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Abstract

The piezoelectric constitutive equation states that the inverse piezoelectric effect
can convert electrical energy into mechanical energy, resulting in small displacement
and force changes with high resolution. The piezoelectric actuator based on inverse
piezoelectric effect has an excellent performance in active vibration suppression
because of its high frequency response, high positioning accuracy, and large output
force. A new active-passive composite vibration suppression system can be formed by
cascading it with passive vibration isolation elements in series and parallel. On this
basis, by adding different control algorithms and control loops, such as the Sky-Hook
damping feedback control algorithm and adaptive feedforward control algorithm,
different vibration control effects can be realized.

Keywords: vibration isolation, active control, active-passive, inverse piezoelectric
effect, piezoelectric actuator

1. Introduction

Mechanical vibration exists in various machines in working conditions, such as
precision machine tools, aircrafts, ships, etc. Strong vibration will affect the accuracy
and stability of mechanical parts. In severe cases, it will also lead to fatigue failure and
shorten the life of the structure or cause resonance to damage the structure. There-
fore, suppressing the unfavorable vibration response has become an urgent problem
to be solved in the industry.

The passive vibration suppression system commonly used in the engineering field
achieves the purpose of vibration suppression by installing elastic damping elements
to consume and absorb vibration energy. The system has high reliability but cannot
adjust the vibration suppression characteristics and cannot adapt to changes in the
external environment. Therefore, the active vibration suppression system with active
adjustment capability and wide adaptive frequency range has become a research
hotspot.

The active vibration suppression system is composed of sensors, actuators, and
control systems, so the current research mainly focuses on two directions. One is the
study of active control strategies; the other is the study of new materials and
corresponding actuators. The active control strategies currently used in the field of
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vibration suppression include PID control [1], adaptive control [2, 3], intelligent
control [4, 5], and so on. The actuator is one of the key elements that affect the
vibration suppression performance of the entire active vibration suppression system.
In recent years, the development of smart material structures has provided conditions
for the development of actuators, which has greatly promoted the research and appli-
cation of active vibration control technology. At present, the smart materials used in
the design of active vibration suppression actuators mainly include electro/magnetor-
heological fluids [6, 7], shape memory alloys [8, 9], magnetostrictive materials
[10, 11], piezoelectric materials [12], and so on. Among them, the piezoelectric
materials can be used as both actuators (inverse piezoelectric effect) and sensors
(positive piezoelectric effect) due to their positive and inverse piezoelectric effects. As
actuators, they have many advantages such as fast frequency response, wide control
frequency range, high displacement resolution, small size, easy integration, no
mechanical friction, and so on [13]. They have been widely used in active vibration
suppression systems.

Most of the active suppression methods based on piezoelectric actuators reduce the
vibration by directly suppressing the excitation force. That is, when the piezoelectric
actuators are arranged, the direction of the output force/displacement of the actuators
is consistent with the direction of the system vibration. In order to improve the
vibration suppression effect, it is usually required that the piezoelectric actuator can
output a sufficiently large displacement and control force at the same time, but its
realization is limited by the electromechanical coupling characteristics of the piezo-
electric actuator. This chapter discusses an active-passive composite vibration sup-
pression system based on piezoelectric actuators. The active control element adopts a
piezoelectric stack actuator with a mechanical displacement amplifying mechanism.
The piezoelectric stack actuator has the advantages of high energy conversion effi-
ciency, low operating voltage, and large output force. The mechanical displacement
amplifying mechanism has a compact structure and can effectively amplify the dis-
placement of the actuator. The second section of the chapter will analyze the driving
characteristics of the piezoelectric actuator and the magnification of the displacement
amplifying mechanism in the active control element, and discuss the compensation of
hysteresis that affects the control accuracy of the piezoelectric actuator. Section 3 will
analyze and construct the structure of the active-passive composite vibration sup-
pression system based on the piezoelectric actuator, and establish its dynamic model.
Section 4 will analyze the vibration control theory of the active-passive composite
vibration suppression system using different control algorithms and control loops on
the basis of the system dynamics model, and simulate the effectiveness of the algo-
rithms. Section 5 will build an experimental platform to verify the active vibration
suppression effect of the active-passive composite vibration suppression system based
on the piezoelectric actuator. Section 6 is the conclusion, which will summarize the
content of this chapter.

2. Characteristics of piezoelectric actuator in vibration suppression

2.1 Inverse piezoelectric effect of piezoelectric actuator

The piezoelectric constitutive equation states that the inverse piezoelectric effect
of piezoelectric actuators can convert electrical energy into mechanical energy,
resulting in small displacement and force changes with high resolution.
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The piezoelectric stack actuator used in this chapters is formed by stacking many thin
piezoelectric ceramic sheets, and its structure is shown in Figure 1. Each piezoelectric
ceramic sheet is equipped with electrodes and is separated by an insulating layer. The
elongation of the piezoelectric ceramic sheet along the polarization direction is mainly
related to the applied electric field strength but has nothing to do with its thickness.
With the layered stack structure, the elongation of the piezoelectric ceramic sheets
can be accumulated, so that the piezoelectric stack actuator can still generate a rela-
tively large displacement at a lower operating voltage.

