✻✸✹
s✐♠♣❧✐✜❡❞ ❢♦r♠✱ ✻✾✹
s❧♦♣❡✱ ➓ ✼✳✺✭✹✻✾✮✱ ✹✼✹✱ ➓ ✼✳✻✭✹✽✺✮
s❧♦♣❡✲✐♥t❡r❝❡♣t✱ ✹✾✽
s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠✱ ➓ ✼✳✺✭✹✻✾✮✱ ➓ ✼✳✻✭✹✽✺✮✱
➓ ✼✳✼✭✹✾✼✮

s❧♦♣❡✲✐♥t❡r❝❡♣t ❢♦r♠✳✱ ✹✼✵
s♦❧✉t✐♦♥s✱ ✷✾✷
s♦❧✈❡❞✱ ✷✾✷
sq✉❛r❡ r♦♦t ❡q✉❛t✐♦♥✱ ✼✷✺
sq✉❛r❡ r♦♦ts✱ ➓ ✾✳✶✭✻✽✸✮✱ ➓ ✾✳✷✭✻✽✹✮✱ ➓ ✾✳✸✭✻✾✸✮✱
➓ ✾✳✹✭✼✵✶✮✱ ➓ ✾✳✺✭✼✵✽✮✱ ➓ ✾✳✻✭✼✶✻✮✱ ➓ ✾✳✼✭✼✷✹✮✱
➓ ✾✳✽✭✼✸✵✮✱ ➓ ✾✳✾✭✼✸✶✮✱ ➓ ✾✳✶✵✭✼✸✻✮
st❛♥❞❛r❞ ❢♦r♠✱ ✼✺✹
s✉❜st✐t✉t✐♦♥✱ ➓ ✶✶✳✸✭✽✺✻✮
s✉❜tr❛❝t✐♦♥✱ ➓ ✸✳✺✭✶✹✻✮
❙✉♠♠❛r② ♦❢ ❑❡② ❈♦♥❝❡♣ts✱ ✶
s②♠❜♦❧s✱ ➓ ✶✷✳✶✭✽✾✼✮

❚ t❡r♠s✱ ➓ ✹✳✷✭✷✵✽✮
t❡r♠s✳✱ ✷✵✽
t❤❡ ✐♥❡q✉❛❧✐t② s✐❣♥ ♠✉st ❜❡ r❡✈❡rs❡❞✱ ✸✸✵
tr✐♥♦♠✐❛❧s✱ ➓ ✻✳✻✭✸✽✼✮✱ ➓ ✻✳✼✭✸✾✺✮✱ ➓ ✻✳✽✭✹✵✷✮

❱ ✈❛❧✉❡✱ ♦r r❛t❡✱ ♦r ❛♠♦✉♥t t✐♠❡s ❛ q✉❛♥t✐t②✱ ✽✼✻
✈❛r✐❛❜❧❡✱ ✺✵
✈❛r✐❛❜❧❡s✱ ➓ ✷✳✷✭✺✵✮

❲ ✇❤♦❧❡ ♥✉♠❜❡rs ✭❲✮ ✿✱ ✺✾

❳ ①✲✐♥t❡r❝❡♣t✱ ✹✺✵

❨ ②✲✐♥t❡r❝❡♣t✱ ✹✺✵

❩ ③❡r♦✲❢❛❝t♦r ♣r♦♣❡rt②✱ ➓ ✽✳✷✭✺✻✽✮✱ ➓ ✶✵✳✷✭✼✺✹✮

❆✈❛✐❧❛❜❧❡ ❢♦r ❢r❡❡ ❛t ❈♦♥♥❡①✐♦♥s ❁❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸❃
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❆ttr✐❜✉t✐♦♥s

❈♦❧❧❡❝t✐♦♥✿ ❊❧❡♠❡♥t❛r② ❆❧❣❡❜r❛
❊❞✐t❡❞ ❜②✿ ❲❛❞❡ ❊❧❧✐s✱ ❉❡♥♥② ❇✉r③②♥s❦✐
❯❘▲✿ ❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴❝♦❧✶✵✻✶✹✴✶✳✸✴
▲✐❝❡♥s❡✿ ❤tt♣✿✴✴❝r❡❛t✐✈❡❝♦♠♠♦♥s✳♦r❣✴❧✐❝❡♥s❡s✴❜②✴✷✳✵✴