According to the inverse piezoelectric effect of piezoelectric materials, only con-
sidering the longitudinal force and elongation of the piezoelectric ceramic sheet under
the action of the driving voltage, and assuming that the strain is uniformly distributed
in the longitudinal polarization direction, then the longitudinal stress of a single
piezoelectric ceramic sheet can be expressed as:

σ ¼ Ep ε� d33Eð Þ (1)

where σ is the longitudinal stress; Ep is the initial elastic modulus; ε is the
longitudinal strain; d33 is the longitudinal piezoelectric strain constant; E is the
longitudinal electric field strength.

Assuming that the force-bearing area of the piezoelectric ceramic sheet is Ap, the
thickness is h, the voltage applied at both ends is V and the resulting thickness
deformation is δ. Then the longitudinal strainε and longitudinal electric field strength
E in Eq. (1) can be expressed as:

ε ¼ δ=h (2)

E ¼ V=h (3)

The force on the piezoelectric ceramic sheet can be expressed as the stress σ
multiplied by the force-bearing area Ap, and the relationship between the output force
and the force on the piezoelectric ceramic sheet is force and reaction force. Combining
Eqs. (1–3), the output force of the piezoelectric ceramic sheet is:

f ¼ �σAp ¼ ApEp=h d33V � δð Þ (4)

Let k ¼ ApEp=h, which is the inherent constant of the piezoelectric ceramic sheet,
the output force expression of the piezoelectric ceramic sheet can be simplified as:

Figure 1.
Structure diagram of piezoelectric stack actuator.
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f ¼ k d33V � δð Þ (5)

According to the output force expression Eq. (5), the output displacement of the
piezoelectric ceramic sheet can be obtained as:

δ ¼ d33V � f=k (6)

Since the piezoelectric stack actuator cascades several piezoelectric ceramic sheets
in voltage parallel and physical series, its output force is the same as that of a single
piezoelectric ceramic sheet, and its output displacement is the sum of the output
displacement of all piezoelectric ceramic sheets:

f z ¼ f

ΔA ¼ nδ

�

(7)

where f z is the output force of the piezoelectric actuator, ΔA is the output
displacement of the piezoelectric actuator, andn is the number of piezoelectric
ceramic sheets in the piezoelectric actuator.

Although the output displacement of the piezoelectric stack actuator is the sum of
the output displacements of all piezoelectric ceramic sheets, its stroke is still in the
order of microns. In practical applications, it is usually necessary to cooperate with a
displacement amplifying mechanism [14–16]. Therefore, it is necessary to analyze
the displacement amplification characteristics of the displacement amplifying
mechanism.

2.2 Displacement amplifying mechanism of piezoelectric actuator

The mechanical displacement amplifying mechanism adopted in this chapter is
based on the principle of triangular amplification to mechanically amplify the dis-
placement of the piezoelectric actuator, to make up for the shortcoming of its insuffi-
cient stroke and expand its effective stroke. Dimensions such as the coordinate
direction and angle of the displacement amplifying mechanism are shown in
Figure 2a. The piezoelectric stack actuator with length A is placed in the x-direction
of the displacement amplifying mechanism, and the inclination angle formed by the
horizontal direction and the hypotenuse of the amplifying mechanism is α.

The amplification principle of the mechanical displacement amplifying mechanism
is shown in Figure 2b. When the displacement changes in the x-direction, the inverse
change of the displacement occurs in the y-direction. The displacement magnification

(a) (b)

Figure 2.
Displacement amplifying mechanism: (a) dimension labeling diagram; (b) amplifying schematic diagram.
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is defined as the ratio of the displacement change in the y-direction to the displace-
ment change in the x-direction, which can be expressed as:

γ ¼ ΔB

ΔA
(8)

According to the geometric transformation relationship shown in Figure 2b, we
can get:

ΔA ¼ l cos α� l cos α� Δαð Þ
ΔB ¼ l sin α� l sin α� Δαð Þ

(9)

Then the displacement magnification can be organized as:

γ ¼ ΔB

ΔA
¼ l sin α� l sin α� Δαð Þ

l cos α� l cos α� Δαð Þ ¼
tan α 1� cos Δαð Þð Þ þ sin Δαð Þ
1� cos Δαð Þ � tan α sin Δαð Þ (10)

Since the stroke of the piezoelectric actuator is in the order of microns, the varia-
tion in length ΔA and the variation in inclination angle Δα are quite small. According

to the equivalent infinitesimal principle: sin Δαð Þ≈Δα, 1� cos Δαð Þ≈ 1
2 Δαð Þ2,

tan Δαð Þ≈Δα. The Eq. (10) can be further organized as:

γ ¼ Δα tan αþ 2

Δα� 2 tan α
≈� 1

tan α
(11)

It can be seen from Eq. (11) that the magnification of the triangular mechanical
displacement amplifying mechanism is not related to the length but is only related to
the size of the inclination angle α. The negative sign indicates that the displacement
changes in the y- and x-directions are opposite. The relationship between magnifica-
tion and inclination angle is described in Figure 3.

It can be seen from Figure 3 that the smaller the inclination angle, the larger the
magnification (regardless of positive and negative). As the inclination angle increases,
the change in magnification becomes insignificant. When the inclination angle
reaches 45 degrees, the magnification is close to 1.

Figure 3.
Relationship between magnification and inclination angle.
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2.3 Compensation of hysteresis in piezoelectric actuator

According to Eqs. (6–7), under ideal conditions, the output displacement of the
piezoelectric actuator is proportional to the driving voltage, as shown by the red solid
line in Figure 4. But, in fact, due to the difference in structure and the complexity of
its working mechanism, piezoelectric actuators have the inherent characteristics of
hysteresis [17], which leads to the fact that the voltage rise and drop curve of the
output displacement do not overlap, as shown by the green and blue lines in Figure 4.
This affects the control accuracy of the piezoelectric actuator to a certain extent. In
general engineering applications, the displacement error is relatively small, and the
piezoelectric actuator can be used approximately linearly. However, in some applica-
tions that require high control accuracy, it is necessary to perform hysteresis com-
pensation [18–21]. The hysteresis in the piezoelectric actuator can be compensated by
the hysteresis inverse compensation method. The specific compensation control block
diagram is shown in Figure 5. This method can avoid complex modeling and param-
eter identification of the piezoelectric actuator, and the error output can be directly
used for compensation control to achieve the effect of eliminating hysteresis and
improve the control accuracy of the piezoelectric actuator.

3. Active-passive composite vibration suppression system based on
piezoelectric actuator

The passive vibration suppression system has a simple structure and good high-
frequency vibration suppression performance, but it is powerless to low-frequency
vibration, and the resonance peak suppression conflicts with high-frequency vibration
suppression. The vibration suppression performance of the active vibration suppres-
sion system is good, but due to the limitation of the working bandwidth and power of
the actuator, it is difficult to realize the active vibration suppression only. Therefore,
active actuators are usually used in combination with passive elements to form an
active-passive composite vibration suppression system to achieve the best vibration
suppression effect [22–24].

Figure 4.
The relationship between voltage and displacement of piezoelectric actuator.
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The active control element based on the piezoelectric actuator has high stiffness. In
order to reduce the overall stiffness of the vibration suppression system, thereby
reducing the natural frequency of the system and increasing the vibration suppression
bandwidth, the active control element and the leaf spring with relatively low stiffness
are connected in series to form a vibration suppression system with an active-passive
composite structure in this paper, as shown in Figure 6a. The vibration suppression
system is a single-degree-of-freedom system. The modular design reduces the mass
and size of the system to the greatest extent, which makes it more suitable for
applications in those fields with strict space and mass constraints, such as aerospace,
ships, etc. In addition, according to the needs of the application, it can be conveniently
used as the branch chain of the multi-degree-of-freedom vibration suppression

Figure 5.
Hysteresis adaptive inverse compensation control block diagram of piezoelectric actuator.

(a)
(b)

Figure 6.
Single-degree-of-freedom vibration suppression system: (a) three-dimensional model diagram; (b) simplified
model diagram.
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platform through the flexible hinges [13, 25–27]. Its simplified model is shown in
Figure 6b.

According to Newton’s second law, the dynamic equation of the system can be
obtained as:

Mp€xo þ cini _xo � _xmð Þ þ kini xo � xmð Þ ¼ Fz

cini _xo � _xmð Þ þ kini xo � xmð Þ ¼ kadd xm � xið Þ

�

(12)

where Mp is the load mass, cini is the initial damping of the system, kini is the initial
stiffness of the system, kadd is the additional stiffness of the leaf spring, xo is the load
displacement, xm is the displacement of the connection point between the displace-
ment amplifying mechanism and the leaf spring, xi is the base displacement, Fz is the
output force of the active control element.

By combining the two equations in Eq. (12) and eliminating the relevant variables
at the intermediate connection point, the dynamic model of the single-degree-of-
freedom vibration suppression system is obtained as follows:

Mp€xo þ c _xo � _xið Þ þ kd xo � xið Þ ¼ Fz (13)

where c ¼ kaddcini= kadd þ kinið Þ is the equivalent damping of the system and kd ¼
kaddkini= kadd þ kinið Þ is the equivalent stiffness of the system.