▼♦❞✉❧❡✿ ✧❊❧❡♠❡♥t❛r② ❆❧❣❡❜r❛✿ Pr❡❢❛❝❡✧
❯s❡❞ ❤❡r❡ ❛s✿ ✧Pr❡❢❛❝❡✧
❇②✿ ❉❡♥♥② ❇✉r③②♥s❦✐✱ ❲❛❞❡ ❊❧❧✐s
❯❘▲✿ ❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✶✽✽✼✸✴✶✳✹✴
P❛❣❡s✿ ✶✲✹
❈♦♣②r✐❣❤t✿ ❉❡♥♥② ❇✉r③②♥s❦✐✱ ❲❛❞❡ ❊❧❧✐s
▲✐❝❡♥s❡✿ ❤tt♣✿✴✴❝r❡❛t✐✈❡❝♦♠♠♦♥s✳♦r❣✴❧✐❝❡♥s❡s✴❜②✴✷✳✵✴

▼♦❞✉❧❡✿ ✧❊❧❡♠❡♥t❛r② ❆❧❣❡❜r❛✿ ❆❝❦♥♦✇❧❡❞❣♠❡♥ts✧
❯s❡❞ ❤❡r❡ ❛s✿ ✧❆❝❦♥♦✇❧❡❞❣♠❡♥ts✧
❇②✿ ❲❛❞❡ ❊❧❧✐s✱ ❉❡♥♥② ❇✉r③②♥s❦✐
❯❘▲✿ ❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✶✽✽✼✶✴✶✳✺✴
P❛❣❡s✿ ✺✲✻
❈♦♣②r✐❣❤t✿ ❲❛❞❡ ❊❧❧✐s✱ ❉❡♥♥② ❇✉r③②♥s❦✐
▲✐❝❡♥s❡✿ ❤tt♣✿✴✴❝r❡❛t✐✈❡❝♦♠♠♦♥s✳♦r❣✴❧✐❝❡♥s❡s✴❜②✴✷✳✵✴

▼♦❞✉❧❡✿ ✧❆r✐t❤♠❡t✐❝ ❘❡✈✐❡✇✿ ❖❜❥❡❝t✐✈❡s✧
❯s❡❞ ❤❡r❡ ❛s✿ ✧❖❜❥❡❝t✐✈❡s✧
❇②✿ ❉❡♥♥② ❇✉r③②♥s❦✐✱ ❲❛❞❡ ❊❧❧✐s
❯❘▲✿ ❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✷✷✼✽✹✴✶✳✹✴
P❛❣❡✿ ✼
❈♦♣②r✐❣❤t✿ ❉❡♥♥② ❇✉r③②♥s❦✐✱ ❲❛❞❡ ❊❧❧✐s
▲✐❝❡♥s❡✿ ❤tt♣✿✴✴❝r❡❛t✐✈❡❝♦♠♠♦♥s✳♦r❣✴❧✐❝❡♥s❡s✴❜②✴✸✳✵✴

▼♦❞✉❧❡✿ ✧❆r✐t❤♠❡t✐❝ ❘❡✈✐❡✇✿ ❋❛❝t♦rs✱ Pr♦❞✉❝ts✱ ❛♥❞ ❊①♣♦♥❡♥ts✧
❯s❡❞ ❤❡r❡ ❛s✿ ✧❋❛❝t♦rs✱ Pr♦❞✉❝ts✱ ❛♥❞ ❊①♣♦♥❡♥ts ✧
❇②✿ ❲❛❞❡ ❊❧❧✐s✱ ❉❡♥♥② ❇✉r③②♥s❦✐
❯❘▲✿ ❤tt♣✿✴✴❝♥①✳♦r❣✴❝♦♥t❡♥t✴♠✶✽✽✽✷✴✶✳✺✴
P❛❣❡s✿ ✼✲✶✶
❈♦♣②r✐❣❤t✿ ❲❛❞❡ ❊❧❧✐s✱ ❉❡♥♥② ❇✉r③②♥s❦✐
▲✐❝❡♥s❡✿ ❤tt♣✿✴✴❝r❡❛t✐✈❡❝♦♠♠♦♥s✳♦r❣✴❧✐❝❡♥s❡s✴❜②✴✷✳✵✴

▼♦❞✉❧❡✿ ✧❆r✐t❤♠❡t✐❝ ❘❡✈✐❡✇✿ Pr✐♠❡ ❋❛❝t♦r✐③❛t✐♦♥✧
❯s❡❞ ❤❡r❡ ❛s✿ ✧Pr✐♠❡ ❋❛❝t♦r✐③❛t✐♦♥ ✧
❇②✿ ❲❛❞❡ ❊❧❧✐s✱ ❉❡♥♥② ❇✉r③②♥s❦✐
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