It can be seen from Eq. (13) that the active control element in series with the leaf
spring can effectively reduce the overall stiffness of the vibration suppression system,
and the establishment of the structure and dynamic model of the active-passive
composite vibration suppression system provides the object and theoretical basis for
the subsequent active vibration suppression control.

4. Active vibration suppression control based on piezoelectric actuator

4.1 Piezoelectric active vibration suppression system

Passive vibration suppression refers to the introduction of one or more mass-
spring damping systems in the propagation path of the vibration source. Although this
technical solution is simple and reliable, it can only effectively attenuate high-
frequency vibrations in a wide frequency band. With the rapid development of smart
sensors and smart actuators and high-speed microprocessors, active vibration sup-
pression is becoming more and more attractive in vibration suppression. In piezoelec-
tric active control, it is classified according to the control structure, which can be
divided into feedforward control and feedback control. In precision vibration isola-
tion, different vibration active control structures need to be adopted for different
vibration isolation objects in actual work.

In the piezoelectric active vibration suppression system, the overall control block
diagram of feedforward and feedback is shown in Figure 7. In Figure 7, The vibration
suppression closed-loop consists of a table feedback loop with a signal filter function
and a ground-based feedforward loop with a signal filter function. The feedback loop
is implemented as: The feedback acquisition sensor collects the table vibration, and
then filters the excess noise signal, and then transmits it to the feedback controller for
algorithm calculation, and adjusts the gain of the entire feedback loop to change the
feedback characteristics. The implementation of the feedforward loop is as follows:
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The feedforward acquisition sensor collects the ground vibration signal, then filters
the excess noise signal, and then transmits it to the feed-forward controller for algo-
rithm calculation, and adjusts the feedforward control parameters to change the
feedforward characteristics. The piezoelectric feedback active control algorithm can
be realized by sky-hook damping, integral force feedback (IFF), and other algorithms,
and the feedforward control algorithm can be realized by adaptive control algorithm
or phase compensation algorithm. Finally, the hybrid operation of the two active
controllers is output to the piezoelectric actuator, and the active vibration suppression
system is controlled to complete the active control. Compared with using one of the
control structures or algorithms alone, the active hybrid control (AHC) can achieve
better vibration suppression performance. The following will introduce a piezoelectric
active hybrid control design method, including an IFF control and a recursive least
square (RLS) adaptive feedforward control, the feedback control realizes the sky-
hook damping effect, and the adaptive feedforward control realizes the ground-based
advance response.

4.2 Piezoelectric IFF control in vibration suppression

Active feedback control can effectively solve the problem that the signal at the
natural frequency is amplified, that is, the problem of formant attenuation. At
present, the sky-hook technology is widely used in piezoelectric active feedback
control. Generally, the sky-hook effect is established by absolute speed feedback
control to reduce the formant peak value while maintaining high-frequency attenua-
tion. This section introduces sky-hook technology based on piezoelectric actuators,
which uses a combination of dynamic force sensors and piezoelectric actuators to
design an integral force active control algorithm to achieve the control effect of
sky-hook.

According to the structure above, the schematic diagram of the piezoelectric IFF
control is shown in Figure 8. In Figure 8, the amount of elongation of the piezoelec-
tric actuator is represented by δ, F represents the dynamic force signal. The active
vibration control method of piezoelectric IFF control is: The dynamic force sensor
collects the dynamic force signal, and after noise removal and filtering, the integral

Figure 7.
Piezoelectric active vibration suppression control block diagram.
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calculation compensation is completed in the active control unit, and the control
signal is output to the piezoelectric actuator to complete the piezoelectric active
feedback control.

The IFF control law based on sky-hook damping technology is:

σIFF ¼ 1

kds
�Ψ � F ¼ 1

kds
�MP � Ψ � s2 ¼ 1

kds
� ki � s2 (14)

where ki ¼ MP �Ψ is the integral gain coefficient of the IFF control.
According to Figure 8, the motion control equation of the piezoelectric IFF control

system can be expressed as:

Ms2xo ¼ �ms2xi ¼ kd xi � xmð Þ ¼ F (15)

δ ¼ xo � xm (16)

The open-loop transfer function between the elongation δ of the piezoelectric
actuator and the output F of the force sensor can be expressed as:

F

δ
¼ kd

Mms2

Mms2 þ kd Mþmð Þ
(17)

According to the integral gain coefficient of the IFF algorithm in Eq. (14), after
sorting and calculation, the displacement xm of the middle section can be obtained as:

xm ¼ sxo þ kixi
sþ ki

¼ sxo þMP � Ψ � xi
sþMP � Ψ

(18)

According to the above derivation, the transmissibility curve of the piezoelectric
vibration isolation system under the IFF control algorithm is:

TC�IFF sð Þ ¼ csþ kd
Mps2 þ cþ kið Þsþ kd

¼ 1

s2 1=ω2
n

� �

þ s Ψ=ω2
n

� �

þ 1
(19)

ωn ¼
ffiffiffiffiffiffiffi

kd
Mp

s

(20)

Figure 8.
Schematic diagram of piezoelectric IFF principle.
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where ωn is the natural frequency of the passive vibration isolation system. When
the gain factor Ψ≫ c, the equivalent damping c of the system can be ignored.

The natural frequency and damping ratio of the piezoelectric vibration isolation
system under the IFF control algorithm are expressed as:

ωP ¼
ffiffiffiffiffiffiffi

k

MP

s

¼ ωn (21)

ζP ¼ cþ ki

2
ffiffiffiffiffiffiffi

km
p ¼ MP �Ψ

2
ffiffiffiffiffiffiffi

km
p ¼ Ψ

2

ffiffiffiffiffiffiffi

MP

k

r

¼ Ψ

2ωn
(22)

The natural frequency of the vibration isolation system under IFF control is
consistent with the natural frequency of the passive system and does not change. The
damping ratio of the vibration isolation system under the IFF control is proportional
to the integral gain coefficient. By increasing the integral gain coefficient, the formant
peak value at the natural frequency can be effectively reduced to achieve the sky-hook
effect. It is worth noting that an excessively large gain coefficient will lead to system
stability errors, making the vibration isolation system unstable.

According to the theoretical analysis of IFF, the simulation analysis is carried out in
Matlab. The passive system parameters are shown in Table 1, and the parameters of
the subsequent simulation are also consistent with Table 1. The simulation results are
shown in Figure 9. It can be found that with the increase of the integral gain coeffi-
cient, the value of the resonance peak of the vibration isolation system decreases
continuously, which plays a good role in suppressing vibration. This shows that the
piezoelectric IFF control can achieve the effect of sky-hook damping control and can
effectively suppress the formant.

4.3 Piezoelectric RLS adaptive feedforward control in vibration suppression

The most direct way to improve the performance of feedback control is to increase
its feedback gain. However, with the increase of the feedback gain, a large steady-state
error will be introduced into the system. Therefore, a ground-based feedforward
control strategy emerges as the times require. The ground-based feedforward control
can effectively improve the local frequency-domain vibration suppression perfor-
mance of the system by predicting the vibration signal in advance and implementing
active control in the active algorithm. In piezoelectric feedforward control, the use
of adaptive feedforward control is an extremely effective method. This section
introduces an RLS adaptive feedforward control method.

The adaptive controller Fff ¼ F yi kð Þ, d kð Þ, yo kð Þ
� �

is a finite impulse response filter
(FIR), also known as a transversal filter. For the observation signal that changes with
time i, the tap weight vector w nð Þ of the transversal filter must be time-varying.

Simulation type Passive Parameters

Load Mass (Kg) 1

System Stiffness (N/m) 3.41e4

System Damping (N.m/s) 7.65

Table 1.
Simulation parameters of single-degree-of-freedom passive vibration isolation system.
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To keep the adaptive controller in an optimal state, that is, to keep the gradient
function of the cost function close to zero, the variable parameters must converge to
the optimal value in real-time. Therefore, the filter used in the RLS algorithm is a
transversal filter with time-varying tap weights. Figure 10 shows the structure dia-
gram of the transversal filter with time-varying tap weights.

The RLS adaptive control algorithm is a transversal filter based on the least-squares
criterion. The algorithm recursively deduces the weight vector of the current time
according to the filter tap weight vector of the previous time. Assuming that N data y
(1), y(2), … , y(i), … , y(N) are known, the data is filtered with an M-order transversal
filter with time-varying tap weights to get estimate the desired signals d(1), d(2), … ,
d(i), … , d(N). Then the estimate of the expected response can be expressed as:

d̂ ið Þ ¼
X

M�1

j¼0

wj nð Þy i� jð Þ ¼ wT nð Þy ið Þ (23)

where wj nð Þ is the tap weight of the M-order transversal filter with time-varying
tap weights, w nð Þ is the tap weight vector of the filter with time-varying tap weights,
and y ið Þ is the tap input vector of the filter with time-varying tap weights at the i-th
time, and are respectively:

w nð Þ ¼ w0 nð Þ, w1 nð Þ, …wM�1 nð Þ½ �T (24)

Figure 9.
Transmittance curve of piezoelectric vibration isolation system under passive control and IFF control.

Figure 10.
Transverse filter with time-varying tap weights.
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y ið Þ ¼ y ið Þ, y i‐1ð Þ, … , y i�Mþ 1ð Þ
� �T

(25)

Then the estimated error of the filter with time-varying tap weights can be
written as:

e ið Þ ¼ d ið Þ � d̂ ið Þ ¼ d ið Þ �
X

M�1

j¼0

wj nð Þy i� jð Þ ¼ d ið Þ �wT nð Þy ið Þ (26)

Then the cost function under the least-squares criterion using the pre-windowing
method can be expressed as:

ξ nð Þ ¼
X

n

i¼1

λn�ie2 ið Þ (27)

where λ is the forgetting factor, the value range is 0≤ λ≤ 1.
The RLS adaptive feedforward controller is built-in Matlab for simulation, and the

simulation results are shown in Figure 11. Under the action of piezoelectric RLS
adaptive feedforward control, the effective suppression rate of active control to
amplitude can reach 80%, which is obviously better than passive control.

4.4 Piezoelectric active hybrid controller

After the above description of IFF control and RLS adaptive feedforward control, a
design scheme of piezoelectric AHC can be given. The block diagram of the AHC is
shown in Figure 12. The principle is as follows: Given an additional external excitation
signal, the signal y(n) is measured with a feedforward sensor. Design a transversal
filter C z�1ð Þ with time-varying tap weights, and continuously estimate the expected
response d(i) by fitting the tap weight vector w nð Þ constantly changing. By iteratively
deriving the least squares estimated tap weight vector w nð Þ, the square weighted sum
of the estimated error e(i) (that is, the platform vibration error of the load platform)
under this system is obtained to be the smallest, thereby, ensuring the platform
vibration error of the load platform. The feedforward control loop finally generates

Figure 11.
Time domain comparison of RLS adaptive feedforward control and passive control.
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the feedforward control signal uFF nð Þ, which is converted by the piezoelectric brake
into an actual force acting on the system, which is opposite to the direct interference
generated by the feedforward, thereby, eliminating the system vibration caused by
the feedforward source. The feedback control loop performs compensation control on
the error signal according to the feedback controller.

As shown in Figure 12, G sð Þ is the structural open-loop transfer function, P sð Þ is
the structural closed-loop transfer function, Gc sð Þ is the feedback controller, C z�1ð Þ is
a transversal filter, F z�1ð Þ is the transfer function from the feedforward control force

to the vibration isolation system, F̂ z�1ð Þ is the model of F z�1ð Þ function with M-order
identification, y(n) is an additional external stimulus, q ∗ nð Þ is the vibration response
of the external excitation signal to the open-loop transfer function G sð Þ of the struc-
ture, uFF nð Þ is the feedforward control output force, uFB nð Þ is the feedback control
output force, q̂ nð Þ is the first response error, and is the residual vibration error of the
table after feedforward control, q nð Þ is the second error response, and is the residual
vibration error of the table after entering the hybrid control.

According to Eq. (26), combined with the AHC block diagram, the system error
e0 nð Þ can be equivalent to the first residual vibration error response q̂ nð Þ, that is, the
table residual vibration error after feedforward control:

e0 nð Þ ¼ q̂ nð Þ ¼ q ∗ nð Þ � uFF nð Þ ¼ q ∗ nð Þ �wT nð Þy nð Þ (28)

In the real-time control of the active vibration system, due to the real-time control
operation of the system, the sensor can only measure the vibration signal of the
ground foundation and the vibration signal after the active hybrid control of the table,
and cannot directly measure the vibration response q ∗ nð Þ from the ground vibration
signal to the open-loop transfer function G sð Þ. Therefore, the signal transfer can be

estimated by the model reference function F̂ z�1ð Þ:

q ∗ nð Þ _¼y0 nð Þ ¼ y nð ÞF̂ z�1
� �

(29)

Then the system expansion error e(n) can be equivalent to the second error
response q(n), that is, the residual vibration error of the table after AHC:

e nð Þ ¼ q nð Þ ¼ e‘ nð Þ P sð Þ
1þ P sð ÞGc sð Þ ¼ q̂ nð Þ P sð Þ

1þ P sð ÞGc sð Þ (30)

According to Eq. (27), the cost function after using AHC is:

Figure 12.
Piezoelectric AHC block diagram.
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ξ nð Þ ¼
X

n

i¼1

λn�ie2 ið Þ ¼
X

n

i¼1

λn�i P sð Þ
1þ P sð ÞGc sð Þ

� 	2

e02 ið Þ (31)

The goal of the adaptive feedforward control algorithm is to find an optimal
discrete filter and optimal weights so that the objective function of the cost function
can be minimized, that is, the gradient of the cost function is zero:

∇kξ ¼
∂ξ

∂wk
¼ �2

P sð Þ
1þ P sð ÞGc sð Þ

� 	2
X

N

i¼1

λN�iy ið Þ q ∗ ið Þ �wT ið Þy ið Þ
� �
 �

¼ R nð Þw nð Þ � r nð Þ

(32)

R nð Þ ¼
X

n

i¼1

λn�iy ið ÞyT ið Þ ¼ λR n� 1ð Þ þ y nð ÞyT nð Þ (33)

r nð Þ ¼
X

n

i¼1

λn�iy ið Þq ∗ ið Þ ¼ λr n� 1ð Þ þ y nð Þq ∗ nð Þ (34)

where R nð Þ is the autocorrelation matrix of the interference signal, and r nð Þ is the
cross-correlation matrix of the interference signal and the feedforward source signal.

Then, the gradient of Eq. (32) is zero, and the arrangement can be obtained:

ŵ nð Þ ¼ R�1 nð Þr nð Þ (35)

For the convenience of description, define an inverse matrix B nð Þ ¼ R�1 nð Þ, and
the following expression can be obtained:

B nð Þ ¼ R�1 nð Þ ¼ λ‐1 B n� 1ð Þ � B n� 1ð Þy nð ÞyT nð ÞB n� 1ð Þ
λþ yT nð ÞB n� 1ð Þy nð Þ

� 	

¼ λ‐1 B n� 1ð Þ � k nð ÞyT nð ÞB n� 1ð Þ
� �

(36)

where k nð Þ is called the gain vector, and its expression is:

k nð Þ ¼ B n� 1ð Þy nð Þ
λþ yT nð ÞB n� 1ð Þy nð Þ (37)

According to Eqs. (35)–(37), when the optimal solution of the tap weight vector
has been obtained, the update formula of the weight vector can be further derived:

ŵ nð Þ ¼ R�1 nð Þr nð Þ ¼ B nð Þr nð Þ ¼ ŵ n� 1ð Þ þ k nð Þ q ∗ nð Þ � yT nð Þŵ n� 1ð Þ
� �

(38)

Then, the initialization of the AHC algorithm is set to ŵ 0ð Þ ¼ 0, B 0ð Þ ¼ δ�1 and δ

be very small positive numbers. The iterative formula of the AHC algorithm can be
sorted out:

k nð Þ ¼ B n� 1ð Þy nð Þ
λþ yT nð ÞB n� 1ð Þy nð Þ

B nð Þ ¼ λ‐1 B n� 1ð Þ � k nð ÞyT nð ÞB n� 1ð Þ
� �

ŵ nð Þ ¼ ŵ n� 1ð Þ þ k nð Þ q ∗ nð Þ � yT nð Þŵ n� 1ð Þ
� �

8

>

>

>

<

>

>

>

:

(39)
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The simulation analysis of the AHC is carried out in Matlab, and the transmissibil-
ity curve in Figure 13 can be obtained. In passive control, the vibration of the load
platform is not effectively suppressed at all, and it is significantly attenuated at high
frequencies. In the IFF control, the resonance peak at the natural frequency of the
system is obviously suppressed, but the high-frequency attenuation is not improved.
When the AHC is adopted, the formant of the system is further reduced, and the high
frequency also shows a higher attenuation. The piezoelectric AHC has a better vibra-
tion isolation effect.

5. Experimental verification of piezoelectric active vibration suppression

5.1 Piezoelectric active vibration suppression system construction

Through the above theoretical analysis, to verify the vibration suppression perfor-
mance of the proposed AHC algorithm in the piezoelectric vibration suppression
system, an experimental test system is built, as shown in Figure 14. Figure 14a shows
a single-degree-of-freedom piezoelectric vibration suppression platform, which
mainly includes a piezoelectric actuator and a passive suppression unit. The
piezoelectric actuator is responsible for active suppression, and the passive vibration
isolation unit provides system stiffness. The two ends of the vibration suppression
platform are respectively provided with a load mass block and a basic mass block,
and the basic mass block relates to the output shaft of the vibration exciter so that
the suppression platform can receive external excitation. The whole vibration
suppression platform is suspended horizontally by hanging ropes, which can ensure
the free boundary conditions and introduce the influence of low stiffness and
damping.

Figure 14b shows a photograph of the experimental equipment setup integration.
The experimental system is mainly divided into a real-time active control system and
spectrum test and analysis system. The real-time active control system consists of a
charge amplifier, an NI controller, and a piezoelectric driver. The active control process
is as follows: The charge amplifier amplifies the feedback signal of the force sensor into

Figure 13.
Simulation comparison curves of transmissibility under different control modes.
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a voltage signal and outputs it to the NI controller. After the real-time active control
algorithm in the NI controller, the control signal is generated and output to the piezo-
electric driver for real-time active control of the linear piezoelectric actuator.

The spectrum test and analysis system include an LMS spectrum analyzer, an
excitation signal output unit and an exciter power amplifier. The spectrum testing and
analysis process are as follows: The LMS spectrum analyzer can output the excitation
signal that simulates micro-vibration through the built-in simulation signal generator,
and simulate the micro-vibration environment of the exciter through the exciter
power amplifier. The LMS spectrum analyzer collects the vibration signals of the load
platform and the base platform respectively through the acceleration sensor and
performs postprocessing and spectrum analysis.

5.2 Verification of piezoelectric active vibration suppression performance

After completing the construction of the experimental system, the active control
experiment was carried out in the piezoelectric suppression system. First, the system
transmissibility curve is measured. The transmissibility curve measures the vibration
transfer characteristics from the perspective of the frequency domain, which is a
very important criterion. Figure 15 shows the comparison curves of the system’s
transmissibility under different control methods. The blue line is the open-loop
transmissibility curve of the system, which is not actively controlled and adopts
pure passive vibration suppression. In the passive situation, the system has a peak
near 30 Hz, which is the resonance peak, which means that the vibration amplitude
will increase sharply here, and the vibration suppression effect is poor. At high
frequencies, the passive transmissibility curve decays rapidly, which can be
considered to have a suppressive effect. When IFF is used for piezoelectric active
control, the resonance peak of the system at the natural frequency is attenuated to a
certain extent, but the overall attenuation is not large, especially at high frequencies,
the attenuation performance cannot be improved. When the AHC is used, the
natural frequency of the system is moved forward, the resonance peak at the original
natural frequency is greatly attenuated, and better attenuation is also reflected at high
frequencies, which can effectively broaden the vibration isolation bandwidth. The
specific values of the transmissibility curves under different control modes are shown
in Table 2.

(a) (b)

Figure 14.
Piezoelectric vibration suppression system: (a) single-degree-of-freedom piezoelectric vibration sup-pression
platform; (b) experimental equipment.
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The time-domain vibration signal can reflect the control effect more intuitively,
but more details in the frequency domain cannot be revealed. Figure 16a shows the
time domain acceleration signal when the piezoelectric vibration suppression system
is without active control. The red line is the basic excitation signal, the blue line is the
load response signal, and the load response signal is the final control target. It can be
found that the piezoelectric system can also achieve a certain vibration suppression
effect through passive vibration suppression, but it is generally difficult to meet the
application requirements. Figure 16b shows the time domain information of the
piezoelectric vibration suppression system under the AHC. Compared with the pure
passive vibration suppression, after the AHC is turned on, the vibration signal at the
load end is greatly attenuated. In the piezoelectric vibration suppression system, the
AHC method can greatly improve the vibration suppression performance.

Figure 17 shows the self-power spectrum (PSD) curves with different control
methods. In the case of passive vibration suppression (without control), the vibration
energy of the load platform at the natural frequency is increased, which means that
the vibration signal at the natural frequency is amplified. When AHC is used, the
energy around the natural frequency is significantly suppressed because the
piezoelectric actuator dissipates part of the energy.

Figure 15.
Transmissibility curves under passive, IFF, and AHC.

Passive IFF AHC

Natural Frequency (Hz) 30 30 15

Resonance Peak (dB) 28 14.9 7.2

Decrease of Resonance Peak (dB) / 13.1 20.8

Amplitude of 30 Hz (dB) 28 14.9 �1.9

Decrease of Amplitude in 30 Hz (dB) / 13.1 29.9

Initial attenuation frequency (Hz) 43 43 22

Table 2.
The specific value of the experimental transmissibility curve.
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Figure 18 shows one-third of octave curves with different control methods. When
the piezoelectric vibration suppression system adopts passive vibration suppression
(without control), the signal of the load platform near the natural frequency is signif-
icantly improved, which is also consistent with the self-power spectrum in Figure 17.
When the AHC is turned on, the signal of the load platform near the natural frequency
is attenuated, and the energy is dissipated by the piezoelectric actuator. This also
shows that the piezoelectric AHC has a better inhibitory effect on the signal at the
natural frequency.

(a) (b)

Figure 16.
Time domain amplitude comparison curve: (a) without AHC; (b) with AHC.

(a) (b)

Figure 17.
Self-power spectral density comparison curve: (a) without AHC; (b) with AHC.

(a) (b)

Figure 18.
One-third octave comparison curve: (a) without AHC; (b) with AHC.
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6. Conclusions

In this chapter, the active vibration suppression of an active-passive composite
vibration suppression system based on piezoelectric actuators is studied. On the basis
of fully analyzing the characteristics of piezoelectric actuator and displacement
amplifying mechanism and the dynamic model of vibration suppression system, an
active composite control strategy based on IFF and RLS adaptive feedforward for
vibration suppression on the piezoelectric system is discussed. The experimental
results show that using the active control method, the vibration suppression system
based on piezoelectric actuator has not only lower natural frequency, wider active
vibration suppression bandwidth, but also reduces the value of the resonance peak,
and maintains the attenuation rate at high frequency. Therefore, piezoelectric
actuators are a good choice for vibration suppression, especially active vibration
suppression.
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